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1. Introduction.

At various stages in the formal development of a mathematical theory in
many-valued logics, new formation rules and postulates are added to a given
formal system to obtain another system. In this paper, some theorems in many-

valued logics demanded under such circumstances shall be proved generally and
syntactically.

2. The formal system of many-valued logics.
We shall introduce the system M-LK formulated by M. Takahashi [1], which
generally represents many-valued logics.

2.1. Truth values and primitive symbols.
Let M be an integer >2. We take the set T of all the truth values;

T={,2,---, M}.

M-LK contains as symbols, denumerably many free variables a,b,---,
denumerably many bound variables z,%,---, function letters of rank k
(k=0,1, ---), predicate letters of rank k (k=1, 2, ---), propositional connectives of
rank k (k=0,1, ---), universal quantifiers YV, Vy, ---, existential quantifiers 3z,
dy, .-+, parentheses and comma. Specially, function letters of rank 0 denote
individual constants and propositional connectives of rank 0 denote propositional
constants. Each propositional connective of rank k is associated a truth value
function from T'* into T.

To refine symbols of a system M-LK, we must choice and fix the following
sets: B is an infinite set of free variables, and B is an infinite set of bound
variables, and § is a set of function letters, and P is a set of predicate letters,
and € is a set of propositional connectives. We call the notation <%B,%B, F, B, €
the frame of a system M-LK.

We assume that the definitions of ‘‘term’’ and ‘‘formula’ in a system are
well-known; their formation rules are applied to the symbols of the system.
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2.2. g-matrices and matrices.

When I'®, ..., '™ gre gets of formulae, we call the following expression a

rw
().

ro I
K=< and L= .
o nmw/

be g-matrices. We define g-matrix K UL to be
roymow
(p(u) L'Jﬂcm) .
Moreover, {I'}u,....s, Or {I'}z denotes the g-matrix such that I"®? ig
I (i=1,---,k) and I'® is the empty set (#pu,, -+, 1) where I' is a set of for-
mulae and R={yy, -+, m}. Often we write 2 as T—{u}.

Specially we call the g-matrix a matrix when all '™, ... I’ g1a finite
sequences of formulae. We define I"UII to be I'fl when I', IT are finite sequences

g-matrix;

Next let

of formulae.

2.3. Beginning matrices.

A matrix of the form {A}; or {F},, is called a logical matrix where A4 is
a formula and F, is a propositional connective of rank 0, a propositional con-
stant, associated a truth value function f,.

Let S be a set of closed formulae. A matrix of the form {4}, is called a
mathematical matrix where A€S. When S is not null, we call our system
M-LK with S. But we simply call our system M-LK when there can be no
misunderstanding. We often call S the set of axioms of M-LK (with S).

Logical matrices and mathematical matrices are called beginning matrices.

2.4. Inference rules.

We introduce inference rules and K, L, N stand for matrices and A, B, A,,
A,, --- stand for formulae.
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Contraction: KUI{{?J}E‘X}{,.A}P (e .
Weakening: _K (xeT).
Ku{A},
) Ku{4},ULU{B},UN
Exch : L Ld el).
xchange:  prptoro@LoN AT
. Ku{A}s LU{A}L
Cut: KUL (g, ve T, p#v) .

Inferences on propositional connectives: Let F' be a propositional con-
nective of rank k and f be its truth value function and let p=f gty + <y t),

KU {Al}ﬂp KU {Az}ﬂzx %y KU {Ak}i‘k
KU{F(A,, -+, Ay}a

Inferences on quantifiers:

KU{A@} & -, s KULA®)
KU (VoA@), (ve )

KU{A@)}s,ps1,.-, i KU{A®)}x
KU @z A, (e,

where the free variable a does not occur in the conclusion and A(t) means the
formula obtained from the formula A(a) by substituting the term ¢ for a in
both inferences. Moreover, a is called the eigen-variable of these inferences.

A matrix is called provable, if it is obtained from beginning matrices by
a finite number of applications of inference rules given above.

2.5. Some propositions of M-LK’.
To prove our theorems we need some preliminaries. The following proposi-
tions hold and their proofs should be referred to §4 in [1].

