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ABSTRACT. The weak solutions of the Cauchy problem for symmetric hyper-
bolic systems of discontinuous coefficients with the following fact that the
coefficients and their derivatives in distribution sense are bounded is vanishing
almost everywhere in a strip domain if the weak solution is vanished at some
time in the strip domain. The weak solutions of the same equation are also
uniquely determined by their initial conditions.

§1. Introduction.

Gel’fand proposed the study of existence and uniqueness of solutions to
the Cauchy problem for linear hyperbolic equations whose coeflicients are possibly
discontinuous. Hurd and Sattinger proved the existence theorem for the case
of first order hyperbolic systems in several space variables and the uniquences
theorem in the case of one space variable, they remarked that the uniqueness
theorem may be extended to the equations in several variables, it requires some
stronger assumption in place of the conditions given in the case of one space
variable. Recently, Hurd proved a theorem about uniqueness for weak solu-
tions of symmetric quasilinear hyperbolic systems of one space variable and the
author proved the uniqueness property by exponential decay of weak solutions
for hyperbolic systems of first order with discontinuous coefficients. In this note
we present some conditions for the uniqueness property of the weak solutions of
hyperbolic systems in several space variables in which the energy inequality men-
tioned in Lai [7] is available, we can also easily apply to show the existence theorem.

§2. Notations and preliminaries.

Most of the notations are the same as in Lai [7].
Let #=(x1, 23, «* -, ,) be a point in the n#-dimensional Eucliden space E" and
t a point on the real line (—oo, o0). We denote by Z the half space {(x,?);
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(z, t) € E*X[0, o0)}. The hyperplane ¢=r is denoted by H.. |
For two (vector-valued) functions #=(u1, %, - -+, ;) and v=(v1, vy, *--, v;) de-
fined in 2, we put

<, v>= t}_i.‘lu;v; and  [ul’=<u, 1> .

Let L*(<2) be the Hilbert space cOhsisting of all measurable functions #=
(%1, %z, -+ -, u;) for which

“ |u)*dxdt < o ,
z
and denote
(s, u)=nun’=“ |ul*dwdt .
2

In the following f € Lio(2) for a function or a vector-valued function f defined
on a region 2 in some Euclidean space means that f or every component of f is
square integrable on every compact subset of £.

Consider a linear operator L of the first order of symmetric hyperbolic systems
defined as follows

_Ou 2 0 ‘
where A* (i=1,2, -+, n) are Ix! symmetric matrices, B is an /x! matrix.

We say that a vector valued function # e L},.(2) is a weak solution of the
‘Cauchy problem

(2) ‘ Lu=0,  u(x, 0)=¢(x)

for the Cauchy data ¢(x) € Lio(H,) if it satisfies (2) and
(3) S: SH. [<u, %:1> + i2::1<A"u, —ai—>—<Bu,, go>:| dxds
+| w0, °)>d”_“m G, p>dw=0
0

for any ¢>0 and any ¢ € C'[0, oo; Hy'*(E™)], where the space Hy'*(E™) is the closure
of C5(E™) by the norm

lot,oh=({ | 3, iDtolds) "

and the space C'[0, co; Hy'*(E™)] consists of all functions ¢ with the following
properties: ’
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(i) ¢ is measurable in E"

(ii) for almost all ¢ ¢ [0, o), the function ¢(,?) in = belongs to Hy*(E") and
(iii) the norm [¢(-, #)]; as a function of ¢ belongs to C([0, o).

Let wy(x, s) be the mollifier defined as in and put

Sfilz, O)=frwiz, 1)= SS I, swz—y, t—s)dyds .
4

Then one sees that fi (k=1,2, ---) is infinitely (many times) differentiable in &
and f, tends to f in the L?-norm ($>1) on very compact subset of Z as k tends
to infinity. By this way, we put A.(s, t)=(a¥i(z, t)) for a matrix A(z, t)=(a:i(z, t))
with a;; € Lioo(2) and a¥i(x, t)=ai*wy(x, t). Therefore we can obtain the smoothed
sequence of systems

(4) Lku=%+z (Al +Bu=0.

