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ABSTRACT. Let $\alpha^{j}(j-1,2)$ be actions of a locally compact abelian group $G$

on von Neumann algebras $\vee\nearrow\swarrow_{j}$ satisfying $\alpha_{j}(\ovalbox{\tt\small REJECT}_{j})^{\prime}\cap(_{c_{\wedge}}\ovalbox{\tt\small REJECT}_{j}\times\alpha jG)=\tau_{\ovalbox{\tt\small REJECT}_{j^{\times}\alpha^{j^{G}}}}^{p},$ . $1f$

$(\alpha^{1}\otimes\alpha^{2})_{t}=\alpha_{t}^{1}\otimes\alpha_{t}^{2}$ , then $\Gamma(\alpha^{1}\otimes\alpha^{2})$ is the set of all $p\in G$ such that $\alpha_{p}^{1}\otimes\ell$ is trivial
on the fixed point algebra of the center of $(\ovalbox{\tt\small REJECT}_{1}\times\alpha^{1}G)\otimes^{-}(\leftarrow\ovalbox{\tt\small REJECT}_{2}\times\alpha^{2}G)$ with respect
to the action $\hat{\alpha}_{p}=\hat{\alpha}_{p}^{1}\otimes\hat{\alpha}_{-p}^{2}$ . Let $\beta^{j}(j=1,2)$ be ergodic actions of $G$ on von
Neumann algebras $\vee\phi_{j}^{\prime}$ . If $H^{2}(G, \mathbb{T})=\{0\}$ and both $\beta^{1}$ and $\beta^{2}$ have invariant
faithful normal states, then $(\leftrightarrow.r_{1}\otimes_{c}\Lambda_{2}^{\wedge})^{\beta}-$ is abelian, where $\beta_{t}=\beta_{t}^{1}\otimes\beta_{-t}^{2}$ .

Introduction.

To each countable ergodic non singular transformation group $\mathfrak{G}$ acting on a
standard measure space $(\Omega, \mu)$ there corresponds the associated flow $\{A(t):t\in[R\}$

on the quotient space $\Omega\times \mathbb{R}/\tilde{\mathfrak{G}}$ given by $A(t)(\omega, s)=(\omega, s+t),$ $(mod. \mathfrak{G})$ , where $\tilde{\mathfrak{G}}$ is

the set of $\tilde{g}:(\omega, s)-$ ( $g\omega,$ $s$ -log $(d\mu g/d\mu)(\omega)$ ) for $g\in\tilde{\mathfrak{G}}$ . The associated flow is con-
jugate to $\Theta$ the dual action of the modular automorphism $\sigma^{\phi}$ restricted to the
center $C\times_{\sigma}\phi jR$ of the crossed product of $\leftrightarrow\ovalbox{\tt\small REJECT}$ by $\sigma^{\phi}$ , where . $\ovalbox{\tt\small REJECT}$ is a factor $L^{\infty}(\Omega)\chi \mathfrak{G}$

constructed from group measure space construction and $\phi$ is the weight on $\vee\swarrow\swarrow$ in-

duced from $\mu$ . On the other hand, Connes and Takesaki show that the covariant
system $\{C_{r\vee\times\sigma\phi R}, \mathbb{R}, \Theta\}$ is equivalent (or conjugate) to the smooth flow of weights

on $\mathscr{M}$ for all type III factors $\mathscr{M}$ Therefore, so far as we are concerned with
type III factors, the smooth flow of weights is considered as a generalization of
the associated flow to arbitrary von Neumann algebras.

Given a pair of countable ergodic non singular transformation groups $\mathfrak{G}_{j}$ on
$(\Omega_{j}, \mu_{j})$ for $j=1,2$ , the associated flow of the product group $\mathfrak{G}_{1}\times \mathfrak{G}_{2}$ on $(\Omega_{1}\times\Omega_{2}$ ,

$\mu_{1}\otimes\mu_{2})$ is conjugate to the joint flow of the associated flow $\{A_{j}(t):t\in \mathbb{R}\}$ of $\mathfrak{G}_{j}$ ,

that is, the flow $\{A_{1}(t)\times id:t\in \mathbb{R}\}$ on the quotient space $X_{1}\times X_{2}/|\tilde{R}$ , where $X_{j}=$

$\Omega_{j}\times \mathbb{R}/\tilde{\mathfrak{G}}_{j}$ and ][$\not\in\sim$ is the set of $\tilde{t}:(\zeta_{1}, \zeta_{2})-(A_{1}(t)\zeta_{1}, A_{2}(-t)\zeta_{2})$ . The same result is
obtained for a smooth flow of weights as follows: the virtual spectrum $S_{v}(\leftarrow\nearrow\swarrow_{1}-\otimes c\nearrow\swarrow_{2})$

is the closure of the product of $S_{v}(\vee\ovalbox{\tt\small REJECT}_{1}^{r})$ and $S_{v}(\vee\nearrow\swarrow_{z})$ . Therefore the joint flow or
the closure of the product of vertual spectrums determines the type of the tensor
product of factors. (See, [3, 4])
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The main purpose of this paper is to show that if we assume the relative
commutant property for $\alpha^{j};\alpha^{j}($ . $\swarrow\swarrow_{j})^{\prime}\cap(\swarrow\swarrow_{j}\times_{\alpha}jG)\subset(\vee\swarrow\swarrow j\times_{\alpha}jG)^{\prime}$ , then the same type
of results as above remains true for a pair of covariant systems $\{\nearrow\swarrow_{j}, G, \alpha^{j}\}$ of
von Neumann algebras $\leftarrow\ovalbox{\tt\small REJECT}_{j}$ , a locally compact group $G$ and actions of $G$ on $-\nearrow/^{\prime}j$

in place of the covariant systems $\{\leftarrow\swarrow\swarrow_{j}, \mathbb{R}, \sigma^{\phi}j\}$ .
In \S 1 we shall recall the properties of Connes spectrum $\Gamma(\alpha)$ and the set $G(\alpha)$

of vanishing points in a certain sense, which are known as the S-set and the T-set
for a modular automorphism.

In \S 2 the Connes spectrum $\Gamma(\alpha^{1}\otimes\alpha^{2})$ of a tensor product of actions will be
given as the kernel of the joint action of dual action $\hat{\alpha}^{1}$ and $\hat{\alpha}^{2}$ on the center
$r_{\beta}$. $ 12\overline{\infty}_{\sim}\wedge$ where $\emptyset_{j}^{\prime}=$ . $’\swarrow\swarrow jX_{\alpha}JG$ .

In \S 3 we shall give a sufficient condition for a joint action to have pure point
spectrum. The crucial assumption is the existence of an invariant faithful normal
state.

In \S 4, as an application of the above results, we shall show that every result
obtained in [4] for type III factors constructed from non singular transformation
groups still holds for all type III factors.

The authors thank to Professors T. Hamachi, M. Osikawa and R. Katayama
for their valuable discussion.

