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1. Introduction. This paper attempts to apply the theory of Palm measures
to renewal theory. Let $P$ be a strictly stationary random measure on the real

line and $P^{0}$ the Palm measure for $P$ . Daley [3] and Vere-Jones [11] proved several
properties of the covariance measure and the spectral measure of $P$ . In \S 3 of

this paper, applying Mecke’s theory [8] of Palm measures, some results of [3] and
[11] on the covariance measure $V$ are proved under slightly different assumptions

and a sufficient condition for a Blackwell type renewal theorem:

(1.1) $\lim_{\ell\rightarrow\infty}V(I+t)=\lambda|I|$ , for every bounded interval $I$,

is given. The main result (Theorem 4.1) of the present paper concerning the
‘ shift ‘ $P^{t}$ of $P^{0}$ is proved in \S 4. This theorem states that $P^{t}$ converges weakly

to a stationary random measure iff (1.1) holds. In \S 5 we prove an extension of

a theorem of Ryll-Nardzewski [9] which is needed to connect the theory of Palm
measures with renewal theory. In \S 6 previous results are applied to renewal
theory for sums of stationarily dependent sequences. It is well-known (say [41)

that an ordinary renewal process with $i$ .i.d. positive aperiodic inter-renewal times
tends to a ‘ steady state ‘ as time goes on. Theorem 6.2 gives a precise meaning

to this phenomenon and shows that the corresponding fact holds in more general

situations.

2. Palm measure. Let $\Re$ be the $\sigma$-algebra of all Borel subsets of the real

line $R$ and $\Re_{0}$ the ring consisting of all bounded $ A\in\Re$ . Let $\mathfrak{B}$ be the class of

all real-valued Baire function on $R$ and $\mathfrak{C}_{0}$ the class of all continuous real-valued
functions on $R$ whose supports are compact. The subclasses of $\mathfrak{B}$ and $\mathfrak{C}_{0}$ consist-
ing of all non-negative functions are denoted by $\mathfrak{B}^{+}$ and $\mathfrak{C}_{0}^{+}$ respectively.

Let $M$ denote the set of all measures $\varphi$ on $R$ such that $\varphi(A)<\infty$ for $A\in\Re_{0}$ .
In what follows we write $z_{f}(\varphi)=z(f;\varphi)$ for the integral $\int f(t)\varphi(dt),$ $f\in \mathfrak{C}_{0},$ $\varphi\in M$,

where an integral sign without limits means integration over the whole space.

This notation is also used for $f\in \mathfrak{B}$ if this integral has meaning. Denoting by
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$x_{E}=x(E; )$ the indicator of the set $E$ we write $z_{A}(\varphi)=z(A;\varphi)$ for $z(\chi_{A}j\varphi)=\varphi(A)$ ,
$A\in\Re,$ $\varphi\in M$.

In this space $M$ we introduce the vague topology. This is the coarsest topology
with respect to which every function $z_{f},$ $f\in \mathfrak{C}_{0}$ , is continuous. A base for the
neighborhood system of $\varphi\in M$ is given by the class of all sets of the form

(2.1) $U(f_{1}, \cdots, f_{n} ; \text{\’{e}}_{1}, \cdots, \epsilon_{n} ; \varphi)$

$=\{\phi;\phi\in M, |z(f_{i} ; \phi)-z(f_{\ell} ; \varphi)|<\epsilon_{i}, 1\leq i\leq n\}$ ,

where $f_{i}\in \mathfrak{C}_{0},$ $\epsilon_{i}>0,1\leq i\leq n,$ $n\geq 1$ .
It is known that $M$ is a Polish space, i.e., $M$ is homeomorphic to a complete

separable metric space. The $\sigma$-algebra of all Borel subsets of $M$ will be denoted
by M. $\mathfrak{M}$ coincides with the smallest $\sigma$-algebra with respect to which every $z_{A}$ ,
$ A\in\Re$ , is measurable. For every $f\in \mathfrak{B}^{+}z_{f}$ is M-measurable. The subset $M_{0}$ of
$M$ consisting of all integer valued measures is closed and therefore $M_{0}\in \mathfrak{M}$ . Since
$M$ is Polish the product a-algebra, say, $\Re\times \mathfrak{M}$ coincides with the a-algebra of
Borel sets of the product topological space $R\times M$.

For each $t\in R$ a homeomorphism $T_{t}$ of $M$ onto itself is defined by

(2.2) $(T_{t}\varphi)(A)=\varphi(A+t)$ , $\varphi\in M$ , $ A\in\Re$ .
The mapping from $R\times M$ onto $M$ which sends $(t, \varphi)$ to $ T_{t}\varphi$ is continuous and
therefore measurable with respect to the $\sigma$-algebra $\Re\times \mathfrak{M}$ .

An M-measurable real-valued function $u$ will be called invariant if

(2.3) $u(T_{t}\varphi)=u(\varphi)$ , $\varphi\in M$ , $t\in R$ .
A measure $P$ on $(M, \mathfrak{M})$ is called stationary if

(2.4) $P(T_{t}E)=P(E)$ , $E\in \mathfrak{M}$ , $t\in R$ .
If $P$ is a stationary measure and if $u$ is a finite non-negative invariant function
then the measure $u\cdot P$ defined by

(2.5) $(u\cdot P)(E)=\int\chi_{B}(\varphi)u(\varphi)P(d\varphi)$ , $E\in \mathfrak{M}$ ,

is stationary.
A probability measure $P$ on $(M, \mathfrak{M})$ is called a random measure on $R$ . A

random measure concentrated on $M_{0}$ is called a point process on $R$ . Sometime8
these terms are used rather loosely to denote measures on $(M, \mathfrak{M})$ which are not
necessarily probability measures.

Lemma 2.1 (Mecke [8]). A $\sigma- finite$ measure $P$ on $(M, \mathfrak{M})$ is stationary $\dot{j}ff$
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(2.6) $\int\int\int w(t, s, T.\varphi)\varphi(ds)P(d\varphi)dt=\int\int\int w(s, t, T_{*}\varphi)\varphi(ds)P(d\varphi)dt$

for every non-negative $\Re\times\Re\times \mathfrak{M}$-measurable function $w$ .
Lemma 2.2 (Mecke [8]). If $P$ is a $\sigma- fin\dot{j}te$ stationary measure on $(M, \mathfrak{M})$

then there exists a unique $\sigma- finite$ measure $P^{0}$ on $(M, \mathfrak{M})$ such that

(2.7) $\int u(\varphi)P^{0}(d\varphi)=\int\int g(s)u(T_{1}\varphi)\varphi(ds)P(d\varphi)$

for any non-negative M-measurable functon $u$ and any $g\in \mathfrak{B}^{+}$ such that
$\int g(t)dt=1$ .

The measure $P^{0}$ defined by (2.7) is called Palm measure for $P$. Taking $u=1$

in (2.7) it is immediate that

(2.8) $P^{0}(M)=\int z_{g}(\varphi)P(d\varphi)$ if $g\in \mathfrak{B}^{+}$ , $\int g(t)dt=1$ .

If $P$ is $\sigma- finite$ stationary and if $u\geq 0$ is invariant then $u\cdot P$ is $\sigma- finite$ stationary

and it follows from (2.7) that

(2.9) $(u\cdot P)^{0}=u\cdot P^{0}$

If $g\in \mathfrak{B}^{+}$ and $u\geq 0$ is $\mathfrak{M}$-measurable then it follows from Lemma 2.1 and Lemma
2.2 that

(2.10) $\int\int g(t)u(T_{-t}\varphi)P^{0}(d\varphi)dt=\int\int\int g(s)g_{0}(t)u(T_{*-t}\varphi)\varphi(ds)P(d\varphi)dt$

$=\int\int\int g(s)g_{0}(t)u(\varphi)\varphi(ds)P(d\varphi)dt=\int u(\varphi)z_{g}(\varphi)P(d\varphi)$ ,

where $g_{0}\in \mathfrak{B}^{+},$ $\int g_{0}(t)dt=1$ .
Lemma 2.3 (Mecke [8]). Let $P^{0}$ be the Palm measure for a stationary

$\sigma- finite$ meassure $P$ on $(M, M)$ . Then for every non-negative $\mathfrak{M}$-measurable
function $u$ with $u(O)=0$ , where $0$ on the left denotes the zero measure,

(2.11) $\int u(\varphi)P(d\varphi)=\int\int h(t, T_{-t}\varphi)u(T_{-t}\varphi)dtP^{0}(d\varphi)$ ,

where $h$ is a non-negative $\Re\times M$-measurable function such that $h(t, 0)=0$ and

(2.12) $\int h(t, \varphi)\varphi(dt)=1$ , $\varphi\in M$ , $\varphi\neq 0$ .

This theorem shows that if we restrict ourselves to $\sigma- finite$ stationary measures
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such that $P(\{0\})=0$ then $P$ is uniquely determined by $P^{0}$ .
Lemma 2.4 (Mecke [8]). A measure $Q$ on $(M, M)$ is the Palm measure of

$a$ a-finite stationary measure on $(M, \mathfrak{M})$ iff it satisfies the following three
conditions:

(i) $Q$ is a-finite,
(ii) $Q(\{0\})=0$ ,
(iii) for every $\Re\times \mathfrak{M}$-measurable $v\geq 0$ ,

(2.13) $\int\int v(-t, T_{t}\varphi)\varphi(dt)Q(d\varphi)=\int\int v(t, \varphi)\varphi(dt)Q(d\varphi)$ .

