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Throughout this note H will denote a separable (complex) Hilbert space and
D,, W.T), sp(T) and o,(f’) will stand for the domain, the essential numerical
range, the spectrum and the left essential spectrum of an operator 7' on H. Xj
will denote the collection of self-adjoint commutators on H i.e. of operators of
the form AB—BA, where A and B are bounded operators on H and B self-
adjoint [1]. For other notations and terminologies we refer to [4].

Putnam has proved that if A and B are bounded operators on H, B
seminormal, then their commutator

C=AB—BA
satisfies

Inf |(Cz, x)|=0.
lH=zll=1

In [2] and [8] we obtained generalizations of Putnam’s result to operators of
the form A,B—BA,, where A, and A, are operators on H satisfying certain
nice conditions. One of the objects of the present note is to prove the following:

Theorem 1. Let A, and A, be bounded operators and B an unbounded
self-adjoint operator on H satisfying the following conditions:

(i) A,—A,; i8 a compact operator,

(ii) A«(Dp)c Dy .

(iii) If (B+D—a)™* exists for some a and for some bounded D then
0¢ a[(B+D—a)-1".

If C is any operator such that
A,B—BA,cC,
then

Inf |(Cx, 2)|=0.
le|{=1

z€Dg

Proof. Case I: Let sp(B) be a proper subset of the real line. Choose a¢
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sp(B). Then (B—a)™* is a self-adjoint bounded operator on H. Now if x¢€ D;,
we have
(A;B—BA,)z=Cx ,

ie. A(B—a)x—(B—a)A,x+a(A,—A;)x=Cx ,
and hence
(B—a)~'A,(B—a)s— A x+a(B—a) (A;— A)x=(B—a)"'Cx ,
Let ¥ be a unit vector. Put z=(B—a)™'y. Then x€ D;. Hence we get
(B—a) 'A;(B—~a)(B—a) 'y—Ay(B—a)'y+a(B—a)"*(A,— A,)(B—a)"'y
=(B—a)"*C(B—a)™'y ,
which implies
(B—a)*Aiy— Ay(B—a) Yy+(A,— A)(B—a) 'y +a(B—a) (A,— A)(B—a)'y
=(B—a)"'*C(B—a)™'y;
or,
(B—a) tA;—A;(B—a) )y+(A,—A)(B—a) ' +a(B—a) (A;— A))(B—a) ™)y
=(B—a) 'C(B—a) 'y .
Now (B—a) '4;—A,(B—a) e Xgy. Also (A,—A;)(B—a) '+ a(B—a)(A;— A,)B
—a)~! is a compact operator by hypothesis. Hence (B—a) 'C(B—a)™'e X5 {1, Cor

6.9]. Therefore by Theorem 6.13 of Anderson [1], there exists an infinite
orthonormal sequence <e,> of vectors such that

(B—a) C(B—a)1¢,,e,)=(C(B—a) 'e,, (B—a)~te,)—0 as n—oco.

Suppose that .
Inf |(Cz, 2)|=K+0.

Hel[=1
:ceDC
Then
K|z|*<|(Cx, %), VxeDy.
Now as

(B—a) e, e DsC D, ,
K|(B—a)"te,|:<C(B—a) te,, (B—a)te,)|—0 as n—oo .

Therefore (B—a) le,—0, which implies 0€ o,[(B—a)~]", a contradiction. Hence

Inf |(Cz,2)|=0.
el
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Case II Let sp(B) be the whole real line. Consider the spectral resolution of B:
B———Ssz'z ,

each 1 being a real number. Let <a,> be a sequence of positive real numbers
converging to zero. Let L,=[0,a,] and let <{¢,> be a sequence of functions
defined as follows:

a(t)=t Yte L, ,
,.(t)=0 telL,.
Let

F,= S¢,.(z> dE; ,

and B,=B—F,. Since each F, is bounded and Dy =D; for n=1,2-.-, there-
fore .