2.5.1. Let R, cT(j=1,2, +--,7). If for each j

KU{A}z,
18 provable, then KU{A}z

i8 also provable where R denotes N R,.
j=1

2.5.2. For each peT,

{BxA(iv)}l ..... p—-1 U {A(t)}ﬂ ----- M)
{va(W)}p.H ,,,,, aU {A(t)}l ,,,,, u
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are provable.

2.5.3. If a matrixz is provable, then it 8 provable without cut.

2.5.4. Let G be a generalized propositional connective defined by the
propositional connectives in M-LK with its truth value function g of rank
n, and g be composed by the truth value functions in M-LK. For any
Bu vy ta € Ty af

KU {A1}pl,-n,KU {An}#n ’

are provable, then KU{G(A,, ++-, A}ocuy, oo,y 18 Drovable.

3. Functionally completeness.

A functionally complete system denotes that any function from 7% into
T (k=1,2,---) can be represented by the truth value functions in the system
(see [2]). We hereafter treat of the functionally complete systems and suppose
that a system M-LK can be regarded as the system containing all functions
from T* into T (k=1,2,---) as the truth value functions. As the following
connectives are often used in this paper, we are concerned about some proper-
ties of them (refer to §8 in [3]).

3.1. The connectives V* of rank k (k>2).

The truth value function of this connective corresponds an element of 7T'* to
the minimum of all factors of it.

We write V when there can be no misunderstanding.

3.1.1. If a matrizx KU{A}. is provable for some i (1<i<k), then the
matrie KU{V*A,, +--, A}1,....u 18 provable.

3.1.2. If a matrizx KU{Adu,...,x 18 provable for each i (1<i<k), then the
matric KU{V*(A;,...,A)}u,....x 18 provable.

3.2. The connective A* of rank k (k>2)’

The truth value function of this connective corresponds an element of T'* to
the maximum of all factors of it.

We write A when there can be no misunderstanding.

3.2.1. If a matrix KU{AJs i8 provable for some i (1<i<k), then the
matriz K U{A(Ay, *++, A)}u,....x 18 provable.

3.2.2. If a matric K U{A},..... 18 provable for each i (1<i<k), then the
matric KU{A*(A4,, -+, A)},...,n 18 provable.
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3.3. The connective G;.™ of rank n.
The truth value function of this connective corresponds an element of K, to
¢ and an element of R, to v where R,UR,=T" and R,NR,=¢. Instead of

Gif‘ﬂ}’?‘, we write Gu.
3.3.1. A matriz KU{A}, is provable, if and only if a matriz KU{G.(A)}
18 provable.

3.4. The connective = of rank 2.
A formula A=B denotesﬂé\ ( \e/h G, (A)VGuB)).
u

T v

3.4.1. If two matrices {A=B}, and K are provable, then the matriz K’
obtained from K by replacing some occurrences of A in K by B is also

provable.

4. The extended system MLE.
Hereafter, we assume that the predicate letter = of rank 2 is contained in

B in the frame of our system M-LK. Suppose not, we can add the new predi-

cate letter = of rank 2 to .
In this section, we shall introduce two formal systems of many-valued logics

with equality by two methods. The one, which is called MLE, is obtained
from M-LK by adding the inference rules of equality. Another, which is called
MLE/, is obtained from M-LK by joining the set I', of equality axioms to the
set S of M-LK which composes the mathematical matrices (refer to 2.3) Next
we shall show the relations among MLE and MLE’ and M-LK.

First of all, we introduce MLE obtained from M-LK by adding the following
inference rules of equality:

Kult=t,  KUP@) KUP@®N
K KU (o= th (e T)

where P(a) expresses a prime formula and s,t express terms.
Then we can prove the cut-elimination theorem for the system MLE and

the following proposition.
4.1. The following matrices are provable in MLE where P(a) denotes a
prime formula and f(a), s, t denote terms;
1) {t=t}h, 2) {s=tlxU{s=th,

8) {t=s}xU{s=t}:, 4) {s=thU{t=rlxU{s=1}h,
5) {s=thU{f®)=F®}, 6 {s=tlxU{P@}U{P®} (reT).
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Let I', be the set of the following closed formulae;

1) Va(x=wx), VaVy(Gulz=y)Vy=1), VaVyV2(Gu(z=1y)V Gu(y=2)Vr=2),
2) Vo, Ve Yy -V Y (Gal@e=Y))V (f (@1, *++, ) =S W1y ** s Yn)) »

8) V. -Va,Vy,- -Vy,.(ls\k/sﬂ(Gx(wak))V(P(wh o ) =Py, o0, ¥4)

where f(*,, -+, *,) and P(*, +--,*,) express a function letter of rank » and a
predicate letter of rank » respectively (n=1,2, ---).

