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1. Introduction. Let {&;} be a sequence of random variables defined on a
probability space. Let .. denote the o-algebra of events generated by &, - - -, &.
We call {&;} a sequence of martingale differences (md) if E|&;]<oo and E{&;|-2Z 5" =
0 for each .

Let D=D [0, 1] be the space of functions on [0, 1] that are right-continuous
and have left-hand limits. We assume that D is endowed with Skorokhod J;-
topology. (cf. Billingsley [I]).

Set

Si= _f:ls,- and  S$,=0.
Let "~
w={w(t): 0=t<1})
be a standard Wiener process.
A sufficient condition for the validity of a weak convergence theorem of

20

is known when {§;} is a sequence of identically and independently distributed
random variables. (Skorokhod and Slobodeneuk [4]).
In this paper, we shall consider a sufficient condition to ensure

n—1 i Si 51;_1 i)) 1
i}glf ”(‘n Vi) vn Sof(t, w(t))dw(t)

where {&;} is a sequence of md.

2. Conditions and the main result. In this and the following sections, we
shall denote by the letter K, various absolute positive constants.

Let Fy be the space of functions defined on [0, 1]x R" satisfying the following
condition; there exists an absolute constant M such that for fe Fy, f and its

derivatives satisfy inequalities of the form
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2.1) |Df(s, 2)| = M(1+12{%)
where D denotes either the identity operator or a first derivative and « is some
positive constant.

Remark 2.1. If fe Fy, then it is obvious that
(2.2) s, ) —f(s, &) = M{|s—s'|+|o—a'}{1+max (2l |2|")
Further, if fe Fy and f(¢, 2)=0 (Jz|>C) for each t€[0, 1] and for some C, then
2.3) |£(s, ) —f(s', &) =MQA+CY)|s—5|+]e—=z]} .

We shall consider the following conditions:

Condition (A). {&)} is a strictly stationary, ergodic sequence of md with
Efi=1.

Condition (B). {&;} is a sequence of md for which

(Bl) E&i=1 (i=1,2,---),

B2) E|&[P°<K (i=1,2, ---) for some 6>0, and

(B3) Eln—l2:15{531.,/?_2}—11 =Bn) |0 (n—o00).

Remark 2.2. It is known that under Condition (A) or (B)

? 1

(2.4) lim Pz V28, < )= @(ng i
—c0 T

Th—> 00

e—yZ/Zdy

for all z. Furthermore, all finite dimensional distributions of the form (n*”ZS[ntl], -e,
7 "S(,,7) converges weakly as #—oo, to those of a standard Wiener process w=
{w(t): 0=t=1} where [s] denotes the largest integer p such that p<s. (cf. Brown

and Serfling [1]).

Theorem. Let {5} be a sequence of random variables satisfying Condition (A)
or B). Let fueFy n=1,2,---) and fe Fy. Assume that for each se|0,1]

(2.5) Df.(s, )= Df(s, ) (1n—c0)

uniformly in x on every finite interval. Then

Sa(f ) S\
(2.6) S gy S\ A wendu .

Here, the stochastic integral in (2.6) is taken in the L’ sense.

3. Some lemmas. In this section, we shall prove some lemmas.

Lemma 3.1. Let foe Fy n=1,2, --:). Let u, n=1,2, ---) be functions such
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that for some C(C>0)

(3.1) Hn(s Q’/') AC)(S x) {fn(sy ﬂ;) lf (S, x) € [07 ]-]>< [—C’ C] (ﬂ:l, 2, .o -) .
0, otherwise,

Let (&} be a sequence of md satisfying Condition (A) or (B). Let {to, t1, ---, 1.} be

any collection of nonnegative numbers such that 0=t,<t,<---<t,=1. For any

e>0, put

ln—1 i
(3.2) Pl(v 7> 72) P<’Z un( ’ T1>37‘] Z un(tp T[nt ]) (Trnt]Jrl] T[ntj])i>5>

vVn j=1

where y= max (tj.l—t) and T;=n"""*S;. Then
0=5=b
(3.3) lim lim Pi(s, 7, 12)==0.

