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§0. Introduction
The main purpose of this paper is to prove the following theorem.

Theorem. Let M=M UM be an n-+1-dimensional (n=1) connected C* Rieman-
nian manifold with compact C* boundary oM. Suppose that M is of non-negative
Ricci curvature and the mean curvature (with resj)ect to the inner normal direction)
of oM is non-negative. Then oM has at most two connectecd components. Moreover,
if OM has just two connected components, then M is isometric to a Riemannian
product manifold I' X[0, a] (@>0) where I" is an n-dimensional compact connected
C* Riemannian manifold of non-negative Ricci curvature without boundary.

In order to prove this theorem, in §1, we study properties of solutions of
some non-linear differential equation. We show that the minimum principle holds
for solutions of a non-linear differential equation which is closely related to geo-
metrical problems. In §2, we give an application (Theorem 2.1) of the minimum
principle showed in §1. Theorem 2.1 will be used to prove the theorem stated
above. The proof of the main theorem is given in §3. ‘

§1. Minimum principle

Let D be a bounded domain in #-dimensional (2=1) Euclidean space R*. We
denote the set of real-valued functions of class C* on D by C* D) where % is a non-
negative integer. In the following, for a » € C?*(D) we use the following notations:

u,—oulox, , Fu=(u,, -+, u,) and U, =0u/02,0%;

where «,, ---, x, are the canonical coordinate functions in R*. Let | || be the
standard Euclidean norm of R-».
Let us consider a non-linear differential equation of second order on D:
(1.1) L(u):iZ_: 1Ai,a(x, u, Pu)u,;— B(x, u, Fu)=0
3=

where A,; and B are real-valued continuous functions on DX [a, b] X R*, a<b, and
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Ay=A; (1=i, j=n). In the case n=1, of course, is an ordinary differential
equation of second order. We denote by (z, £, $) a point of Dx[a, B]xR".

We assume that the equation is elliptic, that is, for every non vanishing
real vector X=(X,, -+, X,)eR"

(1.2) % Ao, £, XX, >0

15=

¢ holds on DXla, bJxX R".:
It is called that #eC*D), asu=b, is a supersolution of equation if
L(#)=<0 holds.

. Theorem 1.1. For equation (1.1), assume that B is of class C' with respect
to the variables p, (1=i=n) and that

(L3 . B(®,t0=0 on DX[a,b]x{0}.

If ue C¥D), aSu=b, is a supersolution of equation (1.1), then u can not take the
minimum value in D unless % is constant.

Proof. Suppose for contradiction that » takes the minimum value m ‘in D
and that #» is not constant. We set E={g € D; u(x)=m}. E can not be open in
D. Then we can choose a 2,€ D—E and the closed metric ball D, of radius 7,
and center z, in R* such that

(1.4) 50 NE={y.}, EoCD .

Let D, be the closed metric ball in R* of radius 7, and center y, such that 0<
7, <7, and that D,cD. Then we have

(1.5) r=|e—ul=7., xe€ 51

where 7,=7,—7,, r;=17,+7,. There exists a constant § (0<d<1) satisfying the
condition

(1.6) u>m-+6 on D,NéD,

where oD, ={z € R*; ||t—y,]|=7.}. Since equation satisfies the condition
there exists positive constants 4, and 4, such that

1.7 Al X|P= é‘ Az, w(x), pENXX,=41X|®, zeD

14 1
where X=(X,, ---, X,)€ R and we put Vu(x)f——p(a:)=( P, «++,pn). (In the following

we use this notation.) Since B is of class C* with respect to the variables p, (1=
i<n), on D, we have
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| B(w, u(x), p(x))— B(x, u(x), 0)| =c| p(z)|

where

(1.8) c~sup § . a_pj(w’ u(x), tp(x)) |d
Then by we have

1.9) B(, u(x), p(@)=clp@) , zeD,.

Let us consider the auxiliary function w on D, defined by

(1.10) w(x)=u(x)—h(x), €D,
where
(1.11) h(x)=exp (—allz—2x,||*)—exp (—ar?) ,

a being a positive constant.such that
1.12) a>max {log (1/6)/7.%, (nAs+crs)/24,7,% .

