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Introduction

Complex tensor products of commutative Banach algebras and canonical de-
compositions of their spectra (: Gel’fand spaces) have already been examined in
several instances by B.R. Gelbaum [2], J. Tomiyama [22] In a more general
situation (complex) topological (not normed) tensor products with respect to ten-
sorial “compatible” topologies as well as similar decompositions of their spectra
have defined and systematically studied by A. Mallios [11-15].

Now, due to recent considerations, one is led to study analogous results in
case of topological A-algebras, that is topological (not normed) algebras with
“coefficients” not necessarily the complex number field C, but a general topological
algebra A. This kind of algebras find numerous applications in several branches
of Mathematics (cf., e.g. [16, 177]).

More precisely, we first define the A-tensor product A-algebra of two given
A-algebras as a solution of a universal problem (cf. (1.1)) realizing it into two
equivalent ways (cf. §1, in particular, [(1.4)). Then, on this (algebraic) A-tensor
product of two topological A-algebras, we define tensorial topologies as .A-com-
patible topologies (Definition 1.1), within an entirely general context. This con-
stitutes an extension of the classical case of complex tensor products of locally
convex spaces or topological algebras [11, 12], as well as a generalization of
the corresponding situation in case of Banach A4-modules or commutative
A-algebras [3, 7].

Moreover, by examining the (numerical) spectrum of the above topological
A-tensor product algebra and its completion, in connection with the spectra of
the factor algebras (Theorem 2.1), we get an extension of the corresponding re-
sults of to a more general case than that of Banach A4-algebras, such that
the previous results of [2, 3, 11, 12, 13, 227 are natural consequences. On the
other hand, in the theory of topological A-algebras a basic notion is that of the
generalized A-spectrum (cf. §3), an extension of the notion of the (numerical)
spectrum as well as of the generalized spectrum due to [14] In this respect,
by considering locally convex A-algebras, we are concerned with a decomposition
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of the generalized A-spectrum of a topological A-tensor product A-algebra and
its completion, in terms of the spectra of factor algebras; we still suppose the
algebras having bounded approximate identities (Proposition 3.1, [Theorem 3.1),
extending thus [11, 14, 15] (cf. also where in the latter case the algebras
involved have identity elements. Furthermore, by considering continuous central
A-morphisms (cf. §4; a useful notion, particularly, in the theory of representa-
tions of (*-) algebras, cf. of topological A-tensor product algebras we get
analogous relations connecting these sets of morphisms with those of generalized
A-spectra (Propositions 4.1, 4.2).

Now, by still specializing to locally convex A-algebras one has the posibility
of taking more convenient forms, concerning the previous A-tensor products.
Thus, on the one hand, we define the projective (topological) A-tensor product
A-algebra via a universal property (Definition 5.1) and on the other hand we
introduce the “topological tensor product over A” characterized by
5.2 and constituting an extension of the corresponding tensor products of cem-
mutative Banach A-algebras introduced by B.R. Gelbaum [3] The relation [5.10)
(cf. also [5.11), (5.14), [5.15)) allows us to take the form of the continuous (A4-)
morphisms defined on the latter tensor product in terms of the corresponding
morphisms of the factor algebras (Proposition 5.3, relations (5.18)).

Applications of the preceding to the case of topological geometric  A-spaces
as well as an extension to infinite tensor product A-algebra will be considered
elsewhere (cf. (8, 9, 9a]). ‘

1. Topological A-tensor products of topological A-algebras

The topological vector spaces and topological algebras (with separately con-
tinuous multiplication) considered in the sequel are over the complex field C and
will be assumed Hausdorff. Throughout the paper A will denote a commutative
algebra.

Thus, let E, F, D be A-algebras and ¢ an A-bilinear (: ¢(ax, y)=¢(x, ay)=
ap(x, ¥), with a€ A, (x, y)€ EXF) multiplicative (:p(xx’, ¥y )=0(x, y)p(x’, ¥)
x, x’ in E, v, ' in F) map of EXF into D. The pair (D, ¢) is said to be an
(A-algebra) A-tensor product of E, F, if the following universal property is satisfied :

For every pair (M, u), where M is an A-algebra and u:EXF—> M
(1.1) an A-bilinear multiplicative map, there exists a unique A-morphism
% : D —> M such that u=i-¢.

(1.1) implies, of course, the uniqueness of (D, ¢) within an isomorphism of A-
algebras. ’

On the other hand, one gets an A-tensor product as follows: Let E, F be
A-algebras and (EQF, ¢,) the usual (complex) tensor product algebra of E, F (cf.
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[1: Chap. 8, §17] and also [11: Chapt. VI, §1]) being an A-algebra by defining
a-(xQy):=axQy, acA, xQy=sERQF. If [:=[S] is the vector subspace of
EQF generated by

(1.2) S={axQy—xQRay;acA, x€E, yeF},

then / is a 2-sided A-ideal of EQF such that EQF/I is (naturally) an A-algebra.
The pair (EQF/I, ¢ :=p-¢,), where p is the canonical quotient A-morphism, is
the A-tensor product of E, F.

