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0. Introduction. Let M be a Riemannian manifold of dimension 7#(z=3) and
M a hypersurface of M with smooth boundary M such that M=MUdM is com-
pact. Let X be a vector field in M which is transversal to M. Let ¢ be a posi-
tive number such that the map @: Mx(—¢, &—M defined by O(m, t)=p:(m),
(m, t) € Mx(—s, ¢), is imbedding where {¢;} denotes the local 1-parameter subgroup
of local transformations generated by X. We consider the following problem:

Let f be a given real-valued smooth function on OM such that |f|<e. Then
find a minimal hypersurface of M whose boundary is 8S;:=0({(m, fim)) e OM x
(—¢, &); me oM)).

We put F={ue C*(M); |u|<e in M, u=f on dM} and for a ue F we let S(u)=
D({(m, u(m)); me M)}), 2,={S(u); ue F}. In 3, we want to find a minimal hyper-
surface of M with given boundary 3S;. Let S(x), « € F, be a minimal hypersurface
of M. Then we see that # is a solution of a quasilinear elliptic partial differential
equation of second order in M. Therefore our problem stated above can be re-
duced to the Dirichlet problem for a quasilinear elliptic partial differential equation
of second order in M.

In this paper we study our problem for the case where M is a simply connected
space form and M is contained in a hyperplane of M and moreover X is a Killing
vector field normal to M. In Section 1, we give a minimal surface equation (see
(1.8)) in a Riemannian manifold M with boundary M. In order to find a solution
of the Dirichlet problem for the minimal surface equations, we apply the method
used in Serrin’s paper [9]. In Section 2, we prove the maximum principle for
solutions of the minimal surface equation [(1.8). Supposing that the mean curvature
(with respect to the inward direction) of boundary dM is non-negative, in Section
3, we give gradient estimates on M for solutions of the Dirichlet problem for
equation [I.8). In Section 4, we study the minimal surface equation in a
Riemannian manifold represented by an isothermal coordinate system. Applying
the results due to Serrin [9], we obtain global gradient estimates for solutions of
the Dirichlet problem for equation [(4.2). In virtue of the estimates for solutions




128 ‘ RYOSUKE ICHIDA

of the minimal surface equations obtained in Sections 2, 3 and 4, we can solve
the Dirichlet problem for the minimal surface equation [4.2). Our problem stated
above will be solved in Section 5 (see [Theorem 5.1).

Throughout this paper we assume that Riemannian manifolds and apparatus
on them are of class C” and that manifolds are connected, unless otherwise stated.

1. Let M be a compact #(=2) dimensional Riemannian manifold with boundary
oM and interior M. We denote by C*¥(M) the set of real-valued functions of class
C* on M where % is a non-negative integer. Let p be a given positive valued
function in C*M). We now consider a Riemannian manifold M:=Mx (—s¢, ¢),
0<e<co, whose line element is expressed by ‘

1.1) ds'= 3 gudaida+ pdt’
3=

where g;; (1<i, j<n) is the Riemannian metric of M. We shall denote by < , >
the Riemannian metric tensor of M defined above.

Let (U, (%, -+, #))* be a local coordinate system about a point of M and let
9:;=<0/0%;, 8/0x;>, 1<i, j=n. For a ue C*(M) we put

wi=0u/dm;,  wi;=0"u/0xdx;,  Du=(uy, -+, u,)

and for a vector p=(py, ---, P») € R" we put
p'=X 9", b= 2 g“pp)*"
i=1 i,9=1

where g* is the (i, j)-component of the inverse matrix of (g;;).
Now for a u € C*(M) such that |u|<e in M let S be a non-parametric hyper-
surface in M defined by

(1.2) S={(m, u(m))e M; me M} .

Let (U, (%1, - -+, %)) be a local coordinate system of M. We put X;=0/0x;+ u;0/dt,
1<i<n. Then X, -.-, X, are linearly independent tangent vector fields on S. .
We set

(1.3) - Gii=gsitoum;, 1=<i, j<n.