3. Covariance measure and spectral measure. Throughout the rest of this
paper $P$ is a a-finite stationary measure on $(M, \mathfrak{M})$ satisfying $P(\{0\})=0$ and $P^{0}$ is
the Palm measure for $P$. Let $V$ denote a not necessarily $\sigma- finite$ measure on $\Re$

defined by

(3.1) $V(A)=\int\varphi(A)P^{0}(d\varphi)$ , $ A\in$ R.

Let $(\mathcal{D})$ and $(S)$ be Schwartz’s test function spaces on $R$ . A measure $\varphi\in M$

is called positive definite if it is positive definite in the sense of Schwartz’s
distribution [10], i.e., if

(8.2) $\int\int f(s)\overline{f(s+t)}ds\varphi(dt)\geq 0$ , $f\in(\mathcal{D})$ .

The following theorem is essentially due to Daley [8] and Vere-Jones [11].

Theorem 3.1. The followinq three statements are equivalent:
(i) $V\in M$, i.e. $ V(A)<\infty$ for $A\in\Re_{0}$ ,
(ii) $ V((-\epsilon, \epsilon))<\infty$ for some $\epsilon>0$ ,
(iii) $\int(\varphi(A))^{2}P(d\varphi)<\infty$ for $A\in\Re_{0}$ .

In this case $V$ is positive definite and satisfies

(3.3) $\int\int v(s, s+t)dsV(dt)=\int\int\int v(s, t)\varphi(ds)\varphi(dt)P(d\varphi)$

for any Baire function $v\geq 0$ on $R^{2}$ . In particular

(3.4) $\int\int f(s)g(s+t)dsV(dt)=\int z_{f}(\varphi)z_{g}(\varphi)P(d\varphi)$

$=\int\int g(t)z_{f}(T_{-}\varphi)P^{0}(d\varphi)dt$
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for $f\in \mathfrak{B}^{+}$ and $g\in \mathfrak{B}^{+}$ .
Proof. First assuming (iii) we prove (i) and the conclusion of the last half.

Let $m$ denote the masure on the $\sigma$-algebra $\Re^{2}$ of Borel sets of $R^{2}$ such that

(8.5) $m(A_{1}\times A_{2})=\int\int\int\chi(A_{1};s)\chi(A_{2};t-s)\varphi(ds)\varphi(dt)P(d\varphi)$ ,

for $A_{1}\in \mathfrak{N},$ $ A_{2}\in\Re$ . It follows from (iii) that the value of $m$ is finite for every

bounded Borel set. By using (2.4) we have

$m((A_{1}+u)\times A_{2})=\int\int\int\chi(A_{1};s-u)\chi(A_{2};t-s)\varphi(ds)\varphi(dt)P(d\varphi)$

$=\int\int\int\chi(A_{1};s)\chi(A_{2};t-s)(T_{u}\varphi)(ds)(T_{u}\varphi)(dt)P(d\varphi)$

$=\int\int\int\chi(A_{1};s)\chi(A_{2};t-s)\varphi(ds)\varphi(dt)P(d\varphi)$

$=m(A_{1}\times A_{2})$ , $ueR$ .
Thus for any fixed $A_{2}\in\Re_{0}$ the value of $m(A_{1}\times A_{2})$ is proportional to the Lebesgue

measure $|A_{1}|$ of $A_{1}$ :

(3.6) $m(A_{1}\times A_{2})=|A_{1}|\cdot V^{*}(A_{2})$ , $ A_{1}\in\Re$ , $A_{2}\in\Re_{0}$ .
The set function $V^{*}$ on $\Re_{0}$ is uniquely extended to a measure $V^{*}$ on $\Re$ such that
$V^{*}\in M$ and $m=|\cdot|\times V^{*}$ . For any Baire function $v\geq 0$ on $R^{2}$ it follows from (3.5)

and (3.6) that

(3.7) $\int\int v(s, t)dsV^{*}(dt)=\int\int\int v(s, t-s)\varphi(ds)\varphi(dt)P(d\varphi)$ .

From (2.7) and (3.7) we have that

$V(A)=\int z_{A}(\varphi)P^{0}(d\varphi)=\int\int g(s)\chi(A;t-s)\varphi(ds)\varphi(dt)P(d\varphi)$

$=\int\int g(s)\chi(A;t)dsV^{*}(dt)=V^{*}(A)$ , $ A\in\Re$ .

Thus $V=V^{*}$ and therefore (3.7) is equivalent to (3.3). It follows from (3.3) with
$v(s, t)=f(s)\overline{f(s+t)},$ $f\in(\mathcal{D})$ , that

$\int\int f(s)\overline{f(s+t)}dsV(dt)=\int|z_{f}(\varphi)|^{2}P(d\varphi)\geq 0$ ,

which shows that $V$ is positive definite.
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Thus we have proved that (iii) implies (i) and the conclusion of the last half.
The implication $(i)=(ii)$ is obvious. To prove $(ii)\supset(iii)$ let $0<\epsilon<1$ and $I=$

$(-\frac{\epsilon}{2},$ $\frac{\epsilon}{2})$ . It follows from (2.7) that

$\int\varphi(I)^{2}P(d\varphi)=\int\int\int\chi(I;s)\chi(I;t)\varphi(ds)\varphi(dt)P(d\varphi)$

$\leq\int\int\int\chi((-1,1);s)\chi((-\epsilon, \epsilon);t-s)\varphi(ds)\varphi(dt)P(d\varphi)$

$=\int\varphi((-\epsilon, \epsilon))P^{0}(d\varphi)=V((-\epsilon, \epsilon))<\infty$ .

Together with (2.4) and Schwarz inequality this implies (iii). (3.4) is immediate
from (3.3) and (2.10). This completes the proof.

Remark 3.1. The relation (3.3) indicates that when $P$ is a probability meavure
$V$ may be called the ‘ covariance measure ‘ of $P$ regarded as a stationary random
distribution [6]. Thus, loosely speaking, Theorem 8.1 says that the intensity

measure of the Palm measure $P^{0}$ coincides with the covariance measure of the
original stationary measure $P$.

Throughout the rest of this section assume $V\in M$. Since $V$ is positive definite
it follows from Schwartz’s extension of Bochner’v theorem [10] that $V$ is the
Fourier transform of a tempered measure $G:v=G$ , i.e.,

(3.8) $\int f(t)V(dt)=\int\hat{f}(t)G(dt)$ ,

where $f\in(S)$ and

$\hat{f}(t)=\int e^{itx}f(x)dx$ , $f(t)=\frac{1}{2\pi}\int e^{-i\ell x}\hat{f}(x)dx$ .

Since $V$ is a symmetric measure (3.8) implies that $G$ is also a positive definite
measure: $G=(2\pi)^{-1}$ V. $G$ is called the spectral measure of $P$ .

Let $a>0$ and let $f\in(\mathcal{D})$ be non-negative and satisfy $\int f(t)dt=1$ . By (3.8) we
have

$\frac{1}{2a}\int\int\chi(I_{a};s)f(t-s)dsV(dt)=\int\frac{\sin at}{at}\hat{f}(t)G(dt)$ , $I_{a}=(-a, a)$ ,

which converges to $\hat{f}(0)G(\{0\})=G(\{0\})$ as $ a\rightarrow\infty$ . This implies immediately that

(3.9) $\lim_{a\rightarrow\infty}\frac{1}{2a}V(I_{a})=G(\{0\})\equiv\lambda$ .
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Theorem 3.2. If the spectral measure $G$ is absolutely continuous with
respect to the Lebesgue measure except for a possible atom at the origin, i.e.,

if

(3.10) $G(A)=\lambda\cdot\chi(A;0)+\int_{A}\gamma(t)dt$ , $ A\in\Re$ ,

with a locally integrable $\gamma$ , then

(3.11) $\lim_{\ell-\rightarrow\infty}V(I+t)=\lambda\cdot|I|$ ,

for every bounded interval $I$.
Proof. Approximate $\chi_{I}$ by non-negative functions in $(\mathcal{D})$ and apply Riemann-

Lebesgue lemma.

Remark 3.2. Applying the argument of [4] p. 362 it can be shown that for
every directly Riemann integrable function $g$ on $R$

$\lim_{t\rightarrow\infty}\int g(s-t)V(ds)=\lambda\int g(s)ds$

holds iff (3.11) holds for every bounded interval $I$.
Remark 3.3. In addition to the assumptions of the theorem if $\gamma$ is assumed

to be of bounded variation in a neighborhood of the origin then it can be shown
that

(3.12) $\lim_{a\rightarrow\infty}[V(I_{a})-2a\lambda]=2\pi\lim_{\rightarrow 0}\gamma(t)$ .

4. Weak convergence of shift of Palm measure. Let $P$ be a $\sigma$-finite sta-
tionary measure on $(M, M)$ and $\alpha=P^{0}(M)$ . In this section we prove the main
results of the present paper assuming that

(4.1) $\int\varphi(A)P(d\varphi)<\infty$ for $A\in\Re_{0}$ ,

and

(4.2) $\int\varphi(A)^{2}P(d\varphi)<\infty$ for Ae $\Re_{0}$ .