One gets another realization of the preceding A-tensor product of E, F, by
considering the free vector space generated by EXF, F(E, F),={fCE*F; f has
finite support} (cf. [1: Chap. 8]). This is a “convolution algebra” (cf. [10: p.
107]), and moreover an A-algebra by a-f :=(x,2w f(x, ¥)0az 4, for a€A, fe

F(E, F),, where 0;,,,=0(x, y)F(E, F),, with (x, y) EXF, such that for x=
¥=0, d¢z,,»=0 and for (x, y)#0, d,,, is the characteristic function of {(x, y)}.
If H is the vector subspace of F(E, F), generated by the functions

(1.3) 1) Sartuse Ay, v~ By v
i) Otz ayseuvp =20z, yp— U0z, v
iii) 5(ax,y)'_5(a:.ay)

for all x, x,, x,€E, y, 3, y.€F, a€A, 2, preC, then H is a 2-sided A-ideal of
4(E, F),, in such a way that (F(E, F),/H, ¢ :=p-0) is the A-tensor product of
E, F, where p is the canonical quotient A-morphism.

Given two A-algebras E, F there always exists a unique (within an isomor-
phism of A-algebras) pair (D, @), “the” A-tensor product of E, F, which will be
denoted by EQ,F, that is

(1.4) EQuF=EQF/I=%(E, F),/H,

within isomorphisms of A-algebras. The elements ¢(x, »)=xQ,y, x€E, yF
(: decomposable A-tensors) generate EQ,F as a vector space, so that every ele-

n
ment ze EQ F is of the form z:iZ) X QaVi.
=1

Now, given a (commutative) topological algebra A, an A-algebra E is called
a topological A-algebra whenever E is, a topological algebra and a topological
A-module. A locally (m-) convex A-algebra E is a topological A-algebra such
that E, A are locally (m-) convex algebras.

Definition 1.1. Let E, F be topological A-algebras. By an A-compatible
topology on the corresponding A-tensor product A-algebra E®,F we mean a
(Hausdorff) topology ¥ such that the pair (EQ.F, T)=EQLF is a topological
A-algebra of the same type with E, F.

For A=C we get the usual compatible topology on EQF, cf. [13: Def. 3.1].
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Now, let E, F be topological A-algebras and EQF the usual (complex) ten-

sor product algebra of E, F, equipped with a compatible topology = on EQF
[13: Definition 3.1], such that the bilinear map

(1.5) AX(E@F) — E@F: (a, xQy)—> a-(xQRy)=axQy

is continuous, i.e. EQF is a topological A-algebra. If I is the closed vector

subspace of EQF generated by being, in particular, a closed 2-sided A-ideal

of EQF, then the corresponding (Hausdorff) quotient topology on EQF/I is an
T T

A-compatible topology on EQ,F, which will be called an A-compatible topology on
E®F associated with the topology © on EQF (denote it also by T), such that
one sets by definition

(1.6) E®§F=E@F/I

as topological A-algebras.

In this respect, we remark that if A is a locally bounded algebra with con-
tinuous multiplication (cf. [13: §2]), then every locally bounded A-algebra with
continuous multiplication is a topological A-algebra (not necessarily locally convex).
Thus, given a pair (E, F) of such algebras, the corresponding quotient topology
of the compatible algebra topology on EQF (cf. [11: Chapt. VI, Theorem 3.17J)
is, in fact, an A-compatible topology on EQ,F (not necessarily locally convex);

cf., and also relation

2. The (numerical) spectrum of a topological A-tensor product A-algebra

By the (numerical) spectrum of a topological algebra E we mean the set of
continuous characters on E (denoted by M(E)) endowed with the relative topology
induced on it by the weak topological dual space Ej, viz., the dual E’ of E in
the weak topology o(E’, E) (cf. [11, 12, 13]).

Throughout this Section we suppose that given two topological A-algebras E, F
the corresponding topological A-tensor product (A-algebra) is endowed with an
A-compatible topology T associated with a compatible topology = on EQF (cf.
and also [13: Definition 3.17).

Now, we remark that the above topology T is of the same type with z, in the
sense that, whenever 7 satisfies the following three conditions (in this respect,
cf. also [13]), the corresponding ones, concerning EQXF, are also valid for T:

2.1 The canonical map of EXF into E@F is separately continuous
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(2.2) For every pair (f, g)=IM(E)X M(F), f®gE(E@F)§, where

(f@)(x@y) :=f(x)-g(y), x€E, yeF.
(2.3) For any equicontinuous subsets M, N of M(E), M(F) respectively,
MRN={fQg:feM, geN} is an equicontinuous subset of (E@F)j.

So, (2.1), follow immediately by [1.6)} Concerning (2.3), let M, N be
equicontinuous subsets of M(E), M(F) respectively. Then, M@,N defined by
(MQuN)ep=(MQN); :={fRQge MRN : IS ker(fQg)} S MKN, (p is the canonical
quotient map, cf. [(1.6)) is an equicontinuous subset of (E®3F), since MONC
(E@F); is equicontinuous (cf. [5: p. 199, Proposition 5] and (2.3)).

Thus, given EQZF, consider the closed subsets h(J)= {weim(E@F ) IS ker(w)}
(: hull of IEE@F, cf. and [11: Chapt. V, Definition 1.1]) and R= {(f, g):
flax)g(y)=f(x)g(ay);ac A, x€E, yeF} of MERF), ME) X M(F), respectively.
Then, )
(2.4) MEQZF)=h(I)=RSME) X MF)=MEQF)

within homeomorphisms (cf. as well as [11: Chapt. V, Lemma 2.4; Chapt.
VI, Lemma 5.1).