Let 7 be a unit normal vector field to S given by

(1.4) - n=%{ £ (—ou')3/0u:-+3/0t)

* Throughout this paper, we always assume that all local coordinate neighborhoods
are homeomorphic to an open unit ball in the Euclidean space.
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where
(1.5) G=p(+pl||Dull*) .

Then the mean curvature 5 of S with respect to 7 is defined by
(1.6) %—-— Z "”(Vx iy T
n ii=1
where F stands for the Riemannian connection of M and §* is the (i, j)-component
of the inverse matrix of (§;;) which is given by

1.7) g4 =g"—(ou'u’)/(1+p|| Dull") .

From we see that 57 is a continuous function on S. S is said to be minimal
if 57 is identically zero. Suppose now S is minimal, then by we see that «
is a solution of the following quasilinear elliptic partial differential equation of
second order:
(1.8) .?(u)=i§‘,=1A.-,-(m, Duyus;— Bl@, Du)=0
where

Aii@, p)=1+pllpl")g" —pp'p’

1.9 L 2\ ij ipd s
- B, =, 5 (ol —pp 9T tib—~(E )20

where I'f; denotes the Christoffel’s symbol with respect to gi;. The operator &
defined by is independent of the choice of local coordinate systems. From
now on we will call equation the minimal surface equation in M.

Though we get equation under the condition |#|<e¢ in M, but the operator
< defined by [1.8) can be defined for all u e C*(M).

In the following sections we will use the notations defined in this section
without any statement.

2. Let M be a compact n#-dimensional Riemannian manifold with boundary
oM and interior M, n=2.

Lemma 2.1. Let u, v be functions in C(M)NC"(M) satisfying Z(u)=0 and
LW)=0 (L()=0) in M. Suppose that usv (u=zv) on oM. Then u=v (u=v)
in M.

Proof. Let w=u—v and k= sup w. Supposing -Z(»)<0 in M and #=v on
oM, we shall show #<v in M. Suppose for contradiction that k is positive. Then
there exists a point of M at which w takes its maximum value k. Put M'=
{me M; wm)=Fk}. Let m be a point of M’ and let (U, (&1, **, %»)) be a local
coordinate system about m such that Uc M. Since £ (#)=0 and -Z(»)=<0 on U,
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subtracting the latter from the former and applying the mean value theorem, we get
n n
2 @i (@wii+ 3 adx)w;=0
i,5=1 i=1

where a;;(x)=A.x, Du(x)) and a; is a continuous function on U, 1=i<n. Then
by E. Hopf’s maximum principle we see w=% in U, so UcM'. Hence we have
proved that M’ is open in M. Since M’ is closed in M and M is connected, w=#4&
in M. But the continuity of w implies w=%>0 on 0M, which is contradiction.
Thus we get #u<v in M. Note L (u)=(—u)=0 and A(—v)<0 if L (v)=0.
Therefor the second inequality follows from the first.

The following is an immediate consequence of the above lemma.

Proposition 2.1. Let u be a function in C(M)NC (M) satisfying lul<m on
OM. Suppose that w is a solution of the minimal surface equation (1.8) in M.
Then |ul=<m in M.

Furthermore, #ising a similar argument as in the proof of Lemma 2.1, we have

Proposition 2.2. Let u and v be functions in C*(M) satisfying the condition:
L(u) =0, L (v)<0 in M. Suppose that u<v in M and at a point m of M u(m)=
vm). Then u=v in M.

