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Abstract: In the present paper, we have obtained the necessary and sufficient
conditions for framed metric submanifolds of almost Hermite manifold to posses
a certain structure. Also the conditions for framed metric submanifolds of
Kidhler and almost Tachibana manifolds have been derived. Further the framed
umbilical submanifolds have been defined and various results have been discussed.

1. Introduction.

In the sequence, the enveloping manifold V,, will be an almost Hermite
manifold with the structure (F, G) satisfying:

(1.1) F(F(X))+X=0
1.2) GFX), FXY)=6X,Y),
for arbitrary vector fields X, Y Z, U, V, ete. in V,,.
Let us put |
(1.3) 'FX,Y)EGFX), Y) .
Then ‘F' is skew symmetric. An almost Hermite manifold for which
(1.4) : (ExF)Y)=0,
or
(1.5) (ELF)(Y)+(ExF)(X)=0,
or
(1.6) (E'F)Y, Z)+(EYF)(Z, X)+(E/F)X, Y)=0,
or
1.7 (ExF)Y)+(Erp, F)F(Y))=0,

where E is the Riemannian connexion in V., is satisfied, is called a Kdhler, an
almost Tachibana, an almost Kihler and an almost O*-manifold respectively.

On the other hand, K. Yano [3], [4] has introduced the notion of an f-
structure on a C®-manifold V,, say (n=2m—s), that is, the notion of a tensor
field f of type (1,1) and rank 2m satisfying f®+f=0, the existence of which is
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equivalent to a reduction of the structure group of the tangent bundle to U(m)®
O(s). Almost complex (8=0) and almost contact (s=1) structures are well-known

examples of f-structure.
Let V.-, be a manifold with an f-structure of rank 2m. If there exist on

Vem-s Vector field £, such that if ¢ are dual 1-forms, then
FFEN+X=T a(X)t,
af(XN=0, a®)=3, f®)=0,

where z,y=1, ---,8. We say that the f-structure has complemented frames and
Vin—. is said to be a globally framed f-manifold or simply, a framed manifold
[5]. If Vin-. has an f-structure with complemented frames, there exists on
Vem-: @ Riemannian metric g such that

9(X, Y)=9(f(X), f(¥Y))+Z a(X)a(Y) .

Then the framed manifold (f,%, a) is called a framed metric manifold (f,¢, a, ).
Further we say an f-structure is normal if it has complemented frames and

NX, )+ Z t®(da)(X, Y)=0,

where N is the Nijenhuis tensor of f. Finally a metric f-structure which is
normal and has closed fundamental 2-form ’f is said to be a K-structure and
Vim-« @ K-manifold. Let V.-, be a submanifold of V. and let
b: Vemes——Vim »

be the inclusion map. The differential db of the map b will be denoted by B,
so that to a vector X in V., there corresponds a vector BX in V,,. If gisthe
induced metric tensor in Vipn-., we have
(1.8) 9(X, Y)=(G(BX, BY))°b .

Let N be a system of C* mutually orthogonal unit vector fields to V;,-, at
p. Then mwe have
(1.9) a) (G(N, BX))°b=0, b) (G, lvv»"b:fy .

Let D be the induced Riemannian connexion with respect to Ven—,. Then
we have Gauss equations
(1.10) Ez;xBY=BD,Y+H(X,Y)N,

where H are the symmetric bilinear functions in V,,-,. The equations of

o
Weingarten’s in V,,., are given by
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(1.11) a) EyyN=—B’H(X) ,
where
(1.11) b) ¢(UH(X),Y)=H(X,Y).

