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1. Introduction.

An electrical circuit € consists of three kinds of elements, inductors, capcitors
and resistors mutually connected. A state of an electrical circuit is specified by
a current vector i=(iy, s, - - -, i;) € R* and a voltages vector v=(vy,vs, -+, v3) € R’.
" Let G be the (oriented) graph determined naturally by the circuit €. We can
regard { and v as a real 1-chain and 1-cochain of G, i.e., i€ Ci(G) and ve C'(G).*
The Kirchhoff current (voltage) law restricts i(v) to belong to a linear subspace
K (Z)=Ker 0cCy(G) (K, (¥)=Imd*cC*G)), where 3: Ci(G)—~Co(G) 3*: C(G)—
C'(G)) is boundary (coboundary) operator. Another restriction of possible states
is the restraint of resistive characteristics. 'We admit couplings between same
kind of elements. The resistive characteristics are represented by a p-dimensional
smooth submanifold 4rcC:(Gg)xCGr), where p is the number of resistive ele-
ments and C,(Gg)((C'(Gr)) is p-dimensional eucledian space consisting of resistive
currents (voltages).

Thus the currents and voltages (i, v)=(iy, ic, ir, U1, Uc, V) must belong to the
configuration space;

2=Kn4a, K=K, (G)xK\G) , A=n%'(4g) ,
where 7z Cy(G) x CY(G)—C(Gr) x C}(Gr) is the natural projection, i.e., 7z(iz, ic, iz,
. UL, V¢, Ur)=(ig, Ur).

For dynamics to be defined on whole of 5, two things are needed. One is
the transversality of K and 4 which assures 2 to be smooth submanifold. Since
K is b-dimensional, dim J=2b—(b+p)=b—p which is equal to the number of in-
ductors and capacitors. Another is the regularity of the map

wre: 2—Ci(GL)x CH(G) ,

which is the restriction of the natural projection to 2, i.e.,

* It is no suffering, however, to regard simply Cy(G) and CYG) as b-dimensional
eucledian space in the sequel.
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mre(iL, Ic, ir, UL, Uc, U)=(iL, U¢) .

If Dric(x) is non-singular at any point 2 €Y, we can determine the smooth vector
field X on X which describes the dynamics of the circuit [2D. Then any
solution curve is locally a solution of certain differential equation. Therefore so
called ‘jumping phenomena’ does not occur. We call such a circuit well-posed.

Consider a circuit 2 whose graph G=G(¥") has a proper tree. Recall a
broper tree means a tree which contains all the capacitors and no inductor. Since
in a cicuit without proper tree the map r.c is singular at any point of X, we
assume the existence of proper tree ([3). To assure X to be a submanifold, we
need the transversality of the characterictic submanifold 4 and the Kirchhoff space K.
Now, we define a somewhat stronger condition than the transversality condition.
We say 4 and K are everywhere transverse if for every x € A, T,(4) is transverse
to K in Cy(G)xCG). We call such a circuit itself everywhere transverse circuit.
In the same way, we will define a notion of strongly well-posedness in section 3,
these notions play a central role in this paper.

Now, we consider a connection of two circuits by two different kinds of
(uncoupled) elements. For given circuits &, and &,, connecting a node p of &,
with a node r of 2, by an uncoupled element ¢, and connecting a node ¢ of &,
with a node s of &, by an uncoupled element e;, we obtain a new circuit %,

We will discuss in §2 the transversality problem, in §3 the well-posedness
problem of the new circuit & obtained by connecting two circuits as stated above
and in §4 some examples of strongly well-posed circuits. For the reason of con-
necting by different kinds of elements, see §4.

The author wishes to thank Prof. T. Matsumoto for his valuable discussion
and criticism.

2. Transversality.

Let & be the circuit obtained by connecting two circuits &, i=1, 2, by two un-
coupled elements ¢; and e, as stated before.

Theorem 1. Suppose the circuit &; is everywhere transverse, i=1,2. Then
the new circuit € is also everywhere transverse.

We say a node p is L-connected with q in & if there exists a path from p
to ¢ in &, which is consisting of only inductor branches.

Theorem 2. Suppose the circuit % is transverse, i=1,2, p is L-connected
with q in &, and r is L-connected with s in Z,. Then the new circuit Z is also
transverse.
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Proof of Theorem 1. First, we deal with the following case.
Case 1. The element ¢, is a capacitor and e; is an inductor.

