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1. Every affine vector field on a compact orientable Riemannian manifold is a
Killing vector field, and every projective vector field on a compact orientable
Riemannian manifold having non-positive Ricci curvature is a parallel (Killing)
vector field (cf. [3], [4D.

The purpose of this note is that of extending the above results to the non-
compact case. We know a related result, that is, if the length of an affine vector
field on a complete Riemannian manifold is bounded, then its affine vector field
is a Killing vector field [2].

Our results are as follows:

Theorem A. Let M be a complete non-compact Riemannian manifold. Every
affine vector field on M with finite global norm is a Killing vector field.

Theorem B. Let M be a complete non-compact Reemannian manifold having
non-positive Ricci cuuvature. Every projective vector field on M with finite global
norm is a parallel (Killing) vector field.

A related result for affine vector field appears in [1]. But G. Gigante’s view
in [1] differs from our point of view.

The discussions of conformal and Killing vector fields with finite global norms
appear in [6, 8]. :

We shall be in C=-category and deal only Wlth connected and orientable
manifolds. We use the Einstein summation convention.

2. Let M be a complete non-compact Riemannian manifold (without boundary)
of dimension m. Let (x% ---, x™) be a local coordinate system in M. We denote
the Riemannian metric (resp. the Levi-Civita connection) on M by g (resp. V).
We set V;=Vj5,¢ and Vi=g"V,.

For two tensor fields T and S on M (of same type), we define the global
scalar product {7, S) by
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(T, $)={ <T, S dvot

(cf. [4], [8]). We set |T|*=(T, T) and we remark that ||T|><+co.

We denote the space of all s-forms on M by A*(M), and let A{M) denote
the subspace of A*(M) composed of forms with compact supports. Let Li(M)
be the completion of AJ(M) with respect to the global scalar product ¢,). The
operator d denotes the exterior derivative and ¢ is defined by

0=(—1)*™+m+1xdx
acting on A*M). Then we have
(d§, nd=(§, ond
for any £ A{(M) and ne A*'(M). The Laplacian operator A is defined by

(1) A=dé+od.

For a 1-form &, we have
2) (d&)iy=V1;— Vs
€ : (38)=—V';
4) (A8)=—VN &+ RIE;
where

R(d/0x* 8/0x%)0/0x*=VN;0/0x*—V,V,0/0x"
=R*,;0/0x*,
Ruj=R*ns;, Ri;=g'*R,,
and R,; denote the components of the Ricci tensor of V.
Through this note, we identify vector fields and its dual 1-forms with respect

to g and they are represented by the same letters. For a vector field £=£'9/0x?,
we have its dual 1-form §=§;dx'=g&*d x’.

Definition 1. A vector field £ on M is called a vector field with finite global
norm if its dual 1-form with respect to g belongs in Li(M)NAYM), that is,
e LMINNAM).

Definition 2. A vector field & on M is called an affine vector field if & satisfies

(5) VijEt’l"Rikhjfh:O.
We remark that (5) implies
6) VAV R 6 =0

) do§=0.
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Difinition 3. A vector field £ on M is called a projective vector field if
there exists a tensor field ¢ on M such that

(8) Vjvkei+Rikhth:¢j5};+¢k5§' .
We remark that (8) implies ‘
) Vkkarl'Rkifk:zsbi
1
(10) = 4% .

Definition 4. A vector field £ on M is called a Killing vector field if &
satisfies

(11) iji-i-Vl&j:O .
We remark that (11) implies
(12) V.£i=0.

3. Let o be a point of M and fix it. For each point p=M, we denote by p(p)
the geodesic distance from o to p. We set

B(r)={peM|p(p)<r}

for any »>0. Then there exists a Lipschitz continuous function w, on M satisfy-
ing the following properties:

0=Zw(p)<1 for any peM
supp w,.C B(2r)
w(p)=1 for any peB(r)

limw,=1

T-00

C

|dw,| §—r— almost everywhere on M

where C(>0) is a constant independent of r (cf. [5], [8). Then we have

Lemma 1 (cf. [6]). For any £ A*M), there exists a positive constant A
independent of r such that

1w, A&l S - 161 Ban

r2
A
Idwe A%l n =5 1€13an

where
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L

I€13an =4 Esan=, <& &dval.

Now, we femark that, for § L M)NN*(M), w,£ has compact support and
wE£—¢ (r—-+00) in the strong sense.
For any §= AYM), we have

(13) d(w,*6)=w,*d§+2w,dw,NE (a.e. on M)
(14) o(w,He=w,06—*QCw,.dw,N*§) (a.e. on M).

4. In previous notes [6, 8], we have

Theorem C (cf. [6, 8]). Let M be a complete non-compact Riemannian mani-
fold having non-positive Ricci curvature. Every Killing vector field on M with
finite global norm is a parallel vector field.

Theorem D (cf. [8]). Let M be a complete non-compact Riemannian manifold
and & a vector field on M with finite global norm. §& is a Killing vector ﬁeld if
and only if § satisfies

ViV E+ R ,E =0 and V=0
Now, we prove Theorem A and B.

Proof of " Let & be an affine vector field on M with finite global
norm. By (7), Lemma 1 and the Schwarz inequality, we have

0=(dd§, w,*Vsen
=(0§, (W) aeen
=(0¢, w 36N an —2(w.08, *(dw:N*)Dpen
= |wAE| By — 2| wr0El| Bors | dwr A*E | 82y

2 10,38 1B —{ 5 1058 Bears+ 4l d . A¥ Bean }

3 4A
= 7 lwid¢llBen—
We have, letting r——+oo,
l0&]1>=0,

that is, 06=0. Thus & satisfies (6) and V;£*=0. Therefore, by Theorem D, § is
a Killing vector field.

Proof of Let & be a projective vector field on M with finite
global norm. By (4), (9) and we have
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(ddé): .

(15) (AE),=2R* £ 4+ mil

Let ® denote the Ricci transformation on A'(M) defined by (R§);=R*:§,. Then
we have, by [(13), [(14), (15), and the Schwarz inequality,

2{RE, wDsan
(88, w D pan—— 2 (438, W

T (08, B pan+(dE, dw N pan

m—1

1 «wrae: wﬁf))mzr)-i-((wrdf, wrde»B(zr)

Z(m 1)

(w,08, *(dw A*E))sen+{w.d§, dw,AE)pen

—1
= T lwdElan+ 1w dElhan

2(m 1)

lw.061 5een ldw- A *£ Ben— I wrd§l seen " dwr/\E“Bm)

g +1 “ wrO¢ || Beer + | w-d B eory
— {5 b +4ldw A% b an}

___:12_{% lw,déll%en+4ldw,AE Ih’mﬂ}

3(m—1
:Z%Z:_l—;"wrawufé(zr)+';—"wrd$||§(2,.,
4im—1) A 2A
—(Ho D A 2 el

Thus, if lim +sup Cw,RE, wE)pen<-+oo then we have

16) lim sup (w, RE, wENaan

> 3(m—=1) 3(m—1)
= 8(m+1)

By the non-positivity of Ricci curvature, we have

19€1°+ ¢ I|d$II’

li££l+S°°UP (wrRE, WEYBEn=0.



46

Thus we have, from

and so we have

S. YOROZU

3(m—1)

2 7 2
8(_m+—1—)_“55” +1—6—||d$” =0,

36=0 and ¢=0.

Therefore, by Theorem C and D, & is a parallel (Killing) vector field.
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