Another expression of is provided by considering the continuous maps

3 E) —> M (: fr—> p( e =L

(2.5) )
: + - . &lay) \.
v MF) —> WA : g —> wlg)a) := o )

for x€E, yeF such that f(x)#0, g(y)+0 and M(A)*'=M(A)\J{0}. Then, if A*
is the diagonal of M(A)* X M(A)*, one gets
(2.6) (eXv)"A")=R.

Throughout the sequel equalities or inclusion relations (: <) between topological
spaces will always be understood within homeomorphisms.

The following theorem specializes to [7: Theorem 3.3] for commutative
Banach A-algebras, as well as to [11: Chap. VI, Theorems 5.1, 5.2] for A=C.

Theorem 2.1. Let E, F be topological A-algebras and EQX%F the respective
A-tensor product A-algebra equipped with an A-compatible topology T associated
with a compatible tensorial topology v on EQF satisfying (2.1), (2.2). Then, one
gets

(2.7 MERQIF)=h()=(uXv)"(AY) SME) X m(F)zm(E@F) .
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Movreover, if E, F have continuous multiplications and locally equicontinuous spectra
and the topology v on EQF satisfies also (2.3), then one has

2.8) MEQLF)=h(I)=(pX) (A ST(E) X M(F) =MERF)
(“A” means completion).

Proof. By and [13: Theorem 4.1] one gets immediately [2.7).
Now, EQ®%F is a topological A-algebra with continuous multiplication, since E, F
have continuous multiplications (cf. [1.6)). Moreover, the local equicontinuity of
M(E), M(F) implies the local equicontinuity of MERLIF) cf. (2.3) and also [11:
Chapt. V, Lemma 5.2]) such that MERIF)=M(ERQLF). Hence, is a con-
sequence of and [13: Theorem 4.2]. =

Equivalently, says that M(EQRQLF) (resp. M(ERSLF)) is the
“pullback” (: fiber product) of ME)XM(F) w.r.t. M(A)* (cf. also [167]).

Scholium 2.1. Concerning the set of continuous morphisms on EQXF with
values in a given unital topological algebra G with continuous multiplication
(: generalized spectrum of EQLF w.r.t. G denoted by H(EQIF, G); cf. [14:
§ 2] and/or [15]), we have analogous results to that of [Theorem 2.1: So, if E, F
are unital topological A-algebras and the topology z of satisfies the
corresponding conditions to (2.1), (cf. [15: (2.1), (2.2)]), one gets

(2.9) MEREF, G)=h()=RS H(E, G)X M(F, G),

where h(I)={wEJn(E§>F, G): ISker (W)}, (cf. [1.6), R={(f, g):f(x)g¥) =

2 f(x), flax)g(y)=f(x)g(ay);a€A, x€E, yeF} S M(E, G)XM(F, G). Be-
sides, by considering completions (:E@EF), one has an analogous decomposition
to under the additional hypothesis that E, F have continuous multiplications,
7 satisfies the corresponding condition to (2.3) (cf. 15: (2.3)]), G is complete and
SHM(E, F), JH(F, G) are locally equicontinuous (cf. also [15: Lemma 2.1, Theorem
2.27).

Regarding we do not have equalities everywhere, even if G is commu-
tative or still the complexes (Theorem 2.1), unless A=C (cf. [14: Theorems
2.1, 3.17). However, we get better estimations by considering A-morphisms (cf.

[Proposition 3.1, [Theorem 3.1 below).

3. The generalized A-spectrum of EQ%F

If E, F are topological A-algebras, the generalized A-spectrum of E (w.r.t.
F) is the set M4(E, F) of non-zero continuous A-morphisms of E into F, equip-
ped with the topology induced on it by .L4(E, F), (: the space of continuous
A-linear maps between the corresponding modules with the relative topology
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from L (E, F), cf. [6)). In particular, if E has a bounded approximate identity
(b.a.7) (ui)iex (i.e. a bounded directed net (u;)icx Of elements of E such that
liirn u;x=lim xu,=x, x<€E; cf. [11: Chapt. V], Definition 11.27), then we sup-

pose for every fe MLE, F), (f(us))iex is a (bounded) approximate identity of F.

Now, let E, F, G be topological A-algebras and f & MA(E, G), g€ MAF, G).
The map fXg:EXF—G:(x, y)=(fXg)x, y):=f(x)g(y) is a separately con-
tinuous A-bilinear map, such that there exists the corresponding tensor product
A-linear map fQ.g: EQ4.F—G, being also an A-morphism whenever G is com-
mutative.

In the sequel, we are interested in A-compatible topologies T
satisfying the following conditions :

3.1 The canonical map of EXF into EQXF is (jointly) continuous.
(3.2)  For any pair (f, 8)E MAE, G)X HuF, G), fR48E LAEQLF, G);.

A stronger version of (3.2) is applied when completed A-tensor product A-
algebras have to be considered. That is,

For any equicontinous subsets
(3.3)  MZSME, G), NS HMAF, G), MOLN :={fQag: fEM, g=N}
is an equicontinuous subset of L 4(EX%F, G)s.

In this respect, one has an analogous situation with that described by §2
(cf. relations (2.1), (2.3)), when considering instead generalized A-spectra.
This is for instance the case for locally (m-) convex A-algebras and the projective
A-tensor product topology = on EQ,F (cf. Appendix).