As usual, {I}1 UK is said to be provable in a system if there is a finite
subset I/ of I' such that the matrix {I"’}1 UK is provable in the system where
I' is the set of formulae.

4.2. If A is a formula contained in I',, then the matriz {A}, is pro-
vable in MLE.

4.3. A matriz K 18 provable in MLE if and only if {I'}; UK is provable
wn M-LK.

Proof. Suppose that K is provable in MLE. By the cut-elimination theorem
for MLE, there exists a cut-free proof of K. We prove our assertion by induec-
tion on the number of inference rules used in the proof. Therefore we consider
only the following case;

LU{P(s)}ls  LU{P@)}4
Luy{s=t}y

(for any p) .

Then two g-matrices {I'¢}1 UL U{P(8)}x and {I"}: ULU{P(f)}si are provable in
M-LK by the induction hypotheses. On the other hand, {I",}: U{s=t}xU{P(8)=
P(t)}, is provable in M-LK. Hence {I"}t U{s=t}x UL U{P(¢)}s is provable in M-
LK by applying the Proposition 3.4.1 to {I"}1 ULU{P(8)}s. Therefore {I".}; U
{s=t}xUL is provable in M-LK by applying the Proposition 2.5.1 to two
g-matrices {I".}; ULU{P®)}: and {['}1 U{s=t}x UL U{P(#)}..

4.4. FEach matriz K, which occurs in a cut-free proof of MLE and
which contains mo predicate letter = except in prime formulae, satisfies at
least one of the following conditions;

1) a matriz of the form {s=t}ly, where 8 and t are distinct terms, is
contained in K,

2) a matrixz of the form {t=t}, 18 contained in K, .

3) the matrix obtained by deleting all formulae containing the predicate
letter = from K 18 provable in M-LK.
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Proof. This proposition is proved by the induction on the number of
inference rules used in the proof. As a formula containing = is not sub-formula
of a logical inference rule by the premises, we consider only the following case;

L U{P(8)}x LU{P@®)}:
L U{s=t}x

(for any peT).
The lower matrix satisfies the condition 1) when s and ¢ are distinet terms.
Therefore we may consider the following case;

LU{P®)}s LU{P@®)}a
Ly {t:'(t}u

(for any peT).

In this case, we can easily prove our assertion by considering not only the
conditions satisfied by the upper matrices but the value of ¢ and the form of
P(t). For example, the lower matrix satisfies condition 8) when the right upper
matrix satisfies the condition 8) and the form of P(f) is u=v and p is M.

5. Some propositions of MLE (MLE’)

First of all, we need the following preliminaries to state some propositions
of MLE (MLE’).

Now let B(a,, *++,a,) be a formula and let x,, ---, z, be distinct bound varia-
bles not occurring in B(ai, ---,a,). We introduce the expression Az, --- «,B
(4 +++, 2,), which is called a variety of rank n. If ¢, ---,¢, are terms and V
denotes a variety iwx,:--x,B(x,, -+, 2,), then V(,--+,¢,) means the formula
B(tn ""t'n)o .

Let 2 be a function letter of rank p, and H be a predicate letter of rank
p+1. We define the operation ‘“x’’ (relative to & and H) for terms and formulae
as follows:

1) a* is Ax(x=a) where a is a free variable.

2) h(ty, -« t)* is AYVa, - - Va,( 1s\{spGu(t!(x!))VH(x” sy By Y)).

3) Sty - t)* is '111‘9'901---‘v'ov,.(ls\_/S Gyt (x)Vy=f(2, + -+, x,)) where f is
i<n '

any function letter of rank n other than A.
4) P(ty, -+, t)* is Vo -+ -V, 1S\_/S Gul(ty(xy)V P(2y, +++, x,)) where P is any
isn

prodicate letter of rank =.

