YokoHaMA MATHEMATICAL
Journar Vor. 29, 1981

ON SPIRAL-LIKE FUNCTIONS OF ORDER a AND TYPE g

By
M. L. MoGgrA and O.P. AHUJA*

{Received January 23, 1981)

1. Introduction

A function f analytic in the open disk E={z||z| <1} is said to be A-spiral-like
if 10)=0, f(0)=1, and Re {¢**z2f"(2)/f(2)}>0 for some real A(1A|<=/2). Let S$* be
the class of all such functions. It was shown by épaéék [10] that spiral-like func-
tions are univalent in E. In recent years, such functions have been the source
of useful and important counter-examples in geometric function theory [1, 4].

In [6], Libera introduced the notion of order « (0=La<1) for i-spiral-like func-
tions in E. Motivated by [3], we, in the present paper, introduce the concept
of ‘type’ for the class of l-splral like functions of order a. |

A function f(2)=2z+ Z a,.z" analytic in E, is a 2-spiral-like function of order
a and type 8, f€ S¥a, ,8), 1f and only if for all ze E, the inequality

1.1) z2f'(2)/f(z)—1 )
28(2f(2)/fiz)—1-+(1—a)e~* cos A)—(2f'(2)/flz)—1)

holds for some a€[0, 1), B€(0, 1], and 1€ (—=/2, n/2). Since S¥a, B S, it follows

that the functions in S*(a, 5) are univalent.

By specializing a, 8, and 1 we obtain several subclasses of univalent functions.
For instance, Sia, 1)=S%a); S*0, (2—cos 2)/2)=H(), |1A|<=/2; SX0, (2M—1)12M)=
Fi,x, M>1/2; and S%a, f)=S*(a, B) are the classes introduced and studied, respec-
tively, by Libera [6], Goel [2], Kulshrestha [5], and Juneja and Mogra [3]. Further,
replacement of « by (1—B-+2af)/(1+8) and 8 by (1+8)/2 in the class SXa, B), gives
the class, S% s, defined by Makowka [7].

Since our class S%a, 8) includes various subclasses as noticed above, a study
of its various properties will lead to a unified study of these subclasses. In the
present paper, we shall give at first a representation formula for the class S¥a, f).
We deal next with the distortion properties and coefficient bounds for a 2-spiral
function of order @ and type 8. Finally, y-spiral radius is obtained for SX(a, B).

* The research was partially supported by a research grant of Graduate College of
University of Khartoum.
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In particular, we deduce some results for the classes S¥a), H(2), F; » and S?

,8;
the analogues of which have not been obtained by earlier authors.

2. A Representation for S%(a, §)

Let A denote the class of functions ¢ which are analytic in £ and which
satisfy |¢(z)I<1 for all z in E. We first give the following lemma.

Lemma. If a function H(z)=1-+ i c.2®, analytic in E, satisfies the condition
n=1

2.1) |(H(Z)—1)/{2[3(17T(z)—1;1-(1——oz)e“’z cos A)—(H(2)—1)}|<1,
Jor some a€l0,1), B€(0,1], 1€ (—n/2, n/2), and for all ze E, then

: _1+(2B—1)—28(1—a)e* cos )zp(2)
&2, Ha= 12— Db

for some pe A. Conversely, a function H given by (2.2) for some ¢ A'is analytic
in E and satisfies (2.1) for all z in E.

Proof. The first half of the is obtained immediately by an applica-
tion of Schwarz’s [Lemmal; and the converse part follows from the observation
that the function

_1+((2B—1)—28(1—a)e~** cos 2)z

w 1+(28—1)z

maps |z|<1 onto the disk '
|(1—w)/{28(w—1)+(1—a)e~* cos 2)—(w—1)}| <1

in the w-plane.

Theorem 1. A function f(z)=z+ i a.z", analytic in E, is in the class S¥a, B)
n=2
if and only if

oo {251 e icon 5 [F__B0E |
2.3) | f<z>—zexp{ 2B(1—a)e™** cos 2 S 1+(zﬁ~1>t¢(t)} ’

for some ¢ A.