\S 1. Invariants $\Gamma(\alpha)$ and $G(\alpha)$ .
Throughout this paper $G$ is a locally compact abelian group and $\rho$ is the

regular representation. If $\alpha$ is an action of $G$ on a von Neumann algebra $’\ovalbox{\tt\small REJECT}$,
then the spectrum $sp(\alpha)$ is the intersection of all kernels $\{p\in\hat{G}:\hat{f}(p)=0\}$ of the
Fourier transform $\hat{f}$ with $\alpha_{f}=0,$ $f\in L^{1}(G)$ , where $\alpha_{f}=\int f(t)\alpha_{t}dt$ . For each projec-

tion $e$ in $\vee\nearrow\swarrow\alpha$ we denote the restriction of $\alpha$ to the reduced von Neumann algebra
$c\nearrow/_{e}$ by $\alpha^{e}$ . The Connes spectrum $I^{7}(\alpha)$ of $\alpha$ is defined by

$\Gamma(\alpha)=\cap\{sp(\alpha^{e}):e\in\cup\ovalbox{\tt\small REJECT}^{\alpha}, e\neq 0\}$ .

The Connes spectrum for a modular automorphism is the S-set $S(\leftarrow\nearrow\swarrow’)$ of $c\nearrow\swarrow$ more
precisely, $\Gamma(\sigma^{\phi})=\{\log\lambda:\lambda\in S(\perp\ovalbox{\tt\small REJECT}), \lambda\neq 0\}$ for a faithful, semi-finite, normal weight
$\phi$ on $\nearrow\swarrow$ For each unitary $v$ in $\vee\nearrow\swarrow we$ denote $Ad_{v}(x)=vav^{*}$ . Another invariant
$G(\alpha)$ is defined by

$G(\alpha)=\{t\in G:\alpha_{t}=Ad_{v}, v\in\rightarrow\nearrow\swarrow^{\alpha}\}$ .
Let $\alpha_{G}$ be an isomorphism of $L^{\infty}(G)$ into $L^{\infty}(G)\otimes L^{\infty}(G)-$ with $(\alpha_{G}f)(s, t)=f(s+t)$

for $f\in L^{\infty}(G)$ . An action $\alpha$ of $G$ on $\vee\ovalbox{\tt\small REJECT}^{\prime}$ is then identified with an isomorphism $\alpha$ of
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$\nearrow\swarrow int_{O\vee}\nearrow\swarrow_{\otimes L^{\infty}(G)}^{-}$ with $(\alpha\otimes\vee’)\circ\alpha=(\iota\otimes\alpha_{G})\circ\alpha$ by $(\alpha(x)\xi)(t)=\alpha_{t}(x)\xi(t)$ for $\xi\in \mathfrak{H}\otimes L^{2}(G)$ .
The crossed product $\llcorner\nearrow\swarrow\chi_{\alpha}G$ is defined as the von Neumann algebra generated by
$\alpha(-’\nearrow\swarrow)$ and $\mathbb{C}\otimes t\ovalbox{\tt\small REJECT}(G),$ where $/\Lambda^{2}(G)=\rho(G)^{\prime\prime}$ . Let $U$ be a unitary in $L^{\infty}(G)\otimes L^{\infty}(\hat{G})-$

defined by
$(U\xi)(t, p)=\langle t, p\rangle\xi(t, p)$ , $t\in G$ , $p\in\hat{G}$ .

The action $\hat{\alpha}$ (dual to $\alpha$ ) of $\hat{G}$ on $\ovalbox{\tt\small REJECT}\times_{\alpha}G$ is defined by

$\hat{\alpha}(y)=Ad_{1\otimes U}(y\otimes 1)$ .

Then the Connes spectrum $/^{\urcorner}(\alpha)$ of $\alpha$ coincides with the set Ker $\hat{\alpha}\uparrow’\nearrow_{-\ovalbox{\tt\small REJECT}\times G\alpha}$ , i.e.

{ $ P\in\hat{G}:\hat{\alpha}_{p^{=}}\zeta$ on $e\times\alpha^{G}$ }

[3, Theorem 3.3.2], where $\prime g_{\Lambda^{-}}$ denotes the center of $./r$. Moreover, $G(cv)$ of $\alpha$

coincides with a subset of the point spectrum of $\hat{a}$ :

{ $ t\in G:\exists$ a unitary $u\in r_{-,\times G\alpha}$
, such that $\hat{\alpha}_{p}(u)=\langle t,$ $p\rangle u$ for all $p\in\hat{G}$ }

Indeed, we have the following proposition.

Proposition 1.1. If $\alpha$ is an action of $G$ on $\nearrow\swarrow$ then the following three con-

ditions are equivalent:
(i) $t\in G(\alpha)$ ;

(ii) $t\in G(\hat{\alpha})$ ; and
(iii) $\&_{p}(u)=\overline{\langle}t^{-}p\rangle$ $u$ for some unitary $u$ in $r^{\rightarrow},\times\alpha^{C}$

Proof. $(i)\Rightarrow(ii)$ : By Takesaki’s duality

$\{(\leftarrow//x_{\sigma}G)x_{\hat{\alpha}}\hat{G},\hat{\alpha}\}\cong\{. \ovalbox{\tt\small REJECT}\copyright-g(L^{2}(G)),\tilde{\alpha}\}$ ,

where $\tilde{\alpha}_{t}=\alpha_{t}\otimes\lambda_{t}$ and $\lambda_{s}(x)=\rho(s)^{*}x\rho(s)$ . Suppose that $t\in G(\alpha)$ . There exists a uni-

tary $ v\in\nearrow\swarrow\alpha$ such that $\alpha_{t}=Ad_{t}$ . Therefore $v\otimes\rho(t)^{*}\in\nearrow f_{\otimes^{\underline{\tau}_{f}}(L^{2}(G))}^{-}\tilde{\alpha}_{s}(v\otimes\rho(t)^{*})=$

$v\otimes\rho(t)^{*}$ for all $s$ and $\tilde{\alpha}_{t}=Ad_{v\times o(t)^{*}}$ on $/\nearrow_{\otimes}^{-}\nearrow^{c}(L^{2}(G))$ . Thus $t\in G(\tilde{a})$ and hence
$t\in G(\alpha)$ .

