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The purpose of this note is to discuss the local triviality of G-vector bundles.
Throughout this note we assume that $G$ is a compact Lie group and consider real or
complex vector bundles.

1. A G-space is a Hausdorff space $X$ together with a given action of $G$ on $X$ and
a G-map between two G-spaces is a continuous map which commutes with the action
$ofG$ .

A G-vector bundle over a G-space $X$ is a vector bundle $p:E\rightarrow X$, together with a
G-space structure on $E$, such that

i) $p$ is a G-map,
ii) if $g\in G$ then $g:p^{-1}(x)\rightarrow p^{-1}(gx)$ is alinear map.
Two G-vector bundles $E$ and $F$ over a G-space $X$ are G-isomorphic, if there exists

an isomorphism $f:E\rightarrow F$ of vector bundles such that $f$ is also a $G$-map. If $X$ is aG-
space and $V$ is a G-vector space then we call the G-vector bundle $p_{1}:X\times V\rightarrow X$ a G-
product bundle with the diagonal G-action over the G-space $X$.

Since any G-vector bundle $E$ over a G-space $X$ is a vector bundle, $E$ is locally
trivial as a vector bundle, that is, $E$ is locally isomorphic to a product bundle as a
vector bundle. But $E$ is not always locally G-isomorphic to a G-product bundle with
the diagonal G-action. However, we have the following

Theorem. If, for any closed subgroup $H$ of $G$, every representation of $H$ with
degree $n$ can be extended to a representation of $G$, then any n-dimensional G-vector
bundle $E$ over a compact G-space $X$ is locally G-isomorphic to a G-product bundle with
the diagonal G-action over X. That is, for any $x$ in $X$, there is a G-invariant open
neighbourhood $U$ of $x$ and an n-dimensional G-vector space $V$ such that $E|U$ is G-
isomorphic to $U\times V$.

If a group $G$ is abelian, every complex irreducible representation of $G$ is of the
first degree, that is, it essentially coincides with the character of the representation.
And every character of any subgroup $H$ of $G$ can be extended to a character of $G$ (cf.
[3], Theorem 35). Hence, as a corollary of the above theorem we obtain the following

Corollary 1. If $G$ is an abelian group, then any finite dimensional complex G-
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vector bundle $E$ over a compact G-space $X$ is locally G-isomorphic to a G-product bundle
with the diagonal G-action over $X$.

Remark 1 Let $G$ be the subgroup $Q_{8}=\{\pm 1, \pm i, \pm j, \pm k\}ofSp(1)$ and $H$ the
subgroup $Z_{4}=\{\pm 1, \pm i\}$ of $Q_{8}$ . Then the representation $\rho:H\rightarrow GL(1, C)$ defined by
the natural inclusion can not be extended to any representation of $G$ . This shows that
there is a complex G-line bundle over a compact G-space which is never locally G-
isomorphic to any complex G-product bundle with the diagonal G-action over the G-
space (cf. Lemma 2).

Furthermore, as for real vector bundles we have

Corollary 2. Let $p$ be a prime number and $G$ a cyclic group oforder $p$ . Then any
finite dimensional real G-vector bundle $E$ over a compact G-space $X$ is locally G-
isomorphic to a G-product bundle with the diagonal G-action over $X$.

Remark 2. Let $G$ be the subgroup $Z_{4}=\{\pm 1, \pm t\}$ of $U(1)$ and $H$ the subgroup
$A_{2}=\{\pm 1\}$ of $Z_{4}$ . Then the representation $\rho:H\rightarrow GL(1, R)$ defined by the natural
inclusion can not be extended to any representation of $G$ . This shows that there is a
real G-line bundle over a compact G-space which is never locally G-isomorphic to any
real G-product bundle with the diagonal G-action over the G-space (cf. Lemma 2).

2. Let $H$ be a subgroup of $G$ , and $V$ an n-dimensional H-vector space. Then let
$G\times_{H}V$ denote the identification space obtained from $G\times V$ by the equivalence
relation: $(g_{1}, v_{1})\sim(g_{2}, v_{2})$ if and only if $g_{2}=g_{1}h^{-1},$ $v_{2}=hv_{1}$ for some $h\in H$. The space
$G\times HV$ admits a G-space structure given by $g[g_{1}, v]=[gg_{1}, v]$ for $[g_{1}, v]\in G\times_{H}V$ and
$g\in G$ , and the map

$p:G\times HV\rightarrow G/H$ , $[g, v]\mapsto[g]$ ,

is a G-vector bundle over the G-space $G/H$ (left coset space).

