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1. Introduction

We denote by 2 a domain of holomorphy in the complex Euclidean space C¥
and by H(Q) the algebra of all holomorphic functions in £, equipped with the
topology of uniform convergence on each compact suset of 2.

Let . # be the set of all maximal ideals of H(2). A well known theorem of
Igusa [3] states:

Theorem IG. For a maximal ideal Me _+#, the following conditions (i)-(iv)
are equivalent:

(i) M corresponds to a point of Q.

(ii) M is closed.

(iii) H(Q)/M=C (the complex number field).

(iv) M is finitely generated.

Non-closed maximal ideals are treated by some authors for the case N=1,
see e.g. [1]. We considered the case N=1 in [6], and introduced a topology in
—# so that each fe H(2) can be continuously extended to . #.

Let .#“ be the set of all closed maximal ideals of H(Q). Theorem IG shows
that an analytic structure can be introduced into .#4. Our theme in this paper
is a study of behaviors of fe H(Q) in #—. 4,

In the below, we suppose that N=1 and the domain Q2 is the unit disk U=
{lz2l<1}, and write T={|z|=1}, P={|z|<co} (the Riemann sphere).

Let fe H(Q). In §§2-3, we characterize the cluster set C(f: a) [2, p. 3] and
the boundary cluster set Cx(f;a) [2, p. 81] of f at ae T by means of -#; and
derive a fact (see (3.4)) which is an analogue of the theorem of Iversen-Gross [2,
p. 91, Theorem 5.2].

In §4, we study some connections between .# and the maximal ideal space
of H=(U) (the set of all bounded holomorphic functions in U).

In §5, we consider analytic structures in .Z—._#4,
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Studies for the cases of more general plane domains or of higher dimensions
will be further tasks.
For later use, we summarize here some results in [@

(1.1) Let M be a non-closed maximal ideal. We can choose functions f;, -+, f¥,
fi€ M, such that {fi;=---=fy=0} is a point sequence Z={z,} in £, infinite but not
clustering in 2. Let ¥ be a collection of subsets E of Z such that E € if there
are functions ¢,, ---, 9, in M with {fi=++-=fy=9,=---=¢,=0}=E. Then, ¥ is
a ultrafilter on Z. Thus, M defines a pair (Z,¥) of a sequence Z and a ultrafilter
¥ on Z.

(1.2) Let M be a non-closed maximal ideal and (Z, ¥) be the pair defined by M.
Let I be the set of all positive integers and @ be a collection of subsets A of I
such that A={n,}e® if there is Ec¥ with E={z,}. Let C’ be the set of all
complex sequences. We say {a}={b)} if {i;a,=b}e®. Then, C*=C!/(=) is a
(transcendental) extension field of C, and H(Q)/M=C*.

' (1.3) Let & be the set of all infinite point sequences in 2, not clustering in £.
For a Ze%”, let Z(Z) be the set of all ultrafilters on Z, such that ¥e Z(Z)
contains all sets E whose complements Z—E are finite sets. Let Z;, Z,€.% and
U.eZ(Z,), U, 2(Z,). We say (Z,,¥,)~(Z,,¥,) if there is a Z’e¢ &, Z'CZ,N Z,,
Z'eW,NY,, and Z'NT,=2'NY,.

1.4) If (Z,¥,) and (Z,, ¥,) are pairs defined by the same maximal ideal M, as
stated in (1.1)>, then (Z,,¥,)~(Z,,¥,) in the sense (1.3). Conversely, for a pair
(Z,7) put

M={fe HR); ZN{f=0}e¥}.
Then M'is 4 maximal ideal, and, if (Z,, ¥,)~(Z, ¥), then (Z,,¥,) determines the
same maximal ideal M.

(1.5) We say an equivalence class [(Z, ¥)] determines a boundary point by of £.
Put | ‘

0Q={by; Ze 7/, Ve Z(Z)}, Q*=QUd2.
Then by (1.4), the maximal ideal space -# of H(2) and £2* correspond each other
in a one-to-one way.

(1.6) Q% is topologized as follows: For a point z€ 2, neighborhoods of z are
defined as usual. For a bgy€df2, a subset N of Q% is a neighborhood of by if
@) N nQ is an open set in 2, containing a set Ee¥?, and
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(b) NNoQ consists of boundary points determined by classes of  ultrafilters
on point sequences (€.%) contained in NN2. ,
By this topology, 2* is a Hausdorff space, which is countably compact. -

(1.7) Each fe H(2) can be extended continuously on 2%, as a map 2*—P.
This continuous extension of f is denoted by f*.
* We suppose N=1 and 2=U (the unit disk) in this paper.