$(ii)\Rightarrow(i)$ : Suppose that $t\in G(\alpha)$ . Since then $t\in G(\tilde{a})$ , there exists a unitary
$w\in(\leftarrow\swarrow\swarrow\overline{C\times}\mathcal{L}(L^{2}(G)))^{\overline{\alpha}}$ such that $\tilde{\alpha}_{t}=Ad_{w}$ . Then $\alpha_{t}\otimes\iota=Ad_{(1h\rho(t))w}$ is an inner auto-

morphism of $\vee\nearrow\swarrow_{\otimes}^{-}\mathcal{F}_{\vee}(L^{2}(G))$ and hence $(1\otimes\rho(t))w\in\ovalbox{\tt\small REJECT}\otimes(\tau$ Therefore $(1\otimes\rho(t))\iota 0$ is

of the form $v\otimes 1$ for some unitary $v\in\ovalbox{\tt\small REJECT}$, and hence $\iota c=v\otimes\rho(t)^{*}$ . Since $\tilde{\alpha}_{s}(w)=\iota v$ ,

it follows that $v\in\nearrow r^{\alpha}$ and $\alpha_{t}=Ad_{v}$ . Thus $t\in G(\alpha)$ .
$(ii)\Rightarrow(iii)$ : Suppose that $t\in G(\alpha)$ . There exists a unitary $ u\in$

$\times\alpha^{G}$ such that
$\hat{\alpha}_{t}=Ad_{\hat{\alpha}(u)}$ on $(\ovalbox{\tt\small REJECT}_{X_{\alpha}}G)_{\hat{\alpha}}^{\backslash \prime}\hat{G}$ . Since

$\langle t, p\rangle 1\otimes 1\otimes\rho(p)^{<}=\alpha_{t}(1\otimes 1\otimes\rho(p))=\hat{\alpha}(u)(1\otimes 1\otimes\rho(p))\hat{a}(u)^{*}$
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it follows that
a $(a_{p}(u))=Ad_{1\otimes 1\otimes\rho\{p)}(\hat{\alpha}(u))=\langle t^{-}\overline{p\rangle}\hat{\alpha}(u)$

and hence that $\&_{p}(u)=\overline{\langle t,p\rangle}u$ .
$(iii)\Rightarrow(ii)$ : Suppose that $\hat{\alpha}_{p}(u)=\langle t\overline{p\rangle},u-$ for some unitary $u\in cg_{\ovalbox{\tt\small REJECT}\vee\times\alpha G}$ . Then

$Ad_{1\otimes 1\otimes\rho(p)}(\hat{\alpha}(u))=\langle t^{-}p\rangle\hat{\alpha}(u)$

and hence that

$Ad_{\hat{\alpha}tu)}(1\otimes 1\otimes\rho(p))=\langle t, p\rangle(1\otimes 1\otimes\rho(p))=\hat{\alpha}_{t}(1\otimes 1\otimes\rho(p))$ .
Since $u\in\Gamma\ovalbox{\tt\small REJECT}_{-\ovalbox{\tt\small REJECT}\times\alpha^{G}},$ $Ad_{\hat{\alpha}tuI}=c$ on $\hat{\alpha}(c\nearrow\ell i\times\alpha G)$ and hence $\hat{\hat{\alpha}}_{t}=Ad_{\hat{\alpha}\{u)}$ on $(\ovalbox{\tt\small REJECT}\times aG)X_{\hat{\alpha}}\hat{G}$ .
Since $\hat{\hat{\alpha}}_{s}(\hat{\alpha}(u))=\hat{\alpha}(u)$ , we have $t\in G(\hat{\hat{\alpha}})$ . q.e.d.

The set $G(\alpha)$ for a modular automorphism is the T-set $T($ . $\ovalbox{\tt\small REJECT})$ of $\vee\ovalbox{\tt\small REJECT}$ If $\ovalbox{\tt\small REJECT}$ is
a factor and $\hat{G}/\Gamma(\alpha)$ is compact, then $G(\alpha)=\Gamma(\alpha)^{\perp},$ $[2,5]$ .

Corollary 1.2. If $\beta$ is a dual action of $\hat{G}$ on $\parallel\wedge$ then the following two con-
ditions are equivalent:

(i) $t\in G(\hat{\beta})$ ; and
(ii) $\beta_{p}(v)=\overline{\langle t,p\rangle}v$ for some unitary $v$ in $\prime r_{\vee}\parallel-$ .
If $\alpha$ is integrable and has the relative commutant property, i.e. $\alpha(\leftrightarrow’\ovalbox{\tt\small REJECT})^{\prime}\cap$

$(. \ovalbox{\tt\small REJECT}\times_{\alpha}G)=^{\Gamma}d_{\ovalbox{\tt\small REJECT}\times G}\vee\alpha$

’ then $(. \nearrow\swarrow^{\alpha})^{\prime}\cap\ovalbox{\tt\small REJECT}=e_{\ovalbox{\tt\small REJECT}^{\alpha}}-$ by [7] and hence $\alpha$ is center fixing.

Proposition 1.3. The following two conditions are equivalent:
(i) -

$\ovalbox{\tt\small REJECT}$ is a factor; and
(ii) $\alpha$ is center fixing and $\hat{\alpha}$ is ergodic on $\tau e_{\leftarrow\ovalbox{\tt\small REJECT}\times\alpha^{G}}$ .

Proof. By Takesaki’s duality we have

$(\nearrow\swarrow\times\alpha G)\times\hat{\alpha}\hat{G}\cong\nearrow\swarrow_{\otimes.\ovalbox{\tt\small REJECT}(L^{2}(G))}^{-}$ .
Therefore $\nearrow\swarrow is$ a factor if and only if $(. \nearrow\swarrow\times\alpha G)\times_{\hat{\alpha}}\hat{G}$ is a factor. Therefore the
condition (i) is equivalent to the fact that $\Gamma(\hat{\alpha})=G$ and $\hat{\alpha}$ is ergodic on $ r_{d_{-\ovalbox{\tt\small REJECT}\times G}}\alpha$

by [3, Theorem 3.3.4]. By [6, Theorem 6.1] $\Gamma(\hat{\alpha})=G$ if and only if $\alpha$ is center
fixing on $\vee\ovalbox{\tt\small REJECT}$ q.e.d.

\S 2. Connes spectrum of a tensor product.

Let $\alpha$ be an action of $G$ on $\nearrow\swarrow$ and $H$ a closed subgroup of $G$ . We denote
by $\alpha^{H}$ the restriction of $\alpha$ to $H$ and by $\vee\nearrow\swarrow\chi_{\alpha}H$ the von Neumann subalgebra
generated by $\alpha(\vee\nearrow\swarrow)$ and $\mathbb{C}\otimes\rho(H)^{\prime\prime}$ . Then. $\nearrow\swarrow\times\alpha^{H}H$ is isomorphic to $-\swarrow\swarrow\times\alpha H$ by
the correspondence:
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(2.1) $\left\{\begin{array}{l}\alpha^{H}(x)\mapsto\alpha(x)\\1\otimes\rho^{H}(r)\mapsto 1\otimes\rho(r),\end{array}\right.$

where $0^{H}$ is the regular representation of $H$ on $L^{2}(H),$ [ $8$ , Theorem 4.2]. Moreover,

(2.2) $\vee\nearrow\swarrow\times\alpha H=$ { $y\in..\ovalbox{\tt\small REJECT}\times_{\alpha}G:\hat{\alpha}_{p}(y)=y$ for all $p\in H^{\perp}$ },

[9, Theorem 7.1].

Let $\alpha^{1}$ and $\alpha^{2}$ be actions of $G$ on $\vee\ovalbox{\tt\small REJECT}_{1}$ and $\vee\nearrow\swarrow_{2}$ , respectively. We denote

$(\alpha^{1}\otimes\alpha^{2})_{t}=\alpha_{t}^{1}\otimes\alpha_{t}^{2}$ and $(\alpha^{1}\times\alpha^{2})_{(s,t)}=\alpha_{s}^{1}\otimes\alpha_{t}^{2}$ .