5) F¥ where F, is F, is any propositional connective of rank 0.

6) F(A, ---, A)* is F(A¥, .-+, A¥) where F is any propositional connective
of rank n (n=1,2,--.).

7) (YzB(x))* and (AxB(x))* are VaxB*(x) and 3JxB*(x) respectively where
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B*_(a,) means B(a)*.
Specially, we omit the useless symbols in order to make the expressions

formulae when rank p or rank n is 0 in 2) or 3) of above-mentioned definition.

K* often denotes the g-matrix obtained from a g-matrix K by operating * on
all formulae in K.

Furthermore, we define the expression E° as the result of substitution of
h for H throughout an expression E where k. is an abbreviation of the expres-
sion Ax;- - -x,y(y=h(xs, - -+, %,)). We simply write E* in place of (E*)°,

It is clear from the definitions that the following propositions hold.

5.1. Let E be a term or a formula or a g-matrix.

1) A free variable occurs in E* off it occurs in K.

2) A function letter occurs in E* iff it differs from h and occurs in E.

8) For any predicate letter other than H, = it occurs in E* iff it
occurs in K.

4) H occurs in E* ioff either h or H occurs in E.

5) If mone of h, H occurs in E, then E* coincides with E*.

AxA(x) denotes FrA@X)AVYV2(Gu(AW)VGy(A®R)VYy=2), and H’ denotes
Vi, - -V, eH,, « -+, %, %)) and H’ denotes Vi, -+« -V ,H(xs, « +«, Ty b1, * * *, Zp)).

Hereafter we show some propositions of MLE (MLE’) which can be trans-
formed to the propositions of M-LK by the proposition 4.3. They are proved
by induction or by applying the propositions in §2 and §3.

5.2. Let t be a term and let A be a formula not containing H. Then
the following matrices are provable im MLE and there exists the proof of
each of them such that it has no expression containing H:

1) {tMa)=t=a}.. 2) {A*=A}.

5.3. Let a term t and a formula A not to contain h. Then the following
matrices are provable in MLE and there exists the proof of each of them

such that it has no expression containing h:
1) {H'}2u{tM@)=t=a}. 2) {H'}1U{A*=A}.

5.4. Let t, T(a) be terms and let A, B, A(a) be formulae. Then the
Sollowing matrices are provable in MLE:

1) {H}: U{H)*h. 2) {H'}: U{H")*h.

3) {H’}t U{B*}, (where BeI',). 4) {H'’};u{3!at*(x)}.

5) {H'}t U{t"(@)}lux U{T@)*(®)=T(a)*(b)}.

6) {H'} U{tMa)lx U{A®)*=Ala)¥},.
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7 {H',H"}: U{H (a, b)=b=Rh(a)},.
8) {H’,H"}: u{tX(a)=t=a},. 9) {H’,H'"}: U{A*=A}..

5.5. If a matriz K is provable in M-LK, then the matriz {H'}; UK* is
provable in MLE,

6. Eliminability of descriptive definitions.
In this section, we shall generally discuss the eliminability of descriptive
definitions in many-valued logics (refer to [4]).

6.1. Elimination relations.

At various stages in the formal development of a mathematical theory in
many-valued logics, we add new formation rules introducing new formal symbols
or notations and the new postulates providing for their use deductively to a
given formal system S; in order to obtain another system S,. The notions of
“a beginning matrix’’, ‘“‘an inference rule’”” and ‘‘provability’” ete. are closely
related to the symbols of a system: If a new symbol is added to a system, new
beginning matrices and inference rules can be added to the system. Then the
set of formulae (provable matrices) of S; becomes the subset of those of S,.

Under such circumstances, we say that the new notations or symbols (with
their postulates) are eliminable (from S, in S,) if there is an effective process -+
by which the formula E+* (the matrix K*) of S, can be found for any formula
E (any matrix K) of S,:

(I) 1If E is a formula of S,, then E* is E.

(II) A matrix {E+*=FE}, is provable in S;.

(ITI) If a matrix K is provable in S,, then K* is provable in S,.

We call (I)-(III) the elimination relations. When the elimination relations
hold, then furthermore:

(IV) A matrix K is provable in S, iff the matrix K* is provable in S,.

(V) For any matrix L of S;, L is provable in S, iff L is provable in S,.