In this note, we shall suppose that the coefficients in the system Lu=0 would
statisfy the following conditions:

(i) The coeflicients A’, B and their first derivatives in the distribution sense
are bounded in Z.

(i) Let dt=t'—t, dwi=wi—x; and LA'=A(x:, @a, -~ Thy - =, B0, ) — A’
Tsy ***y Tuy £),

then there exist nonnegative locally integrable functions v(#), #i(f) =12, ---,n)
bounded in [0 oo) such that in &

KBE, & <u(t)E, & , K" A e>|<;a<t)<e, &

(¢=1,2, ---,n) for any vector ¢&.
By the condition (ii) there exists a function px(?) € Lo ([0, o)) being bounded
and satisfying

(5) (B3 E5 24 ¢ 6 |<mce,

for any &, where B, A} are smoothed matrices respectively for the given matrices
B and A® (see [7; Lemma 1]).

Accordingly Lemma 3 and Lemma 4 in Lai [7], and from the Cauchy problem,
we obtain

a:»;

=9 54t _pro
(6) { Liwp =5, + 2 4k Bip=F

o(z, 0)=¢(x)
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for any given ¢ € Co(E™) and F e C(Z) with compact support, one can obtain the
energy inequalities

(7) Lt <, p>dz+ S: SH.<¢, ¢>d:§ds < e“'(Lo b, $>dz+ S: SH. <F, F>da:ds)

and o
(8) S (|¢|”+|D‘sol”)dw+§§ (Ipl*+|D*p[")dads
Hy o Ju, ,
t
sCe“‘U (1 + |D‘¢|2)dx+H (F*+ |D‘F|2)dxds]
Ho 0JH, .

for some constant C and sufficient large number 2, where

ou [°
1| 0x;

Du=Y -—— and |Du [_.

Hence for the solution ¢, of the Cauchy problem

LkaD =F

(9) { o(x, 0)=0

with the given function Fe C”(2) having the compact support must have the
properties that the integrals

4 t
(10) S S {or, ox>dwds  and S S 99 a‘°’°>d ds
0 JH, o ox;’ Ox,

are uniformly bounded (independent of k). The solution ¢, of the Cé.uchy problem
(9) sufficiently smooth and has compact support, one can choose such a function as
the test function.

§3. The main theorems.

Theorem 1. Let I' be the differential operator defined in (1) and satisfyihg
the conditions (i) and (ii) in §2. Suppose that u is a weak solution of the Cauchy
problem

a1) { Lu=0

¢'(50) € L?oc(Ho) and thdt
(12) u(z, T)=0

in Q=E"X[0, T]. Then the weak solution u e Lio(2) of (11) vanishes almost every-
where in Q. ’
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Proof. Let ueLi.(2) be a weak solution of satisfying u(x, T)=0 for
large T for which a given function F has compact support in E*X(0, T).
Let ¢, (k=1,2, .--) be the solution of

i
4

_0p , 2 400 ok

(13) o(x, 0)=0,
0<t<T, where Ai and B} are the smoothed matrices associated with the matrices

A® and the transpose matrix B* of B respectively. Evidently, ¢, € C5((2) and so

“ Cu, F>dwdt=§§ > A‘%—B:¢k>dxdt+“ <u,—a—?i xdt
2 2 i=1 0% 2 ot

T ® .
=§ S <u 5 A;a¢k—Bt¢k>dxdt
0 JH; i=1 awi‘

T . .
_S S u, ¥ A‘__aﬂ
o Jm, i=1 0z

- S Cu(, 0), iz, 0)>dw+§ <z, T), pul, T)dda
Hy Hy

—B*gok>dxdt

since u# € Lio.(2) is a weak solution of [I11). Since ¢u(x, 0)=0 and u(x, T)=0 in 2,
we obtain '

T

(14) “9@, F)dwdt:S SE <u Z (AL— 4502 xdt+§TSH Cu, (B*—Bowddudt .
t - t

° 0x; 0

As Ai—A* and Bi—B* in Linorm on any compact set when k—oo and the
integrals (10) are uniformly bounded (independent of %), the limit of identity (14)
tends to zero when k—oo, i.e.