The former $\alpha^{1}\otimes\alpha^{2}$ is an action of $G$ on $’\ovalbox{\tt\small REJECT}_{1^{\otimes}}^{-}\swarrow\swarrow_{2}$ and the latter $\alpha^{1}\times\alpha^{2}$ is an action

of $G\times G$ on $L\ovalbox{\tt\small REJECT}_{1}^{-}\otimes-\ovalbox{\tt\small REJECT}_{2}$ .

Lemma 2.1. If $A_{j}^{r}=$ . $\nearrow\swarrow j\times\alpha^{j}G$ and $\hat{\alpha}_{p}=\hat{\alpha}_{p}^{1}\otimes\hat{\alpha}_{-p}^{2}$ , then

(2.3) $\{(\ovalbox{\tt\small REJECT}_{1}^{\gamma}\otimes-’\nearrow\swarrow_{2})\times_{\alpha^{1}\otimes\alpha^{2}}G, (\alpha^{1}\otimes\alpha^{2})^{\wedge}\}\cong\{(\vee\phi_{1}^{\prime}\otimes 4_{2}^{\nearrow})^{\hat{\alpha}},\hat{\alpha}^{1}\otimes^{\ell}\}-$ .

Proof. Put $\vee\swarrow\swarrow=/\leftarrow\nearrow\swarrow_{1}^{-}\otimes L\nearrow/2$ and $H=\{(s, t)\in G\times G:s=t\}$ . Let $V$ be the isometry

which maps naturally $L^{2}(\mathfrak{H}_{1}; G)\otimes L^{2}(\mathfrak{H}_{2}; G)$ onto $L^{2}(\mathfrak{H}_{1}\otimes \mathfrak{H}_{2};G\times G)$ . Then there is

an isomorphism $\gamma$ of $\rightarrow\ovalbox{\tt\small REJECT}\times_{\alpha^{1}\otimes\alpha^{2}}G$ onto $V(\swarrow z^{\prime}\times\alpha^{1}\times\alpha^{2}H)V^{-1}$ such that

$\gamma:\left\{\begin{array}{l}(\alpha^{1}\otimes\alpha^{2})(x_{1}\otimes x_{2})\mapsto\alpha^{1}(x_{1})\otimes\alpha^{2}(x_{2})\\1 r_{1}\otimes 1_{\ovalbox{\tt\small REJECT}_{2}-}\otimes o(r)-,1_{\rightarrow\ovalbox{\tt\small REJECT}_{1}}\otimes\rho(r)\otimes 1 2\otimes\rho(r).\end{array}\right.$

Moreover, $\gamma$ gives an equivalence of covariant systems:

(2.4) $\{\ovalbox{\tt\small REJECT}\times\alpha^{1}\otimes\alpha^{2}G, (\alpha^{1}\otimes\alpha^{2})\}\cong\{V(\leftarrow\ovalbox{\tt\small REJECT}\times\alpha^{1}\times\alpha^{2}H)V^{-1},\hat{\alpha}^{1}\otimes\iota\}$ .

Really, it suffices to check this on the generators. Since $\hat{\alpha}_{p}^{j}(\alpha^{j}(x))=\alpha^{j}(x)$ and

a $pj(1_{\ovalbox{\tt\small REJECT} j}\otimes\rho(r))=\langle r^{-}p\rangle 1_{-x_{j}}\otimes\rho(r)$ , it follows that

$\gamma\circ(\alpha^{1}\otimes\alpha^{2})_{p}^{\wedge}((\alpha^{1}\otimes\alpha^{2})(x_{1}\otimes x_{2}))=\gamma\circ(\alpha^{1}\otimes\alpha^{2})(x_{1}\otimes x_{2})$

$=(\hat{\alpha}_{p}^{1}\otimes\ell)\circ\gamma((\alpha^{1}\otimes\alpha^{2})(x_{1}\otimes x_{2}))$

$\gamma^{o}(\alpha^{1}\otimes\alpha^{2})_{p}^{\wedge}(1_{\ovalbox{\tt\small REJECT}_{1}}\otimes 1_{\rightarrow\swarrow 2}\otimes\rho(r))=\overline{\langle r,p\rangle}(1_{\ovalbox{\tt\small REJECT}_{1}}\otimes\rho(r)\otimes 1_{\ovalbox{\tt\small REJECT}_{2}}\otimes\rho(r))$

$=(\hat{\alpha}_{p}^{1}\otimes\iota)\circ\gamma(1_{\ovalbox{\tt\small REJECT}_{1}-}\otimes 1-\ovalbox{\tt\small REJECT}_{2}\otimes\rho(r))$ . q.e.d.

Here we recall recent results due to Paschke. If $\alpha$ is an action of $G$ dual to

some action of $\hat{G}$ , then $\alpha(’\ovalbox{\tt\small REJECT}^{\prime})^{r}\cap(-\ovalbox{\tt\small REJECT}\times\alpha G)=\alpha(\prime d_{\ovalbox{\tt\small REJECT}})$ is equivalent to $(\rightarrow\ovalbox{\tt\small REJECT}^{\alpha})^{\prime}\bigcap_{c}\ovalbox{\tt\small REJECT}=$

$e_{\vee}^{p}\ovalbox{\tt\small REJECT}^{\alpha}’$ [ $7$ , Theorems 10 and 11].

Lemma 2.2. If $\alpha^{1}$ and $\alpha^{2}$ satisfy the relative commutant property: $\alpha^{j}(’\ovalbox{\tt\small REJECT}_{j})^{\prime}\cap$

$(\leftarrow’\ovalbox{\tt\small REJECT}_{j}\times_{\alpha J}G)=C_{\ovalbox{\tt\small REJECT} j^{\times}\alpha^{jG}}$ , then

(2.5) $C_{(\vee r_{1}\overline{\otimes}_{\vee}r_{2})^{\hat{\alpha}=}}(C_{m_{1}\overline{\otimes}_{\vee}r_{2}})^{\hat{\alpha}}$

where $\vee\emptyset_{j}^{\prime}=L\ovalbox{\tt\small REJECT}_{j}\times_{\alpha}JG$ and $\hat{\alpha}_{p}=\hat{\alpha}_{p}^{1}\otimes\hat{\alpha}_{-p}^{2}$ .
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Proof. Put LA $=\leftrightarrow\parallel\wedge^{-}1\otimes.\rightarrow\prime V_{2}$ . Then $\hat{\alpha}$ is an action of $\hat{G}$ on $\vee\phi^{\prime}$. Since
$H=\{(t, t);t\in G\}=\{(p, -p):P\in\hat{G}\}^{\perp}$

in $G\times G$ , it follows from (2.1) and (2.2) that the crossed product $\leftrightarrow 4^{\prime}\times\hat{\alpha}\hat{G}$ is iso-
morphic to the fixed point subalgebra