3. Let M be a compact n-dimensional Riemannian manifold with boundary
dM and interior M. For a positive » we put L. (OM)={(m, 7); 7 is an inward
normal vector to M at m e dM and 0<||y]|<r}. Since oM is compact, we can
take a positive 7o such that exp|1s,,(0M): L, (0M)—M is imbedding where exp
denotes the exponential map. In the following we let N,=exp (L,(0M)), 0<r<r,,
and in particular we put N=N,, when r=7,. For each point m of oM, we can
take a local coordinate system (V,X[0, ), (zi, - - -, Tn-1, 7)) about m in M which
has the following properties:

(1) (Va, @1, + -+, %a-1)) is a local coordinate system about m in oM and
Va is homeomorphic to an unit open ball in R*™ and ,, ---, #,_,, »
are defined on an open neighborhood of the closure of Vi X[0, 7).
@D @ giim)=3i, gin=0, gun=1 where we put g;;=<3/dx;, 3/3,>, 0/0%,=0/0r.
() For any contravariant unit vector ¢=(d", - - -, ") € R*(||o]|=1)

n

29" —(@1=1/2  on V.Xx[O0, r,) .

i=1

Here we note ié {9 —©@")}=n—1 on {m}x[0, 7,]x{o e R"; lle]l=1}. Since oM is
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compact, M is covered by finitely many local coordinate neighborhoods having the
k. ~
properties stated above. We let dMcC U1 V. where each V,:=V,X[0, r,) has the
properties (1), (2) and (3) in (3.1). In what follows we fix these V., 1sask.
Let f be a given function in C*(M). We put
3.2) c=sup|fl, c=supl||Dfll, cs=max {sup]||Df]|,1<a=<k}
¥ ¢ v

Va

where ||D’f]| denotes the norm of hessian of f (|ID"ﬂ]=(i’§:=1 fidHYD).

We now take a local coordinate system (V,, (®1--+, ®a-1, 7)). We denote a
point of V. by 2=(1, + -+, T, ). We put g.;;=<3/0x;, 3/ox;> (1<i, j<n), 3/0x,=
9/dr. On V,x(0, r,) we rewrite equation as follows:

3.3) © 3 i@, Dw)us;=F @, Du)

i,5=1
where

‘%J’(x: p)=AiJ'(xr p)/trace (At'.'i(x’ p)) ’ lél, ]én ’
ZB(x, p)=B(&, p)/trace (Ai;(, p)) , p=(D1, -+, Pw) €R".
We note that %;; and <Z are defined on an open neighborhood of the closure of Va

and that the equation [3.3) is not invariant for the choice of local coordinate
systems. It is easy to see that there exist positive constants 2., 4. satisfying

(3.4)

(3.5) W= 3 i, DDiDi< A

i,5=1

for all ze V, and all p=(p,, - -+, pa) € R™ such that ||p|=1. By the equation
is of genre two in the sense of Bernstein. Since the eigenvalues of (%;;(z, p))
all lie in the open interval (0, 1), we have

3.6) t pH (o, Pfysa on VaxR".
. =

For non-zero vector p of R we put

3.7 (@, p)=A(z, p)/||pl

and we put

(3.8) Siste, V="~ E, @~ 1si, j=n,

(3.9 G 9= 2 @ he 5 @)

n
t:!‘-k=1

where o=p/||p||, ¢'= ﬁ;lg"'a,-. Then by a direct calculation we can show
J—‘—-




132 RYOSUKE ICHIDA

(3°10) : I"%J’(x: P)_%ii(wy ")I.S_Ca”[’”—z ’ 1§l, ]én ’
and
(3.11) |2 (%, p)— Fo(@, )| <C.llpll™

for all ze V, and all peR" such that ||p||=2¢; where C, depends only on the
bounds of p, |g;;| and |I'¥;| on V.. We put

ﬁ-(w, P)=i ,Z=1 "Vi.’i(w, P)(Pi—Poi)(Pj_Poj) ’ (x’ P) € Va XR” .
where p, is a fixed vector of R" such that lIpoll<c;. Then by [(3.5), [(3.10) and
there exists a positive constant p, satisfying