Let .75 be a tree for €, i=1,2. Put 9=9,U{e;}U7; and clearly 9 is a
tree for G(¥). Let C(¥;) and C'(¥;) denote the current and voltage spaces
of &}, respectively, j=1,2. Since we do not add a new resistive element, the
characteristic submanifold of the new circuit ¥ is the following;

(1) AB)=AF)X A E) X Coler) X C(ex) X Crle2) X CHe) CCLG(E) X CHG(F))

The Kirchhoff space K(Z) of ¥ is represented as follows. Let B; denote the
fundamental loop matrix for &; corresponding to the tree .77;, j=1,2. Then the
fundamental loop matrix B for corresponding to .7~ has the following form;

L L e T T e

I A1 1_?1
(2)  B=[I A]= I A, J-% :
1 A,y A, —lle

where B;=[I: A;] and A;(A;;) has non-zero element (+1) at the tree branches in
%(¥%) contained in the path connecting p(r) with g(s) in F7(7,). The current
Kirchhoff space K, (%) of € is the image of the map

B': C((L)—-Cy(G(¥)

where C,(-#°) denotes the current space of the link branches in . And the
voltage Kirchhoff space K,(%) of & is the image of the map

Q": CH(I)—-CHG(¥)),
where @ is the fundamental cutset matrix for € and has the form oy;
(3) Q:‘[_At: I]'

and C'(2") denotes the voltage space of the tree branches in %. Thus the
Kirchhoff space K(%") of & is represented as follows;

(4) K(¥)=Im B*xIm Q'cCy(G(¥)) x C{G(¥)) '-

Now, we prove the everywhere transversality of 4(¥) and K(¥). Take a point
(i, v) € A(¥). We must show that T,.,4(¥) is transverse to K(¥). To show
this, for each vector w € T, Ci(G(¥)) x CH(G(¥")) we will find two vectors w €
T,0A(¥) and wg € K(¥") such that w=w, +wx.

Corresponding to the decomposition;
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CUG(E) x CHG(F)=Ci(G(Z2)) X CH(G(FD) X C:1(G(F) X CHG(F) X Cr(ey)
X C(ey) X Ci(es) X Cl(ey) ,
=C1(FT ) X Ci(T3) X C1(&7) X C1(<Z%) X Ciler) X Cy(es)
X CHIDXCHIT Y X CHL) X CH (L) X Cle) X Cl(es) ,
we write

(&, ©)=(k1, U1, &z, V3, Gy, Vayy beyy V)
=(i~71’ ifz’ ifw igz’ i‘l’ z"2’ Vrp Vg Ve Veryy Ugyy 1),2)
and
W= (W, Wz, W,,, W,,)
=(w(i.7‘1), w(ifz); W(i,g’l), w(i.?z)) w(ial): w(iaz)’
W), wOvs,), W), wve,), w,.,), w,,)) .

Then by (1), (i,v;)eA(¥), j=1,2. Since A(F,) is everywhere transverse to
K(Z;), there exist vectors wy, € Tuj0pA(¥) and wi, € K(%):T(,j,,j,(K(%)+(i,-, v;)
such that w;=wg;+w4;, j=1,2. Put ws=@w4,, Wa,, wslts,), walis,), Wa(Vs,), Wa(vs,))
then wy€ Ty,n4(%) for any w(i,;) and w(v,,), j=1,2, by (1). Put wx=(wx,, Wk,,

Wi (le,), Wi (ls,), Wk(v,,), wk(v.,)) and decompose,

wg ;= (Wwk,;({), wk,;v)) , j=1,2,
and
ij(i)=(wK(ifj)i wK(i.?,-)) , =12,
Wi 0)=(Wxs)), WxVe)), j=1,2.

Then by (2), 3) and (4), wk belongs to K(%¥) if and only if

Wk (i.r,-) = Ag'wK(i.?,-) + A;ij(iaz) , J7=1,2,
Wi (ie) = —wk (i) ,
(5) and
wK(v.s’j)z_Aij(vf,') , J1=1,2,
WE (Vey) = — AnWr U 7)) — A2k (v ) +wi (v,,) .