Since ||x—a,||>7, on 8D,—D,, k<0 on dD,—D,. Hence, we have

(1.13) w>m on oD,—D,.
From [(1.5), [1.6) and [1.12), on aD,N D, we have
(1.149) w>m+6—exp (—ar)>m.

On the other hand, at y, we have
(1.15) wW(Yo)=u(y,)=m .

Thus it follows from and that w takes the minimum value at
an interior point y of D,. From and (1.10), at ¥ we have

(1.16) Z Ay, w(y), D)) w.s(y)+hs)=clp@) .

”—
In the following we shall estimate the inequality [(1.16). By [1.11) we have
1.17) h(y)=—2az¢&,  hi(y)=—2a(3—2az:2)¢

where z=(z,, + -+, 2,)=y—=, and £=exp (—ally—n,l|?). Since w takes the miinimum
value at y, we have

(1.18) u(Y)=h(y), 1=izn,

and
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(1.19) 32 Auly, ul), )W) 20
From [1.5), [(1.7), [1.17) and [1.19), at ¥ we have
(1.20) the left-hand side of (1.16)=2a£(2a4,|z||2—n4,)

=2a8Q2ai 1t —nls,) .

By and [(1.18), we have | p(y)|=2a¢|z]|=<0. Hence, from [1.5), (1.16) and
(1.20), we get

2a2,7,*—ni =clz]|=cr; .

This contradicts [1.12). We complete the proof.

§2. A geometrical application of Theorem 1.1

" Let N be a C* Riemannian manifold without boundary and let <, > be the
inner product defined by the Riemannian metric of N. Let e, :---,¢, be an
orthonormal basis of the tangent vector space T,N at a point p of N, n=dim N,
and let X be a unit vector at p. The quantity Ric(X )=§}1<R(e{, X)X, e is
called the Ricci curvature of N with respect to X direction where R denotes the
Riemannian curvature tensor of N. We say that N is of non-negative (resp.
positive) Ricci curvature if Ric(X)=0 (resp. Ric (X)>0) for every unit vector X
at every point of N. Let M be an imbedded hypersurface in N. It is called that
M is totally geodesic if the second fundamental form of M vanishes everywhere.

Now, let D be an open metric ball in #-dimensional (#=1) Euclidean space
R*. Let (%, +-+, %, be the canonical coordinate system in R*. For a >0, let
us consider a Riemannian manifold N=(D X (—z¢, ¢), ds?) whose line element is given
by ds?= Z,‘ gu(m, t)dz.dx;+dt: where g,;€ C*(DX(—e,¢)) and the matrix (g,) is
symmetnc and positive definite everywhere. Let /' be the Riemannian connection
of N. Fora t, |t|<e, we denote the mean curvature (with respect to 9/0f) of the
level hypersurface S,={(x,?); x€ D} in N by H,. In the case z=1, by the mean
curvature we mean the geodesic curvature.

Lemma 2.1. Suppose that N is of non-negative Ricci curvature. Then H,=H,
holds for any t<t'. If H=H, for t<t', then for each r (t=r=t’) S, is totally
geodesic.

Proof. Let {e, ---,e,, 0/0t} be an orthonormal frame on N such that Va/a,e,-—O
We put A, ,—<V,‘e,, 3/ot>. Since H,= =L Z <V,,e,, 2/0t>, we have
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aH,/at=—,1z—{Ric @+ 5 (ot .

The lemma follows directly from the above formula.

Now, for a u € C¥(D), |u|<e, we consider the hypersurface S(#)={(z, #(x)); z € D}
in N. We put X,=03/0x,+u,0/0t, §;y=g.+umn;, 1=i, j<n. We can give a unit
normal vector field $=i§:,"1 &%9/0x;+£&"19/ot on S(u) as follows:

=L+ [Pulye (1Si<n)  and  er=1/(1+7u]Hie

where [IVuIIL—iZ} g¥(x, u(x))uu;, u‘-—Z} g*(x, u(x))u; and here g¥ is the (i, j)-
component of the inverse matrix of (gi/) Let 4 be the mean curvature of S(w)
with respect to & 4 is given by A—7i'$,;lg“‘f<7 2. Xs, & where §¥=g"(z, u(x))—
w'u!/(14]|Ful|?). Rewriting it we get

@D 3 (A+IPule e, ua)—uwu,
=nA@)(L-+ Pl —nHa, @)1+ P+ 55 0guloHs, w@mn

F 5 APl w@) —ww T (, w())

15 k=1

where H(x, u(x))= _%z ié}ﬂg"(w, u(x))0g.s/0t(x, u(x)) and I'%; denotes the Christoffel’s
symbol.