SSO Cu, Fydadt=0 .

Since F is arbitrary function in C”(&) with compact support, we obtain
#=0 a.e. in any compact subset of E"X[0, T].

This proves the theorem. Q.E.D.

Under the assumptions (i) and (ii) in §2, one sees that the conditions I through
out VI of Hurd and Sattinger [4] hold. Hence the existence theorem of weak
solutions of holds and then the weak solution in is actually existed.
One can show also sxistence theorem by applying the energy inequalities (7) and (8).

is a uniqueness theorem from backward continuation. The analogue
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uniqueness theorem also can be determined by their initial conditions in several
space variables under the same conditions on the discontinuous coefficients. It is

. ”»
an essential reason to have that the mean square norms of ¢; and ;_:la-¢k/ax¢ are
uniformly bounded on compact subsets of 2. We will show the following theorem.

Theorem 2. Suppose that the coéﬁ‘icients of (1) satisfies the conditions (i) and
(Gi) in §2. Then the weak solutions of the Cauchy problem of the symmetnc
hyperbohc systems

ot  i=10x;
- w(z, 0)=¢(x)

() € Lio(Hy), are uniquely determined by their initial condition.

au N
———A B 0
an { % 3 9 Abyyt Bu=

Proof. Let u,(x,¢) and us(x, t) be two weak soiutions of with the same
initial condition ¢(z). We will show that if the vector function F(z,?)e C™(2)
with compact support contained in >0, then

S SQ (ul—zg,,, F)dxdt%O

and hence proves that #;=u, a.e. in Z=E"X][0, o).

By the same arguments as in §2, we will assume- that w; is the standard
runolliﬁér”v‘vithksupport in |2/*+#*<1/F* and hence, it can be constructed for each
k=1,2, ..., the vector valued functions ¢.(x, t)=w;*p(z, t), W1th gp(x, t) € Lise(2),
satlsfymg the linear system

aSDk 1.
(15) o+ 5 AL z
gak(x’ t)=0

where T can be chosen so that the support of F is assumed to be below #=7T,
i.e. supp FC E" %[0, .T] for large 7. This is achieved by solving the system

—‘B*¢k=F

i%l ZIA‘(x,T t)a¢k(x, t)+Bi(zx, T— t)¢k(x, t)=—F(z, T—1)

for the vector Pi(z, t) in & with initial conditions
| Ful@, 0)=0

and then putting go,,(a:, H)=@(x, T—t). By classical exxstenoe theory guarantees
that the solution @i(x, f) exists, so does the solution ¢(x, ) of [(I5) and it is dif-
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ferentiable in any order, and has support” contained in a compact set which is
independent of 2. Hence ¢u(x,f) can be as a legitimate test function. By the
definition of weak solution for the Cauchy problem, we obtain

ul-—z;;,% dedt=—\\ Z,:I Af(uy—us), 9 xdt+ (Buy—us), prydxdt
|, (e G pasti=={{ £, yearfl,

ot ox
+ S {uy—us, o, T))dx— S {P(x)—P(x), prydx
Hp Hy

:——SS <u1~—uz, ﬁ A*_a?l_>dxdt+sg <u1__u2, B*¢k>dwdt .
z i=1 0w >

Thus

<u1—uz. ) (A;;—A‘)a“”‘+(B*—B:)¢,,>dxdt .
i=1 o0x;

(16) “g {ty—us, F)dacdt=ss

z

Since for each k&, supp¢, lies in a fixed compact subset of &, u; and u, are
locally in L*2) and the coefficients A% and B (transpose of B,) converge in L*-
norm on compact subsets of 2 to the coefficients A° and B* respectively, one
sees immediately that the right hand side of (16) approaches zero as k—oo if we
can show that

SS {pir puydadt  and SS 3 (e %yxdt
z =1 awi ax'-

are uniformly bounded (independent of k) on compact subsets of 2. Fortunately,
it follows from the energy inequalities mentioned in Lai [7; Lemmas 3 and 4].
Hence the proof is completed. Q.E.D.
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