- Thus, if we put wk(t,,)=wx(%,)=0, wk(v.)=0, Wx(ve)=—AnWk®s)—Anwx®.,),
WA(le)=W(te,), Walte,)=W(ls,), Wa(e,)=w(v,,), and w(v.,)=w(v,,)—wx(v,,), then w=
wy+wg and wy € T, A(¥F), wg € K(¥°). This proves the everywhere transversality
of A/(¥) and K(¥).

Case 2. The element e, is a linear resistor and the element e; is an inductor
or a capacitor.

Put 9 =7,U{e;}JU7, and .77 is a tree. Let 4(e;) denote the characteristics
of e¢;. Since e, is a linear resistor, we have
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A(e)={(te,, v,): va1=i¢1'rel}ccl(e1)Xcl(el) ’
The characteristic submanifold 4(€”) of the new circuit has the following form;
AB)=A(TY X A(F) X A(en) .

The Kirchhoff space K(%°) is quite the same as in case 1. For a point (i,v)e
A(¥), we will show the transversality of T,,n4(%) and K(¥). As in case 1,
for each w € T ,,)(C1(G(%¥)) x C (G(¥")) we must find w, € T 1, 4(¥") and wx € K(¥)
such that w=wx+w,. The only difference from case 1 is that the vector (w4(i,),
w4(v,,)) should belong to T(,-el,.,al,A(el)zA(el), i.e., wa(t,) 7., =wa(v.,). Besides (5)
put ‘

Walte)=w(s) ,  WaAWe)=Wa(ls) Ve, ,  Wk(Vs)=w(We,)—Wa(vs,) ,
and

Wave,) =W(ve,) — Wi (ve,) .
Then wx and w, have the required properties.

Proof of Theorem 2. The proof of Theorem 2 proceeds in the same way as
that of except one point that if (i;, v;) does not belong to K(%’;) then
T;,»pA4(¥;) may not transverse to K(¥;). This point is rescued by the assump-
tion of L-connectedness as follows.

Since (i, v) belongs to K(¥), (i, v) satisfies (5) or

. te t . o
ir=Ajle+Asile,, j=1,2,
ia1=""‘iaz »

v.?’j=—AJ'vfj ’ .7=1r 2 ’

Ve, = —Azlvy‘l"Azzvfz +v,, .

"The assumption that p and q are connected by the path consisting of only inductors
means the following. There exists a link currents vector ie ;€ Ci(G(&;)) such
that i, ,=Aji.,, j=1,2, and the difference between i (i.,) and i. (i) occurs
only in the link inductor branches connecting p(») with ¢(s) in €,(%%). If we put
iy,-=(i.9'w),-, i.sr(R),-) then 1:.9’,-=(l:.9’(z.)j, i.?(m,-)- Put (i:,', v.‘i)=(i.9'j’ i.?j! Ve v.r,-) and
(i5,v;) € K(¥)) and (i}, v;) € 4(C;). Since there is no coupling between different
kinds of elements, 4(%}) has the form; A(Z)=nz;(4r), j=1,2, where =g,
C(G(F) X CHG(F;)—Ci(Gr(F) X C (Gx(¥)) is the natural projection to the
resistive current and voltage space, j=1,2. Therefore T'j,opA(EN=T ;. pA(F).
By the assumption T}, P € A(%;) is transverse to K(%;). Thus Tuj,.j,A(%-) is
transverse to K(%;). The rest of the proof is the same as that of Theorem 1.
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3. Well-posedness.

We will discuss the problem when the connected circuit is well-posed.
Henceforth, we assume all the circuits have proper trees and are transverse. First
we show a variant of Theorem in [2], which gives a necessary and sufficient
condition for a circuit to be well-posed in terms of transversality. Let us recall
some notations from [2]. For (i, v¢) € Cy(GL) X C'(Go), put

K(iL, ve)=71¢(n, vo)NK ,

where 7¢: Ci(G) X C'(G)—Cy(G) X C'(G¢) is the natural projection and K is the
Kirchhoff space. By (4), we can see the space K(i., v¢) is parallel translation of the

t
space K(0,0) to a point b(iz, o) in Ci(G)xC(G). Here, by, v@:[ﬁ* 8,] ol
, L
Uc

Since 7z: Cy(G) X C'(G)—C1(Gr) X C'(Gp) is a linear map, the space np(K(ir,vc)) is
also the parallel translation of K,=rg(K(0,0)) to the point (ir, vz)=7z(b@L, vc)).