2. Homomorphisms of H(U)

A maximal ideal M determines a point sequence Z={z,} and a ultrafilter ¥,
which in turn determine a boundary point by (see (1.5)). The maximal ideal M,
or equivalently the boundary point by, defines a hom'omorphism ¢ of H(U) onto
C* (an extension field of C), C*=H(U)/M, see (1.2).

Conversely, let ¢ be a homomorphism of H(U) onto an extension field C*=
C’/(=), where C’ is the set of all complex sequences and = is the equivalence
relation defined by a ultrafilter @ on the set of all positive integers I, see (1.2).
Then, the kernel K=Kker (¢) of the homomorphism ¢ is obviously a maximal ideal
in H(U). K can not correspond to a point of U, for otherwise we would have
H(U)/K=C, in contradiction that H(U)/K=C*. Thus, if fe K, f has infinitely
many zero points Z={z}, see (1.1). K induces a ultrafilter ¥ on Z, which cor-
responds to the ultrafilter @ on I, which defines the equivalency (=). The maximal
ideal K, or equivalently (Z, ¥), defines a boundary point. In this way, the maximal
ideal space .# of H(U), which is a countable-compactification U* of U, can be
identified with the set of homomorphisms of H(U), of the type stated above. ‘

Every fe H(U) is continuous at boundary points as a map to P, see (1.7).
Thus, at a boundary point by, f has a limit f(by), which we denote as ¢*(f),
where ¢ is the homomorphism defined by &y. Thus

2.1) P f)=f(be) .
Then, ¢* is a map of H(U) to P. For every fe H(U), we have
2.2) , FHP=¢%f) (=f(by)),

where f* is the continuous extension of f (see (1.7)).
For the function ze€ H(U), we use the symbol = for z*

nP)=24g), pe. .

By the definitions, we have easily
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Theorem 2.1. The mapping = is a continuous map of - onto the closed disk
U. Over the disk U, = is one-to-one, and =~* maps U homeomorphically onto the
open subset A" of A#. A" is the set of all closed maximal ideals -#* of H(U).
That is, ==t maps 2€ U to ¢, € _#4, where ¢, denotes the evaluation at 2. l

It is convenient to picture = as a projection of - # onto the closed unit disk.
By [Theorem 2.1, =(-#4)=U. The remainder .#—.#4 is mapped by = onto the
circumference T. For a€T, we put

2.3) Ay=r" a)={¢ € A $*(2)=a} .
A, is called the fiber of -# over a. It is a closed subset of .#. We have
(2.4 _ A=A A), ANAp=void if aFp .

For ¢ HU) and a€ T, we define the cluster set C(f; a) of f at [2, p. 3] by

2.5 C(f: a)={¢ € P; there is a seq. {1,}C U with f(2,)—-C}
= 'Dof(Uﬂ{Iz——al <eD).

Theorem 2.2. f¥-#,)=C(f; a).

Proof. Let bgc.-#,. Then there is a sequence Z={1,} and a ultrafilter ¥
on Z, determining by. Let {i,,,} be a subnet of Z such that A,,,—by. Then
2*(Aney)—a and f¥(2,q,)—f(by) and f(bg) € C(f; «). Conversely, if { € C(f; a), there
is 2,—a and f(2,)—¢. Let ¥ be a ultrafilter on Z={2,} and by be a boundary
point determined by (Z, 7). If {l,4,} is a subnet of {1,} such that 2,,,<by, then
2*(ay)—a, whence by € A, and f(2.q,)—f(by), therefore {=f(by) € f¥(-#4,). Q.E.D.

By the way, we define the boundary cluster set Cy(f; «) [2, p. 81] of fe H(U)
at a€T by

(2.6) Cs(f; a)=‘f>1°(U {C(f; B); 0<|B—al<e, BeT)) .

3. Boundalfy fibers and boundary cluster sets

Now we put -

3.1 Ao, =U {Ap; 0<|—al<e, peT},
(3.2 A= (]l (Aad) 5

in which cl (E) denotes the closure of E in #Z. _#7F is non-void, since . # is
countably compact (1.6). We call . #,% the boundary fiber of # at a. m=_#,"
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can not belong to any .#; if f#a. Hence
3.3 MAEC A, .
A+, and -#.2 are closed in . 7.

Theorem 3.1. We have

(3.4) My— HE is open in A—U
and
(3.5) FHALE)=Cs(f; a) .

Proof. Take me _#,— _#,2. m is defined by a point sequence Z={i,} and
a ultrafilter ¥ on Z. There is a set E€¥ such that £ NT={a}. Suppose to the
contrary. Then, for any E€¥, there would be a point Bz+*a, fz€ ENT. Take
a neighborhood N of m. NNU contains a set E€¥, whence N intersects with
A5, Which implies that mecl (-4, ) for every ¢>0, me_#,2 contradicting to
the hypothesis.