(3.12) F (%, D)= tta

for all z€ V., and all p e R* such that [|p||=2¢c, (see p. 437 in Serrin [9).
For each z ¢ V, we denote by # the unique nearest point of M from 2 to oM.
Clearly, % is contained in V,. We let v=(0,---,0,1)e R*. Using we have

3.13) |Z(, p)— Zo(@, V)= Calllpll ™ +7)

for all x=(xy, -+, %n-1, ¥) € V. and all p e R" such that lIpll=2¢, where C. depends
only on ¢;, C, the bounds of p, |g;j, |I'i;| and the C' norm of %,.
Let m, be a given positive constant. We put

(3.14) c=max {2(c;+Ca(@m+1))pz"; 1sa<k)
and
(3.15) so=max {3c;, mi/r,} .

We now define positive constants s;, 7:1(r1=<7,) by

8 — 11 —
(3.16) cm1=g s 2clds , cr1=S s sclds .
3 S I S
We set
- 8 — 8 _
(3.17) ch:S 'S szclds , cr:—-S s ssclds , So=S<s;.

Then h(r):=h(s()) is a function in C°([0, r,])N C*((0, r,)) satisfying
(3.18) h0)=0, h(r)=m,, B (r)=s=s,, h"'(r)<0.
Let v be a function in C'(XN,)) defined by

3.19) v=f+hor

where 7 denotes the distance from each point of N to dM. For a point £ of oM
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we denote by H(Z) the mean curvature (with respect to the inward direction) of
oM at ¥. Then by we have

g2 wEv=% C@TH@N(E. @ = DH@IE, 0" @)
where Ze V. and v=(0, -+, 0, ) e R". |

Under the circumstances stated above we shall prove the following.

Lemma 3.1. Suppose H=0 on dM. Then v defined by (3.19) satisfies £ (v)=0
in N,,. ‘

Proof. We take a local coordinate system (Viay (@1, +*+, %a-1, 7)) and we put
P(v)=L\(v)/trace (A;j(x, D)) .
Putting p=2Dv, p.=Df, by [3.2), and we have
(3.21) 2c,<h' —c=|pll=2h’
where we note p=po+h'v, v=(0, --+,0,1). From (3.13) we get
B, P=IpIIE @, 9P FeE, »—Calllpl ™ +7)}= —24' AOCallpl ™ +7)

where we used and Zy(&, v)=0 (see [3-20). Since A''(r)<0 (0<7<d,), from
(3.18) and [(3.21)

r<2llpll”*h'r<2mi|Ipll " .
Thus we get
B (@, p)=—2Cam+ DA’ DIIpl™ .
This estimate and imply
P0) < Aun(, DB+ Cs+2Ca@ms+ DR OB
Since Ma(x, p)=-F (&, P)/(h' ()’ and F(x, p)=pa (see [3.12)), we have
Bo)=h'F(z, DA [0 +2{cs+Ca@mi+ Dl lIplT]
Finally, by [(3.14) and [3.21), we have
é(v)gh'gr(x, DR [(B"¥+cl(h' —en)] .

Then by the definition of & we see that the right-hand side of the last inequality
vanishes. Thus we have proved L)=<0, so L ()=0 on Ve N,, 1=a<k). Hence
we complete the proof.

Theorem 3.1. Let M be a compact n-dimensional Riemannian manifold with
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boundary OM and interior M. Assume that the mean curvature (with respect to
the inward direction) of M is non-negative everywhere. Let f be a given function
in CNM). Suppose that we C*(M) is a solution of equation (1.8) such that u=f
on OM. Then we have ||Du||<L on oM where L depends only on the bounds of p,
I1Dpll, co, €1, €2, C'-morms of %, on V, (l=a=k) and the quantity determined by
the Riemannian metric of M.

Proof. By [Proposition 2.1, Iulésal;[p |fl=¢, in M. We now put m;=2¢c, in
(3.13). For this m, v defined by satisfies
Zw)=0 in N, (by Lemma 3.1)
and
u=f=v when r=0, Usco=f+2c,2=v when r=r,.