$(\cdot A^{\prime}\times(\hat{\alpha}^{1}\times\hat{\alpha}^{2})(\hat{G}\times\hat{G}))^{\alpha^{1_{\otimes\alpha}\approx}}$

’

and the generators $\hat{\alpha}(y)$ and $1\otimes\rho(P)$ correspond to $(\hat{\alpha}^{1}\times\hat{\alpha}^{2})(y)$ and $1\otimes\rho(p)\otimes\rho(-p)$ ,
respectively, [9, Theorem 7.1]. Therefore the inclusion relation

(2.6) $\hat{\alpha}(\ovalbox{\tt\small REJECT}^{\rightarrow})^{\prime}\cap(/’\times\uparrow\hat{G})\subset\hat{\alpha}(\vee\cdot V)$

is equivalent to the inclusion relation

(2.7) $(\hat{\alpha}^{1}\times\hat{\alpha}^{2})(\swarrow 1^{\nearrow})^{f}\cap(L/l^{\nearrow}\times t\delta\perp\chi\hat{\alpha}^{2})(\hat{G}^{\backslash }\hat{G}))^{\hat{\alpha}^{1}\otimes\hat{\alpha}^{2}}\subset(\hat{\alpha}^{1}\times\&)(.’/2 ‘)$ .

On the other hand, as we assume the relative commutant property for $\alpha^{j}$ , we
have

$()^{\prime}\cap\nu\subset Fj$

Since $\hat{\alpha}^{j}$ is a dual action of $\hat{G}$ on $c/_{j}^{\wedge}$ we have

$\hat{\alpha}^{J\backslash }(x_{j}^{\prime}’)^{f}\cap(L/r_{j^{\backslash /}j}’/\hat{\alpha}j$

by [5, Theorem 10], and hence

$(\hat{\alpha}^{1}\times\hat{\alpha}^{2})(\emptyset^{\prime^{-}})^{f}\cap(\swarrow//_{(\hat{\alpha}^{1}\times\hat{\alpha}^{2})}(C_{I}^{\wedge}\neg\times\hat{G}))\subset(\hat{\alpha}^{1}\times\hat{\alpha}^{2})(-4)$ .
This implies (2.7) and hence (2.6).

Finally we shall show (2.5). Since $\hat{a}$ is dual, the inclusion (2.6) implies that

(2.8) $(. \prime p^{-\hat{\alpha}})^{\prime}\leftrightarrow r’/\vee J^{-}$

by [5, Theorem 11]. Therefore, $\prime 6_{/\hat{\alpha}}^{9}\subset r_{\Gamma_{r}^{p}}$ and hence $\prime e,^{\hat{\alpha}}\sim.\subset$
$(\subset r_{/}\backslash )$ ’. The con-

verse inclusion is clear. q.e. $d$ .

Combining the above two lemmas, we can prove our main theorem.

Theorem 2.3. If $\alpha^{j}(j=1,2)$ is an action of $G$ on $\nearrow\nearrow j$ and have the relative
commutant property, then

$I’(\alpha^{1}\otimes\alpha^{2})=$ { $ p\in\hat{G}:\hat{\alpha}_{p}^{1}\otimes\zeta$ is trivial on $(\varphi_{r_{1^{\overline{W}.j}2}}^{p})^{\hat{\alpha}}$ } ,

where $’\Gamma_{j}=\vee\ovalbox{\tt\small REJECT}_{j}^{\prime}\times_{\alpha J}G$ and $\hat{\alpha}_{p}=\hat{\alpha}_{p}^{1}\otimes\hat{\alpha}_{-p}^{2}$ .
Proof. By virtue of [3, Theorem 3.3.2] we have

$I^{7}(\alpha^{1}\otimes\alpha^{2})=$ { $ p\in\hat{G}:(\alpha^{1}\otimes\alpha^{2})_{p}^{\wedge}=\iota$ on $(d_{-\prime r\times\alpha^{1}\propto\alpha^{2G}}$ },
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where $\rightarrow\ovalbox{\tt\small REJECT}=\ovalbox{\tt\small REJECT}\otimes_{\vee}f\swarrow 2$ . By Lemma 2.1, $(\alpha^{1}\otimes a^{2})_{p}^{\wedge}=\ell$ on the center of $\vee\ovalbox{\tt\small REJECT}\times_{\alpha^{1}\otimes\alpha^{2}}G$

if and only if $\hat{\alpha}_{p}^{1}\otimes\ell$ is trivial on the center of $(\leftrightarrow\parallel\wedge^{-}1\otimes\leftrightarrow 4_{2}^{\prime})^{\hat{\alpha}}$ . Since $a^{1}$ and $\alpha^{2}$ have

the relative commutant property, $C_{t_{\sim}r_{1}\overline{\otimes}m_{2})}\hat{\alpha}=(C,)^{\hat{\alpha}}1^{\overline{\otimes}_{\leftrightarrow}f^{\prime}}2$ by Lemma 2.2. Thus
our theorem is proved. q.e. $d$ .

Corollary 2.4. If $a^{1}$ and $\alpha^{2}$ have the relative commutant property, then $\Gamma(\alpha^{1})+$

$\Gamma(\alpha^{2})\subset\Gamma(\alpha^{1}\otimes a^{2})$ .

\S 3. Joint action with pure point spectrum.

In this section we assume that von Neumann algebras are $\sigma- finite$ . To begin

with we shall discuss the pure point spectrum of an action.
For each action $\alpha$ of $G$ on a von Neumann algebra $\sim j^{\prime}$ we denote the set of

all eigenvalues of $\alpha$ by $\Sigma(\alpha)$ and the eigenspace corresponding to $p\in\Sigma(\alpha)$ by $\mathscr{M}^{-a}(p)$ .
Definition 3.1. An action $\alpha$ of $G$ on $\mathscr{M}^{\rightarrow}$ is said to have pure point spectrum

for a faithful normal state $\phi$ on $-j^{\nearrow}$ (resp. to have pure point spectrum) if the

linear span of $\mathscr{M}^{-\alpha}(p),$ $p\in\Sigma(a)$ is dense in $L^{2}(-\nearrow\nearrow, \phi)$ (resp. $\sigma$-strongly dense in $\sim A^{\prime}$).

The topology on $\leftrightarrow V$ induced from $L^{2}$-norm defined by $\Vert x\Vert_{\phi}=\phi(x*x)^{1/2}$ is weaker

than the $\sigma$-strong topology on $\leftrightarrow A^{\prime}$. Therefore, if $\alpha$ has pure point spectrum, then
$\alpha$ has pure point spectrum for all faithful normal states on $\sim A^{\nearrow}$. The converse
holds as the following:

Proposition 3.2. If either
(i) $\alpha$ has pure point spectrum for all faithful normal states $on\sim r$; or

(ii) $a$ has pure point spectrum for some a-invariant faithful normal state on
$A^{\prime}$ and $\Sigma(a)$ is closed,

then $a$ has pure point spectrum.