In (2.1), if we regard 4 as a given real-valued continuous function on D,
then (2.1) is a non-linear differential equation of second order on D. We see that

the equation (2.1) satisfies the condition [1.2). We put
B(z, t, p)=nA(x)(1+| pl|*)*’*—nH(x, t)(1+] p|*)
5, dgulotm, P+ 2 (LI e, DD P

where p=(p, -+, p) € R, |pl*= 5 g, Np.p; and p*= %, g(x, Nips. Then it is
clear that B is of class C! on D><(——e, gXR, If N is of non-negative Ricci
curvature and A<H, holds on D, then by [Lemma 2.1 we have B(x, ¢, 0)=nA(x)—
nH(x)=<0 on Dx[0, ¢)x{0}. Applying Theorem 1.1 to the equation (2.1), we have
the following. |

Theorem 2.1. Suppose that N is of non-negative Ricci curvature. Let A be
a given real-valued continuous function on D such that A=H, on D. Then any
solution w of the equation (2.1) such that 0=u<e can not take the minimum value
in D unless u is constant.
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§3. Proof of the main theorem

Let M=MUoM be an n+1l-dimensional (n=1) connected C>= Riemannian
manifold with compact C~ boundary dM. Let p be the distance function on M
which is defined by the Riemannian metric of M. Compactness of dM implies
that M is complete as a metric space. For each point p of M there is a geodesic
from p to oM whose length is equal to p(p, 3M). A geodesic c: [a, b]>M is called
minimal if the length of ¢ is equal to p(c(a), ¢(b)). Let p be a point of M and
let » be a positive such that r<p(p,oM). We put B.(p)={ge€M; o(p, 9)<7},
B.(p)={ge M; p(p, 9)<7} and 3B,(p)=B,(p)—B.(p). We can choose a positive
r 2r<p(p,dM)) such that for any distinct points ¢ and ¢’ of B.(p) there is a
unique minimal geodesic from ¢ to ¢’ whose interior is contained in B,(p) (121,
pp. 103-105). Such an open metric ball is called strongly convex.

Now, since dM is compact, it can be expressed by M= pr‘ where each I';
is an n-dimensional compact connected Riemannian manifold without boundary.
For a 6>0 we put | 3(I".)={¢€ TM; ¢ is an inner normal vector to I'; and ||£]| <5},
L3(U)={¢e L}(I"y); ¢ is an inner normal vector to U,} where TM denotes the
tangent vector bundle of Mand || | stands for the norm defined by the Riemannian
metric of M and U, is an open subset of I',, 1<=i<k. When exp: L}(I")—>M
(resp. exp: 1 §(U)—>M) is an imbedding of C= for a >0, we put I'(8)={exp, 67.(p);
perly) (resp. U(d)={exp, dn(p); p € U} where exp stands for the exponential map
and 7,(p) is the inner normal vector to I'; at perl’,.

Under the situation described above, we shall prove the following.

Lemma 3.1. Let M=MUOM be as above. Suppose po(I"y, I's)=min {o(I";, I'y);
1<i<j<k}. Let p, and p, be points of I'y and I'y such that o(p,,p:)=po(I'y, I's),
respectively. Then there is a unique minimal geodesic c: [0, al-M, a=p(I"y, I';),
with unit speed such that c(0)=p,, c(@)=p;, ¢((0,a))TM and éO) (resp. i(a)) is
orthogonal to I'y (resp. I';) respectively, where ((t) denotes the velocity vector of c.