Ay(Dp )T Dy, .
Also sp(B,) is a proper subset of the real line and
A B,—B,A;=A,(B—F,)—(B—F,A;=A,B—BA,+(F,A,—A,F,)cC,,
where C,=C+F,A,—A,F,. Thus A,, B,, A, and C, satisfy the conditions of

Case I. Hence

Inf [(Cuz,)=0, n=12:--.

zeDg”

Now ||F,[|<a,—0 as n—c., Hence F,A;,—A,F,—0. Therefore |C,—C|—0. Hence
(Cox, 2)—(Cx, %) for all z. As D, =D,, n=1,2---, we obtain

Inf |(Cz,2)]|=0.
B

Our next result is a generalization of Theorem 4 of M. David [4].

Theorem 2. Let B be an unbounded self-adjoint operator. Let A, and
A; be bounded operators such that A,— A, 18 compact. Let C be any operator
such that (A,B—BA,)x=Czx on a linear subset 2 of H. If

Inf |(Cz, 2)|=a+0,
il

then B(Q) 8 mot dense in H.
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Proof. We shall essentially follow the arguments used by M. David [4]. We
assume that B(Q) is dense in H. Then Vz e

e|z|*<|(Czx, 2)|=|(A,B— BA,z, )| =|(A, Bz, £)— (B Ay, z)|
<I|A.[l | Bl ll+ | Bzl I| A:l} ll] .

Hence

@1 lzll< -'—'&j‘t"é—zﬂ—nmn .

Let y €H. Since B(?) is dense in H, there exists a sequence <z,> in 2 such
that Bz,—y. Now

—Bz,||—0 as n, m—oco .

Jo—aal<AALEILL 5y,

Therefore there exists an element z€ H such that x,—x. Since B is closed,
xe€Dy and Bx=y. Thus x€2ND; and B:2ND,—H is an onto map. Using
(2.1) we get that B is one-one. Hence B is invertible and has a bounded inverse
B~* which is also self adjoint. Let ye€ B(2), then there exists z €2 such that
B y=x. Hence

CB_1y=AlBB_1y'—BAzB—1y .
Therefore
B 'CBy=B A, y—A,B 'y Yye BQ).

Let inea,(l?‘l), then by [5, Theorem 1.1.] there exists a sequence <y,> in H of
unit vectors such that y,—0 weakly and ||B ‘y,—py.||—0 as n—oco. Let

be a sequence of positive real numbers converging to zero. B(2) is dense in
H, there exists a sequence <z,> in B(2) such that

len—yall <en .
Now <z,> is also weakly convergent because
(%, ) =(Xn—Yn+Yns ) =(Xn—Yn, T) + (Y, ) >0 a8 n—0o0 .

Also

IIB~1xn—ﬂxn " = "B# l(xn_yn—*_yn)—'#(mn_yn—l_yn) ”
XNB=| 10a~Yall + | B Yn— ¥l + 122l |2, —yall =0 as n—co .

Therefore ||B ‘x,—px,|—0 as n—oo. Hence
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@all =l —Yn+Yull <% — ¥l + 9.l <142, <2,
and
l@all=1¥n— W= = Yall — 1Y — 2| >1—e,>1—6,>0 .
But then

|(B-1A,%,, £.)— (A, B2, 2.)|=|(A\%,, B '%,)—(A:.B™'2,, 2,)|
=|(A1@n, B71%,— p1%0) + (A1, 12,)— (A B0 — A5, Tn)— (£ As%n, )|
<A 1B 2, — pal| 0all+ 1| Asll | B 20— patall lall+1l (41— Ag)zall lzall
<2( A [l + | A DI B~ 2, — prwa || +-21 2] [I(A1— A)a]l

Since A,—A, is compact, therefore ||(4,— A,)x,]|—0 as n—co. Hence
(CB-‘z,, B-'z,)| =|(B"'CB',, £,)| = (B~ A%, €.)— (A: B '%,, 2,)| >0 .
Therefore

a|| B 'z,|*<|(CB-',, B 'z,)|—0 as n—oo .
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Since a+0, B 1x,—0, which implies 2,—0, a contradiction. Hence B(£) is not

dense in H.
The author is grateful to Dr. B.S. Yadav for his kind guidance.
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