Proof. First suppose f(z) € SXa, ). Noting that zf’(z)/f(z) satisfies the hypo-
thesis of the first part of the Lemmal, we see that

2f(z) _ 1+((28—1)—25(1—a)e** cos 2)zp(2)
fz) 1-+(28—1)zg(2)
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for some ¢€ A. Thus we have

2.4) f2) _ 1 _—2p(l—a)ecosi-¢(z)
fle) =z 1+(28—1)z¢(2)

An integration from 0 to z in followed by an exponentiation leads to [(2.3).
Conversely, if holds, then

zf'(2) _ 1+((28—1)—25(1—a)e** cos A)z¢(2)
f(z) 1+(28—1)24(2) )

Now the theorem follows by the converse part of the [Lemmal

Remarks. (i) Putting f=1, we obtain a representation formula determined
by Libera [6].

(ii) The representation formula determined by Juneja and Mogra for
starlike functions of order « and type B can be obtained by putting 1=0 in
I'heorem 1.

(iii) a=0 and B=(2—cos 1)/2 in [Theorem 1| gives the result obtained by Goel
2].

(iv) Replacing a by (1—p+2ap)/(1+p) and 8 by (1+p)/2 in [Theorem 1, we
get the corresponding result obtained by Makowka [7].

(v) By taking appropriate values of a, 8, 2 in [Theorem 1, we obtain the cor-
responding representation formulae for the functions of the classes introduced by
Spacék [10], Kulshrestha [5], Padmanabhan [8], and many others.

3. A sufficient condition.
We now establish a sufficient condition for a function to be in S¥a, f).

Theorem 2. Let f(z)=z+ f,‘;za,.z" be analytic in E. Then f(z) € S¥a, B), if for
some a€[0,1) and 2€(—=/2, 71'/2_),

3.1) iz{Zn(l—ﬁ)—1+ |(1—28)+2B(1—a)e~* cos 2|}|a.| <28(1—a) cos 2 ,
whenever Be€(0,1/2],

(3.2) éz{(n—1)+ 28— 1)(n—1)+28(1—a)e~* cos A1}|@.| <28(1—a) cos 1,

whenever pe[1/2,1],
holds. o v

Proof. Let |z|]=r<1. Noting that

(3.3) l2f (D—fDI< & (= Dlaulr,
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and
(B.4) 128z (2)—f(2))+(1—a)e~** cos A-£(2))— (2 (2)—f(2))|
2 (28(1—a) cos 1~ 3 (1—28)mla,|— 3 [(1—28)+24(1—ade~* cos Al la,},
we see that
1217 (2)—f(2)| —128((2f (2)—f(2))+ (1 —a)e~** cos 1-f(2))— (2 (2)—f2))|
< 22{212(1—,8)—14— (1—28)+28(1—a)e~* cos A|}|@.| —28(1l—a) cos  ,

provided 0<3=1/2. The last quantity is <0 by (3.1), so that A2 e S¥a, p). For
the second part, we assume that (3.2) holds for B8€l[l1/2,1]. In this case,

(3.5)  128((zf(2)—f(2))+(1—a)e~** cos 2-f(2))—(2f(2)—f(2))|
>(2B(1—a) cos i— 5:'*2 (28— 1)(n—1)+28(1—a)e~* cos A| |a,|}7 .

Now the theorem follows, as before, from (3.5) and (3.2).

Corollary 1. A function f(z)=z-+ Z:za,.z", analytic in E, is a i-spiral-like func-
tion of order « if

5 {(n—1)+1(n—1)+2(1—a)e~* cos AHa. <21 —a) cos 2,
Jor some a€[0,1), 2€(—=/2, z/2).
Corollary 2. A function f(z)=z- i2a,.z”, analytic in E, is in the class H(2) if
Zi{(n— 1)+ (1 —cos 2)(7—1)-+(2—cos )e~** cos A|}|@,| <(2—cos 1) cos 2 ,
Jor some 1€ (—x/2, n/2).

Corollary 3. A function f(z)=z-+ 2.;“"2"’ analytic in E, is in the class F; 4
if for some 1€ (—n/2, n/2),

3 {(n— M)+~ T=MY+@M—1) cos* Bla,| <(2M—1) cos 1 ,

n=2

whenever 12<MZ<1,
3 {(r—1)M-+|(M—1)(n—1)-+@M—1)e~ cos A1} a,| <(2M—1) cos 2 ,
n=2

whenever M=1 ,
holds.
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Remarks. (i) For 1=0 in we obtain the sufficient condition
determined by Juneja and Mogra [3].

(i) Replacing a by (1—8+2ap)/(1+p), B by (1+8)/2 in Theorem 2 we obtain
the corresponding sufficient condition for a function f{z) to be in the class introduced
by Makowka [7].