710 n—co

Proof. For N>0, define

< if [G=EN,
0 if [&[>N,

and put o
pi=n" & — E&| 72
and . —1/24 o —1/2re = - Z picl
Si—n Si— 1 —N [§i—&i—E{&—&i|-725 .

For brevity, we write Y ;, instead of ‘[”’[f;;l} .- Then
n—1 ; b—1 ! B
(3-4) Pl(sy 7, 71)§P< Z Z‘n( n ’ T7,>77z\1* 2 l"n(tjy T['nlj])‘y(ji 77@'&1‘12 2>
! 7=0 |
;n»l l . b-— H e
+PQ > zf,n(n, L-)ci - z s, Tens) ¥ i5ienn = )
For every i ([nt;]<i<[nt; .]) let

. .
‘,fij::U”<‘7'z , 7i>”‘—”n(tj, 7[nt_,']) .

Since for i ([nt;1<i<[nt;.\]) and i’ ([nt; =i <[nt;..]) (G<i’)
E{vaz IVi’j’Z'z',’*l}:"E{Vuﬂ 11[1 j'b l] / } 0

and similarly
E{ V’LJ;% IVii]-/‘:i’»‘;j}:':O s

so from it follows that for all n sufficiently large

P
%~ 2

bh-—1 .
@5 EX un<n~, ¢>7,‘i»1* % taltsy Trar)¥ i

>ll

= Jj=

b—1 o b—1 ;
Al -~ 2 2 - 2 —1 v 2
p— .ZO_\(J’)EJV[;,V/“,]};N n Z A}v(]ElVLJl
=
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2 105 ¢ i [2
=KN'»n™" 3 “«m{[n—fj +E| Ti_“T[ntjjlz}
j=0 i

b1 L.
=KN*»™! _Z,‘O{(tjﬂ—tj)z([ntj,;.,l]—[nt,-])—}—)l(,-,n "i—[nt;])
~=
b—
=KN*x'y _Z::([ﬂtj( J—[nt,N=KN°y .
~=

On the other hand, since u, is bounded, so

2

n—1 ; b-1

(3.6) E' -21 14n<‘; , Ti)Ci.‘-l'— _ZU Unltis Tene )2 (5 ivs
= 7=

b—1 : 9 o hln—l =g

— ZOA\I(J)ElI/IJSL‘lIéKn .ZIE§L

i= o=

where &;=¢,—Z;,, Thus, from (3.5) and

3.7) Pi(e, 7, n)< K< *[N’r+ max EE).

1sis=n

If Condition (A) is satisfied, then

max E&i=E&Z=0(1) (as N—oco)

l=sisn

and if Condition (B) is satisfied, then E|%;|*"° is uniformly bounded and so

max ESI<KN~° .

1fisn

Hence, letting firstly #n—co, secondly y |0 and then N—co, we have the desired
result, when either Condition (A) or (B) is satisfied.

Lemma 3.2. Let f and f, n=1, 2, ---) be functions defined in Theorem. Let
u=f'"" be the function defined by

u(s, x):{f(s, ®) i (s2)el0,11x[-C, (],

0 otherwise ,

where C>0 is some constant. For any >0, put
b—1
(3-8) Pz(sr 7s 72):P([ ZO un(tj; T[ntj])(T[ntji 13 T[ntj])
=
b1
— ZO uts, Tone ) (Tiney 13— Trae ) >6)
i=

If for each se[0,1] u.(s, £C)—u(s, +C) (n—o0), then
(3.9) lim lim Pe(e, 7, n)=0.

710 n—oeo

Proof. We use the same notations as the ones in the proof of Cemma 3.1. Let
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vj(w):un(tjy W)*u(tj, x) (]:O) 1’ Tty b) .
Since

E{(Tturs, 13— Tene )’ 7583 =013 ; E(§Y). 72205y
so, noting that #, and « are uniformly bounded, we have
b—1 b—1 2
EI jzoun(tjy T[ntj])( T[ntj,”]hT[ntj])“ EO u(tj; T[ntj])( T[ntj,;_lj"' T[ntj])l
= =

b—-1 .
= 3 E(loi Trne )02 5 ELEY 72503

j=0
b1

=KX <ti a—tit ,1{)E\{[7¢Ifje1]—[nij]}"l-‘-7~f)E{$§l~ 7 —1)
]=

b—-1
+ % (tm—tj+ 1)Elvj(T[m,-])|2
i=0 n
=P 4+ PP (say).
Now, we shall show that under Condition (A) or (B)
(3.10) lim lim P{"=0 .