Thus by Lemma 2.1 we have #<v in N,,, which implies du/dr<dv/or on M. By
a similar method we get du/dr=—0dv/3r on oM. Hence we obtain ||Du||<||Dv|| on

oM. Putting L:=sat)1wp [|Dv||, we complete the proof.

4. Let 2 be a bounded domain in R" with boundary 92 of class C’. Let a
and p be given positive valued functions in C*@). For a ¢ O<e< o0, we let
M=2x(—e, ¢). We now give a Riemannian metric on M such that
@4.1) ds’=a*(dui+ - - - +dxi)+ pdt®

where #,, .-, 2, are canonical coordinate functions on R". Then by (1.8) the
minimal surface equation on 2 is expressed as follows:

(4.2) % Au(@, Duyis=Blw, Du)
t,5=
where
Asj(x, p)=(a"+plp")0:;—ppip; , 1=i, j=n,

4.3)
B(x, p)=—[11—{a2<2—n)+p<1 —n)pI*NDa-p)—a*(Do-p)/20 , (x, p)e IXR",

where lpl—()"_, (p)H'* and the dot stands for the standard inner product in R".
We rewrite equatlon as follows:

4.9) . i Ysi(®, Duyus;=<&(x, Du)
'I= . »

where _
i@, p)=Aijx, )@’ n+n—L)plp’}, 1<i, j<n,

(4.5) . .
@z, p)=B(=, p)/{a*n+n—1)p|p|*} .
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We put
(4.6) Ex, p)=A(z, p)/Ip), p+0, Zox, 0)=—(Da-o)la, o=p/Ip|.

Then we have
4.7) |, p)|:=|L(x, p)— Fo(x, o)l <Cilp|™

for all ze 2 and all p € R" such that |p|=1 where C, depends only on the bounds
of a, p, |Da| and |Dp| on 2. '

We put
S, p)= 3 e, PPiti» @ P)EIXR".

Then &(z, p)=a’|p|*/{a*n+(n—1olp|’}.
For a function @(z, p) of class C' on 2x R" we put
O, =(00[1, - -+, 30[3x,) ,  Pp=(3D/0ps, - -, 30[3py) .
It is easy to show the following.

Lemma 4.1.
(1) There exist positive constants p (0<p<1) and k, such that

p-&,=(1-p€, &zp
for all xR and all pe R, |p|=k, where p depends only on k, and the bounds of
a and p on Q.
(2) There exists a positive constant C, such that

|l +1Z5|=Ce¥
|| +| | + 91| | = C ¥ I

for all x€ Q2 and all pe R", |p|=1, where C, depends only on the bounds of a, p,
|Da| and |\Dp| on £.

By the above lemma we can get global gradient estimates of solutions of
equation [4.2). By virtue of the theorem ([9], p. 449) due to Serrin we have the
following.

Proposition 4.1. Let uc C*R)NCY(2) be a solution of equation (4.2) satisfying
lul<m in 2 and |Dul<L on 2. Then \Du|<K in 2 where K depends only on p,
k., m, L, the bounds of a, p, |Dal, |Dp|, and the C' norm of %..

Now we consider the Dirichlet problem for equation [4.2). Since each function
in C*(92) has a C® extention into £ and any function in C*(2) gives C* boundary
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data by restriction, we may assume without loss of genelarity that all boundary
data are in C*2). Regarding 02 as a hypersurface in the Riemannian manifold
£ with Riemannian metric ds’=a*(dx}+---+dx2), we let H the mean curvature
of 92 with respect to the inward normal direction. From [Proposition 2.1,
fTheorem 3.1 and [Proposition 4.1 we have the following.

Proposition 4.2. Let f be a given function in C*(2) and let v be an arbitrary
real number in [0, 1]. Suppose H=0 on 32. Then there exists a positive constant
K, independent of t, such that the conditions

1) ueC*D)

Q) wu=tfon iR

(3) u is a solution of equation (4.2) in 2
imply sup {|u|+|Dul}<K.