(ili) By fixing the parameters a, 8, and 2 in we can obtain
sufficient conditions for a function to be in the classes introduced by Padmanabhan
[8], Wright [1I], and others.

4. Distortion Theorems

Theorem 3. Let f(2)=z+ Z a.z® be analytic in E. If f(2)€ S a, p), then for
Izl—r, 0<r<1, and for all ae[O 1), Be(0,1/2)u(1/2,1], 2€(—=/2, z/2),

(1+(213._1)r)(1—cosl) B(1~a)cos 2/ (2f—-1)
(4.1 If(z)lér[ (1—(2p—1)r)@+oos D ]

and

42 @iz GZE= s
whereas for a€[0, 1), f=1/2, 1€ (—n/2, n/2),

(4.3) | Az)|=rexp((1—a)cos 2-7) ,

and

(4.4) I A2)l=rexp(—(1—a)cos i-7) .

All these estimates are sharp for all admissible values of a, 8, 2

Proof. Since f(z) € S¥a, 8), the condition coupled with an application of
Schwarz’s [Lemmal, implies |zf(z)/f(z)—&]| <R, where

1—(28—1)((28—1)—28(1—a) cos® A)r*—ih(2—1)}1—a) sin 22-7%
1—(28—1)2* ’

$=

‘and
R= 28(1—a)cos A-r
1—(28—1)xr2 ’

(I2|]=7) .

Hence we have

(4.5) 1—28(1—a) cos 2-r+(28—1)(28(1—a) cos? 2—{(28—1))r*
) 1—(28—1)%r?

<Re (z (2) ) <14+28(1—a) cos 2-7+(28—1X28(1—a) cos® A—(28—1))r
- fz) 1—(26—1)%r* :
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Noting

o] (G L= e o 1

and using (4.5), we see that

f(2) _ ("1+(28—1)cos a-¢
— )ézﬁ(l a) cos 2 So - @1yt dt .

Now suppose a€[0,1), 8€(0,1/2)U(1/2,1] and 2€(—=/2,7/2). Then from [4.6),
we get

(4.6) ~ log (

log(l ff:')

which gives For the case when a€][0,1), 8=1/2, and i€ (—~nr/2, z/2), (4.6)
immediately proves [(4.3). In view of
) e (5 (1os 7))

log<’i(z—z—)> Re(log ﬂz))
I Re (T 1)t

‘B(l_a) COS A (1+(2ﬂ_1)r)(1—c05 D
)é 25—1 log {(1_(2,[3_1),,)(1+cos2) } ’

ll

and with the aid of (4.5) we may write
4.7) log ( l L(z.z_)

If B#1/2, then carrying out the integration in [(4.7), we obtain (4.2). Further,
when B=1/2, then we immediately get from [(4.7). The extremal function
for all the inequalities is given by

' _ z/{(l_(zﬁ_1)ewz}zp(1—a)cosz-e—il/(zp—n , B£1/2
(4.8) f(z)_{z exp {(1—a) cos 2-€t0-Dz} = B=1/2

r1—(28—1)cos A-¢

,i-@p—1pr -

)g-—z,a(l—a) cosZ-S

where 0=a<1, —n/2<i<=/2; and 0 (0=60=2r) is determined by
tan (0/2)=((1—(26—1)r)/(1+(28—1)r)) cot (x/2—4/2)
for the equality in [(4.1) and [(4.3), and by the equation
tan (6/2)=((1—(28—1)r)/(1+(28—1)r) cot (—2/2)
for the equality in [(4.2) and [(4.4).

Corollary 4. If f(z)=z-+ Z a,z", analytic in E, is a - spzral like function of
order a, then for |z|=r<1,
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(l_r)(l—cosl) (1—a)cos 2 (1+r)(1—c082) (1—a)cos 2
rl:(1+r)(1+cosl)] <lf(z)l<r[(1 )<1+cosx>:| '
By choosing a=0 and B=(2M—1)/2M in we get the following
result.
Corollary 5. If f(z)=z+ 3 a.z", analytic in E, is in Fi, then for |z]—=
n=2
1, M>1/2, (M=+1)

r[(l__((M_]_)/M)r)(l—cos ) :|(21l—1)cos 2/2(M~1)
(L (M—T)M)r) oD

élf(z)lér

.
’

(1 ((M—1)/M)ry)G-cos D7 (2M~1eos 2/2(M=1)
(1 —((M-—]_)/M)r)(lﬂaosz)]

whereas for M=1,
rexp (—cos 1-r)=|f(2)|=<rexp(cos i-7).