Theorem A. A circuit ¥ is well-posed if and only if the affine subspace
7p(K(iL, Uc)) ts transverse to the characteristic submanifold Ag for all (ir,vc) €
Cy(GL) X C'(Go).

Proof of Theorem A. Assume € is not well-posed. Then there exist a
singular point (i, v)=(iL, ic, ir, UL, Uc, V) € 2. By Theorem in [2], the space
Ko+ (ig, vr)=7p(K(iL, vc)) is not transverse to Ar at (ig,vg). This proves the ‘if’
part of Theorem A.

Let 7~ be a proper tree and < a corresponding link. Assume (ir, v¢) €
Ci(Gr) X C*(G¢) be a point such that zz(K(ir,vc)) and Ar have non-transversal
intersection. Let (iz, Vr)=(r(5) ir(2)s VrR(51, VR o)) € Tr(K(L, ¢)) N 4z be a non-
transversal point, where iz, and iz e, (Urs>) and vz .)) denote the currents
(voltages) of tree resistors and link reistors, respectively. Since (iz, vz) belongs
to 7p(K(ir, vc)), the following holds :

. t . t 0
irir=Arsip e+ ALiL,

Vpie1=—ArsVr( 5 —ArcVc ,
where Az, AL> and Agc are the submatrices of B given by the following form;

R L RvU) C

_[ 1 0 Azsr ArcR(Z)
(6) B=| o 1 al Al
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Put
. t o t o
ic=A%ciri+ALciL ,
v,=—AL-0p 7 —ALcVc -
Then
ir i
. (f)]zAf .R(.?)] ,
Ic L
Up 1
z) | —_ A R(f):] ,
U Uc
this means

(i, v)=(r, ic, ir, U1, Uc, Uz) € K(iL, Uc) -

Since (ig, vz) belongs to 4g, (i, v) belongs to A=n%(4g). Applying Theorem in
[2] for a point (i, v) € K(iz, vo)NACKN A=2, we see that (i, v) is a singular point.
This proves the ‘only if’ part of Theorem A.

According to Theorem A, we can reduce the well-posedness problem to the
transversality problem. Now we define a stronger condition than well-posedness,
corresponding to the ‘everywhere transversality’ in section 2. A circuit is called
strongly well-posed if for all (ig, Uz) € 4r, T g, op4dr is transverse to K,.

Theorem 3. Suppose the circuit € is strongly well-posed, i=1,2. Then the
new cicuit ¥ is also strongly well-posed.

Theorem 4. Suppose the circuit Z; is well-posed, i=1,2. If p(r) is L-connected
with q(s) in Z\(F%), then the new circuit & is also well-posed.

Proof of This is essentially the same as that of Theorem 1.
Case 1. The element ¢, is a capacitor and e, is an inductor.

We can see the following holds by direct verification or by noting that the
space K, agrees with the Kirchhoff space of the resistive circuit obtained by
open-circuitting the inductor branches and short-circuitting the capacitor branches,

(7) Ky(Z)=Ko(Z) X K(%%) -
Clearly,
(8) Ap(F)=Ap(F2) X Ap(Z7) CC1(Gr(Z) X CH(Gx(?®)) .

Take a point (iz, Ur) € 4z. Put
(ir, VR)=(ir,> R, iry) Ur,) € C1(GR(Z)) X CYU(Gr(ZY) X CL(Gr(FD) X C(Gr(FY))

and by (8) (irj, Ug;) € Ar(F5). Since &; is strongly well-posed, T(;RJ_,.,Ri,(AR(%”,-))
and K,(%;) are transverse by (7) and 8).




118 _ SHIGEO ICHIRAKU

Case 2. The element ¢, is a linear resistor and the element ¢, is an inductor.
In this case, we have
(9) Ar(Z")=Ar(Z1) X Ap(E>) X Ar(ey)

where
AR(el)={(i61’ val): v¢1=i¢1' rcl} Ccl(el) X cl(el) .
And '
(10) K(Z)=Ko (1) X Ko(Z2) x Ko(ey) ,
where

Ko(el) {(1619 val) ch—o}ccl(el) XC (el)

Unless 7.,=0, Ar(e;) is everywhere transverse to Ky(e,). The rest of the proof
is quite similar to that of case 1.

