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1. Introduction.

The concepts of order and type of an everywhere convergent power series
(entire function) were extended to an everywhere absolutely convergent Dirichlet
series (entire Dirichlet series): f(s)= E}la,,e“n (8=0+1t, 2,>0, 2,4:>2,— with n)
by Ritt [6], who also estimated theﬁsrder and the type, so introduced, in terms
of the coefficients of the series. The result of Ritf, expressing the order in.
terms of the coefficients, was improved significantly by Azpeitia [1] who replaced
the condition: 1ir.ri c>ic_nf (2,/l1og n)>0 by the weaker condition: lim.o (2, log 2,./log n)=co.
In his subsequgnt paper, Azpeitia [2] derived inequalitig; for the order valid
even without this restriction. Also, following the lines of Azpeitia [2], Jain
and Gupta (P.N.) improved considerably on a result of Kamthan [4], and
consequently the corresponding results of Yw [6] and Ritt [5] which expressed
the type of f(s) in terms of the coefficients.

In the present paper, we have extended the results of Ritt [5] and Yu [6]
to the entire Dirichlet series of several complex variables. It would be of much
interest if our results could be improved on the lines of Azpeitia [2] and Jain
and Gupta [3], in fact, we, at present, find it difficult. However, our interest
shall continue to obtain the improved forms of these results. In the last section
of this paper we state without proofs the results for a class of functions of in-
finite order analogues to our and 2.

For simplicity, we consider here only two variables, though our results can
easily be extended to several complex variables. '

2. Consider a double entire Dirichlet series

f@18)=_ 3 Gunexp(idatapm),  (8=0,it;; §=1,2)

n, 1
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where
0<2 <4<+  <Ay—00; 0 gty < ptrn—00
and
lim 0B g Jip loB™
e Ay mo fly
Let

M(o,, 0;)=sup {| f(a,+1t,, oy + 1)1 —oo <, < o0, i=1,2},

be the maximum modulus of f(s,, 8,) on the tube Re s,=o,, j=1, 2.
We define the order p(0<p< o) of f(s,, 8:) as:

log M(o,, 05)

lim sup o.

a1,05 log (e°1+ e%2) o

Further, if 0<p<oo, then the type T(0< T< o) of f(e,, 8,) is defined as:

limsup 2 Mo 00) _
01,0900 @P%1-]-@P%2

Now, we estimate p and T in tetrms of the sequences {a,.}, {1} and {ttm}.

Theorem 1. If f(s,, 8,) i8 an entire function of order p(0<p< o), then

log (nphm)
=Ii : .
e 10g |@unl ™

Proof. Let

. log (Ainpefhm)
=] 2 n m
K Tlog [@m| ™t
We first show that p>p. Let us assume that x>0, for otherwise the result is

trivially true. Then for a given ¢>0, we have two sequences {Ax,} and {pw}
with N,—co as p—oo ahd M,—oo and g—oo such that

log ‘a’nml > _(ﬂ_e)_l(ln log 2n+ﬂm IOg Fm) ’

for n=N, and m=M,.
Since the inequality: M(a,, 05)> @] €xp (612, +0:p,) holds for all ¢,,0, and
n, m, it follows for all ¢; and o, and n=N,, m=M, that

log M(a,, 05) > A4(01— (p—e) " log A,)+ pw(os—(—e)~* log ¢,) .
Taking
a1,,=(p—e) " log (edy,) and o.,,=(up—e)"log (epu,) ,

in the above we find that
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log M(G'l 0-2)> exp (‘71(/‘ 6))+exp (oz(p——e))
’ e(p—e)

for ¢,=0,,, and o,=0,,,. Hence p>p.

Further, to prove the counter part, we suppose that u<oo, for otherwise the
result is obviously true, so that

(2-1) Ianml<2;2”/(F+.)}1;#"‘/(F+') 9 n>Ng M>Mg .
Now
ng Mg oo mg £ ng
M(01,02)<(Z Z] X X+ X X
fn=1 m= n=n9+1 m=1 m=mg+1 n=1
+ Z E )Ianm l eXp (0'1'21;—'_ Uz#m)
=ng+1 m=mgy+
2.2) Z ZI + :,E. + ; , (say).

Estimation of >, (1<1<4):
t '
Clearly
; ZO(exp (011“0+021u’"0)) .