Now, let E, F be locally convex A-algebras with b.a.i.’s (u:)ick, (v))jer re-
spectively, and he M (ERF, G) where ¥ is an A-compatible topology on EQ.F
satisfying (3.1) and G a locally convex A-algebra. Then, the maps

3.4 x— 1i§n h(xQavy), x€E and y+—— lign h(u:QRay), YEF,

whenever there exist (cf., for instance, [11: Chapt. VI, Theorem 11.1]), define
a pair (f, g)EMLE, G)X H4(F, G) such that we get the map

3.5)  MAEQZF, G) —> MAE, G)X HAF, G):h—>(f, ).

Proposition 3.1. Let E, F be locally convex A-algebras with b.a.i’s, and G
a locally convex A-algebra with continuous multiplication. Moreover, let T be an
A-compatible topology on EQF satisfying (3.1), (3.2) and let the closed set

3.6) Q=A{(f, &) : f(x)g(»)=g(»)f(x); xE, yeF} S MAE, G)X MAF, G).

Then one gets
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3.7 MAEQIF, G)=Q,
and for G commutative

(3.8 MAERIF, G)=HAE, G)X HuF, G).
Proof. Given an he M (EQRYF, G), by one gets

3.9 h=fQu4g

(cf. also [11: Chapt. VI, condition (10.57)]) and thus is an injection. Now,
given (f, g)=Q, one has h=fR g€ MNERLF, G) (cf. (3.2)) and every element
thus defined yields according to the initial pair (f, g), that is is a bijec-
tion onto Q. The bicontinuity of can be proved analogously to [15: Theorem
2.1] and thus one gets [3.7) Moreover, [3.8) is an immediate consequence of

(3.6), (3.7). m

Now, let E, G be topological A-algebras where E has continuous multiplica-
tion and G is complete. The map

(3.10) f— 71 MAE, G) —> HLE, G)

where f is the (continuous) extension of f to the completion £ of E, is a con-
tinuous bijection. In particular,

The bijection is a homeomorphism if and only if either one

(3.11) of the sets HMAE, G), HME, G) is locally equicontinuous

(cf. [11: Chapt. IlII, Theorem 8.3] in case A=C).
[Proposition 3.1 and relation (3.11) yield the following lemma, by using the
arguments of [11: Chapt. VI, Lemma 6.2] for A=C.

Lemma 3.1. Let E, F, G be locally convex A-algebras as in Proposition 3.1
and T an A-compatible topology satisfying (3.1), (3.3). Moreover, consider the
following assertions :

1) HUE, G), ML F, G) are both locally equicontinuous.

ii) MNEQRLF, G) is locally equicontinuous.

Then i)=ii). Besides, if E, F, G are unital, for every (f, g)=Q there exist an
equicontinuous neighbourhood U of f in Mu(E, G) and V of g in HMLF, G) such
that UQLV s an equicontinuous neighbourhood of h=fQ.g in MNAERLF, G). In
particular, ii)=1) as well, whenever G is commutative. In the latter case, it
suffices the topology T to satisfy (3.13) below (not necessarily (3.1)). m

Concerning the generalized A-spectrum of the (complete) locally convex A-
algebra EQ%F, we have

Theorem 3.1. Let E, F be locally convex A-algebras with b.a.i.’s and con-
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tinuous multiplications. Moreover, suppose that M (E, G), MA(F, G) are locally
equicontinuous, where G is a complete locally convex A-algebra with continuous
multiplication and let T be an A-compatible topology on EQF satisfying (3.1),
(3.3). If Q is the set (3.6), then one has

HAERTF, G)=Q=H(EQSF, CYCHAE, G)X HyF, C)

(3.12)
=ME, G)X MA(F, G).

In case G is commutative, the “inclusion sign” in (3.12) may be replaced by an
equality.

Proof. By HAERLF, G) is locally equicontinuous so that
HLERIF, G)=H(ERQEF, G) (cf. (3.11)). Now, the assertion is a straight-
forward consequence of Proposition 3.1 (cf. also (3.11). =

Remark 3.1. One gets, of course, the same conclusions with those of Pro-
position 3.1 (resp. , in case of unital topological A-algebras, where
the topology ¥ satisfies instead of (3.1) the condition:

(3.13)  The canonical map of EXF into EQLF is separately continuous,

the rest hypotheses of [Proposition 3.1 (resp. remaining unchanged.
The above specializes to [11: Chapt. VI, Lemma 6.1, Theorem 6.2] (cf. also
[14: Theorems 2.2, 3.17]).

In this respect, we remark that, if H is a complete locally bounded A-
module, whose topology is defined by an a-norm (cf. [13]), -L4(H) (: continuous
linear A-endomorphisms of H) is, w.r.t. “operator norm”, a complete locally
bounded (not necessarily locally convex) A-algebra with continuous multiplication
and identity 7dy. Thus, by analogous considerations to [11: Chapt. VI, Theorem
11.1, Lemma 11.2], the preceding results are fulfilled in case of locally bounded
A-algebras.