It is immediate from (2.8) that (4.1) holds iff $\alpha<\infty$ and in this case

(4.3) $\int z_{f}(\varphi)P(d\varphi)=\alpha\int f(t)dt$

for integrable $ f\in$ B. Theorem 3.1 says (4.2) is equivalent to $V\in M$. Let $\lambda=$
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$\lim_{a\rightarrow\infty}(2a)^{-1}V(I_{a})$ where $I_{a}$ denotes the interval $(-a, a)$ . Note that (4.2) does not
imply (4.1) in general.

Lemma 4.1. If (4.1) holds then $ P(U^{0})<\infty$ for every neighborhood $U$ of
Oe $M$.

Proof. If suffices to prove assuming that $U$ is of the form

$U=\{\varphi;z(f_{\ell\prime}\cdot\varphi)<\epsilon_{\ell}, 1\leq i\leq n\}$ ,

where $f_{\ell}\in \mathfrak{C}_{0}^{+},$ $\epsilon_{i}>0,1\leq i\leq n$ . Then the lemma follows from the following:

$ P(U^{c})\leq\sum_{\ell=1}^{n}P(\{\varphi;z(f_{i};\varphi)<\epsilon_{\ell}\})\leq\sum_{:=1}^{n}\epsilon_{i}^{-1}\int z(f_{\ell};\varphi)P(d\varphi)=\alpha\sum_{i=1}^{n}\epsilon_{\ell}^{-1}\int f_{\ell}(t)dt<\infty$ .

In what follows $P$ is assumed to satisfy (4.1) and (4.2). Let

$\nu_{a}(\varphi)=(2a)^{-1}\varphi(I_{a})$ , $\varphi\in M$ , $a>0$ .
Let $\Lambda$ denote the set of all $\varphi\in M$ such that the finite limit $\lim\nu_{a}(\varphi)$ do not $exi_{8}t$ .
The set $\Lambda$ is M-measurable and invariant. Let us define $\nu(\varphi)=0a\rightarrow\infty$ for $\varphi\in\Lambda$ and
$\nu(\varphi)=\lim_{a\rightarrow\infty}\nu_{a}(\varphi)$ for $\varphi\in\Lambda$“.

Lemma 4.2. $\nu\in L^{1}(P)\cap L^{2}(P)\cap L^{1}(P^{0})$ . As $a\rightarrow\infty\nu_{a}$ converges to $\nu$ P-a.e.,
$P^{0}- a.e.$ , in $L^{2}(P)$ and in $L^{1}(P^{0})$ . If $ P(M)<\infty$ then $\alpha=\int\nu dP$.

Proof. It follows from classical ergodic theorems that $\nu\in L^{1}(P)\cap L^{2}(P),$ $\nu_{a}\rightarrow\nu$

P-a.e. and in $L^{2}(P)$ and $\alpha=\int$vdP when $ P(M)<\infty$ . Since $\Lambda$ is invariant P-null it
follows from (2.7) that

$P^{0}(\Lambda)=\int\int g(t)\chi(\Lambda;T_{t}\varphi)\varphi(dt)P(d\varphi)=\int\int g(t)\chi(\Lambda;\varphi)\varphi(dt)P(d\varphi)=0$ .

Thus $\nu_{a}\rightarrow\nu P^{0_{-}}a.e$ . Noting that

$(a-1)\nu_{a-1}(\varphi)\leq a\nu_{a}(T_{1}\varphi)\leq(a+1)\nu_{a+1}(\varphi)$ , $\varphi\in M$ , $a>1$ , $|s|\leq 1$ ,

we have

$|\nu_{a}(T_{l}\varphi)-v(\varphi)|\leq|\frac{a-1}{a}\nu_{a-1}(\varphi)-\nu(\varphi)|+|\frac{a+1}{a}\nu_{a+1}(\varphi)-v(\varphi)|$ , $a>1$ , $|s|\leq 1$ .

Hence if we choose $g(t)=\dot{x}((0,1);t)$ then $z_{g}eL^{2}(P)$ and
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$\int|v_{a}(\varphi)-\nu(\varphi)|P^{0}(d\varphi)=\int\int g(s)|\nu_{a}(T_{*}\varphi)-\nu(T.\varphi)|\varphi(ds)P(d\varphi)$

$\leq\int z_{g}(\varphi)|\frac{a-1}{a}\nu_{a-1}(\varphi)-v(\varphi)|P(d\varphi)+\int z_{g}(\varphi)|\frac{a+1}{a}\nu_{a+1}(\varphi)-\nu(\varphi)|P(d\varphi)$ .

Since $(1-a^{-1})\nu_{a-1}\rightarrow\nu,$ $(1+a^{-1})v_{a+1}\rightarrow\nu$ in $L^{2}(P)$ we have $v_{a}\rightarrow v$ in $L^{1}(P^{0})$ .

Lemma 4.3. If $u\geq 0$ is invariant P-inteqrable then

(4.4) $\int u(\varphi)P^{0}(d\varphi)=\int u(\varphi)v(\varphi)P(d\varphi)$ .

Proof. Letting $g(t)=(2a)^{-1}\chi(I_{a};t),$ $a>0$ , in (2.7) we have

$\int u(\varphi)P^{0}(d\varphi)=\int\int g(t)u(\varphi)\varphi(dt)P(d\varphi)=\int u(\varphi)\nu_{a}(\varphi)P(d\varphi)$ .

By assumption $u\cdot P$ is a finite stationary measure and if $u$ is bounded then
$(u\cdot P)^{0}(M)=(u\cdot P^{0})(M)<\infty$ . Hence by Lemma 4.2

$\int u(\varphi)v_{a}(\varphi)P(d\varphi)=\int u(\varphi)\nu(\varphi)P(d\varphi)$

which proves (4.4) for bounded $u$ . For unbounded $u$ truncation and monotone
convergence theorem can be used to obtain (4.4).

Lemma 4.4.

(4.5) $\int v(\varphi)P(d\varphi)\leq P^{0}(M)\equiv\alpha$ .

The equality holds iff $\nu>0$ P-a.e. or equivalently $\nu>0P^{0_{-}}a.e$ .
Proof. The inequality is immediate from (4.3) and Fatou’s lemma. Let

$E=\dagger\varphi;v(\varphi)>0\}$ and $E_{n}=\{\varphi;\nu(\varphi)>n^{-1}\},$ $n\geq 1$ . For every $n\chi(E_{n};)$ is invariant
and P-integrable and therefore

$P^{0}(E_{n})=\int\chi(E,;\varphi)v(\varphi)P(d\varphi)$ , $n\geq 1$ ,

by Lemma 4.3. Letting $ n\rightarrow\infty$ we have

$P^{0}(E)=\int\chi(E;\varphi)\nu(\varphi)P(d\varphi)$ ,

and therefore the equality in (4.5) holds iff $\nu>0P^{0_{-}}a.e$ . If $P(E^{0})=0$ then $\chi_{f}.P=P$

and by (2.9) $P^{0}=(\chi_{B}.p)^{0}=x_{B}\cdot P^{0}$ . Hence $P^{0}(E^{\iota})=0$ . Conversely if $P^{0}(E^{t})=0$ then
by Lemma 2.3
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$P(E^{0})=\int\int h(t, T_{-t}\varphi)\chi(E^{c};T_{-t}\varphi)dtP^{0}(d\varphi)$

$=\int\int h(t, T_{-t}\varphi)\chi(E^{\iota};\varphi)dtP^{0}(d\varphi)=0$ .
Thus $v>0$ P-a.e. iff $v>0P^{0_{-}}a.e$ . This proves the lemma.

Lemma 4.5.

(4.6) $\int z_{f}(\varphi)v(\varphi)P(d\varphi)=\lambda\int f(t)dt$

for integrable $f\in \mathfrak{B}$ and

(4.7) $\lambda=\int v(\varphi)P^{0}(d\varphi)=\int v(\varphi)^{2}P(d\varphi)$ .

Proof. From Lemma 4.2 we have

$\lambda=\lim_{a\rightarrow\infty}\frac{1}{2a}V(I_{a})=\lim_{a\rightarrow\infty}\int v_{a}dP^{0}=\int vdP^{0}$

Thus $\nu\cdot P$ is a stationary measure with $(\nu\cdot P)^{0}(M)=\lambda<\infty$ . Hence (4.6) follows from
(4.3). Let $f(t)=(2a)^{-1}\chi(I_{a};t)$ in (4.6) and let $ a\rightarrow\infty$ to obtain the last equality of
(4.7).

Lemma 4.6. Let $g\in \mathfrak{B}^{+}$ be bounded and satisfy $\int g(t)dt=1$ . If $\lim u.=u$ in
$L^{2}(P)$ and if

$\lim_{\tau\rightarrow\infty}\int\int g(t)u_{n}(T_{\tau-t}\varphi)P^{0}(d\varphi)dt=\int u_{n}(\varphi)\nu(\varphi)P(d\varphi)$ , $n\geq 1$ ,

then

$\lim_{\tau\rightarrow\infty}\int\int g(t)u(T_{\tau-\ell}\varphi)P^{0}(d\varphi)dt=\int u(\varphi)\nu(\varphi)P(d\varphi)$ .

Proof. APply (2.10) and Schwarz inequality.