Also, in view of (2.1), we get

; < g: >Z exp (012, + 0ot — (€)1 (2, 10g 22+ 1 log 1))
n>ng m>mg

<max. exp (014, + st — (1+2¢) " (2, 108 A+t 108 p2))

Anlog A, + mlog#m)
% oxp ( — 22108 At st log st
L, B o (e

The series on the right of the above inequality being convergent, we find that

z\‘: <A exp (e“l(p—|—2e)“1(301(#+2c) + gr2(at200)) ,

where A is an absolute constant, since the maximum of the expression:
exp (012, + 0sptm— (p+26) (2, 10g 2+ i 108 )
is attained at
| Jn=e" exp (0:(p+2¢)) ; pn=e"* exp (o;(p+2¢)) ,

Further to estimate %}, £ being finite, it is noted, for all values of » and
m, that
zﬂ m
log (225m) <C.
log |@nm|™?
Therefore
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™o
§ < Z Z exp (0'12”-'-0'2#,,‘—'(‘12” IOg 'zn_c_lﬂm IOg pm))

n>n) m=1
=0(exp (03tm,)) gl exp (¢,4,—{ 2, log 2,)
n ‘no
> <O(exp (0s/tmo) max. exp (¢:2,—((+¢)7'2, log 2,)
X § exp (—eL~Y({+¢)"'4, log 4,)
n 'no

=0(exp (02/tm,) Max. exp (012,.—(C+e)“11,. log 2,) .

But the maximum of
exp (014,—({+¢) 4, log 2,)
is attained at
An=e"! exp (3,({+¢)) .
Hence
25 <O(exp (9aftmy)) exp (€7'(§+2)~* exp (,({+¢))) .

Similarly
73_." <O(exp (014,,)) exp (e7*({+¢) ! exp (0:({+¢))) .
Substituting these values of X (1<¢<4) in (2.2), we have

log log M(a,, 0;)<log (exp (a;(p+2¢))+exp (o5(2+2¢))) +0(1) ,
which gives o<p.
Hence the theorem follows.

Theorem 2. If f(s,,s;) 18 an entire function of order p(0<p< ) and type
TO<LT< ). Then '

lim sup (A npfim| @, |P)Y Gttmd =pT

n,Mm —c0

Proof. We shall merely sketch the proof, since it follows on the lines of
the proof of [Theorem 1. We note, for n=n, and m=m,, that

2.3) log M(ay, 03)> 2, (al+p-1 log “;e)m. (az+p—1 log “‘5) ,

£ m

where « is assumed to be positive and is given by

a=lim sup (A rphm|@,,|°)Y Antbmd |
n,Mm—00

Choosing in (2.3) the sequences of the values of 4, and o, by

A, ellm
al=p“log< _”e) az=p“log( a “),

[44 ax—e
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it follows that eoT>a. This assertion is trivially true for the case when a=0.
The counter part follows by using the following estimations of Zi]’s in (2.2):

; < O(exP (ollno +a2ﬂmo)) ’

2. <O(exp 0,4,,) exp ( Ste eP"z) ,
2 ep

+
)3: < O(exp 0y tm,) €XP <Ceps em) ,

(e’”’1+e"’2)> ’

<A, exp

4

(a+%
ep
where A, is an absolute constant.

3. Functions of order infinity.

In this section, we consider a class of entire Dirichlet series of two variables
of order infinity i.e. for which p=co. To have more precise description of the
growth relations of such a class of functions, we define thé k-th order p,(0< 0, <o)
of f(sy, 8,) as:

Or= lim sup M—

’ k>2 ’
01,0900 lOg (€711 €%2) >

where p,_.;=o and ¢X=¢_,(X), s X=log X, ;X=log log X.
Purther if 0<p,<oo, then the k-th type 7, (0<t,<o0) of f(si, 8.) is defined as:
1 tx—1M(04, 03)
Tk_l:ﬂzs—gop (epk”1+epk"2) ’

In the following theorems, we have estimated p, and 7, in terms of the

kE>2.

sequences {@,.}, {4} and {g.}:

Theorem 3. If f(s:,8;) 18 an entire function of k-th order p(0<p;< o),
then

. 2,,( - Zu+#m‘ —lnum
=lim o1 silln
P 1"'"'§’l°l°p log |@pm|™

Theorem 4. If f(s;,8;) is an entire fumction of k-th order p(0<p,<o)
and k-th type 7,(0< 0, <o), then

T =1im 8P {(tx-s2n) 0 (tx—sftn)*m| @ |PH}/ Fnttmd
For conciseness the proofs of the Theorems 8 and 4 are omitted as these

follow on the lines of Theorems 1 and 2 with slight modifications in the calcu-
lations.
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