4. Continuous central A-morphisms

Let E, F be topological A-algebras with identities 1z, 1r. Then, a continuous
central A-morphism is an element he M, (E, F) such that Im(h) has trivial center
in F over A (equivalently, Im(h) is a central A-subalgebra of F),

(4.1) €(Im(h)=A-1F,

where €(Im(h)) denotes the center of Im(h), i.e. €Um(h))=Im(h)N(Im(h))’, with
(Im(h))'={yeF: yh(x)=h(x)y, x€E} the commutant of Im(h) in F. The set of
continuous central A-morphisms of E into F endowed with the relative topology
induced on it by H(E, F) will be denoted by HL(E, F).
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Under the conditions of Remark 3.1, for each he HIYERSLF, G) of the form
h=fQ.g (cf. [3.9), one gets

4.2) CUm(gNSC€Um(h)),  CUm(f)=Im(f)SCUm(h)),

whenever E is commutative (cf. also [11: Chapt. VI, Theorem 7.2]). Thus,
h=fQu.g is a continuous central A-morphism if, and only if, this is true for f, g:
Indeed, if heMYEQLF, G), then by (4.2) (f, )€ HUE, G)X HYF, G). Con-
versely, if (f, g)€ HIUE, G)X HF, G), then f(x)=a,'1lg, a,=A (cf. (4.2)) such
that f(x)g(y)=a.-g(¥)=g(¥)f(x), for all (x, y)e€EXF, so that h=fQ.g<
MAERLF, G) (cf. Proposition 3.2). Moreover, Im(h)SIm(g) (cf. [3.9), hence
A 1=CUm(f)SCUm(h)SCUm(g)=A'1ls i.e. he HUEQRZF, G).

Remark 3.1 and the preceding comments yield the next proposition (cf. also
[Proposition 3.1).

Proposition 4.1. Let F, F, G be unital topological A-algebras, where one of
E, F is commutative and G has continuous multiplication. Moreover, let EQ%F be
the topological A-tensor product A-algebra of E, F equipped with an A-compatible
topology T satisfying (3.2), (3.13). Then,

.3 HMUERQEF, G)=MYE, G)X HLF, G). =m

Now, let E be a topological A-algebra. An element 0=x<FE is said to be a
topologically torsion free element if the canonical map w,:A—E:a—w,(a):=ax
s an isomorphism “into” of the corresponding topological A-algebras (: AC E), that

is E is a topological extension of the topological algebra A. (cf. [6: Caifapt. v,
p. 2207, for the “discrete” case).

Lemma 4.1. Let E, F be topological A-algebras with identities 1g, 1 respec-
tively, where E is also commutative and 1y topologically torsion free. Then, every
fEMYE, F) takes the form
(4.4) F=XQulF,
where XeM(E) (:=MMNE, A), A-spectrum of E), such that (X®41F)v(x) =X(x)1p,
x€E. In particular, one gets

(4.5) MA(E)=HYE, F).

Proof. By (4.2), f(x)=a,-1lp, az= A for every x=E; hence, by defining
X:E—A: x—X(x):=a, such that f(x)=X(x)-1r=UAR41r)(x), one gets XM 4(E).
On the other hand, by the previous comments, one obtains an isomorphism of
topological A-algebras defined by w,,, that is A = A-1zSF, in such a way that

wlF
follows immediately. m

Now, let the conditions of [Proposition 4.1 be valid, whereas A is unital and
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1; is a topologically torsion free element. If, moreover, E is commutative then
each he MYEQREF, G) is of the form h=XR.g, with X&M(E), g€ MYF, G),
such that

(4.6) HUEQIF, G)=M(E)X HY(F, G)

(cf. (4.3), (4.5). Furthermore, if E, F are both commutative and A has con-
tinuous multiplication, then for each he HI(ERLF, G) we have h=XQ ¢ R4le,
where (X, Q)M (E)X M (F), such that

@7 HUEQIF, G)=MyE)X My(F)=M(EQZF)
(cf. (4.3), [46) and [3.8) for G=A).

Examining continuous central A-morphisms defined on E@EF we need also
the following: Let E, F be topological A-algebras where E has continuous mul-
tiplication and F is complete. Let also f be a continuous A-morphism of E into
F. Then (cf. also (3.10))

(4.8) Im(F)Y =Um(f)) =Tm(f))
(Im(f) is the closure of Im(f) in F) and
4.9) CUIm(fN=Im()NUm(F)) SCUIm(f))

that is f #s a continuous central A-morphism whenever f (: E—F) is such a mor-
phism. Thus, the map

(4.10) 0 : MYE, F) —> MYE, F): f—> fle=f

is, of course, a continuous bijection onto Im(@)=HS MY E, F), by considering H
equipped with the relative topology induced on it by M4(E, F). In particular,
HMYE, F) is locally equicontinuous if and only if H is locally equicontinuous, so
that the hypothesis of local equicontinuity of one of the last sets implies

(4.11) MYE, F)=HS HY(E, F)

(cf. [(4.10), (3.11) and also [11: Chapt. III, Remark 8.17).

On the other hand, with E, F as above, let #X%(E, F) be the set of con-
tinuous A-morphisms of FE into F with trivial commutant (i.e., Um(f))=A-1p,
feMLME, F)) equipped with the relative topology from M, (E, F) (§3). Then,

by one gets
4.12) MY(E, F)=ME, F)
if, and only if, one of the sets of (4.12) is locally equicontinuous.
Furthermore, let E, F be unital topological A-algebras with continuous mul-

tiplications, E being also commutative and A4, F complete. If 15 is topologically
torsion free, then the local equicontinuity of each one of the sets M,(E), H,
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MYE, F)implies the local equicontinuity of the other two (cf. (3.11)).
Besides, under the hypotheses of [Proposition 4.1 one obtains that HY(ERX%F, G)
is locally equicontinuous if, and only if, MIE, G), MYF, G) are locally equicon-
tinuous (cf. Lemma 3.1).