Thus, there is a neighborhood N of m such that

NN (A=U)c A— A7,

which proves (3.4).
Now we have, by and Theorem 2.2,

Calf: @)= Q) (U A 0<IF—al<c, e T
= N U A5 0<1f—al<s, € T)
> N4l (A DFH Nl (A= HAZ) .

Let w,€ Cs(f; a). Take a sequence ¢, | 0. Then

wo € U {f¥(A); 0<[p—al<e,, BeT}.
We can choose, for a sequence 4, | 0,
wa € U {f¥(A#); 0<|f—al<e, BT}, |wa—wol<3,.
Then, w,—»w,. On the other hand,
w,=f*%(m,) for an m,e.#,,, .
By‘ the countable compactness of //Z’, we have that

Q=kf;]o(cl ({M}aze)) iS non-void.‘
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Take a point m, in Q. Then m,ecl(-4,.,) for every ¢>0, hence m, belongs to
A2, Obviously

fiom,) € (f¥(m,); n=k}  for every k,

therefore
f#(mo)zwo ] wO ef#(%ﬂ) »

which implies [3.5). : Q.E.D.

Wé denote by « a subdomain of U whose boundary dw consists of a Jordan
curve such that dwN7T={a}. Put

A2={me #,; m is defined by a sequence Z={1,} in o
and a ultrafilter ¥ on Z}.
Theorem 3.2. We have
(3.6) Mg— A P= U A",

where the sum on the right is taken over all subdomains w of the type stated above.

Proof. Obviously, U -4 °c-#,— #.2. Conversely, take me #,— 4. m
is defined by a sequence Z={2,} and a ultrafilter ¥ on Z. By the proof of
3.1, there is a set Ec¥, ENT={a}. Put

V,=EN¥={ENF;, Fe¥}.

Then, ¥ is a ultrafilter on E, and (E, ¥;) is equivalent to (Z,¥) in the sense
stated in (1.3). Thus the point 7 is also defined by (E,¥s). The sequence E is
contained in some domain o of the type stated above, hence me U -#,®, which

proves ((3.6). ) Q.E.D.
Further, we have '

Theorem 3.3. - #Z,— #.,2 is connected.

Proof. By it suffices to show that . is connected. Suppose
to the contrary, -#,>=AU B with open sets A and B in -#,*, AnB=void. A
and B are derived from some open sets in U, say O, and Oj, respectively. Since
AN B=void, we may assume that O,NOz=void, and

0,UO0z20N{|z—al<7} for some >0,
because AU B=_-#,», This is absurd by the connectivity of w. Q.E.D.

- By the same method, we can show
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Theorem 3.4. -7, is connected.

4. Maximal ideal spaces of H(U) and of H>(U)

We denote by H>(U) the set of all bounded holomorphic functions in U.
H=(U) is a Banach algebra with the supremum norm, and has been investigated
by several authors, see e.g., [4]. We write the maximal ideal space of H*(U) as
A#(H*). _ denotes the maximal ideal space of H(U) as before.

Theorem 4.1. For any ac€ T, there is a maximal ideal M e _#, which does
not contain any bounded holomorphic function in U, other than the identically zero
Sunction.

Proof. Let Z={1,} be a point sequence in U such that
4.1) A,—a as n—ooo , and > (A—[4,])=c0 .
Let .% be a family of subsets of Z defined as follows: EcCZ belongs to & if
Z—E={,} satisfies X (1—|2,/)<oco.

Let ¥ be a ultrafilter containing .%¥. Then the maximal ideal M corresponding
to (Z,¥) can not contain any bounded function other than O. Q.E.D.

Theorem 4.2. There is a continuous map p from —# onto #(H*) such that
for any fe H*(U)

4.2) fim)=f"(p(m)), me #,
where [~ denotes the Gelfand representation of f [4, p. 159].

Proof. Let M be a maximal ideal in H(U) and ¢ be the corresponding
homomorphism of H(U) onto C*, an extension field of C. Then, ¢*% defined in
2.1), gives obviously a complex homomorphism of H>(U) onto C, and hence there
exists a unique point m*e _#(H>) corresponding to m, and the map x is defined
by

mt=p(m) .

is clearly satisfied by the definition.

Conversely, take m’ € .#(H>). There is a point sequence Z={2,} in U whose
closure in . #(H*~) contains m’ [5, p. 85, Corollary]. Let the subnet {2,.,} of {1.}
converge to m/.