710 n—ooo

We first note that

(3.11) ;“gK<1+Z) max El{[nt; ] —[nt;)) 25 EE 7 —1] .

0sjsb-1

If Condition (B) is satisfied, then, from (B3) and [3.11), [3.10) follows. On the
other hand, by Jensen’s inequality

Em™ 3 (& 7%.)—~1|<Elm™ fl &1,
i=1 =

So if Condition (A) is satisfied, then by the mean ergodic theorem the right-hand

side of tends to zero as n—oco. Thus, is obtained.
Next, since by v;(x)—0 uniformly in z € [—C, C] for each j (0=<j=<b—1), so
c

Elvj(T[m,-])!Z:S v;(@)|*d Fj(x)—0
c
where F; is the df of T;,.;;. Hence
b—
(3.12) P;(z2)§K5—2 21 E]'U_,'(T[ntj])lz'ﬁo (n—oo) .
i=0

Combining [(3.9), (3.10) and [3.12), we have the desired result.

Lemma 3.3. Under the conditions of Lemma 3.2

b—-1 b—1
(3.13) jZ':J uti, Trne;)(Tines, 30— Trnez0) % 2 15 w(t))(w(t; 1) —w(t;)
- i=

as n—»oo,
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Proof. Since u is continuous, so from Remark 2.2 easily follows.

Lemma 3.4. Under the conditions of Lemma 3.2

(3.14) P(‘ "z:: w0ty w(E )0 1) —10(t)) — Sl ult, w(t)dw(E) > s>—~>0

Jor every ¢e>0 as y | 0.

Proof. We note that

o
2

J=E 'S ults, wlt:))aw(t; )~ w(t,)— S ult, w(t)du(d)

!

2 E (7 e, wity— s, ity

‘tj

Stjh Elu(t, w®)—ult;, w(t,)dt .

From [2.2) it follows that for each ¢ (t;=t={;.,)
Elu(t, w(t))—ult;, w(t;)[*
= KE((t—;)" +1w(®) — w(t) H1 + [0(t) — w0(£5) " [ao(t)*")
< K[E{(t—1,)" -+ w(t) — w(t;) Y Elw(t;) 2+ 1)
HE((t— 1) 00(t)— w(t) P+ lw(t) —wit;)[ )
éK(If—tj) (j:O, 1, ---,0).

(SRS

=0
-1

I

=0

Hence, we have

t.
Tt tpdt= K
;

which implies [3.14) and the proof is completed.

b—1
JEKE S

t

4. Proof of Theorem. For any C>0, let f'“ and f.“ (2=1,2,---) be
functions as in the preceding section. Then, for any ¢>0

R pAGE Ty S: A, wO)dtt) <)

[m— . ; & 1 i
§P< bl f;“( ¢ T%-)“f'l —-S o, w(t))dw(t)bs)
| iz n vau Yo

+P(1§u£ [Ti[>c)‘}‘P(OSSl:IS)1 lw(®)]>C) .

Let {C,} be an increasing sequence of positive numbers such that Cnloo. If
Condition (A) or (B) is satisfied, then S,, S, ---, S, are martingale, and so

(4.2) lim P(max |Ti>C,)= lim (cmn”z)“lg IS, |dP
Cm—ee Cm—eo {155

1€isn y 1/2
215 g(/m'n 7=}

= lim C,’»n 'ES.=0.

Cm—mo
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On the other hand, we have

(4.3)

P(sup |w(t)|>C,)—0 (Cp—o0).
0=st=1

Hence, the proof is obtained by Lemmas B.1+3.4 and (4.1)-(4.3).

(1]
(2]

[31]
[4]
[5]
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