Case 3. The element ¢, is a linear resistor and ¢, is a capacitor. In this
case, instead of the following holds;

o . . L. t .
(1L Ko(g)—:{(lRl, LRy Logs UR,» URy, Us,): lR(f,-)=Aij,-lR(.e’,-n
vR(.Q’j)z—Aijjv(fj)’ Ve, = _A2lvR(.7'1)—A22vR(.7‘2)}
where Apg;,; is determined by the following form, j=1, 2;

R(<) L; RT) C;
(12) Bj_—_[ 1 Arj7 Ak,c,:if(f)

1 ALJ-’ i L,c,

and A,; is the submatrix of A,; consisting of the column corresponding to resistive
tree elements, j=1,2. In other words, K((%¥) is the graph of the map,

F: Ko(Z1) X Ko(%2) X Ci(es)—C(e2)

defined by

F(i}al, Vg, iR.‘,, URr,, isz)= _szlvR(y'l)""zzfzzvR(fz) .
While we have;
13) Ar(Z)=Ap(Z1) X Ap(F%) X Ar(ez)

where

Ar(es)={(leyy vs;): Vay =10, 7,,} .
We assert that A4p(%") is everywhere transverse to K,(%) unless 7,,—0 and
Au=A,=0. This can be verified by the straightforward calculation similar to
the proof of [Theorem 1, or we can convince ourselves by observing Fig. 1.
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5
B
X/~
x
S

’,
’

B,
’

Ko(%)

Fig. 1.

(The space Ko(%’) is the rotated (i,,, Ko(Z)) X Ko( Z%))-space with i,,-axis fixed.
On the other hand, the space Ar(¥’) is the rotated (feyy Ko( 1) X Ko Z%))-space with
K(Z,) X Ko(%3)-space fixed.) The rest of the proof is quite the same as before.

Proof of According to Theorem A, we will show that for each
(L, v¢) € CL(GL(B)) X CHG(Z)) the space mr(K(iL, vc)) is transverse to Ag.

Case 1. The element ¢, is a capacitor and e, is an inductor. As before, the
following holds;

(14) Ar(F)=Ap(Z1) X Ar(E7)
and
(15) K(Z)=K(F) X Ky(F) .

For a point (ig, vz) € 7x(K(iz, vc)) N Ax(F), write
(ir, vR)=(ig,, ir,, Ur,, Us,)
and
iRj=(iR(.fj), iR(y,-)) ’ Ur;=Or(7 ) VrRie;), J=1,2.
Then the fact that (iz, vz) belongs to wz(K(ir, v¢)) is equivalent to the following:
iR(fj)':A‘tR‘jJ’jiR(Yj)+A‘Lj.7'jiLj+A~;J'iez ’
vmg,-)=—'An,-_r,vmr,-)—AR,-c,vc,- .

The assumption of L-connectedness implies the existence of inductor currents
iz; € Ci(GL(¥%) such that
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) ¢ 3 t o/ .
irrjp=ArjsiirentAL;sir;, j=1,2.

This in turn means that the point (iz;, vr)=(@r >, im;,,-,,vmfj,,vmgj,) belongs
to 7r(K(iz; vc;), j=1,2. Thus we have,

(iR,', Ugj) € ”Rj(K(iij; ve))N Ax(Fy), j=1,2.
By the assumption, T R R’_)AR(%) is transverse to 7g(K(i%;, vc;) at (ir; vz,) in
CI(GR(%)) X CI(GR( %))9 .7=1’ 2. Since T(iRj,ij)(”R(K(iLj’ ij)))=K0(gj)’ .’=1’ 2’

noting and we see T iy, 05 Ar is transverse to T iz, o) (Tr(K(iL, U¢))) (=Ky(F))
at (i}z, vR).