Lemma 4.7. Let $g\in \mathfrak{C}_{0}^{+}$ satisfy $\int g(t)dt=1$ . If

(4.8) $\lim_{t\rightarrow\infty}V(I+t)=\lambda\cdot|I|$

for every bounded interval $I$, then for every $u\in L^{2}(P)$

(4.9) $\lim_{\tau\rightarrow\infty}\int\int g(t)u(T_{\tau-t}\varphi)P^{0}(d\varphi)dt=\int u(\varphi)v(\varphi)P(d\varphi)$

Proof. If $f\in \mathfrak{C}_{0}$ then it follows from (4.8) that
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$\lim_{\tau\rightarrow\infty}$ I $\int f(t-\tau)g(s+t)V(ds)dt=\lambda\int f(t)dt$ .

Thus in view of (3.4) and (4.6), (4.9) holds for $u=z_{f},$ $f\in \mathfrak{C}_{0}$ . Let $H$ denote the
closed linear subspace of $L^{z}(P)$ spanned by $z_{f},$

$f\in \mathfrak{C}_{0}$ , and let $H^{\perp}$ denote the or-
thogonal complement of $H$. It follows from Lemma 4.6 that (4.9) holds for every
$u\in H$. For any $u\in L^{2}(P)$ let $u=u_{1}+u_{2},$ $u_{1}\in H,$ $u_{2}\in H^{\perp}$ . Since $z_{q}\in H$ and $v\in H$

we have

$\int u_{2}(\varphi)\nu(\varphi)P(d\varphi)=0$

and by (2.10)

$\int\int q(t)u_{2}(T_{\tau-t}\varphi)P^{0}(d\varphi)dt=\int u_{a}(T_{\tau}\varphi)z_{g}(\varphi)P(d\varphi)=0$ .

Hence

$\lim_{\tau\rightarrow\infty}\int\int g(t)u(T_{\tau-}\varphi)P^{0}(d\varphi)dt=\lim_{\tau\rightarrow\infty}\int\int g(t)u_{1}(T_{r-t}\varphi)P^{0}(d\varphi)at$

$=\int u_{1}(\varphi)\nu(\varphi)P(d\varphi)=\int u(\varphi)v(\varphi)P(d\varphi)$ .
This proves the lemma.

For $t\in R$ let $P^{t}=P^{0}T_{-\iota}$ denote the ‘ shift ‘ of the Palm measure $P^{0}$ :

(4.10) $\int u(\varphi)P(d\varphi)=\int u(T_{t}\varphi)P^{0}(d\varphi)$

for bounded M-measurable $U$.
We are now in a position to prove the following:

Theorem 4.1. Let $P$ satisfy (4.1) and (4.2). Without loss of generality we
assume that $P^{0}$ is a probability measure. In order that $P^{t}$ converges weakly

to a probability measure $P^{\infty}$ as $ t\rightarrow\infty$ , i.e.,

(4.11) $\lim_{t\rightarrow\infty}\int u(\varphi)P^{\ell}(d\varphi)=\int u(\varphi)P^{\infty}(d\varphi)$

for every bounded continuous $u$ , it is necessary and sufficient that (4.8) holds

for every bounded interval I. In this case $P^{\infty}$ is stationary and

(4.12) $P^{\infty}=\nu\cdot P+c\delta_{0}$

where $\delta_{0}$ is the probability measure concentrated on Oe $M$ and $c=1-\int\nu dP$. In
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particular $P^{\infty}=\nu\cdot P$ iff $\nu>0P^{0}- a.e$ . or equivalently iff $v>0$ P-a.e.

Proof. (Necessity) Let $f\in \mathfrak{C}_{0}^{+}$ and $g\in \mathfrak{C}_{0}^{+}$ be arbitrary except that $\int g(t)dt=1$ .
It suffices to prove that

(4.13) $\lim_{\tau\rightarrow\infty}\int\int f(t-\tau)g(s+t)V(ds)dt=\lambda\int f(t)dt$ ,

since (4.8) follows from (4.13) by a standard approximation. In view of (3.4) and
(4.6), (4.13) is equivalent to

(4.14) $\lim_{\tau\rightarrow\infty}\int\int g(t)z_{f}(T_{\tau-}\varphi)P^{0}(d\varphi)dt=\int z_{f}(\varphi)v(\varphi)P(d\varphi)$ .

By assumption $z_{f}\in L^{2}(P)$ . If we define $z_{f}^{n}(\varphi)=\min(z_{f}(\varphi), n),$ $n\geq 1$ , then $z_{f}^{n}\rightarrow z_{f}$ in
$L^{2}(P)$ . Since $z_{f}$ is bounded continuous and $z_{f}^{n}(0)=0$ we have by assumption (4.11)

and (4.9) that

$\lim_{\tau\rightarrow\infty}\int z_{f}^{n}(T_{\tau}\varphi)P^{0}(d\varphi)=\int z_{f}^{n}(\varphi)v(\varphi)P(d\varphi)$ .
Hence (4.14) holds for $z_{f}$ replaced by $z_{f}^{n},$ $n\geq 1$ . Thus by Lemma 4.6 (4.14) holds
for $z_{f},$

$f\in \mathfrak{C}_{0}^{+}$ .
(Sufficiency) Let $u$ be a bounded continuous function on $M$ and let $K=$

$\sup$ $|u(\varphi)|$ . At first we assume $ueL^{2}(P)$ . Let $g\in \mathfrak{C}_{0}^{+}$ be $suPported$ by the interval
$[-1,1]\varphi eH$ and satisfy $\int g(t)dt=1$ . Since $z_{g}\in L^{1}(P)$ , for any $\epsilon>0$ one can choose $\eta>0$

so that

(4.15) $\int\chi(\varphi)z_{\sigma}(\varphi)P(d\varphi)<\frac{\epsilon}{4K}$

whenever $\Lambda\in M,$ $ P(\Lambda)<\eta$ .
For each $\varphi\in M,$ $u(T\varphi)$ is a continuous function of $t$ and therefore for any $\delta$ ,

$0<\delta<1$ , the subset

$\Lambda_{0}=\{\varphi;\sup_{||\leq\delta.|\cdot|\leq 1}|u(T_{+}.\varphi)-u(T_{l}\varphi)|>\frac{\epsilon}{2}\}$

of $M$ belongs to M. One can show that $ P(\Lambda_{0})<\infty$ even if $ P(M)=\infty$ . In fact if
$ P(M)=\infty$ then by Lamma 4.1 $u\in L^{2}(P)$ implies $u(O)=0$ . Let $U$ be a neighborhood
of Oe $M$ such that $|u(\varphi)|<\frac{\epsilon}{4}$ for $\varphi\in U$. It is easy to see that there exists a
neighborhood $U_{0}$ of Oe $M$ such that $T_{l}\varphi\in U$ if $\varphi\in U_{0}$ and $|t|\leq 2$ . Thus $A_{0}^{\iota}\supset U_{0}$

and by Lemma 4.1 one has $ P(\Lambda_{0})<\infty$ .
Since for every $\varphi\in M$
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$\lim_{\delta\rightarrow 0}\sup_{|t|\leq\delta,|\epsilon|\leq 1}|u(T_{t+}.\varphi)-u(T.\varphi)|=0$ ,

one can choose $\delta>0$ so small that

$ P(\Lambda_{0})<\eta$ .
Let $\Lambda_{\tau}=T_{-\tau}\Lambda_{0},$ $\tau\in R$ , i.e.,

(4.16) $A_{\tau}=\{\varphi;\sup_{|\ell|\leq\delta.|l\}\leq 1}|u(T_{r++}.\varphi)-u(T_{\tau+\ell}\varphi)|>\frac{\epsilon}{2}\}$

then by the stationarity of $P$ one has

(4.17) $ P(\Lambda_{\tau})<\eta$ , $\tau\in R$ .
Let $h\in \mathfrak{C}_{0}^{+}$ be supported by $[-\delta, \delta]$ and satisfy $\int h(t)dt=1$ and let

$u_{h}(\varphi)=\int u(T_{-t}\varphi)h(t)dt$ .

It follows from (4.16) that

(4.18) $|u_{\hslash}(T_{\tau+\iota}\varphi)-u(T_{\tau+}.\varphi)|<\frac{\epsilon}{2}$ for $\varphi\in$ Ag , $\tau\in R$ , $|s|\leq 1$ .

We shall now evaluate

$||u_{h}(T_{\tau}\varphi)-u(T_{t}\varphi)|P^{0}(d\varphi)$

$=\int\int g(s)|u_{h}(T_{\tau+e}\varphi)-u(T_{r+\iota}\varphi)|\varphi(ds)P(d\varphi)$

$=\int\int g(s)\chi(\Lambda_{r}^{c};\varphi)|u_{h}(T_{\tau+}.\varphi)-u(T_{r+}.\varphi)|\varphi(ds)P(d\varphi)$

$+\int\int g(s)\chi(\Lambda_{\tau}^{c};\varphi)|u_{h}(T_{\tau+}.\varphi)-u(T_{\tau+\iota}\varphi)|\varphi(ds)P(d\varphi)$ .

Since $g$ is supported by [–1, 1] it follows from (4.18) that the first integral on
the right does not exceed

$\frac{\epsilon}{2}\int\int g(s)\varphi(ds)P(d\varphi)=\frac{\epsilon}{2}\int g(s)ds=\frac{\epsilon}{2}$ .