2. Framed metric submanifolds.

Theorem (2.1). The necessary and sufficient conditions that V-, be framed
metric submanifold with the structure (f,t,a,g) in the almost Hermite

mantfold V,, are

2.1) a) F(BX)=BX’+a,(X)le ,
where
@.1) b XEsX),
and )
(2.2) F(N)=—Bt.
Proof. Let us put
(2.3) a) F(BX)=BX+ g(X)zy ,
b) F(N)=—Bt+JN.
z x xy Y

Premultiplying (2.8) by F, we have
FF(BX)=F(BX)+a(X)F(N),
FF(JY)=—F(B£)+ iF(lyV) .
Using and (2.3) in the above equations, we have
—BX=BX+a(X)N+a(X)(—Bt+ IN),

—N=—Bt—a({t)N+ J (—Bt+J -N) .
x v

x ¥y ¥y Ty ye x

Separating tangential and normal parts from the above equations, we get

(2.4) a) X+X=a(X)t, b) a(X)+Ja(X)=0,
z z v Yy z
’ e) I+Jt=0, d) at)—JJ=3.
z 2y ¥ vz Y 2Y zy

In consequence of (1.2), (1.8), (1.9) and (2.3), we have

(2.5) 9(X, Y)=G(BX, BY)ob=(G(F(BX), F(BY)))ob
=g(X, Y)+g(X )g(Y) .
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(2.4) and yield

(2.6) a) )?—I—X:?(X)f, b) aX)=0,
¢) §=0, d) g(g)=3,
o 9(X, P)=g(X, V)—a(X)a(Y),

if

2.7 J=0.

zy

Putting this value in (2.3)b, we obtained [(2.1) and [2.2). Equation (2.6)a-e) show

that the conditions [(2.1) and (2.2) are sufficient.
To prove that the conditions are necessary, let us put

(2.8) a) F(BX)=Bh(X)+S(X)]ll , b) F(lll)=-—-Bg.
Then as above, we have
(2.9) 8) hR(X))+X=c(X)p,

b) ca(X)N=0, ¢} AP)=0,

d) S(§)=1 )

e) gr(X), (YN=g(X, ¥)—e(X), «(Y) .
Substituting from (2.8)b) in

GF(M), F(M)=G(M, M)=1 .
We get
(2.9) 1) g(?, ?)=1 .
In order that equations (2.9) be equii'alent to [(2.7), we must have
h=f, S=¢ﬁz , p=t.

z x

Theorem (2.2). The conditions that V.., be a framed metric submanifold
with the structure (f,t, a, g) in the Kihler manifold Vi, are (2.1), (2.2) and

(2.10) a) Dy 17'~3(Y)'€1(X)=D?T’-—_Ig(x, Y)t,
b) H(X, ¥)+(Dza)(Y)=0.

Proof. For a Kéhler manifold V,., we have which implies
(2.11) a) (ExF)BY)=0,
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or
b) (EzcF(BY))=F(EzzBY) .
Substituting from [2.1) and [2.2) in (2.11)b, we have
EpxBY+Esx(a(Y)N)=F(BD:Y+H(X, Y)N) .

By making use of and (1.11) ,we have
BD,Y+H(X, Y)N+(Dza)Y)N—B’H(X)a(Y)=BD,Y—H(X, Y)Bt .

From the above equation, we get (2.10).

Theorem (2.8). For a framed metric submanifold Vi,_, of Kihler mani-
fold V,,., we have

(2.12) a) 'H(X)=Dyt,
b) H(X,t)=a(’H(X)).

Proof. For a Kihler manifold V,,. from (2.2), we get
(2.13) F(ngN)=‘—EBth .

Substituting from [1.10) and (1.11) in [2.13), we have
—F(B’H(X))=—BDst—H(X,t)N .
z x v z ¥

Using (2.1)a in this equation, we have

B’H(X)+a(lH(X))N=BD;t+ H(X,t)N .
z v x v z v s ¥
From above equation, we get (2.12)a)b).
Theorem (2.4). Let us put
(2.14) Dt EAf(X) .

Then for a framed metric submanifold V-, of Kiahler manifold V,,, we
have

(2.15) H(X, Y)=29(X, Y)+(H(, )—a(X)a(Y) .

Such a framed metric submanifold will be called framed umbilicalsu bmani-
fold.