(Using linear theory for elliptic partial differential equations, we see that the
condition (3) guarantees u € C*(2). Therefore [Proposition 4.1 is applicable.)

Making use of Schauder’s theorem, Holder estimates for gradients of solutions
of quasilinear elliptic equations due to Ladyzhenskaya and Uralteseva [7] and
the Leray-Schauder fixed point theorem, we see that [Proposition 4.2 implies the
following.

Theorem 4.1. Let Q2 be a bounded domain in R" with boundary 2 of class
C’. Let a and p be given positive valued functions in CR). Regarding 32 as a
hypersurface of Riemannian manifold 2 whose line element is ds*=a*(dz:+ - - - +dx?),
assume that the mean curvature (with respect to the inward direction) of 32 is non-
negative everywhere. Then for a given function f in C*0Q) there exists a solution
u of equation (4.2) in Q such that u=f on 02. The solution is unique if exists.

The uniqueness follows from Lemma 21.

5. In this section we give an application of Theorem 4.1. Let ¢ be a con-
stant. Throughout this section let M{(c) be a complete, simply connected (z-+1)-
dimensional space form with curvature ¢ and let 2 be a bounded domain with
boundary 92 of class C® in a closed totally geodesic hypersurface M’ of M(c). In
the case ¢ is positive, we assume that 2=2UdQ is contained in an open hemis-
phere in the z-dimensional Euclidean sphere S*(1/c) of radius 1/c. Moreover, let X
be a Killing vector field defined on an open set in M(c) including £ such that
X is normal to it. We denote by {¢:} the local 1-parameter subgroup of local
isometries generated by X. Since £ is compact, we can take a ¢ (0<e<oo)
such that the map @: 2, X (—¢, )—M(c) defined by &(z, t)=p.(x), (x, {) € 2: X (—¢, ¢),
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is C*-imbedding where 2, is an open neighborhood of 2 in M'. In what follows,
we put

(5.1 A =02 X (¢, ¢€))

and for a u e C*(2) such that [#|<e¢ in 2 we put

(5.2) S(u) =D ({(x, u(x)) € XX (—s¢, €); € 2})
and also for a fe C°(%2) such that |f|<e on 32 we put
(5.3) 3S,=0({(x, flx)) € 92X (—¢, ¢); % € 3Q)) .

Let # be a function in C*(Q) such that |#|<ein 2. Suppose that S(x) is a minimal
hypersurface in M(c). Then we see that # is a solution of the following quasili-
near elliptic partial differential equation of second order:

3 {(@+olDuf)si;—pusnsius;
6.4) b=t
=—i—{aa(2——n)+p(l—n)lDul”}(Da»Du)-—-az(Dp-Du)/Zp

where a(x)=4/4+clzl®), o(x)=||X|{’(x), x€ 2, and the dot denotes the inner product
of R* (where || || denotes the norm defined by the Riemannian metric of M(c)).
By [Theorem 4.1 and [Proposition 2.1, we have

Theorem 5.1. Let f be a given function iu C*@2) such that |fl<e on 9.
Assume that the mean curvature (with respect to the inward direction) of 992 is
non-negative everywhere. Then there exists a minimal hypersurface S in M(c)
such that the boundary of S is 8S; and S=S(u) where w is a unique solution of
equation (5.4) in Q such that u=f on 02 and |u|<e in 2.

In what follows we assume that £ is homeomorphic to a closed unit ball
D={xeR" |z|<1} in R". We denote by D (resp. dD) the interior (resp. the
boundary) of D. For a given function f in C°(@2) such that |f]<e on 92 let
¥': D—Mi(c) be a continuous map having the following properties:

5.5) (1) @.p: D—M(c) is a minimal immersion of class C*.
) (2) ¥.sp: 9D—3S; is a homeomorphism .