From (4.15) and (4.17) follows that the second integral is dominated by

$2K\int\chi(\Lambda_{\tau}^{c};\varphi)z_{\sigma}(\varphi)P(d\varphi)\leq 2K\frac{\epsilon}{4K}=\frac{\epsilon}{2}$ .
Thus we have
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(4.19) $|\int u_{h}(T_{\tau}\varphi)P^{0}(d\varphi)-\int u(T_{\tau}\varphi)P^{0}(d\varphi)|$

$\leq\int|u_{h}(T_{\tau}\varphi)-u(T_{\tau}\varphi)|P^{0}(d\varphi)\leq\epsilon$ , $\tau\in R$ .
Since by Lemma 4.7

$\lim_{\tau\rightarrow\infty}\int u_{h}(T_{\tau}\varphi)P^{0}(d\varphi)=\int u(\varphi)v(\varphi)P(d\varphi)$

holds, it follows from (4.19) that

(4.20) $\lim_{\tau\rightarrow\infty}\int u(T_{\tau}\varphi)P^{0}(d\varphi)=\int u(\varphi)v(\varphi)P(d\varphi)$

for bounded continuous $ueL^{2}(P)$ .
Now let $u$ be any bounded continuous function on $M$. For any $\epsilon>0$ one can

choose an open neighborhood $U$ of Oe $M$ such that

(4.21) $|u(\varphi)-u(O)|<\epsilon$ for $\varphi\in U$ .
Let $U_{0}$ be an open neighborhood of Oe $M$ such that $\overline{U}_{0}\subset U$ and $\alpha$ a continuous
function on $M$ such that $0\leq\alpha(\varphi)\leq 1,$ $\varphi\in M,$ $\alpha(\varphi)=0$ on $\overline{U}_{0}$ and $\alpha(\varphi)=1$ on $U^{c}$ . Let
us write

$u(\varphi)=u(0)+u_{1}(\varphi)+u_{2}(\varphi)$ ,
where

$u_{1}=\alpha\cdot(u-u(O))$ , $u_{2}=(1-\alpha)\cdot(u-u(O))$ .
Since $u_{1}$ is bounded and supported by $U_{0}^{c}$ it follows from Lemma 4.1 that $u_{1}\in L^{2}(P)$

and therefore (4.20) bolds with $u$ replaced by $u_{1}$ . On the other hand it follows
from (4.21) that $|u_{2}(\varphi)|<\epsilon,$ $\varphi\in M$, and therefore

$\sup_{teR}|\int u_{2}(T\varphi)P^{0}(d\varphi)|<\epsilon$ .

Since $\int\nu dP\leq P^{0}(M)=1$ we have also

$|\int u_{2}(\varphi)v(\varphi)P(d\varphi)|<\epsilon$ .
Consequently

$\lim_{\rightarrow}\sup_{\infty}\int u(T_{t}\varphi)P^{0}(d\varphi)\leq u(0)+\lim_{t\rightarrow\infty}\int u_{1}(T_{t}\varphi)P^{0}(d\varphi)$

$=u(0)+\int u_{1}\cdot vdP+\epsilon<\{(1-\int vdP)\}u(0)+\int u\cdot vdP+2\epsilon$ .
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The same argument gives

$\lim_{\rightarrow}\inf_{\infty}\int u(T_{t}\varphi)P^{0}(d\varphi)\geq(1-\int vdP)\cdot u(0)+\int u\cdot vdP-2\epsilon$ .

Hence we have

(4.22) $\lim_{\ell\rightarrow\infty}\int u(T_{t}\varphi)P^{0}(d\varphi)=(1-\int vdP)\cdot u(0)+\int u\cdot\nu dP$ ,

which proves (4.11) with (4.12). The last assertion of the theorem follows from

Lemma 4.4. This completes the proof.

Corollary 4.1. Let $P$ satisfy (4.1) and (4.2). Assume $P^{0}$ is a probability

measure. Let $I,$ $1\leq i\leq n$ , be bounded intervals. If (4.8) holds then the random
vector $(\varphi(I_{1}+t),\cdots, \varphi(I_{n}+t))$ on the probability space $(M, \mathfrak{M}, P^{0})$ converges in
distribution as $ t\rightarrow\infty$ to the random vector $(\varphi(I_{1}),\cdots, \varphi(I_{n}))$ on the probability

space $(M, M, P^{\infty})$ .
Proof. Let $h$ be the mapping from $M$ to $R$“ which sends $\varphi$ to $(\varphi(I_{1}),\cdots, \varphi(I_{n}))$

and $D_{h}$ the set of discontinuities of $h$ . We have $D_{h}\subset\{\varphi;\varphi(J)>0\}$ , where $J$ is the

set of all end points of $I_{\ell},$ $1\leq i\leq n$ . In fact if $\varphi(J)=0,1\leq i\leq n$ , then for any
$\epsilon>0$ and for each $i$ there exist $f_{\ell 1}\in \mathfrak{C}_{0}^{+}$ and $f_{\ell 2}\in \mathfrak{C}_{0}^{+}$ such that $f_{i1}\leq\chi(I_{i};)\leq f_{\ell 2}$ , and

$\int(f_{\ell 2}(t)-f_{\ell 1}(t))\varphi(dt)<\epsilon$ .

Let
$U=\{\phi;|z(f_{\ell j};\phi)-z(f_{\ell j};\varphi)|<\epsilon, 1\leq i\leq n, j=1,2\}$ .

If $\phi\in U$ then it is easy to see that $|\phi(I)-\varphi(I_{\ell})|<\epsilon,$ $1\leq i\leq n$ . This shows that $h$

is continuous at $\varphi$ . Since I $\varphi(J)P(d\varphi)=\lambda\cdot|J|=0,1\leq i\leq n$ , we have

$P(D_{h})\leq P(\{\varphi;\varphi(J)>0\})=0$ ,

and therefore $P^{\infty}(D_{h})=0$ . Thus from Theorem 5.1 of [1] and the preceding theorem
we have that $P^{t}h^{-1}$ converges weakly to $P^{\infty}h^{-1}$ . This proves the corollary.

5. A theorem of Ryll-Nardzewski. Throughout the rest of this paper we
shall consider a strictly stationary two-sided sequence $\cdots,$

$X_{-1},$ $X_{0},$ $ X_{1},\cdots$ of real

random variables defined on a probability space $(\Omega, \mathfrak{F}, P)$ . Let us denote

(5.1) $S_{n}=\sum_{k=\iota}^{\iota}X_{k}$ for $n\geq 1$ , $S_{0}\equiv 0$ , $S_{*}=-\sum_{k=r\iota+1}^{0}X_{k}$ for $n\leq-1$ ,

and for each $\omega\in\Omega$ let $\Phi(\omega)=\Phi(\cdot;\omega)$ be a measure on $\Re$ defined by
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(5.2) $\Phi(\cdot;\omega)=\sum_{n=-\infty}^{\infty}\chi(\cdot:S_{n}(\omega))$ .
Let $K$ and $L$ be two independent random variables having the common geometric
distribution:

$P\{K=j\}=P\{L=j\}=(1-\alpha)\alpha^{j}$ , $j=0,1,$ $\cdots$ ,

where $0<\alpha<1$ and the pair $(K, L)$ is a8sumed to be independent of $X_{n}’ 8$ . For
every $\omega\in\Omega$ let $\Phi_{\alpha}(\omega)=\Phi_{\alpha}(\cdot ; \omega),$ $0<\alpha<1$ , be a measure defined by

(5.3) $\Phi_{\alpha}(\cdot;\omega)=\sum_{n=-K}^{L}\chi(\cdot;S_{n}(\omega))$ .

Let us assume that

(5.4) $\Phi(A;\omega)<\infty$ P-a.e. for every $A\in\Re_{0}$ .
If we denote by $E$ the set of all $\omega$ such that $\Phi(A;\omega)<\infty,$ $A\in\Re_{0}$ , then $ E=\infty\cap\{\omega$ ;
$\Phi((-n, n);\omega)<\infty\}$ and by (5.4) $P(E)=1$ . Thus $\Phi(\omega)\in M_{0}$ P-a.e. Since $(z_{A^{O}}\Phi)\omega)=\#\frac{\rightarrow}{(}1$

$z_{A}(\Phi(\omega))=\Phi(A;\omega)=\sum_{n=-\infty}^{\infty}\chi(A;S_{n}(\omega)),$ $A\in\Re,$ $ z_{A}\circ\Phi$ is measurable for every $ A\in\Re$ and
therefore $\Phi$ is a measurable mapping from $(\Omega, \mathfrak{F})$ into $(M, M)$ . Similarly every
$\Phi_{a},$ $0<\alpha<1$ , is measurable even if (5.4) does not hold. Let $Q=P\Phi^{-1}$ and $Q.=P\Phi^{-1}$ ,
$0<\alpha<1$ , be probability measures on $(M, \mathfrak{M})$ induced by $\Phi$ and $\Phi_{\alpha}$ respectively.
Obviously $Q(M_{0})=Q_{\alpha}(M_{0})=1,$ $Q(\{0\})=Q_{\alpha}(\{0\})=0$ .