Proposition 4.2. Let E, F, G be unital topological A-algebras with continuous
multiplications where G is complete and one of E, F commutative. Moreover, sup-
pose that MYE, G), MIF, G) are locally equicontinuous and the A-compatible
topology T on EQF satisfies (3.3), (3.13). Then, one gets

(4.13) MYERSF, G)EJAS(E@EF, G)=MIE, G)X MLF, G).
In particular, if I satisfies, moreover, (3.1), then
4.14) MYERLF, G)Eﬂﬂ(E, G)X HYEF', G)

CHMUE, G)X MYF, G)=HUERLF, G).

Proof. By we have HYERLF, G)C HYERSF, G), so that (4.3) im-
plies [(4.13) Furthermore, by the continuity of ¢:EXF—EQ%F (cf. (3.1)) one
- —_— A A
gets EQiF=¢p(ExF)S¢(ExF)=E®%F, which implies M} (E&%LF, G)C
MYERQEE, G) (cf. [4.11I), hence immediately follows by (4.3). =
By combining [Proposition 4.2 and relations (cf. also remarks be-

fore [Proposition 4.2) one gets more informative decompositions than (4.14)
as it is, for instance, the validity of [(4.13), with equalities.

5. Appendix

In this Section, on the one hand we introduce the notion of projective (to-
pological) A-tensor product A-algebra, and on the other hand we define the to-
pological tensor product over A of (locally convex) A-algebras in a similar way
to that defined by B.R. Gelbaum for Banach A-algebras. Besides, the con-
nection between the previous two A-tensor products is also considered together
with the corresponding “spectra” of the topological algebras involved.

Thus, we first set the following definition.

Definition 5.1. Let E, F be locally convex A-algebras. The pair (D, ¢) con-
sisting of a locally convex A-algebra D and a continuous A-bilinear multiplica-
tive map ¢ of EXF into D is said to be projective (topological) A-tensor product
(A-algebra) of E, F if the following universal property is valid:

For any pair (M, u), where M is a locally convex A-algebra and u a
(5.1 continuous A-bilinear multiplicative map of EXF into M, there exists a
uniquely defined continuous A-morphism i :D — M, such that u=ii-¢.
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The uniqueness of the projective A-tensor product is, of course, easily realized.

The existence of the projective A-tensor product of E, F is provided by the
projective A-tensorial locally convex topology on EQ.F (denoted by x). Thus, let
(E, (padaek), (F, (g2)ier) be locally convex A-algebras, where (pa), (g2) are the
families of (continuous) semi-norms defining the topologies of E, F respectively.
Then the relation

(5.2) e o@=inf 33pa(xg:(32),

. . . 7
where “nf” is taken over all expression of z=i§_‘, 2iQ4viEEQLF, defines 7, 2
=1

as a semi-norm on EQ,F, for every (a, ), so that the respective locally convex
topology defined by the family (r, ;) is an A-compatible topology on EQR,F
(Definition 1.1)).

By applying (1.1), a continuous A-bilinear multiplicative map « of E X F into
a locally convex A-algebra M gives rise to a uniquely defined continuous A-

morphism # of (EQ4F, (rw, »)) into M, since, for each continuous semi-norm
v on M, v(ﬁ(Z))ék-?v(u(xi, yi))él-;pa(xi)qg(yi) with />0 so that v(#i(2)<

{7, »(2), for z=Z{) 1 Qay€EQ4F. Thus, the projective A-tensor product to-

pology m is the finest locally convex topology on EQ.F making the canonical A-
bilinear multiplicative map ¢ continuous. On the other hand, the locally convex
A-algebra (EQ4F, (r . 1)=EQ%F (with the canonical map ¢) is “the” projective
A-tensor product of E, F (cf. Definition 5.1).

In the sequel we give another realization of the projective A-tensor product
of E, F: Thus, let (E, (po), (F, (¢2)) be locally convex A-algebras and E@F

the corresponding projective tensor product locally convex algebra of E, F, cf.
[12: Proposition 3.2], being, in fact, a locally convex A-algebra. If I is the
closed 2-sided A-ideal of EQF as in then EQF/I endowed with the cor-

responding quotient topology is a locally convex A-algebra such that the pair
(EQF/I, ¢), with ¢=p-¢p,, where p is the canonical quotient map and o1 EXF

—EQF the canonical continuous bilinear map, is the projective A-tensor product
T

A-algebra of E,F. Moreover, if (p,Rq;) is the family of continuous semi-norms
defining the projective topology on EQF (cf. [12: Lemma 3.1]), then (Ppa®aq2)
with
(5.3) ($a®uq)(@)=inf(p.Qqi)z), zE EQF, 2 EQF/I

t{=}1

makes EQF/I into a locally convex A-algebra, so that (EQF/I, (pa®aqi))=
EQF/I (with the continuous map ¢=p-gp,) is the projective A-tensor product

locally convex A-algebra of E, F (Definition 5.1).
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We examine now another expression of the projective A-tensor product (cf.
[2, 7] for Banach A-algebras). If (E, (pa)), (F, (g21)) are locally convex A-algebras,
the relation

Y, »=Da, q2) : F(E, Flo—> Ry : f—— 1, »(f):

(5.4) =z | f(x, ¥)|palx)qa()

defines a semi-norm on F(E, F), for every (a, A), so that (F(E, F),, (r@, 1)) i
actually a locally convex A-algebra. Moreover, if H is the closed vector subspace
of F(E, F), generated by elements of the form being also a closed 2-sided
A-ideal of (F(E, F)o, (7. »)), then (F(E, F)/I, (rw, »)=F(E, F)o/H is a locally
convex A-algebra, where (., 1)) is the corresponding family of quotient semi-
norms of (5.4), such that the pair (F(E, F),/H, ¢=p-0) (cf. §1) is the projective
A-tensor product locally convex A-algebra of E, F (cf. Definition 5.1).
Summarizing the previous results, one has