Case 2. The element ¢, is a linear resistor and e, is an inductor. In this
case, mp(4) and Ko (%) have the forms (9) and [10), respectively. For a point
(i, Ur) € Tr(K(iL, v¢)) N AR(¥), write

(Er, vR)=(iRI, izez, ial, UR,s UR,, Ve,)
and
ie;=(rrj iRz, Ur;=Orisj,Vrie,), j=1,2.

since (i, Ug) € wr(K(iz, v¢)), the following holds;

* t * t . Tt . .
ey =Arj7ir eyt ALjsriL;+ A, , §=1,2,
i‘].:_iez ’

Vriejy=—Ar;> Orryp—Arjcvc;, j=1,2.

Then the proof proceeds in the same way as in case 1.

Case 3. The element ¢, is a capacitor and e, is a linear resistor. In this
case, Ap(¥) and K,(€) have the forms and [11), respectively. For a point
(g, vR) € nR(K(iL, vc)) N AR(F), write

@iz, UR)=(iR,, Ry, leys UR,s URy» Vs,)
and
iRj=(iR(.7'j)’ img,-)) ’ Uzej=(vze(_rj), UR(.;«’,-)) , Jj=1,2.

The condition that (iz, vz) € 7r(K(iz, v¢)) is equivalent to the following;
iR(fj)=A'kj.7'jiR(.<?j)+A.tLjfjiLj+ggji¢2 , j=1,2,
vR(.Q’j)Z_Aij,vR(fj)““ARjijCj ’
v¢2= ——Azlv.rl—AZZsz—l_vOl ’

where

V7 ;=Or(7 5, Vc;) » j=1,2.

The rest of proof proceeds as before.
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4. Examples.

In our Theorems, we have treated the case of connection by different kinds
of elements. If e, and e, are both capacitors or both inductors, then the new

circuit may have no proper tree. If ¢, and e, are both resistors, Theorems 3
and 4 do not hold as shows the following example.

Example 1. Consider the circuits ¢, and &, shown in Fig. 2. Here the
element R, is non-linear current-controlled resistor having the characteristics shown

in Fig. 4. The essential point is that the characteristic curve has a portion of
negative inclination.

&1 &2 &

14 r (5}

o— MWV

L % R; é L, % ¢ == Ll%l R1§‘ Ly %] G :\:1
q s ez
-0 [e
Fig. 2. Fig. 3.
v
i
Fig. 4.

Connecting %, and %, by the resistors ¢, and ¢,, we obtain the new circuit
&. Although the circuit ¢, and &, are strongly well-posed, the new circuit &
is not necessary well-posed. Take the branches .7 ={R,, e;, C1} as a tree for &
and denote the fundamenta loop matrix associated with .2~ by B. Then we have,
L e L, R, e C

1 0 0 -1 0 O1L,

B=0 1 0 -1 -1 1le,

0 0 1 0 0 —1]L,
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€2 Rl (2]
BR=[1 -1 —l]ez M

e R, e
ofi 3 TP
Thus, (iz, 9z) € Tip,; Ko(€)=Ky(¥) if and only if
Bgip=0,  Qgiz=0.

‘While, (ig, Ur) € Tipyop 4z if and only if

i
Uz ’

where
e, R, e, ¢, R, e
—7; 0 01 0 014,
R=| 0 ——f’(iRl) 0 0 1 0 |4g,.
0 0 - 0 0 14,
Therefore T i,,05 4r is transverse to Ko(%’) if and only if the enlarged matrix
Q 0
J=| 0 B
R
has the full rank 2p. By elementary operations, we can see rank J <2p if and
only if
1 1
det[ s :l:()
re+r —f'Gir,)
ie.,

fl(i31)=—(”1+1’2) .

Thus, this is a counterexample for Theorems 3 and 4. Next, we will give some
examples of strongly well-posed circuits.

Example 2. (Linear circuits)

Any circuit whose resistors are all linear, positive and uncoupled is strongly
well-posed. Each resistor R; has the characteristics; vg;=ig; 7;, 7;>0, j=1, 2,3,
<++,2p. Let 7 be a tree, ¥ a link, R(9") tree resistors and R(-") link resistors.
Then the fundamental loop matrix B is decomposed as follows;

R(Z) Z1c R(T) Fic

B=[ 1 0 F F, R
0 1 Fy, F( 1% °
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And
R(<Z) R(<)
Be=[ 1 F, |R(=).