The following theorem admits to connect the theory of stationary random
measures to renewal theory. This theorem was first proved by Ryll-Nardzewski
[9] for $Q$ assuming that $X_{n}’ s$ are positive and integrable. The present proof is
an application of a result of [81.

Theorem 5.1. The measure $Q_{\alpha},$ $0<\alpha<1$ , and if (5.4) is satisfied then the
measure $Q$ are the Palm measureg for some a-finite stationary measures $P_{a}$

and $P$ on $(M, \mathfrak{M})$ respectively. $P_{\alpha}$ and $P$ are concentrated on $M_{0}$ and they
may be assumed to satisfy $P_{\alpha}(\{0\})=0$ and $P(\{0\})=0$ .

Proof. We prove only the assertion on $Q_{\alpha}$ since a similar and easier argu-
ment can be applied to prove the assertion on $Q$ .

For a proof it suffices to verify the conditions of Lemma 2.4. Conditions
(i) and (ii) are obviously satisfied. Let us verify

(5.5) $\int\int v(-t, T_{t}\varphi)\varphi(dt)Q_{\alpha}(d\varphi)=\int\int v(t, \varphi)\varphi(dt)Q_{\alpha}(d\varphi)$

for non-negative $\Re\times \mathfrak{M}$-measurable $v$ . The right 8ide of (5.5) may be written a8
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follows:

(5.6) $\int\int v(t, \varphi)\varphi(dt)Q_{\alpha}(d\varphi)$

$=\int\sum_{j=-K(\omega)}^{L(w)}v(S_{j}(\omega), \Phi_{a}(\cdot j\omega))P(d\omega)$

$=\sum_{m=0}^{\infty}\sum_{n=0}^{\infty}\int\chi(E_{nn};\omega)\sum_{j=-m}^{n}v(S_{j}(\omega),\sum_{k=-m}^{n}\chi(\cdot;S_{k}(\omega)))P(d\omega)$

$=\sum_{m=0}^{\infty}\sum_{=0}^{\infty}(1-\alpha)^{\mathfrak{g}}\alpha^{n+n}\int\sum_{j=-m}^{n}v(S_{j},\sum_{k=-m}^{n}\chi(\cdot;S_{k}))dP$

$=\sum_{\nu=0}^{\infty}(1-\alpha)^{2}\alpha^{\nu}\int\sum_{n=0}^{\nu}\sum_{j=-m}^{\nu-fh}v(S_{j},\sum_{k=-n}^{\nu-m}\chi(\cdot;S_{k}))dP$ ,

where $E_{mn}=\{\omega;K(\omega)=m, L(\omega)=n\}$ . Similarly

(5.7) $\int\int v(-t, T\varphi)\varphi(dt)Q_{\alpha}(d\varphi)$

$=\sum_{m=0}^{\infty}\sum_{n=0}^{\infty}(1-\alpha)^{2}\alpha^{m+n}\int\sum_{j=-m}v(-S_{j},\sum_{k=-m}^{n}\chi(\cdot;S_{k}-S_{j}))dP$

$=\sum_{m=0}^{\infty}\sum_{*=0}^{\infty}(1-\alpha)^{2}\alpha^{m+n}\int\sum_{j=-m}^{*}v(S_{-j},\sum_{k=-m}^{n}\chi(\cdot;S_{k-j}))dP$

$=\sum_{\nu=0}^{\infty}(1-\alpha)^{2}\alpha^{\nu}\int\sum_{m=0}^{\nu}\sum_{\dot{g}=-n*}^{\nu-r*}v(S_{j},\sum_{k=-m}^{\nu-m}\chi(\cdot;S_{j-k}))dP$ ,

where the second equality follows from the stationarity of $X_{\iota}$ . On the other
hand for every $v\geq 0$ we have

$\sum_{m=0}^{\nu}\sum_{j=-m}^{\nu-m}v(S_{j},\sum_{k=-m}^{\nu-m}\chi(\cdot;S_{j-k}))=\sum_{m=0}^{\nu}\sum_{j=-m}^{\nu-m}v(S_{j},\sum_{k=j+m-\nu}^{j+m}\chi(\cdot;S_{k}))$

$=\sum_{l=0}^{\nu}\sum_{j=-\ell}^{\nu-l}v(S_{j},\sum_{k=-\ell}^{\nu-t}\chi(\cdot;S_{k}))$ .
This proves that the right sides of (5.6) and (5.7) coincide and proves the ex-
istence of $P$ .

Since $Q_{a}$ is concentrated on $M_{0}$ so is $P_{a}$ . If $P_{\alpha}(\{0\})\neq 0$ then by modifying

this value to be zero we obtain a stationary measure $P_{\alpha}$ satisfying the assertion
of the theorem.

Let $F_{n}$ denote the distribution of $S_{n}$ :

$F_{n}(A)=P\{S_{n}\in A\}$ , $ A\in\Re$ , $n=\cdots,$ $-1,0,1,\cdots$ ,

and let $V$ and $V_{\alpha},$ $0<\alpha<1$ , denote measures defined by

(5.8) $V(A)=\sum_{n=-\infty}^{\infty}F_{*}(A)$ , $ A\in\Re$ ,
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and

(5.9) $V_{\alpha}(A)=\sum_{n=-\infty}^{\infty}\alpha^{|n|}F_{n}(A)$ , $ A\in\Re$ ,

respectively. These notations are justified by the following:

Lemma 5.1.

(5.10) $V_{\alpha}(A)=\int\varphi(A)Q_{\alpha}(d\varphi)$ , $ A\in\Re$ , $0<\alpha<1$ .

If $V\in M$ then (5.4) is satisfied and

(5.11) $V(A)=\int\varphi(A)Q(d\varphi)$ , $ A\in\Re$ .

Proof.

$\int\varphi(A)Q_{a}(d\varphi)=\int\Phi_{a}(A;\omega)P(d\omega)$

$=\int\sum_{n=-K}^{L}\chi(A;S_{n}(\omega))P(d\omega)=\sum_{j=0}^{\infty}\sum_{k=0}^{\infty}P\{K=j, L=k\}\int\sum_{n=-j}^{k}\chi(A;S_{n})dP$

$=\sum_{j=0}^{\infty}\sum_{k=0}^{\infty}(1-\alpha)^{2}\alpha^{j+k}\sum_{n=-j}^{k}F_{n}(A)=\sum_{n=-\infty}^{\infty}\alpha^{|n|}F_{n}(A)=V_{a}(A)$ .
If $V\in M$ then I $\Phi(A;\omega)P(d\omega)=V(A)<\infty$ for every $A\in\Re_{0}$ and therefore $\Phi(A;)<\infty$

P-a.e. The equality (5.11) is easy.

Let $M_{1}$ denote the subset of $M_{0}$ consisting of all $\varphi$ such that $\varphi((-\infty, a))=\infty$ ,
$\varphi((a, \infty))=\infty$ and $\Phi(\{a\})=0$ or 1 for every $a\in R$ . It is easy to see that $M_{1}$ is $\mathfrak{M}-$

measurable and invariant. It follows from (2.9) that a stationary measure $P$ on
$(M, \mathfrak{M})$ satisfying $P(\{0\})=0$ is concentrated on $M_{1}$ iff so is the Palm measure $P^{0}$ .
For each $\varphi\in M_{1}$ let

$\zeta_{0}(\varphi)=\inf\{t;t\geq 0, \varphi([0, t])>0\}$

$\zeta_{n}(\varphi)=Inf\{t;t>\zeta_{n-1}(\varphi), \varphi((\zeta_{n-1}(\varphi), t])>0\}$ , $n\geq 1$ ,

$\zeta_{-1}(\varphi)=\sup\{t;t<0, \varphi([t, 0))>0\}$ ,
$\zeta_{n}(\varphi)=\sup\{t;t<\zeta_{n+1}(\varphi), \varphi([t, \zeta_{n+1}(\varphi))>0\}$ , $n\leq-2$ .

and
$\xi_{0}^{\prime}(\varphi)=-\zeta_{-1}(\varphi)$ , $\xi_{0}^{\prime\prime}(\varphi)=\zeta_{0}(\varphi)$ ,
$\xi_{0}(\varphi)=\xi_{0}^{\prime}(\varphi)+\xi_{0}^{\prime\prime}(\varphi)$ ,
$\xi_{*}(\varphi)=\zeta_{n}(\varphi)-\zeta_{n-1}(\varphi)$ , for $n\neq 0$ .

All of these functions are M-measurable on $M_{1}$ .
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Next let the stationary sequence $\{X_{n}\}$ satisfy $X_{n}>0$ P-a.e. Then (5.4) is
satisfied and therefore by Theorem 5.1 there exists a stationary $\sigma- finite$ measure
$P$ on $(M, \mathfrak{M})$ such that $P(\{0\})=0$ and its Palm measure $P^{0}$ coincides with $P\Phi^{-1}$ .
Let $\Omega_{0}$ be the set of $\omega$ such that $X_{n}(\omega)>0$ for all $n,\lim_{n\rightarrow\infty}S_{n}(\omega)=\infty,$ and $\lim_{\rightarrow-\infty}S_{n}(\omega)$

$=-\infty$ . Then $P(\Omega_{0})=1$ and $\Phi(\cdot;\omega)\in M_{1}$ if $\omega\in\Omega_{0}$ . Hence $P^{0}$ and therefore $P$ are
concentrated on $M_{1}$ .