Proposition 5.1. Let E, F be locally convex A-algebras. Then,
(5.5) EQiF=EQF/I=%(E, F),/H

within isomorphisms of locally convex A-algebras. In particular, if E, F have
continuous multiplications, then

(5.6) EQiF=EQF/I=4(E, F)/H,

within isomorphisms of locally convex A-algebras. M

Analogous results are also obtained in case of locally m-convex A-algebras
(cf. also [12: Proposition 3.1]). Besides, the projective locally (m-) convex A-
tensor product topology on EQF is Hausdorff if and only if this is the case for
the topologies of each one of the algebras E and F (cf. and also [11 : Chapt.
VI, §3], [5: p. 105, Proposition 5]).

Remark 5.1. One can also topologize EQ F in different manners than the
previous one, either by means of a universal property analogous to (5.1) (cf., e. g.
[9a]) or directly by the relation using the known tensorial topologies on
the (usual) complex tensor product, setting, e.g., z=¢ (: biprojective tensorial
topology ; [4: Chap. I, Definition 5, p. 897 and/or [11: Chapt. VI, Definition 2.3]),
or =1 (: inductive tensorial topology; [4: Chap. I, Proposition 13]) with the
analogous arrangements. On the other hand, all the preceding results as well as
those of Section 1 are also valid (under suitable modifications) not only for
locally (m-) convex A-algebras or locally convex A-modules, but, more generally,
by defining in an obvious way topological (A, B)-tensor product algebras (or
modules ; denoted by E XgpF) for a given locally convex left A-algebra E and a
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locally convex right B-algebra F (cf. also [20: p. 157ff] for relevant reports).

Now, we introduce the concept of topological tensor products over topological
algebras in a similar way to [3], considering first the algebraic construction.
Thus, let E, F be A-algebras and F,(E, F), the set of the maps f: EXF—A
with finite support being an algebra under a convolution (cf. [10: p. 107]) and,
in particular, an A-algebra by pointwise “multiplication of coefficients”. Fur-
thermore, defining

(5.7) Xoa: EXF —> F4(E, F)o:(x, y)—>Xa(x, ¥):=a 0,1, a€A

(cf. §1), we obtain that every fe€TF (E, F), is of the form f:(zE)Xf(x,,,)(x, ).
» Y

Thus, if I 4 is the vector subspace of & (E, F), generated by the functions
Xalx+x', 3)—Xa(x, )—Xa(x’, 3)  XalA%, 3)—Xalx, 1Y)

(5.8) Xa(x, y+3)—Xa(x, )—Xalx, ¥")  Xa(Bx, 3)—Xalx, BY)
Aa(x, 3)—Xa(2x, ¥) | Bra(x, y)—Xa(Bx, ¥)

with x, x’'€E, y, y'€F, a, A, 2€C, I, is a 2-sided A-ideal of F,(E, F),
such that the quotient A-algebra F,(E, F),/I, is called the tensor product of E, F
over A.

Now, if (E, (pa)), (F, (g2)) are locally convex (4, (v,))-algebras, then

r(y,a,l)E(”;n pa; (11)2 gA(E, F)o -_—> R+ : f i T(p.a,l)(f)

(5.9) = 2 vu(f(x, pa()g:()

defines a semi-norm on F,(E, F), such that (F(E, F)o, 7.« ») is, of course,
a locally convex A-algebra.

In case A, E, F have continuous multiplications (resp. are locally m-convex
algebras), F,(E, F), is an algebra of the same type. If E, F have continuous
multiplications but A has separately continuous multiplication, then F4(E, F), is
a locally convex A-algebra with separately continuous multiplication.

Thus, if I, is the previous closed 2-sided A-ideal of (F4(E, F)o, 7. a. ) the
quotient locally convex A-algebra & (E, F),/I, is said to be the topological tensor
product of E, F over A. The next proposition provides a universal property
characterizing the previous tensor product (for Banach A-algebras cf. [7: Theorem
2.170).

Throughout the sequel we suppose that A is a locally convex algebra with con-
tinuous multiplication.

Proposition 5.2. Given two locally convex A-algebras E, F, the topological
tensor product of E, F over A is the projective A-tensor product of A, E, F, that is
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(5.10) FuE, F/I,=AQIEQLF,
within an isomorphism of locally convex A-algebras.

Proof. The continuous maps X: AXEXF—F(E, F),: (a, x, y)—X(a, x, y)
:=Xa(x, y) (cf. [(5.7) and P FuE, F)o—FE, F)/I, (:canonical quotient A4-
morphism) define the continuous A-trilinear multiplicative map ¢: =p-X, such that
if u is a continuous A-trilinear multiplicative map of AX EXF into a locally
convex A-algebra M, then one defines a map h:F,(E, F)—M: f—h(f(:=
(E)u( fx, ¥), x, y) with u=h-X, being a continuous A-morphism with I,Z ker(h).

Thus, there exists a cintinuous A-morphism 4 : & A(E, F)o/I,—~M with h=itip,
so that u=d#ep. Now, (F4(E, F),/I4 ¢) satisfies the analogous of Definition 5.1 _
and this completes the proof. m

In particular, if the algebras E, F have continuous multiplications, then

— T A A
(5.11) Fu(E, F)o/I 4= ARFERX3F,

within an isomorphism of (complete) locally convex A-algebras.