We now induce a Riemannian metric on M:=£X R such that

ds*=a’(dz’+ - - - +dxs)+pdt

where R denotes the real line and a(z)=4/d+clal®), o(x)=|X|*(), x€2. Let =,
(resp. ;) be the natural projection (we ignore the metric) from M to @ (resp. R).
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For a given function f in C°2) such that |fl<e on 92, let ¥: D—M(c) -be a
continuous map having the properties in (5.5). Suppose that ¥(D)c.#. Then
we define a continuous map ¥,: D—M by ¥,=071¥,

Under the circumstances above, we shall prove the following.

Lemma 5.1. Let u be a unique solution of equation (5.4) such that u=f on
2. Then ¥ (D)={(z, u(x)); x€ 2} and ¥y: D—M is imbedding.

Proof. Put Si={(z, u(x)); x€2). Let h be a continuous function on D de-
fined by

h(y)=lu(m 1 (y) —7o¥(y)|, ye D.

Suppose ¥,(D)¢S;. Then there exists a point y, of D such that A(y,)=m:=
sgph>0 (note that by the condition (2) in (5.5) A=0 on dD). Now assume
7o ¥1(Yo)=u(wo) +m where xo=m1¥1(yo). We let S;={(x, u(x)+m); x€ 2}. Since S;
is minimal in M, S, is also minimal in M whose boundary is {(z, f(x)+m); x € 02}.
We note ¥y(D)c{(x, #); t<u(x)+m}. Since /3¢ is transversal to S; and ¥',(D) is
tangent to S; at ¥i(y,), by the theorem of implicit function, ¥ (D) is locally ex-
pressed by a graph of a function » of class C* defined on an open ball U centred
at x,. Then v satisfies the condition: v(w,)=u(we)+m, v=u+m in U. Moreover,
since ¥,(D) is minimal in M, v is a solution of equation (5.4). Of course, it+m
is also a solution of equation (5.4). Applying [Proposition 2.2, we have v=u+m
in U. Thus there exists an open neighborhood V of y, such that ¥,(V)cS,. This
fact implies that D’:={y e D; ¥,(y) € S,} is open in D. It is clear that D’ is closed
in D. Thus ¥y(D)CS;, so ¥(D)cS,. But this is a contradiction because by the
condition (2) in (5.5) ¥,(0D)={(x, f(x)); x€ 32}. Hence we have proved mso¥(yo)
u(x0)+m. Therefore it must be 7o (yo)=u(xs)—m. In this case we consider a
minimal hypersurface {(x, u(x)—m); x € 2} in M. We note U(D)c{(z, B); t=u(x)—
m}. Using the same argument as above, we also get a contradiction. Thus we
have proved ¥,(D)=S;. Since by the condition (1) in (5.5) ¥, is locally home-
omorphic, we see that ¥, is imbedding.
Theorem 5.1 and [Lemma 5.1 imply the following.

Theorem 5.2. In Theorem 5.1, assume that 2 is homeomorphic to a closed unit
ball D={ze R" |x|<1} in R". For f let ¥: D—M(c) be a continuous map having
the properties in (5.5). Suppose ¥(D)C#. Then ¥ (D)=Su) and ¥: D—Mc) is
imbedding where u is a unique solution of equation (5.4) in Q such that u=f on 99.

Remark 1. In [Theorem 51, in the case ¢=0, 2cR* and X=4/0x,., the
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theorem was proved by Jenkins and Serrin [6].

Remark 2. In Theorem 5.2, suppose that the mean curvature (with respect
to the inward direction) of (02X (—e, ¢)) is non-negative everywhere. Then
under the assumption ¥ (D)c®(2 X (—¢, ¢)) the theorem also holds. (See Theorem

4.1 and [Lemma 5.1 in [5].)

In this paper we have studied the Dirichlet problem for minimal surface equa-
tions in simply connected space forms. We want to investigate this problem in
more general Riemannian manifolds. It will be carried out in the next papers.
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