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H. Herrlich, has defined in [1], a Tychonoff space X to be k-compact for
an infinite cardinal k, if each ultrafilter of zero sets in X such that the inter-
section of every collection of less than ¥ members of it is non-void, is fixed.
(cf. also [2] (130)). In this paper, we give a net characterisation of the same.
That this is not got by a direct translation of ‘filters’ into ‘nets’, is evident
from the generality of our definition of Z-nets.

The author wishes to thank Dr. T. Soundarajan, for the guidance during
the preparation of this paper.

Our proof depends on a characterisation of k-compactness due to Husek ([3)),
which is given below. We recall that a space X is FE-compact (E being any

space) if X can be embedded homeomorphically as a closed subspace of a power
of E.

0. Result. (M. Husek) ([3]) (Theorems 1 and 2).

(@) Let k be a limit cardinal number >,; and let M be a cofinal set of
infinite cardinal numbers less than k. Assume that for each me M, there is a
topological space E, such that the E,-compact spaces are just m-compact spaces.
Then (..l;‘[x E,)-compact spaces are just k-compact spaces.

(b) Let E,,=I*—(p), where I=[0,1] with the usual topology, k* the cardi-
nal number next larger to the infinite cardinal number % and peI*. Then E,,-
compact spaces are exactly k*-compact spaces.

1. Definitions. A net S in a Tychonoff space X is said to be a Z-net if
given any zero-set E, the net S is either eventually in E or eventually in the
complement of E. Also S is said to be k-directed for an infinite cardinal k&, if
the directed set D on which S is defined, is %-directed; that is, if given any
{diesr a subset of D such that |J|<Fk, there exists an element deD such that
d>d, for every z€J.

2. Theorem. A Tychonoff space X is k-compact for an infinite cardinal
k, if and only if it has the following property (P,).
(Py)=every k-directed Z-net in X is convergent.
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Proof. (Sufficiency). Suppose X has (P,). Let & be an ultrafilter of zero-
sets in X such that the intersection of every family of less than k¥ members of
it is non-empty. Let ¥={AC X|A=aQAF,, F,e &, |41<k}. Then clearly FC&,
For each Ge ¥, choose a point g€ G and define S(G)=g. Then S is a net on G
which is k-directed; and S is eventually in each Ge€ ¥. Also S is a Z-net since
given any zero-set A, either Ae #C ¥, or there exists Be 5 C ¥ such that
AcCecB, since & is a Z-ultrafilter. So, by hypothesis, S converges to (say) pe X.

Let Ec <. Now E is a closed set, S is eventually in E and S converges to
p imply p€ E. Hence peE er} E and hence & is fixed. Thus sufficiency is proved.

(Necessity). Step (i). First we note that spaces having property (P) form
a closed-hereditary productive family. Let X be a space having property (F;)
and let A be a closed subset of X. Let S be a k-directed Z-net in A. Then
it is clearly a Z-net in X and so converges to (say) » in X. But since A is
closed p€ A. So A is also having (FP).

Now let (X,)qes be a family of spaces each having (P,). Let S be a k-
directed Z-net in II X,. If =, is the projection onto X,, then =,oS is a k-direct-

aed

ed Z-net in X, (it is a Z-net since if U, is an open set in X,, then =;'(U,) is

an open set in 1'.1, X.). So m,°S is convergent to (say) p.< X,. Now S converges
ae

to p=(Pa)acs. Thus II X, has (Pp).

Thus Step (@i). "o ,

Step (ii). If a Tychonoff space X has an a-base, that is a base < for its
open sets such that |&Z|<a, then X is a-Lindelof, that is, every open cover of
X has a subcover of cardinality <a, and so it can be easily proved that X has
(Pat). |

In particular, I*; where I=[0,1] with the usual topology has a base of cardi-
nality % and hence is hereditarily k-Lindelof, so that I*—(p) as described in
Result 0, is %-Lindelof and so has (P,+). Now by Step (i), and using Result
0 (b), it follows that if X is k*-compact, then X has (P;+).

Step (iii). Let k={,. Then Fk-compactness coincides with compactness.
That compactness implies (Py,) follows easily.

Step (iv). Let k be a limit cardinal >{,. Then we can find a cofinal set
M in the set of infinite cardinal numbers less than % such that each me M is
a non-limit cardinal, so that we can write m=m; for some infinite cardinal m,.
Now let X be k-compact. Then by Result 0(a), X is (MEIM E.)-compact where E,,
is m}-compact, and so by Step (ii), E, has (P,,,f), that is (P,). But it is easy
to see that (P,) implies (P,) since m<k. So for each me M, E, has (P). Now
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by using Step (i), it follows that X has (P,).
This completes the proof of the theorem.
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