Thus the enlarged matrix [ is given by

R(Z) R(E) RZ) R

—F! 1 0 0 R
J=| © 0 1 F, |R=)
0 0 0 —r7 (R’
—r. 0 1 0 R(%)

where r» and r. are diagonal matrices with positive entries. The matrix J has
the full rank if and only if ' I
—-Fi r7 o
det| ~F1 f]¢o. -
I: re F, ‘
This is equivalent to det [F,Fi+r.r37*]#0. And this is always assumed because
FiF, is positive semi-definite and r.r3! is positive definite.
Of course, if the resistors are not linear but monotone increasing, then the
result remains valid. More generally, the following holds.

Example 3. If the characteristics of the resistors have the following form
with respect to some tree,
Ap=Ar(T") X 4p(L)

and
A(T)={(7,v7): i-=fv5)}, Ar(L)={(ie,Ve): Ve=g(i)}

and if at each point (iz, vz) € Ap

__Ft fl(v )
detl: ot 77 1#£0 .
gl(l.sf) F,
then the circuit is strongly well-posed.
Next, we consider a rather old-fashioned electron tube amplifier.

Example 4. (A unit amplifier using a triode.)

Consider the circuit A, shown in Fig. 5. The coupled resistors R, and R,
consists a triode. The resistors R, and R, are uncoupled positive linear resistors.
The resistor R, is a linear resistor with a voltage source, its characteristics is
represented as shown in Fig. 6. The electron tube {R;, R.} has the following
characteristics; ’

ARb’c={(ib’ Loy Uy Vo): 1 =14(vs, V), ic:fc(vb’ ve)}
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where the function f; and f, are supposed to be smooth and at each point to
satisfy the condition;

s o
2250, ¢ >0,

This is satisfied at least within the region usually used. A typical form of f
and f, are illustrated as follows. :

A -
r iﬂ,
—....l.. o—0p \
So E b 45 : | 9q
R,r ird Bri Er
; :
[ S W
.
Fig. 5. Fig. 6.
o TYPE 6C4
v
120$
S
= nl00
28
o
80
g3
%5 60
EEL
H )
[y »
40 25 ¢
< SRS .
* 20 4720 20 O [
-\
— Z, +5 /é 2’20-25
0 100 200 3 400
PLATE VOLTS

Fig. 7. (From RCA tube manual.)

If we take {Ci, Ry, R,} as a tree, then the condition of example 3 is satisfied.
For the condition

0 0 1 B ]

ovy 0v,
PR A A
det ovy, Ov, |=0

7, 0 0 0 -1
0 n 0 0 0
0 0 7, =1 0.

is equivalent to
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o O _og
1+avb 7o+ %0, 7,=0.

Hence for any 7,>0 and 7»,>0, the circuit is strongly well-posed.
Applying our results inductively, we obtain,

Example 5. (Triode amplifier)
Let A; be a copy of the circuit A,, i=1,2,3, ---,n. Connect A;’s as shown
in the following. Then this circuit is strongly well-posed.

4 it A - —_ ——1 A, —

o—ti- WA ——0—— —O—tg— —o

Fig. 8.

Now, consider a circuit for which we can take a tree consisting only capacitors,
and we have,

1 0 1

1 DiRg DURg
where
Ar={(ir, vr): g(ir, Vr)=0} .

Therefore the circuit is strongly well-posed provided det D;,g+0. This argument
shows the usual transistor flip-flop circuit with stray capacitors as shown in
Fig. 9 is strongly well-posed.

R, R

l Re ic, vc
Rp é 3 Rp =
[ v R Be iE, VE

1%

Fig. 9. Fig. 10.

The characteristics of the transistor is given by

ic=fc(v¢c)—AaiE ,

ig=fg(vE)—ayic ,




-

126 SHIGEO ICHIRAKU

where
O<ay,, an<l.

Since R, and R, are linear uncoupled (rigourously saying, R, is affine, for R
contains a voltage source), it is sufficient to verify the determinant of the follow-
ing 2X2 matrix is non-zero,

ic ZE
|: 1 azl]Rc
a;; 1 |Rg )
Since 0<aj,, @;;<1, the circuit is strongly well-posed.
More generally, we have.

Example 6. Any transistor circuit consisting of transistors, uncoupled strictly
monotone resistors, capacitors and inductors having a tree consisting of only
capacitors is strongly well-posed.
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