Remarks. (i) Taking 1=0, coincides with the result of Juneja
and Mogra [3].

(ii) Putting a=0, =(2—cos 1)/2; and replacing a by (1—p+2a8)/(1+p8), B by
(1+8)/2 in we get, respectively, the distortion theorems obtained by
Goel [2], and Makoéwka [7].

(iii) Different values of a, 8, and 1 in lead to the corresponding
distortion theorems for the respective classes defined by Padmanabhan [8], Wright
[11] and others. |

5. Coeflicient Bounds

Theorem 4. Let f€ S¥a, ), and f(z)=z-+ Z a,z", 2z€ E.
(@) If B(l—a)(2—a) cos? 2>(1— ,8)(1+(1—a) cos2 2), let

_ B1—a)2—a) cos*
N [ —/3)(1+(1—a)00822)]'

Then

1
(5.1) el S ]

for n:zy 37 Tty N+2; and

5.2) "“”'é(TVI—_l)}(n——f) 1:1:1: (28—1)(k—2)+2B(l—a)e- cos 2] , n>N+2.

(b) If B(l—a)2—a)cos? A=(1—B)(1-+(1—a) cos? ), then

I(Zﬁ 1)(k—2)+2p(1—a)e**cos 1| ,
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i< 2B(1—a) cos A

(5.3) la 1

R Jfor n=2.

The bounds tn (5.1) and (5.3) are sharp for all admissible a, B, A, and for each n.
Proof. Since f€ S¥a, B), (2.3) gives

2f(2) _ 1+((2—1)—25(1—a)e”** cos Hw(z)
f(z) 1+(28—Dw(2) ’

where w(z)=z¢(z) is analytic in E and satisfies the conditions w(0)=0, and |w(2)|<1
for ze E. Now may be written as

(5.4)

{28(1—a)e~* cos A+ z-+ ,,22 (28—1)(k—1)+28(1—a)e~* cos Da 2w (z)= ki:}z(l—k)a,,z" ,
which is equivalent to
(28(1—a)e~* cos 2-z-+ ,:Lj:((Zﬁ—l)(k—1)+zﬁ(1—a)e—u cos Da2*w(z)

M=

(1—k)a.z*+ 5 b,
k=2 k=n+1

where , f} b,z* converges in E. Then, since |w(2)|<1,
=n+1

(5.5) 128(1—a)e-** cos 1-2-+ :Z:;:((zﬁ-—1)(k—-1)+25(1—a)e"* c08 )2t

2| 3 (1-Raz+ 3 bl

=n+1

Writing z=7e*, r<1, squaring both sides of and then integrating, we get

48*(1—a)* cos’ 2 -r’-l—:Z::I(2.3—-1)(k~1)+2;9(1—a)e“‘ cos A1%|a;|*r**

= 3 (k—12la i+ 5 1Bl .
k=2 k=n+1

Let r—1, then on some simplification we obtain
(5.6) (n—1)%a,|*<4F*(1—a)? cos® 2
+ 5 (128~ 1)(k—1)+28(1—a)e~4 cos 2l —(k—DHayl* , n22.
Now there may be following two cases:

Let f(1—a)2—a) cos® 2=(1—p)(1+(1—a) cos? 2). Suppose that #=N-+2; then
for n=2, (5.6) gives

la,l =2(1—a) cos 2 ,
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which proves (5.1) for »=2. We establish (5.1) for =N-+2, from (5.6), by
mathematical induction.
Suppose (5.1) is valid for £=2,3, ---,n—1. Then it follows from (5.6),

(n—1)* 2| <A (1—a)* cos® 2

+ & {0 00e— )+ M — DY

k
28— —2)+M]|?
= 1),)@ 28— 1)(p—2)+ 1}

= T 128—1)(k—2 2
o= i L 1@— D=2+ M,

where M=2p(1—a)e **cos .. Thus we get

gl < —t {1 @6~ Dk—2)+M1

(n—1)! &
which completes the proof of (5.1).
Next, we suppose #>N-+2. Then (5.6) gives
(n—1)*|a,|*=4p%(1—a)® cos® 2
+ 2 (28— 1)k — 1)+ Mi*—(k— D},

+ T {1@8—1)k—+M*—(k—D?}a,
k=N-+3
<45(1—a)* cos® 2+ 2 (28— Dk—1)+ MIP—(k—1/Hasl* .