The following theorem is a slight extension of a result stated in [7].

Theorem 5.2. Assume the stationary gequence $\{X_{n}\}$ satisfy $X_{n}>0$ P-a.e.
Let $u\geq 0$ be an M-measurable invariant function and let $Z(\omega)=u(\Phi(\omega))$ P-a.e.
Then for any $m\geq 0,$ $n\geq 0$ and any Baire function $f\geq 0$ on $R^{m+n+2}$

(5.12) $\int f(\xi_{-m}(\varphi),\cdots, \xi_{-1}(\varphi), \xi_{0}^{\prime}(\varphi), \xi_{0}^{\prime\prime}(\varphi), \cdots, \xi_{*}(\varphi))u(\varphi)P(d\varphi)$

$=\int\{\int_{0}^{x_{0}}f(X_{-n}, \cdots, X_{-1}, X_{0}-t, t, X_{1}, \cdots, X_{n})dt\}\cdot ZdP$ .

In particular for $t^{\prime}\geq 0,$ $t^{\prime\prime}\geq 0$ we have

(5.13) $P(\{\varphi;\xi_{0}^{\prime}(\varphi)\geq t^{\prime}, \xi_{0}^{\prime\prime}(\varphi)\geq t^{\prime\prime}\})=\int_{t+t}^{\infty},$ $\{1-F(t)\}dt$ ,

where $F(t)$ is the distribution function of $X_{0}$ .
Proof. For simplicity write

$v(\varphi)=f(\xi_{-m}(\varphi),\cdots, \xi_{-1}(\varphi), \xi_{0}^{\prime}(\varphi), \xi_{0}^{\prime\prime}(\varphi), \xi_{1}(\varphi),\cdots, \xi_{n}(\varphi))$ .
For every $\varphi\in M_{1}$ let $h(t, \varphi)=1$ if $t>0$ and $\varphi((0, t))=0,$ $h(t, \varphi)=0$ otherwise. Then

$\int h(t, \varphi)\varphi(dt)=1$ , $\varphi\in M_{1}$ .

For $\varphi\in M_{1},$ $h(t, T_{-t}\varphi)=1$ iff $0<t\leq\xi_{0}^{\prime}(\varphi)$ . If $\omega\in\Omega_{0}$ then $\Phi(\omega)\in M_{1}$ and $\xi_{0}^{\prime}(\Phi(\omega))=$

$X_{0}(\omega)$ . If $\omega\in\Omega_{0}$ and $0<t<X_{0}(\omega)$ then

$\xi_{0}^{\prime}(T_{-t}(\Phi(\omega)))=X_{0}(\omega)-t$ , $\xi_{0}^{\prime\prime}(T_{-t}(\Phi(\omega)))=t$ ,

$\xi_{k}(T_{-t}(\Phi(\omega)))=X_{k}(\omega)$ , $k\neq 0$ .
Thus it follows from Lemma 2.3 that

$\int v(\varphi)u(\varphi)P(d\varphi)=\int\int v(T_{-t}\varphi)u(\varphi)h(t, T_{-t}\varphi)dtP(d\varphi)$
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$=\int\{\int_{0}^{\epsilon_{0^{\prime}}(\varphi)}v(T_{-t}\varphi)u(\varphi)dt\}P^{0}(d\varphi)$

$=\int\{\int_{0}^{x_{0}}f(X_{-m}, \cdots, X_{-1}, X_{0}-t, t, X_{1}, \cdots, X_{n})dt\}ZdP$ .
Let $t^{\prime}\geq 0,$ $t^{\prime\prime}\geq 0,$ $m=n=0$ and $f(x, y)=1$ if $x\geq t^{\prime},$ $y\geq t^{\prime\prime},$ $f(x, y)=0$ otherwise.
Then it is easy to see that

$\int_{0}^{x_{0}}f(X_{0}-t, t)dt=(X_{0}-(t^{\prime}+t^{\prime\prime}))^{+}$

Hence by letting $u\equiv 1$ in (5.12) we have

$P\{\xi_{0}^{\prime}(\varphi)\geq t^{\prime}, \xi_{0}^{\prime\prime}(\varphi)\geq t^{\prime\prime}\}=\int(X_{0}-(t^{\prime}+t^{\prime\prime}))^{+}dP=\int_{\ell’+}^{\infty},$ $\{1-F(t)\}dt$ .

6. Renewal theory for sums of stationary sequences. For two-sided station-
ary sequence $\{X_{n}\}$ let $V$ and $V_{\alpha}$ be measures defined by (5.8) and (5.9) respectively.
It is obvious that for every $A\in\Re,$ $V_{\alpha}(A)$ tends to $V(A)$ as $\alpha\rightarrow 1-0$ . Assume
$V\in M$ and let $G$ and $G_{\alpha}$ be Fourier transforms of $V$ and $V_{\alpha}$ respectively. It is
easy to see that

(6.1) $\lim_{\alpha\rightarrow 1-0}\int f(t)V_{a}(dt)=\int f(t)V(dt)$ , $f\in(S)$ ,

and

(6.2) $\lim_{\alpha\rightarrow 1-0}\int f(t)G_{\alpha}(dt)=\int f(t)G(dt)$ , $f\in(S)$ .
Let $f_{n}$ be the characteristic function of $S_{n}$ :

$f_{n}(t)=\int e^{\ell tx}F_{n}(dx)$ , $n=\cdots,$ $-1,0,1,$ $\cdots$

Then it follows from (5.9) that $G_{\alpha}$ is represented as

(6.3) $G_{\alpha}(A)=\int_{A}\gamma_{a}(t)dt$ , $ A\in\Re$ ,

where

$\gamma_{a}(t)=\frac{1}{2\pi}[1+2\sum_{n=1}^{\infty}\alpha^{n}{\rm Re} f_{n}(t)]$ .

From (3.8), (6.1) and (6.3) it is easy to prove the following lemma which
reduces to the Chung-Fuchs criterion [2] when $X_{n}’ s$ are i.i. $d$ .

Lemma 6.1. $V\in M$ iff for some non-zero $f\in(S)$ such that $f\geq 0$ and $f\geq 0$
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(6.4) $\lim a\sup\int f(t)\gamma_{\alpha}(t)dt<\infty$ ,

or equivalently iff for some $\epsilon>0$ ,

(6.5) $\lim_{\alpha\rightarrow 10}\underline{\sup}\int_{-\epsilon}^{e}\gamma_{a}(t)dt<\infty$ .

It is immediate from Lemma 4.2 and Theorem 5.1 that if $V\in M$ then $(2a)^{-1}$

$\times\Phi(I_{a})$ converges to a random variable $N$ P-a.e. and in $L^{1}(P)$ . When $Y=\lim_{n\rightarrow\infty}n^{-1}S_{n}$

exists P-a.e., in particular when $E|X_{0}|<\infty$ , it can be shown that $N=|Y|^{-1}$ , P-a.e.
As an immediate consequence of Theorem 3.2 we obtain the following renewal

theorem for sums of stationary sequences.

Theorem 6.1. If $V\in M$ then

(6.6) $\lim_{a\rightarrow\infty}\frac{1}{2a}V(I_{a})=EN\equiv\lambda<\infty$ .

If, in addition, $r_{\alpha},$ $0<a<1$ , are uniformly bounded on every compact interval
excluding the origin and converges $a.e$ . as $\alpha\rightarrow 1-0$ , then

(6.7) $\lim_{t\rightarrow\infty}V(I+t)=\lambda\cdot|I|$

for every bounded interval $I$.
Example 6.1 (Gaussian random variables). Let $\{X_{n}\}$ be stationary Gaussian

with EX. $=\mu$ and Var $(S_{n})=s_{n}^{2}$ . Applying Lemma 6.1 with $f(t)=\exp(-t^{2}/2)$ it is
found that $V\in M$ iff

$\lim\sup_{n\alpha\rightarrow 1-0}\sum_{=1}^{\infty}\alpha^{n}\int e^{-t^{2}/2}e^{(-}n^{2}/2)\iota^{2}$ cos $ n\mu tdt<\infty$ .

It is easy to see that this is equivalent to

(6.8) $\sum_{n=1}^{\infty}$ exp $(-\frac{n^{2}\mu^{2}}{2(1+s_{n}^{2})})<\infty$ .

From Theorem 6.1 it is found that (6.7) holds if (6.8) and

(6.9) $\sum_{=1}^{\infty}\exp(-s_{n}^{2}t)<\infty$ , for $t>0$ ,

are satisfied.

Example 6.2 (identical random variables). Let $X$ be a r.v. with distribu-
tion $F$ and characteristic function $f$. If $X_{n}=X$ for every $n$ then $S_{*}=nX$ and
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$f_{n}(t)=f(nt)$ . It is easy to see that $V\in M$ iff $E(|X|^{-1})<\infty$ and that $\lambda=E(|X|^{-1})$ .
Let $H$ denote the distribution of $X^{-1}$ and $K(dy)=|y|H(dy)$ . Assume

$E(|X|^{-1})=\int|x|^{-1}F(dx)=\int|x|H(dx)=\int K(dx)<\infty$ .