Often, we may consider S, S, as the systems of M-LK without the mathema-
tical axioms because of the following proposition.

6.1.1. A matrix K is provable in M-LK with S if and only if the g-
matriz {S}: UK is provable in M-LK without S.

6.2. Eliminability of explicit definitions.

Let S, be a system of M-LK and let S; be the system of M-LK obtained
from S; by adding the new predicate letter P of rank n and the new postulate
(the mathematical matrix) of the form {Vx,---Va,(P(xy, -+, 2,)=A(®%y, + -+, )}
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where Vi, +-- V2, A(%;, +++,2,) be a closed formula of S:. Then we can obtain
the formula B* (the matrix K*) of S, from a formula B (a matrix K) of S,
by substituting Az, - -+ 2, A(@y, « -+, x,) to P.

Example. Let S; be a system of MLE with a function letter h of rank p
and let S, be the system of MLE from S; by adding the new predicate letter
H of rank p+1 and the new postulate (the mathematical matrix) of the form
(V- -V VE(H (g, « < +y ) STy, -+ +5 Tp)=2)h1. Then the predicate letter H is
eliminable from S; in S; by the effective process o in §5.

6.3. Eliminability of descriptive definitions.

Let S, be a system of MLE with the provable matrix {H'’};, of the from
(V- - -Va,AlwH (@, + -+, Tp )}, and let S, be the system of M-LK from S; by
adding a new function letter & of rank p and the new postulate (the mathema-
tical matrix) {H’’}; of the form

{v_xly M) vxﬂH(xh M) xph(xn ) wp))}l .

We define + for a formula A of S; or S;:
1) If A does not contain h, then A* is A.
2) If A contains h, then A* is A*.

Theorem 1. The new function letter h with its postulate {H''};, is elimi-
nable from S, in Sy by the effective process +.

Proof. We can prove by the Propositions 5.3, 5.4 and 5.5.

6.4. Replaceability of undefined functions by predicates.

We show the application of our arguments in 6.2 and 6.3.

For the above-mentioned systems S;, S,, we suppose that the frame (and the
original set of mathematical matrices) of S, is same to one of S.. The new
postulate of the form {Vz,-- -V ,Yo(H(%s, -+, Tp ©) =h(2y, - -+, 2)=2)}, of S, can be
replaced in S, by the pair of the postulates {H 7}, and {H’’}; without changing
the provability relationship. So we can equate S, with S..

Futhermore we consider the matrix {H’}; as the postulate of the predicate
letter H in S;.

Then the following proposition and hold by passing through
S, (or S, where o and + are ones mentioned in 6.2 and 6.3 respectively.

6.4.1. Let A (B) be a formula of S; (Ss) and let K (L) be a matrix of

S: (Ss).
1) {A=A*%, is provable in S,.
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(2) {B=B"}, is provable in S,.
(8) If K is provable in S,, then K* is provable in S;.
(4) If L is provable in S;, then L° is provable in S;.

Theorem 2. Let K (L) be a matrixz of S (Ss).
(1) K is provable in S, if and only if K* is provable in S;.
(2) L is provable in S; if and only if L° i8 provable in S;.

Note: In §4-§6, we considered the predicate letter = of rank 2, whose
values are 1, M, as equality symbol. Futhermore we may consider the predicate
letter |=| of rank 2, whose values are g and v where p+v, as generalized
equality symbol. But we can reduce a formal system with |=| to the suitable

system with = by applying the method in 6.2: YaVy(x=y = G{"’: Xz ]=|y)) and

\7’60‘9'?/(90l=IyEG}}},{i (x=v)) are explicit definitions of = and |=|, respectively.
Hence we can consider our arguments in §4-§ 6 as the general ones on equality

with two values.

7. The applications. :
In this section, we shall extend the interpolation theorem and Beth’s theorem
in many-valued logics with functionally completeness by applying the Theorem 2.

The notations should be referred to [3].

7.1. The extended interpolation theorem.
We prove an extension of the interpolation theorem which takes function
letters into account (refer to [5]).