Proof. Substituting from in (2.12)a, we have
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'"HX)=1X.
Barring the above equation and using (2.6)a, we have
—'HX)+aHXWt=2A(—X+a(X)t) ,
x v E v z v v

that is,
{I(X, Y)=5g(X, Y)+(5t(1;I(X ))—fg(X ))g(Y) .

Using (2.12)b and putting X=t, we get [(2.15).

Theorem (2.5). The conditions that V,,_, be a framed metric submani-
Jold of an almost Tachibana manifold V,, are (2.1), (2.2) and

(2.16) a) D:Y+DeX—a(YYH(X)—a(X)YH(Y)=D:Y+D, X—2H(X, Y)t,
b) HX, P)+H(Y, 2)+(D:a)(¥)+(Dra)(X)=0.

Proof. The proof follows the pattern of the proof of theorem [2.2).

Theorem (2.6). In a framed umbilical submanifold of an almost Tachi-
bana manifold, the induced vector valued linear function f is a conformal
Killing tensor when C* vector fields t and the dual 1-forms a are Killing.

Proof. Substituting from in (2.16), we get
@17 8) (DefNY)+(Def)X)=2a(X)Y+a(¥)X~29(X, V)t),

b) (ng)(Y)+(Dyg)(X )>=0,

which proves the statement.

Theorem (2.7). Let V,n-, be a framed metric submanifold of Kihler mani-
Sold Vin. Then Vim-, 18 normal iff Vim-, 18 framed umbilical submanifold.

Proof. From (2.10)a), we get
(2.18) [X, YIED;Y— Dy X=D; V— D, X—a(YYH(X)+a(X ) H(Y) .
Also from (2.6)a, we get ) ) ’ )
(2.19) D:¥=—D,Y+ (Dra)(Y)+a(Ds Y))t+a(Y)Dst .

Consequently from and (2.19) after simple manipulation, we get
(2.20) NX, Y)+((Dxa)(Y)—(Dra))t+a(X ) H( ff)—Dyp
—a(Y)H("X)—Dxt)=0 .
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If Vin-. is normal then from (2.20), we get

(2.21) o(X)(H(¥)—Det)=a(Y ' H(X)—Dx) ,

which in consequence of yields [(2.15). Conversely, if [(2.14) and hold,
then from (2.20), the statement follows.

Theorem (2.8). Let V.-, be a framed metric submanifold of Kihler mani-
fold V.. Then Vyn-, is K-manifold iff Vom—. 18 framed umbilical submanifold.

Proof. From [2.10), we get
(2.22) (D' fNY, Z)=g((DfXY), Z)=¢:(Y)€I(X, Z)“?(Z)I;I(X' Y).

Writing two other equations by cyclic permutation of X, Y, Z and adding we get
(2.23) (DL NY, Z)+(Dy' FUZ, X)+ (D fUX, Y)=0.
From and theorem [2.7), the proof follows.

Theorem (2.9). Let V;,-, be a framed metric submanifold of Kahler mani-
Jold Vy. Then Vi, is cylindrical [6) +ff f,t and a are covariant constant

with respect to D.
Proof. As f,t and a are covariant constant, then from (2.10)a)b) and (2.12)a),

we get

(2.24) a) H(X, Y)=H{(, ha(X)a(Y) .

Conversely if (2.24)a hold, that is, V.-, is cylindrical, then we get
(2.24) b) 'H(X)=H(t, t)a(X)t .

Substituting from (2.24)a)b) in (2.10)a)b) and (2.14)a), we get
D;Y=D;Y, (Dza)Y)=0, Dyt=0,
which proves the theorem.

Theorem (2.10). Let V,,.. be a framed metric submanifold of Kahler
manifold Vyn. Then V,.., 18 pseudo-umbilical [6] submanifold provided
H(t, t)=2, where A i3 defined by (2.14).

Proof. From [2.15), we get
(2.25) a) H(X, Y)=50(X, Y),
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where

(2.25) b) A=(Ci’H)/2m—s,

which proves the statement.
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