We define a family .~ of subsets of Z as follows: EC Z belongs to % if there
is an 7, such that
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{Ancyy; IZ0}CE .

Then, # is a filter on Z, and a ultrafilter ¥ containing .# defines a point » in
. We will show that

(4.3) . m’=mi*=p(m) .

Let M’ and M be the maximal ideals in H*(U), respectively, which are represented
by m’ and m in - #Z(H") and -, respectively. Let ¢ be the homomorphism cor-
responding to M. For any fe M’c H*(U), we have

Um f2)=f"(m")=0.
It is easy to see that the closure of {i,(,} in - # contains m. Hence f(m) belongs
to the closure of (f(4.¢;)}, therefore f(im)=0, ¢*(f)=0, which shows that

M’ =ker (¢*)=M?* ,
and holds. Thus, the map ¢ is onto Z(H").

Now we will prove the continuity of #. Let {¢,} be a net in .# which con-
verges to ¢. Since fe H*(U)c H(U) is continuous on -#, we have f#¢;)—f*9),
hence

P} )X f), feH~(U),
which shows that
(D)=} >¢=p(g)
in the weak* topology of .#(H>), whence p is continuous. Q.E.D.

{f*% fe HU)} separates points of . # hence of _#Z(H>), while {f" fe H=(U)}
separates points of - #(H>) but not points of . #

5. Analytic structures
We write

(5.1) Ly(2)=L(z; )=(z+2)/(1+32), lil<1,

which transforms U into .#, i.e., L,e(-#)".
L, can be considered also as a map from U into .#(H=). In this point of
view, we write L; as ;. That is,

5.2) 1e Uy (AH) .

By [5, p. 88, Theorem 4.3], the transformation can be extended to . #Z(H>)—
(A (H")Y, m"e #(H)>L, €(-#(H"))Y. For transformation
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(3.3) 2eU—-Le(A2YyW
we obtain, correspondingly,

Theorem 5.1. The transformation can be extended to a continuous trans-
Jormation which assigns to each me # a map L, (- #).

Let p be the continuous map of —# onto #(H™) in Let me #.
If p(m) belongs to the closure (in #(H>)) of some interpolating sequence in U (see

[5, p. 80]), then L, is a one-to-ome analytic map of U onto a subset P(m) of -#
such that

(P(m))=the _Gleason part ﬁ(p(m)) of uim) in #(H>). [5, p. 75]

P(m) is an analytic set in the sense that for each fe H*(U), (f*L,)2) is a
holomorphic function in U (see [5, p. 77]).

If p(m) does not belong to the closure (in -#(H™)) of any interpolating sequence
in U, then

(L (U))=p(m) ,

i.e., any bounded holomorphic function is constant on L, (U).

Proof. Let me._# be defined by a sequence Z={2,} and a ultrafilter ¥ on Z.
Let {2, } be a subnet converging'to m. Then {1,,} converges in - Z(H") to p(m),
since the map p¢ is continuous.

By [5, p. 88, Theorem 4.3], we have in (Z(H>)"

lim &, ,=Fuwm (see, especially, [5, p. 90]) .
If p(m) is in the closure of some interpolating sequence, then Fy,(U) is the
Gleason part F(u(m)) in - #(H=). Take a point ze U. Put
W=lw,}, w.,=L(z;2,),
and, for a set Ec ¥,

EW={L(Z’ Zn): 1,, € E} .
Then
Vy={Ew; Ec¥}

is a ultrafilter on W. (W, ¥y) defines a point m,€ #. Then obviously,
w,,(i) =L(z; 2,.<¢))——+m, in 4 .
We define a map L, from U into - by

L, (2)=m,.
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Since {w,«} converges to p(m,) in - #(H>) by the continuity of x, we have
L (Q)=p(Ln(2)) .
If 2, z, € U(z,#2,), then L,y (21)F Lu(m(2:) since Fu(,, is one-to-one. Hence
L, (2))#Ln(z,) ,
and the map L, is one-to-one. Obviously, by [(4.2),

(f#oLm)(z) _fA()u(Lm(z)) (on p(m))(z)

is holomorphlc on U [5, p. 83, Theorem 4.3], hence P(m)=L,(U) is an analytic
set. Further, by [5, p. 88, Theorem 4.3],

w(P(m))=p(L(U))= L ycm)(U)=F(ps(m))=the Gleason part of u(m) in #Z(H) .

Suppose, on the other hand, let p(m) does not belong to the closure of any
interpolating sequence. Then, %, is constant: & wemy (U)={p(m)} ([5, p. 88,
Theorem 4.3]), thus

UL(U)=Lm)(U)={(m)} . Q.E.D.
Obviously, we have that
if me _#,, then L, (U)c.#,.
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