Proof. Since I', is compact, we can take as (0<2:<a) such that exp: L5(["y)—
M is an imbedding of C> and I'y(e)={p e M; o(p, I'1)=¢}. There is a point p, of
I',(e) such that p(p,, p:)=p(D:, ps)+0(Ds, P2). Then, using Gauss’ lemma, we see
exp,, eé=p, where ¢ is the inner unit normal vector to I'; at p,. Let f=
sup {£ € [0, a]; exp,, s¢ € M (0<s=t?) and p(exp,, t§, ps)=a—t}. Itisclear e=t,. We
shall show #,—a. Suppose f,<a. By completeness of M the geodesic exp,, t&
(0=t<t,) can be extended to the geodesic c,(¢)=exp,, ¢ (0=t=¢,). Since a=
oy, T')Sp(l, Ty) AZi<j=<k), ci(t,)e M. We take a d (0<25<p(ci(¢,), 9M)) such
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that Bj(ci(2,)) is strongly convex. Let p be a point of 3Bj(¢,(%,)) such that p(¢,(,), p.)=
p(cy(t), D)+o(p, by), and let c,(f)=exp,,,tX (0=t=<4) be a unique minimal geodesic
from c,(¢,) to p where X is a unit tangent vector at cy(%). Since p(ci(Z), p.)=
a—t,, we have o(py, p)=t,+06. Hence, p(p:, p)=t,+3 because ?, is equal to the
length of the geodesic ¢, and § is equal to the length of the geodesic c,. This
implies ¢é(¢,)=X. Thus we can extend the geodesic ¢; to the geodesic exp,,
(0=<t<t,+5) which satisfies exp,, t£e M (0<t=t,+5) and p(exp,, (t,+0)¢, ps)=a—
(2,+6). This contradicts the definition of #,, Hence we have f,=a. Thus there
is a minimal geodesic c: [0, a]>M with unit speed such that ¢(0)=p,, ¢(a)=p, and
¢((0, a))cM. Since Iy and I', are hypersurfaces in M and c is a shortest geodesic
from I, to I',, é(0) (resp. é(a)) is orthogonal to I'; (resp. I',), respectively. The
uniqueness is then clear. We complete the proof.

Proof of the main theorem. Since dM is compact, it can be expressed by
oM= ~U I', where each I'; is an n-dimensional compact connected Riemannian
mamfold without boundary. Suppose k=2, and let a=min {o(I",, I')); 1=i<j=k}.
By exchanging the indecies, we assume a=p(I"y, I';). Then we shall prove that
oM=TI U, and Iy, I, are totally geodesic hypersurfaces in M and that M is
isometric to the Riemannian product manifold I';x[0,a]. We put C={gel';
o(g, I'y)=a}. It is clear that C is a non-empty closed subset of I',. We shall
show that -C is open in I',. Let p, be an arbitrary point of C. We choose a
p, €Iy such that p(p., p)=a. By Lemma 3.1, there is a unique minimal geodesic
c: [0, a]—>M with unit speed such that ¢(0)=p,, c(a)=p,, ¢((0,a))"M and ¢(0) (resp.
é(a)) is orthogonal to I', (resp. I',), respectively. Since I, is compact, we can
choose a ¢ (0<25<a) so that exp: J.%‘a(l"z)——»M is an imbedding of C* and I'y(d)=
{ge M; p(q, I';})=3}. Then I'y(8) is a compact connected hypersurface of C* in M
and é(a—6) is the outer unit normal vector to I',(8) at c(a—d). Since ¢ is a
shortest geodesic from I'; to I'y, c(¢), 0<t<a, is not focal point of I', along c.
Therefore we can take a local coordinate system (U, (2, -+, %,)) about p, in
I'; and ae (a—d<e<a) such that exp: L#(U)—»M is an imbedding of C~ and
exp (LI UNNT,=¢, 2=i<k. By usmg Gauss’ lemma the line element on
exp (_L*(Ul)) can be expressed by dst= Z,' gu(x, t)dz.dx;-+dt, (x,t) € Uy X[0,¢]. Since
c(a—0d) € I'y(d) and p(I'y(d), I'1)=a—3a, by the implicit function theorem, there exists
an open neighborhood V; of p, in I';,, V;cU,, and a ueC=(V,) satisfying the
conditions: (1) V, is diffeomorphic to an open metric ball in R"*; (2) a—d=u<e
on V, and u(p,)=a—3d; (3) I'y(d) can be locally expressed by a hypersurface W=
{exp, w(x)n,(x); v € V,} about c(a—d) where 7,(x) is the inner unit normal vector to
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I'yat xe V,. Let W, be the open neighborhood of p, in I', such that W,(5)=W.
Now, let 4 be the mean curvature of I',(§) with respect to the outer normal
direction. From the argument in §2 we see that « is a solution of the equation
(2.1) having the minimum value ¢—4§ at an interior point p, of V,. We denote
the mean curvature of V,(f) with respect to 3/6¢t by H, where V,(0)=V, and 0=
t<e¢. Since M is of non-negative Ricci curvature and the mean curvature (with
respect to the inner normal direction) of 30 is non-negative, by Lemma 2.1 H,=0
(0=t=e) and A4=0. Applying Theorem 2.1 to the present situation, we have
u=a—0é on V;. This implies Wy6)=W="V,(a—5). Since A is the mean curvature
of I',(d) with respect to the outer normal direction, then we have A=H, ; on
Wi(9)=Vi(a—0d). This yields A4=H, ;=0 because they have an opposite sign each
other. Then, by [Lemma 2.1, Vi(f) (0=t=a—34) and Wy(r) (0=r=5) are all totally
geodesic hypersurfaces in M where W,(0)=W,. Thus we see that exp: LyVy)-M
is an imbedding of C*, W,=V.(a) and exp (Li(V1))—(V,U Vi(@))cM. Hence we
have o(W,, I'y)=a, which implies that C is open in I, By connectedness of
I’ we have C=I",. Thus we have proved that I',cC{ge M; p(q, I'\)=a}. By a
similar argument as above, we have I';C{p e M; o(p, [';)=a}. From the above
argument, we have the following.