THE EXTENDED INTERPOLATION THEOREM. Let (K,/K;) be a partition of a
matriz K and let p,ve T. If the matriz K is provable in a system S, of
M-LK, then there exists the interpolation formula C for the ordered pairs
(K,/K,) and (g,v) satisfying the following conditions:

(1) Both matrices K,U{C}. and K,U{C}, are provable in S,.

(2) Each predicate letter in C occurs in K, and in K,.

(8) Each free variable in C occurs in K, and in K,.

(4) Each function letter in C occurs in K, and in K,.

Proof. We may consider systems of M-LK without the mathematical axioms
by 6.1.1 in order to refine the postulates used in the proofs. In [3], we proved
the original theorem which has the conditions (1)-(8). So there exists the inter-
polation formula C, in S, satisfying the conditions (1)-(3). Futhermore we may
specially suppose that the original formula C, has only one function letter h of
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rank p as the one which does not satisfy the condition (4).

We define the systems S,, S, in order to apply the Theorem 2; S, is the
system with equality obtained from S, by adding equality and S, is the system
with equality obtained from S, by omitting % and gupplying instead the new
predicate letter H of rank p-+1 with the postulate H’.

Under these notations, we prove this theorem by considering the following
three cases.

Case 1. The function letter h occurs neither in K, nor in K,.

‘“a semiterm’ is the result from a term by substituting bound variables for
some occurrences of free variables. We call such an expression as h(ty, ++-, t,)
h-semiterm where t,, ---,t, are semiterms.

Consider the proofs of K; U{Ci}s and K,U{C,},. We substitute the new free
vatiable a for the h-semiterm, which there is no h-semiterm h’ containing as
the sub-semiterrn of A’, in each proof. The result are proofs.

So we see that K, U{VxCi}, and K,U{VxC,}, are provable in S, where C, is
obtained from C, by the above-mentioned way of substitutions and VzC, is
obtained from C; by binding the new free variable «.

Hence we see that VaU, satisfies the conditions (1)-(4).

Case 2. The function letter & occurs in K, but not in X,.

By the condition (1) and the {I'ey H} UK$ U{C}{), is provable in
Sg; {Ie, H'}2 UK, U{C?}, is provable in S; because of the definition of .

In the system S,, there exists the interpolation formula C, by applying
the original theorem for ({I',, H/}1 U{C¥},/K;) and (g,v). Hence the formula C,
in S; satisfies the conditions (1)’-(3):

1) {I'y H}1 U{C*,U{C}, and K,U{C)}, are provable in S,.

(2)’ Each predicate letter in C, oceurs in {I",, H’}2 U{C}}, and in K,.

(3) Each free variable in C, occurs in {I",, H"}t U{C¥, and in K,.

So each predicate letter (free variable) in C, occurs in C, because any predi-
cate letter in I'e occurs in C¥ and the predicate letters =, H don’t occurs in
K;. Hence C, is the formula in S, and S,. The provable matrices {C,}, U{Cy}x
and K,U{C,}, in S, are obtained from (1)’ by the and 4.4. Futher-
more K, U{C.}» is provable in S, by applying cut to {C}, U{Cds and K, U{Colu.

We ¢an regard C, us the required interpolation formula.

Case 3. The fumction letter & occurs in X, but mot in X,. We can take
the requited formula by the similar way in Case 2.

7.2. The extended Beth’s theerem.
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We proved the extended interpolation theorem in 7.1. Hence we can

similarly prove the following theorem by the way used in §5 in [3].

THE EXTENDED BETH’S THEOREM. Let the following conditions be satisfied:
(1) P, Q are predicate letters of rank n.

(2) Q does not occur in a matric K(P).

8) All formulae in K(P) are closed formulae.

(4) KP)UKQ U{V&:+ VE(P L1y ++*y Ta) =Q(y, + +, %,))}1 18 provable where

K(Q) is the matriz obtained from K(P) by substituting Q to P.

Then there exists the formula C(a,, ---,a,) satisfying the following

conditions:

[1]
[2]
(3]

[4]
(5]

a) K(P)U{V,:+ VL (P2, ++, 2) =C(ay, +++, 2))h 18 provabdle.

b) Each predicate (function) letter in C(ay, - -+, a,) occurs wn K(P).
¢) The predicate letters P, Q are not contained in C(ay, -+ *, @).

d) Vz,--V2,C(xy *+ -, %) 18 the closed formula.
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