Proof. Let $\propto 1_{0}^{\prime}$ be the linear span of $\sim\parallel^{-a}(p),$ $p\in\Sigma(a)$ .
(i) Suppose that $-i_{0}^{\nearrow}$ is dense in $L^{2}(\mathscr{M}^{\wedge}, \phi)$ for all faithful normal states $\phi$ on

$\sqrt r$. If $\psi$ is a normal positive linear form on $\prime r$, then $L^{2}(r, \phi+\psi)=L^{2}(r$. $\Vert\phi+$

$\phi\Vert^{-1}(\phi+\psi))$ and hence $r_{0}$ is dense in $L^{2}(V\phi+\phi)$ . Since $r\subset L^{2}(-\parallel’, \psi+\phi)$ , if
$x\in_{-}4^{\prime}$, then for any $\epsilon>0$ and for any normal positive linear form $\psi$ on $\sim A^{\prime}$ there

exists an element $y\in_{\sim}A_{0}^{\nearrow}$ such that $\Vert y-x\Vert_{\phi+\phi}<\epsilon$ . Since $\Vert z\Vert_{\phi}\leq||z\Vert_{\psi+\phi},$ $-t_{0}^{\prime}$ is $\sigma-$

strongly dense in $\swarrow r$.
(ii) If $\phi$ is an a-invariant faithful normal state on $-r$, then there exists a

unitary representation $U$ of $G$ on $L^{2}(\cdot A^{\prime}, \phi)$ such that

$(U_{\ell}x|y)_{\phi}=(a_{\ell}(x)|y)_{\phi}$ , $x,$ $yer$ .
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Then $\Sigma(U)=\Sigma(\alpha)$ , where $\Sigma(U)$ denotes the set of all eigenvalues of $U$ whose
eigenvectors belong to $\mathscr{M}^{\prime}$. The spectrum $sP(U)$ is defined as the intersection of
all kernels of $\hat{f}$ with $U_{f}=0,$ $f\in L^{1}(G)$ , where $U_{f}=\int f(t)U_{\ell}dt$. Since $\alpha_{f}=0$ is equiva-
lent to $U_{f}=0,$ $sp(a)=sp(U)$ . If $\alpha$ has pure point spectrum for $\phi$ , then $\overline{\Sigma(U)}=sp(U)$ .
Since $\Sigma(\alpha)=\overline{\Sigma(\alpha)}$ by assumption, we have $\Sigma(\alpha\rangle$ $=sp(\alpha)$ . Thus $-t_{0}^{\prime}$ is $\sigma$-strongly
dense in $\swarrow r$. q.e.d.

Now we shall go into the main part of this section. We begin with the
definition of a joint action, [4].

Definition 3.3. Let $\beta^{1}$ and $\beta^{2}$ be actions of $G$ on von Neumann algebras $-4_{1}^{\prime}$ and
$r_{2}$ , respectively, and $\beta_{\ell}=\beta_{\ell}^{1}\otimes\beta_{-t}^{2}$ on $-4_{1}^{\prime}-\otimes r_{2}$ . Since $\beta_{\ell}^{1}\otimes\ell=\ell\otimes\beta_{t}^{2}$ on $(-r_{1^{\otimes_{-}}}^{-}\parallel\wedge 2)^{\beta}$ ,

the action $\beta^{1}\otimes\ell$ of $G$ on $(r_{1^{\otimes}}^{-}r_{g})^{\beta}$ is called the joint action of $\beta^{1}$ and $\beta^{g}$ .
Theorem 3.4. Let $\beta^{j}(j=1,2)$ be an ergodic action of $G$ on $-r_{j}$ and $\phi_{j}$ a

faithful normal state on $\vee\parallel_{j}^{\wedge}$ . If either
(a) $\phi_{\dot{g}}$ is $\beta^{j}$-invariant for $j=1,2$ ; or
(b) $\phi_{1}$ is $\beta^{1}$-invariant and $\beta^{1}$ has pure point sPectrum for $\phi_{1}$ ,

then
(i) the joint action $\gamma$ of $\beta^{1}$ and $\beta^{2}$ is ergodic;

(ii) the restriction of $\phi_{1}\otimes\phi_{2}$ to $(\mathscr{M}_{1^{\otimes}}^{\wedge^{-}}A_{2}^{\prime})^{\beta}$ is $\gamma$-invariant;
(iii) $\gamma$ has pure point sPectrum for the restriction of $\phi_{1}\otimes\phi_{2}$ to $(-4_{1}\otimes-4_{2}^{\prime})^{\beta}$ ;
(iv) $sp(\gamma)=\Sigma(\beta^{1})\cap\Sigma(\beta^{2})$ ; and
(v) if $\#(G, \mathbb{T})=\{0\}$ , then $(\cdot l_{1}\prime^{-}\otimes\sim A_{2}^{\prime})^{\beta}$ is abelian.

Proof. First we notice that each eigen space of an ergodic action is the set
of all scalar multiples of some unitary.

(i) If $(\beta_{\ell}^{1}\otimes\iota)(x)=x$ for $ x\in(-4_{\iota\otimes A_{2}^{\prime})^{\beta}}^{\prime^{-}}\iota$ then $(\beta_{t-}^{1}.\otimes\beta_{l}^{2})(x)=x$ for all $t,$ $s\in G$ .
Since $\beta^{1}$ and $\beta^{2}$ are ergodic, $x$ is a scalar multiple of the identity.

(ii) Since $\beta_{\ell}^{1}\otimes’=\ell\otimes\beta_{\ell}^{2}$ on ( $tA_{1}^{\prime}\otimes_{-\parallel)^{\beta}}^{--}2$ it is clear.
(iii) and (iv) By Lemmas 3.5 and 3.6 below.
(v) By (i) and (iii). q.e.$d$ .

Lemma 3.5. Let $\beta^{j}$ and $\phi_{j}$ be as in Theorem 3.4. If $\phi_{j}$ is $\beta^{\dot{f}}$-invariant for
$j=1,2$, then the joint action $\gamma$ has pure point sPectrum for $\phi_{1}\otimes\phi_{2}$ and $sp(\gamma)=$

$\Sigma(\beta^{1})\cap\Sigma(\beta^{2}).$ .

Proof. Since $\phi_{j}$ is $\beta^{j}$-invariant, we may assume that $\vee\phi_{j}^{\prime}$ acts canonically
on $L^{2}(\sim l_{\dot{f}}^{\wedge}, \phi_{j})$ and $\beta^{j}$ agrees on $r_{j}$ with a unitary representation $U^{tj\mathfrak{l}}$ of $G$ on
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$L^{2}(\ovalbox{\tt\small REJECT}_{j}^{-}, \phi_{j})$ :
$(U_{t}^{(j)}x|y)_{\phi j}=(\beta_{\ell}^{j}(x)|y)_{\phi j}$ , $x,$ $y\in.A_{j}^{\prime}$ .