Lemma. For each point p, (vesp. p,) of I'y (resp. I',) there exists an open
neighborhood V, of p, (resp. V, of ps) in I'y (resp. I';) such that (1) exp: 1 L(V,)»M
is an imbedding of C=, i=1,2; (2) Vya)cI,, Via@)<I'y; (3) exp(LiV))—(V.U
Vi{a)cM, i=1,2; (4) for each pc V, exp,tn(p) (0=t=<a) is a minimal geodesic
where n(p) is the inner unit normal vector to I'; at peV,, i=1,2; (5) V() (0=
t<a) are all totally geodesic hypersurfaces in M where V,(0)=V,, i=1, 2.

By virtue of this lemma and Lemma 3\1, we see that exp: 1 i(I",)>M is an
imbedding of C* (i=1,2), I'(a)=Is, I's(a@)=I", and exp (L HI))—(UTI)CM,
i=1,2. By the connectedness of M, exp (L*(I",))=M, i=1,2. Hence we have
OM=I,Url';. From the above lemma, for each ¢ (0=<¢{=<a) the level hypersurface
I'y(?) is totally geodesic where I'y(0)=I",. Now let @:I';x[0, a]>M be a map
defined by &(p, t)=exp, t7,(p) where 7,(p) is the inner unit normal vector to I,
at p. Then & is an isometry from the Riemannian product manifold I"; %[0, ]
onto M. We complete the proof.

As a corollary of the main theorem we have the following.

Corollary. Let M=MUM be an n-+1-dimensional (n=1) connected C*
Riemannian manifold with compact C* boundary oM. Suppose that M is of non-
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negative (resp. positive) Ricci curvature and the mean curvature (with respect to
the inner normal direction) of oM is positive (resp. non-negative). Then oM is
connected.

Theorem 2.1 has interesting geometrical applications. For example, let M be
an n-dimensional (2=>2) connected complete real analytic Riemannian manifold of
non-negative Ricci curvature without boundary. Suppose that M contains isometri-
cally imbedded compact connected real analytic minimal hypersurfaces which are
disjoint. Then M is isometric to one of some four types of Riemannian manifolds,
in the case #=2 such Riemannian manifolds are flat torus, cylider, Klein bottle
and Mbobius band. The proof of this result will be given in the author’s paper

41

Remark. Recently Mr. Atsushi Kasue informed the author that he had
independently proved our main theorem by a different method ([5)).
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