On substituting upper estimates for a,, s, + -+, @y+: obtained above, and simplifying,
we obtain (5.2).
(b) Let f(1—a)2—a) cos® 2=(1—pB)(1+(1—a) cos? 2), then it follows from (5.6)

(n—1)%a,|?’<4p*(1—a)*cos? 1, (n=2)

which proves (5.3).
The bound in (5.1) is sharp for the function given by

(5.7) f(2)=2/(1—(28—1)z)p e~ A conz-2p-01
The bounds in (5.3) are sharp for the functions given by
FuD)=2](1—(28—1)ztypu-ae—tem 1 6p-ptan =t
for B+#1/2; whereas for 5=1/2,
fA2)=zexp {(1—a)e**cos 2+(n—1)"})z""1}, (n=2).

Remarks. (i) Taking 8=1, we obtain a theorem of Libera [6].




154 M.L. MOGRA AND O.P. AHUJA

(ii)) By choosing a=0, f=(2—cos 1)/2 in [Theorem 4, we get the result of Goel
2.

(iii) 2=0 leads to the result obtained by Juneja and Mogra [3]. ,

(iv) Replacing « by (1—8+2ap)/(14+8) and 8 by (14+p)/2 in Theorem 4, we
obtain the corresponding results of Makéwka [7].

(v) The coefficient estimates determined by Kulshrestha [5], Zamorski [12],
Wright [11], and many others can be obtained from [Theorem 4 by taking different
values of a, 8, and 2.

6. The y-spiral radius

Let S be the family of all normalized functions which are analytic and univalent
in E. Following Libera [6], if fe S and y € (—=/2, /2), then r-spiral radius of f
is

(6.1) r—s.r. {f}=sup {r Re (e" z;(?(;))>0 |z|<r} ;
and if UcS, then the y-spiral radius of U is
(6.2) y—s.r, U= ;nlff {r—s.r. {f}}.

We now determine the y-spiral radius of the class S*a, f).

Theorem 5. y—s.r.S¥a, f) is the smallest positive root r of the equation
(6.3) (28—1)(28(1—a) cos (r—A)-cos A—(28—1) cos 7)r*—28(1—a) cos A-r-+cos =0 .
The result is sharp for the extremal function given in [(5.7).

Proof. Let f€S*a, 8). Then by [Lemma),

6.4) 2@ _ 14+(2B—1)—2/(1—a)e* cos Dw(2)

fl2) 1+(28—1w(z2) ’

where w(z) satisfies the conditions w(0)=0 and |w(2)|<1. If B(z)=e'"zf"(2)/f(=2),
then may be written ‘

e’"— B(2)

w(z)=(2/3 1)B(z)—e"((2p—1)—2B(1—a)e cos 1)

(ze E).
Now by applying Schwarz’s Lemmal, it follows that B(z) maps the disk lzl=r
onto a disk |B(2)—75| <R, where

e"(l (Zﬂ—l)(Zﬁ—l 28(1—a)e~** cos A)rz)
1—(28—1)*?
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and

_2B(l—a)cos -7
1—(28—1)*r*

Hence Re (e'"zf(2)/f(2))=0 if and only if

Re {e"(l—(Z,B—1)(2/9——1——2/9(1—a)e‘“ cos z)rﬁ)}> 28(1—a)cos 2-7
1—(28—1)%r* = 1— (2,8—1)%2 T

which, on 51mp11ﬁcat10n and with the aid of [(6.2) concludes the proof of the
theorem.

By choosing appropriate values of a, 8, 2 and 7 in Theorem 5 we obtain the
corresponding results for several subclasses of S.

Corollary 6. 7—s.r. F, 5 is the smallest positive root r of the equation
(M—1)((2M—1) cos (y—2)-cos A—(M—1) cos 7)r*—(2M—1)M cos A-r+M?* cos y=0 ,
Jor M>1)2,
Taking a=0 and S=(2—cos 1)/2 in [Theorem 5, we get the following result.
Corollary 7. y—s.r. H(2) is the smallest positive root of the equation
(1—cos 2)((2—cos 4) cos (y—2)-cos A—(1—cos 1) cos 7)7r:—(2—cos 2) coé A+r+cos r=0.

When y=0 in Corollary 7, we get the radius of starlikeness of H(1) as obtained
by Goel [Z].

Remarks. Different values of the parameters a, 8, 2, and 7 lead to y-spiral
radius and radius of starlikeness of the classes studied by Robertson [9], Libera
[6], Makéwka [7]1, and others.

The authors are thankful to Dr. O.P. Juneja for some helpful suggestions.
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