Let $\{E^{tj)}(p):p\in\hat{G}\}$ be the spectral resolution of $U^{(j)}$ . Let $E$ be the projection of
$L^{2}(\mu\parallel\wedge^{-}1\otimes_{-}4_{2}^{\prime}, \phi_{1}\otimes\phi_{2})$ onto the closure of $(-t_{1}\prime^{-}\otimes \mathscr{M}_{2}^{-})^{\beta}$ in $L^{2}(-t_{1^{-}}^{\nearrow\otimes\cdot l_{2}^{-},\phi_{1}\otimes\phi_{2})}$ , and $P$

the projection onto the closed linear span of $\{u_{p}^{(1)}\otimes u_{p}^{(2)}: p\in\Sigma(\beta^{1})\cap\Sigma(\beta^{2})\}$ , where $u_{p}^{tJ}$

are the normalized eigenvectors of $\beta^{j}$ belonging to $p\in\Sigma(\beta^{j})$ . Then $P\leq E$.
We want to show that $E(1-P)=0$ . First we notice that each pair of $E,$ $P$,

$U_{l}^{(1I}\otimes 1$ and $1\otimes U_{\ell}^{(2)}$ mutually commutes. We put $F=E(1-P)$ . Since $(U^{(1I}\otimes 1)E=$

$(U_{l-i}^{(1)}\otimes U_{\ell}^{(2I})E$, we have

$\int\langle s, p\rangle(E^{(11}(dp)\otimes 1)F=\int\int\langle s, p\rangle\langle t, q-p\rangle(E^{(1)}(dp)\otimes E^{(2)}(dq))F$ .

If $f,$ $g\in L^{1}(G)$ and $\hat{g}(e)=1$ , then Fubini theorem implies

(3.1) $\int\hat{f}(p)(E^{(1)}(dp)\otimes 1)F=\int\int\hat{f}(p)\hat{g}(q-p)(E^{t1)}(dp)\otimes E^{t2)}(dq))F$ .

We may assume that $f$ and $\hat{g}$ have compact carriers and $0\leq\hat{f}\leq 1,0\leq\hat{q}\leq 1$ . The
spectral measure $E^{(1\mathfrak{l}}(dp)$ or $E^{(2)}(dq)$ is continuous at every point $p\in\hat{G}$ over
$FL^{2}(.A_{1}\prime^{-}\otimes-4_{2}^{\prime}, \phi_{1}\otimes\phi_{2})$ . Therefore, if the carrier of $\hat{g}$ converges to the unit of $\hat{G}$.
then the right hand side of (3.1) converges to $0$ . Because, the right hand side of
(3.1) is the integration by a product measure. Hence the left hand side of (3.1)

vanishes for any $\hat{f}$ with $0\leq\hat{f}\leq 1$ . If $\hat{f}\uparrow 1$ , then $F=0$ . q.e.d.

The proof of the following lemma is $esaenti\dot{a}$lly a copy of [4, Lemma $1.(1)$].

Lemma 3.6. Let $\beta^{j}$ and $\phi_{j}$ be as in Theorem 3.4. If $\phi_{1}$ is $\beta^{1}$-invariant and
$\beta^{1}$ has pure point sPectrum for $\phi_{1}$ , then the joint action $\gamma$ has Pure Point sPectrum
for $\phi_{1}\otimes\phi_{2}$ and $sp(\gamma)=\Sigma(\beta^{1})\cap\Sigma(\beta^{2})$ .

Proof. Since $\beta^{j}$ is ergodic, we can $ch\ovalbox{\tt\small REJECT} ae$ a unitary $u_{p}^{(\dot{f})}\in r_{\dot{J}}$ with $\beta_{l}^{j}(u_{p}^{(j)})=$

$\overline{\langle t,p\rangle}u_{p}^{(j)}$ for $p\in\Sigma(\beta^{j})$ . Since $\beta_{\ell}(u_{p}^{(1)}\otimes u_{p}^{(2)})=u_{p}^{(1)}\otimes u_{p}^{(2)}$ , it suffices to show that the
set of all $u_{p}^{(1)}\otimes u_{p}^{(2)}$ with $p\in\Sigma(\beta^{1})\cap\Sigma(\beta^{2})$ is dense in $L^{2}((\mathscr{M}_{\iota^{-}}^{-\otimes-\emptyset_{2}^{\prime})^{\beta},\phi_{1}\otimes\phi_{2})}$ .

For this we suppose that $x\in(.l_{1}\prime^{-}\otimes \mathscr{M}_{2}^{\prime})^{\beta}$ and

(3.2) $\langle(u_{p}^{(1)}\otimes u_{p}^{(2)})^{*}x, \phi_{1}\otimes\phi_{2}\rangle=0$ , $pe\Sigma(\beta^{1})\cap\Sigma(\beta^{2})$ .
Let $R$ and $L$ be the right and the left slice mappings on $l_{1}^{-}\otimes^{-}\cdot A_{2}^{\prime}$ ;

$\langle R_{\phi}(x), \psi\rangle=\langle x, \phi\otimes\psi\rangle=\langle L_{\psi}(x), \phi\rangle$ , $\phi e.l_{1.*}^{\prime}$ , $\psi\in.t_{2,*}^{\prime}$ .
We put $x_{p}=R_{\phi_{1}u_{p}^{\langle 1)*}}(x)$ for $p\in\Sigma(\beta^{1})$ . Then $x_{p}\in \mathscr{M}_{2}^{\wedge}$ . Since $\beta_{\ell}(x)=x$ and $\phi_{1}$ is $\beta^{1}-$

invariant, it follows that
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$\langle\beta_{t}^{2}(x_{p}), \psi\rangle=\langle(u_{p}^{(1)}\otimes 1)^{*}\beta_{\ell}(x), (\phi_{1}\otimes\psi)\circ\beta_{-\ell}\rangle$

$=\langle\langle t, p\rangle x_{p}, \psi\rangle$ , $\psi e_{-j_{2,*}^{\prime}}$ .
Therefore $x_{p}=\lambda u_{p}^{(2)}$ for some $\lambda\in$ C. If $p\not\in\Sigma(\beta^{2})$ , then $x_{p}=0$ . If $p\in\Sigma(\beta^{1})\cap\Sigma(\beta)$ ,
then (3.2) implies that

$\lambda=\langle x_{p}, \phi_{2}u_{p}^{(2)*}\rangle=\langle x, \phi_{1}u_{p}^{(1)*}\otimes\phi_{2}u_{p}^{(2)*}\rangle=0$ .
Consequently, $x_{p}=0$ for all $p\in\Sigma(\beta^{1})$ . Therefore

$\langle L_{\phi}(x)u_{p}^{(1)*}, \phi_{1}\rangle=\langle x_{p}, \psi\rangle=0$ , $pe\Sigma(\beta^{1})$ .
Since $\beta^{1}$ has pure point spectrum for $\phi_{1}$ by assumption, $L_{\psi}(x)=0$ for all $\psi\in-\parallel\wedge 2.*$

and hence $x=0$ . q.e.d.

We shall apply Theorem 3.4 to the results obtained in the previous section.