It follows from (6.3) that for $g\in(S)$

$\int g(t)G_{\alpha}(dt)=\frac{1}{2\pi}\int[1+2\sum_{n=1}^{\infty}\alpha^{n}{\rm Re} f(nt)]\cdot g(t)dt$

$=\int F(dx)\frac{1}{2\pi|x|}\int_{-\pi}^{\pi}\frac{1-\alpha^{2}}{1-2\alpha\cos u+\alpha^{2}}\sum_{k=-\infty}^{\infty}g(\frac{u+2k\pi}{|x|})du$ .

Letting $\alpha\rightarrow 1-0$ we have

$\int g(t)G(dt)=\int_{k=-\infty}\Sigma^{\infty}|x|^{-1}g(\frac{2k\pi}{x})F(dx)=\sum_{k=-\infty}^{\infty}\int q(2k\pi y)K(dy)$ .
Thus

(6.10) $G(\cdot)=\lambda\cdot\chi(\cdot;0)+\sum_{k\neq 0}K(\overline{2k\pi})$ .

This shows that $G$ is absolutely continuou$s$ except for an atom at the origin iff
$F$ is absolutely continuous. Hence from Theorem 6.1 (6.7) holds if $E(|X|^{-1})<\infty$

and $F$ is absolutely continuous.
If $F(dy)=p(y)dy$ then $K(dy)=|y|^{-1}p(y^{-1})dy$ and from (6.10) we have

(6.11) $\gamma(t)=|t|^{-1}\sum_{k\neq 0}p(2k\pi t^{-1})$ a.e.

This may be regarded as a variant of Poisson’s summation formula.

Throughout the rest we assume $V\in M$. Let $\Phi$ be a random element of $M$

defined in \S 5 and $\Phi_{\iota}(\omega)=\Phi_{t}(\cdot;\omega)=\Phi(\cdot+t;\omega),$ $t\in R$ . Let $P$ be the stationary

measure on $(M, \mathfrak{M})$ defined in Theorem 5.1 and $P^{0}=P\Phi^{-1}$ the Palm measure for
$P$ . It is obvious that $P^{t}=P^{0}T_{-t}=P\Phi_{t}^{-1}$ . Thuv by Theorem 4.1 we have im-
mediately the following:

Theorem 6.2. In order that the random element $\Phi_{\iota}$ converge in distribu-
tion as $ t\rightarrow\infty$ it is necessary and sufficient that the limit

(6.12) $\lim_{t\rightarrow\infty}E\Phi_{t}(I)=\lim_{\ell\rightarrow\infty}E\Phi(I+t)=\lim_{t\rightarrow\infty}$
$\sum_{=-\infty}^{\infty}P(S_{n}\in I+t)$

exist for every bounded interval I. The limit distribution of $\Phi_{t}$ is stationary

and given by $P^{\infty}=\nu\cdot P+c\delta_{0},$ $c=1-\int\nu dP$ .
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The following corollary is immediate from Corollary 4.1.

Corollary 6.1. Let $I_{\ell},$ $1\leq i\leq m,$ $m\geq 1$ , be bounded intervals. If (6.12) holds
then the random vector $(\Phi(I_{1}+t), \cdots, \Phi(I_{m}+t))$ converges in dist ribution as $ t\rightarrow\infty$ .

Let $\Phi^{+}$ and $\Phi^{-}$ be random elements of $M$ defined by

$\Phi^{+}(\omega)=\Phi^{+}(\cdot;\omega)=\sum_{n=0}^{\infty}\chi(\cdot;S_{n}(\omega))$ , $\Phi^{-}(\omega)=\Phi(\omega)-\Phi^{+}(\omega)$ ,

and let $\Phi_{t}^{+}(\cdot;\omega)=\Phi^{+}(\cdot+t_{j}\omega)$ and $\Phi_{t}^{-}(\cdot;\omega)=\Phi^{-}(\cdot+t;\omega),$ $t\in R$ .
Corollary 6.2. Let $\{X_{n}\}$ be i.i.d., $\{S_{n}\}$ a transient random walk. If the

distribution of $X_{0}$ is aperiodic then $\Phi$ and $\Phi_{t}^{+}$ converge in distribution as
$ t\rightarrow\infty$ .

Proof. The assertion on $\Phi$ follows from Theorem 6.2 and Feller-Orey’s re-
newal theorem [5]. Let $U$ be any neighborhood of Oe $M$. It follows from Feller-
Orey’s theorem that $\lim_{t\rightarrow\infty}P\{\Phi_{t}^{+}\in U\}=1$ if either $E|X_{0}|=\infty$ or $-\infty<EX_{0}<0$ , and
$\lim_{t\rightarrow\infty}P\{\Phi_{t}^{-}\in U\}=1$ if $ 0<EX_{0}<\infty$ . These facts prove the assertion of $\Phi_{t}^{+}$ .

For the rest we assume $X_{0}>0$ P-a.e. and write $N(t)=\Phi((O, t)),$ $t>0$ . Let
$Z_{0}^{\prime}(t)=t-S_{N(t)},$ $Z_{0}^{\prime\prime}(t)=S_{N(t)+1}-t$ , and $Z_{k}(t)=S_{N(t)+k+1}-S_{N(t)+k}$ for $k\neq 0$ . Then we
have

Corollary 6.3. Assume $X_{0}>0$ P-a.e. If (6.12) holds and if $Y=\lim_{n\rightarrow\infty}n^{-1}S_{n}<\infty$

P-a.e., then for any $m\geq 0,$ $n\geq 0$ , and for any bounded continuous function $f$

on $R^{m+n+2}$ we have

$\lim_{\ell\rightarrow\infty}Ef(Z_{-m}(t), \cdots, Z_{-1}(t), Z_{0}^{\prime}(t), Z_{0}^{\prime\prime}(t), Z_{1}(t), \cdots, Z_{n}(t))$

$=E\{Y^{-1}\cdot\int_{0}^{X_{0}}f(X_{-m}, \cdots, X_{-1}, X_{0}-s, s, X_{1},\cdots, X_{n})ds\}$ .

Proof. Let us use notations in \S 5 and write for $\varphi\in M_{1}$

$u(\varphi)=f(\xi_{-m}(\varphi),\cdots, \xi_{-1}(\varphi), \xi_{0}^{\prime}(\varphi), \xi_{0}^{\prime\prime}(\varphi), \xi_{1}(\varphi),\cdots, \xi_{n}(\varphi))$ .
Then $u$ has a bounded continuous extension on $M$ and

$Ef(Z_{-m}(t),\cdots, Z_{-1}(t), Z_{0}^{\prime}(t), Z_{0}^{\prime\prime}(t), Z_{1}(t), \cdots, Z_{n}(t))$

$=\int u(\Phi_{t})dP=\int u(T_{t}\varphi)P^{0}(d\varphi)$ .

Since $Y^{-1}=N=v(\Phi)$ P-a.e. the assumption $Y<\infty$ implies that $v>0P^{0_{-}}a.e$ . Thus
it follows from Theorem 4.1 and Theorem 5.2 that
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$\lim_{\ell\rightarrow\infty}\int u(T_{t}\varphi)P^{0}(d\varphi)=\int u(\varphi)\nu(\varphi)P(d\varphi)$

$=\int Y^{-1}\cdot\{\int_{0}^{x_{0}}f(X_{-m},\cdots, X_{-1}, X_{0}-s, s, X_{I\prime}\cdots, X_{n})ds\}dP$ .

Corollary 6.4. Assume $X_{n}>0$ and $\lim_{\rightarrow\infty}n^{-1}S_{n}=Y<\infty$ P-a.e. If (6.12) holds
then for any $y^{\prime}>0$ and $y^{\prime\prime}>0$

$\lim_{\rightarrow\infty}P\{Z_{0}^{\prime}(t)\geq y^{\prime}, Z_{0}^{\prime\prime}(t)\geq y^{\prime\prime}\}=E\{Y^{-1}(X_{0}-(y^{\prime}+y^{\prime\prime}))^{+}\}$ .

In particular’if $ 0<\mu=EX_{0}<\infty$ and $Y=\mu$ P-a.e. then

$\lim_{\rightarrow\infty}P\{Z_{0}^{\prime}(t)\geq y^{\prime}, Z_{0}^{\prime\prime}(t)\geq y^{\prime\prime}\}=\mu^{-1}\cdot\int_{y^{\prime}+y^{\prime\prime}}^{\infty}\{1-F(t)\}dt$ ,

where $F(t)$ is the $di$stribution function of $X_{0}$ .
Proof. The boundary of the set $\Lambda=\{\varphi;\xi_{0}^{\prime}(\varphi)\geq y^{\prime}, \xi_{0}^{\prime\prime}(\varphi)\geq y^{\prime\prime}\}$ is contained in

the set {$\varphi;\varphi(\{y^{\prime}\})>0$ or $\varphi(\{y^{\prime\prime}\})>0$} which has P-measure zero. Hence by Theorem

4.1 $P\{Z_{0}^{\prime}(t)\geq y^{\prime}, Z_{0}^{\prime\prime}(t)\geq y^{\prime\prime}\}=P(\Lambda)$ converges to $P^{\infty}(\Lambda)=\int_{4}\nu\cdot dP$, which is identical

with $E\{Y^{-1}\cdot(X_{0}-(y^{\prime}+y^{\prime\prime}))^{+}\}$ by Theorem 5.2.
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