Concerning the (numerical) spectrum of & A(E, F)/I,, we remark that if A
is the diagonal of M(A)XM(4A) and g, v, A* as in [Theorem 2.1, then by the
canonical injection SR(A)E‘JJ?(A)*, one gets (#XuXy) (AM)=(uXv)Y(A) (SME)

i

XIM(F) closed), such that
(5.12) M(FA(E, F)o/I)=(uXv)"{A)SME)X M(F)

(cf. (5.10) and [Theorem 2.1). Moreover, if E, F have continuous multiplications
and A, E, F have locally equicontinuous spectra, then

/\
(5.13) TAFA(E, Fo/T)=(pXv) " (A)SME)X M(F)

(cf. and also [11: Chapt. III, Theorem 2.17).

In case E, F are Banach A-algebras the above specializes to [3: Theorem 17.

Considering now the generalized A-spectrum of F,(E, F),/I, and its com-
pletion the following comments are necessary: By the essential part of an A-
module E we mean the vector subspace [AE] of E generated by the set AE=
{ax; ae A, x€E}, being in particular an A-module. If E is a topological A-
algebra, then [AE] is also a topological A-algebra endowed with the relative
topology of E. Moreover, E is said to be an essential (A-algebra) if [AE] is a
dense subset of E (cf. also [21)).

Lemma 5.1. Let E be a locally convex A-algebra, where A has a b.a.i.
(es)sep- Then,

(5.14) AQIE=[AE],

within an isomorphism of locally convex A-algebras.
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Proof. The continuous A-bilinear multiplicative map w: AX E—E :(a, x)—
o(a, x):=ax defines a unique continuous A-morphism &: ARLZE—FE such that
w=@°¢ (¢ is the canonical map of AXE into AQ3LE, cf. Definition 5.1), hence
F(AQZE)=[AE]. Now, for each u=(ARLE);, there exists f=.L(E, A;) such
that u(? a¢®4x¢)=zi) f(x:)(a;), and hence there exists a linear map v:[AE]—C

with ve@=u, which yields that & is injection, i.e. a continuous A-isomorphism.
Concerning the continuity of &%, let » be a continuous semi-norm on AQ3E
(cf. [5.2). Then, for each £>0, the relation lign (; (eaa,-)®,4x,-)=§) a:Qax;, im-

plies r(; (e,;ai)®Axi—-; a;:Q4x;)=<e¢, for every >0, that is there exist 1>0 and
a continuous semi-norm p on E such that r(@‘l(; aixi))gl-p(; a;x;), which

completes the proof. m

Under the conditions of and the supposition that E is essential
with continuous multiplication, one gets

(5.15) A®LE=[AE1=E,

within an isomorphism of locally convex A-algebras.

Now, if A is unital, implies AQ%E=E within an isomorphism of locally
convex A-algebras, and so is valid without E being an essential algebra.
In this case, the projective A-tensor product A-algebra of E, F (Definition 5.1)
and the topological tensor product of E, F over A coincide, within an isomorphism
of locally convex A-algebras.

Proposition 5.3. Let E, F be locally convex A-algebras with b.a.i’s (A has
also b.a.i.) and continuous multiplications, where E, F are essential. Furthermore,
let HMAE, G), MAF, G) be locally equicontinuous, where G is a complete locally
convex A-algebra with continuous multiplication and let Q be the set (3.6). Then,
one has

/\
5.16) HAFAE, Flo/l4, C)=Q=HAF AE, F)o/lLs, G)CHAE, G)X HAF, G)
:‘mA(E: G)X‘mA(F: G) .
In case G is commutative the “inclusion sign” in (5.16) may be replaced by an
equality.
Proof. EQ7F is an essential algebra since E, F are essential, thus

(.17)  FAE, F)oJl.=(5.11) AQIEQ5F=(5.15) [A(EQIF)]1=EQAF,

within isomorphisms of topological A-algebras. On the other hand, H(ER3F, G)
is locally equicontinuous ([Lemma 3.I), so that M (F(E, F)o/l4, G)=

— A .
MAFAE, F)o/I4, G)=05.17) M ERLF, G). The assertion now follows by Theo-
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rem 3.1. =

Under the conditions of [Proposition 5.3, where now the algebras E, F, G are
unital and moreover, HY(E, G), ML F, G) are locally equicontinuous, concerning
the continuous central A-morphisms defined on one gets

— T A
s1g  TATAE P/l O)=SYERE, CHE, Gx M, G)
' CHYE, GYX HYF, G)=HYERSF, G)

(cf. [(4.14), (5.18)). Besides, analogous thoughts to those after [Proposition 4.2
can be formulated for the present case (cf. [(4.5), (5.18)).

Remark 5.2. Given a finite family of locally convex A-algebras (resp. A-
modules), we define the (projective) finite A-tensor product locally convex A-algebra
(resp. A-module) @_ 2E, in a similar way to Definition 5.1. (The uniqueness and

existence of the last tensor product follow also as before). In this case we still
get results analogous to those of the preceding Sections. Moreover, one defines
the infinite topological A-temsor product of an arbitrary family of locally convex
A-algebras (E,)«cx, With results analogous to those of the finite case. A more
detailed analysis thereon will be given elsewhere (cf. [9], [9a]).
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