For aG-space. $X$ and $x\in X$, let $G_{x}$ denote the isotropy group of $x$ and let $G(x)$

denote the orbit of $x$ . Then the left coset spaoe $G/G$. can be identified with $G(x)$ under
the G-homeomorphism given by the map $[g]\mapsto gx$ . And we obtain

Lemma 1. Let $p:E\rightarrow X$ be a G-vector bundle. Then, for any $x\in X$ there is a G-
isomorphism

$p^{-1}(G(x))\cong G\times E$

of G-vector bundles over the G-space $G(x)=G/G.$, where $E_{x}=p^{-1}(x)$ .

Proof. The G-isomorphism

$f:G\times G_{x}E_{X}\rightarrow p^{-1}(G(x))$

of $G$-vector bundles over $G/G_{x}\equiv G(x)$ is given by $f([g, v])=gv$ for $g\in G$ and $veE.$ .
q.e. $d$ .

1) We would like to appreciate Professor Peter S. Landweber for his suggestions.
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Lemma 2. Let $H$ be a closed subgroup of $G$ and $\rho:H\rightarrow GL(n, K)$ a repre-
sentation, where $K=R$ or C. And let $V=(K^{n}, \rho)$ be an n-dimensional H-vector space.
Then the G-vector bundle $G\times_{H}V$ over the G-space $G/H$ is G-isomorphic to a G-product
bundle with the diagonal G-action over $G/H$ iffthe representation $\rho$ can be extended to a
representation of $G$ .

Proof. Let a representation $\mu:G\rightarrow GL(n, K)$ be an extension of $\rho$ and $W=$
$(K^{n}, \mu)$ a G-vector space. Then a map $f^{\prime}:G\times V\rightarrow G/H\times W$ given by $f^{\prime}(g, v)=$

$([g], \mu(g)v)$ for $(g, v)\in G\times K^{n}$ induces a G-isomorphism

$f:G\times HV\rightarrow G/H\times W$

of G-vector bundles over the G-space $G/H$.
Conversely, we assume that for a G-vector space $W=(K^{n}, v)$ there is a G-

isomorphism

$f:G\times HV\rightarrow G/H\times W$

of G-vector bundles over the G-spaoe $G/H$.
Let us consider the composition of the linear maps

$K^{n}\rightarrow^{k}p^{-1}(H)\rightarrow H\times K^{n}f|H\rightarrow^{p_{2}}K^{n}$

where $k(v)=[e, v]$ for $veK^{n}$ and $e$ the unit in $H$. Then there is an element Be $GL(n, K)$

such that

$p_{2}f|Hk(v)=Bv$ .
And we have

$f([e, v])=(H, Bv)$ for $veK^{n}$

Therefore, for any $heH$ and $v\in K^{n}$ ,

$(H, B\rho(h)v)=f([e, \rho(h)v])$

$=f([h, v])$

$=f(h[e, v])$

$=h(H, Bv)$

$=(H, v(h)Bv)$ .
Hence we have

$B\rho(h)=v(h)B$ for any $h\in H$ .
A representation $\mu:G\rightarrow GL(n, K)$ defined by $\mu(g)=B^{-1}v(g)B$ for $g\in G$ is an extension
of $\rho$ . q.e.d.

It is easy to see that the following lemma stated in [2] only for complex vector
bundles holds for real vector bundles, too.
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Lemma 3 ([2], Lemma 2.2.1). Let $E$ and $F$ be n-dimensional G-vector bundles
over a compact G-space $X$, and let $f:E|A\rightarrow F|A$ be a G-isomorphism of G-vector
bundles over a closed G-invariant subspace $A$ of X. Then there is a G-invariant open
neighbourhood $U$ of $A$ and a G-isomorphism $g:E|U\rightarrow F|U$ ofG-vector bundles over $U$

such that $g|A=f$.

3. Now we prove the theorem. Let $x$ be any point of $X$. In virtue of Lemma 1,
there is the G-isomorphism

$p^{-1}(G(x))\cong G\times E_{X}G_{x}$

of G-vector bundles. Furthermore, in virtue of Lemma 2, there is the G-isomorphism

$Gx_{G_{x}}E_{x}\cong G/G_{x}\times E_{x}$

$\cong G(x)\times E_{x}$

of G-vector bundles, because the representation of $G_{x}$ can be extended to a
representation of $G$ by the assumption of the theorem and $E_{x}$ can be regarded as a G-
vector space.

Let $X\times E$. be the G-product bundle with the diagonal G-action over the G-space
X. Then Lemma 3 shows that there exists a G-invariant open neighbourhood $U$ of
$G(x)$ and a G-isomorphism

$p^{-1}(U)\cong U\times E_{x}$ .

This completes the proof of the theorem.
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