Corollary 3.7. Let $a^{j}$ be an action of $G$ on a factor $\mathscr{M}_{j}$ having the relative
commutant property. If either

(a) $\hat{\alpha}^{j}$ has an invariant faithful normal state on the center of $\mathscr{M}_{j}^{\wedge}=\mathscr{M}_{j\alpha}\times jG$

for $j=1,2$ : or
(b) $\hat{\alpha}^{1}$ or $\hat{\alpha}^{2}$ has pure point spectrum for some invariant faithful normal state

on the center,

lhen the joint action of $\hat{\alpha}^{1}\uparrow C_{-\nu_{1}^{-}}$ and $\hat{\alpha}^{2}\uparrow^{c_{\vee}}$, has Pure Point sPectrum for some
invariant faithful normal state.

Finally we shall give some examples.

Example 1. Let $\leftrightarrow\ovalbox{\tt\small REJECT}$ be a factor and $\{\mathscr{M}, G, a\}$ a covariant system. If $\Gamma(a)=\hat{G}$,
then $\mathscr{M}\times_{\alpha}G$ is a factor, [3, Corollary 3.3.4]. Therefore, $\{\mathscr{M}\times\alpha G,\hat{G},\hat{\alpha}\}$ is a co-
variant system with $\Sigma(\hat{\alpha}\uparrow C,\times\alpha^{G})=\{0\}$ .

Example 2. Let $\Lambda$ be a subgroup of $G$ endowed with a discrete topology and
$\hat{\Lambda}$ its dual group. Let $\Theta$ be an action of $\hat{G}$ on $L^{\infty}(\hat{\Lambda})$ defined by

$(\Theta_{p}f)(\omega)=f(\omega+p)$ , $\omega\in\hat{\Lambda}$ , $pe\hat{G}$ ,

where $\hat{G}$ is embedded in $\hat{\Lambda}$ by the canonical homomorphism. Let $\tau$ be the faithful
normal state on $L^{\infty}(\hat{\Lambda})$ induced from the normalized Haar measure. Then $\tau$ is
$\Theta$-invariant. Here, we set $ f_{\ell}(\omega)=\langle t, \omega\rangle$ for $ t\in\Lambda$ . Then $f_{\ell}\in L^{\infty}(\hat{\Lambda}),$

$\Theta_{p}(f_{l})=\langle t, p\rangle f_{l}$

and $\{f_{\ell}:t\in\Lambda\}$ spans $L^{\infty}(\hat{\Lambda})$ . Therefore $\Theta$ has an invariant faithful normal state and
pure point spectrum. For instance, if $G=R,$ $\Lambda=Z$ and $\hat{\Lambda}=\mathbb{T}$, then $\theta$ is ergodic.
Moreover, $\{L^{\infty}(\hat{\Lambda}),\hat{G}, \Theta\}$ is a covariant system with $\Sigma(\Theta)=\Lambda$ and Ker $\Theta=\Lambda^{\perp}$ .

Example 3. We combine the above two examples. Let $\mathscr{M}^{\rightarrow}=(\mathscr{M}\times\alpha G)\otimes L^{\infty}(\hat{\Lambda})-$



ON CONNES SPECTRUM $\Gamma$ OF A TENSOR PRODUCT 199

and $\beta=\hat{\alpha}\otimes\Theta$ . Then $\{-\rho\nearrow,\hat{G}, \beta\}$ is a covariant system and $\beta$ is dual to some action,
[6]. Therefore $t\leftrightarrow 4^{\prime}\times\beta\hat{G},$ $G,\hat{\beta}$} is also a covariant system with $\Gamma(\hat{\beta})=Ker\beta\uparrow^{c_{\vee}}t^{\prime=}$

Ker $\Theta=\Lambda^{\perp}$ , (By [3]) and $\Sigma(\beta\uparrow C_{-j^{\prime}})=\Sigma(\hat{\alpha}\uparrow C_{\vee x_{a}G})+\Sigma(\Theta)=\Lambda$ . If $\Theta$ is ergodic, then
$ G(\hat{\beta})=\Lambda$ by Corollary 1.2.

In particular, if $\Theta$ is ergodic, then $\beta$ is ergodic on $C,$ . If $\Gamma(\beta)=G$ in ad-
dition, then $\leftrightarrow\parallel^{-}\times\beta\hat{G}$ is a factor.

\S 4. Applications to type III factors.

In this section, we define a new type for $\sigma- finite$ von Neumann algebras and
apply the results in the previous sections to the type classification of tensor
products of factors.

Now, we define a new type of factors of type III by the following.

Deflnition 4.1. Let $\alpha$ be an action of $G$ on a a-finite factor -,. For a sub $\cdot$

group $\Lambda$ of $\hat{G},$
$\{\mathscr{M}, \alpha\}$ is of type $\Lambda$ , if $\hat{\alpha}\uparrow C_{\vee\times\alpha^{G}}$ admits an invariant faithful normal

state $\phi$ and has pure point spectrum $\Lambda$ for $\phi$ . In particular, if $\alpha$ is a modular
automorphism and $\{\mathscr{M}, \alpha\}$ is of type $\Lambda$ , we say that $*\mathscr{M}$ is of type $III^{A}$ .

We note that $III^{(2\pi/\log\lambda)z}=III_{\lambda},$ $0<\lambda<1$ , and $III^{\{0\}}=III_{1}$ . Then we obtain the
following:

Theorem 4.2. (1) Let $\mathscr{M}_{1}$ be a $\sigma- finite$ factor of type III and $X$ be any $\sigma-$

finite factor. Then $-\ovalbox{\tt\small REJECT}_{1}\otimes^{-}-\ovalbox{\tt\small REJECT}_{2}$ is of type $II1^{4\cap T(\prime_{2})}$ .
(2) Let $\mathscr{M}_{i}(j=1,2)$ be $a$ a-finite factor with a modular automorphism group

$\sigma^{j}$ . If $\{C_{\vee j^{X}o^{jR}}, \theta^{j}\}(j=1,2)$ admits an invariant faithful normal state, then
$\mathscr{M}_{1^{\otimes-}}^{-}\ovalbox{\tt\small REJECT}_{2}$ is of type III $T(X_{1})\cap T(X_{2})$

The proof is evident from Corollary 3.7, since $\sigma^{j}(j=1,2)$ has the relative
$\ovalbox{\tt\small REJECT} mmutant$ property $[3, Th\ovalbox{\tt\small REJECT} rem2.5.1]$ .

Corollary 4.3. [4] Let.$\mathscr{M}$ be a $a$ finite factor and $T(\mathscr{M})$ be the T-set of $\mathscr{M}$.
(1) If the tensor prOduct of $\mathscr{M}$ and $a$ a-finite factor of $tyPe$ $III_{\lambda},$ $0<\lambda<1$ , is

isomorphic to $\mathscr{M}_{1}\leftarrow$’ is of type $III_{\lambda^{1}}/k$ for some integer $h$ , or of type $III_{1}$ .
(2) The tensor Product $of-\mathscr{M}$ and a $\sigma- finite$ factor of type $III_{\lambda},$ $0<\lambda<1$ , is

also of $tyPeIII_{\lambda}$ if and only if $2\pi/\log\lambda\in T(\rightarrow\ovalbox{\tt\small REJECT})$ .
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