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1. Introduction

Let M be a complete metric space with metric d. The well-known Banach’s
fixed point theorem is as follows.

Theorem 1.1. Let T be a mapping of M into itself such that
d(T», Ty)<ad(z,y), for all z,y in M,

where 0<a<1. Then T has a unique fixed point. In [1], Kannan proved the
following theorem.

Theorem 1.2. ([1], Th. 1). Let T, and T, be two mappings of M into itself
such that
d(Tyx, Ty)<Bfld(x, T.x)+d(y, T,

for all #,y in M, where 0<3<1/2. Then T, and T, have a unique common fixed
point. Recently Srivastava and Gupta gave the following generalisation of Kannan’s
Theorem.

Theorem 1.3. ([3], Th. 2.1). Let T, and T, be two mappings of M into itself
and P, ¢ two positive integers such that

d(Tf’wy zqy) <ad(w7 fo)_l'ﬁd(y) qu) ’

for all ¢,y in M, where a>0, >0, a+B<1l. Then T, and T, have a unique
common fixed point. In the present paper we extend these results to a uniform
space and prove some other results.

2. Preliminary definitions and results

Let (X, %) be a uniform space. A net {x,;n €D, >} in X is said to converge
to an element z in X if for every member U in %/, there is an element N in D
such that (x,, #)e U for all » in D with n>N. A net {®,;neD, >} is said to
be a Cauchy net if for every U in %, there is an element N in D such that
(%m, %) € U for all m,n in D with m>N and n>N. The space (X, %) is said
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to be complete if every Cauchy net in X converges to a point in X and sequenti-
ally complete if every Cauchy sequence in X converges to a point in X.
For any pseudometric » on X and any >0, we write

Vo.n={x,9);2,ye X and p(=,y)<7}.

From Th. 15 (2], p. 188) we see that the uniformity % on X can be generated
by the family & of all pseudometrics on X which are uniformly continuous on
XX X. But we have observed that it is not necessary to take all the members
of & to generate the uniformity %’. (See Th. 2.1.).

Let & be a family of pseudometrics on X generating the uniformity %

Denote by 2 the family of all sets of the form A Vi, Where p;€ .5 and 7,>0,
=1

1=1,2,.-.,m, (the integer n is not fixed). Then clearly 2 is a base for the
uniformity %.

Let Ve 2. Then V= ﬁlV(pt,,,) where p,eg" and r,>0, 7=1,2,---,n. For

each a>0, the set _61 Vipi.arp belongs to 2. We denote this set by aV.

Lemma 2.1. If Ve 2 and «, 8 are positive, then
| a(BV)=(ap)V .
Lemma 2.2. If Ve 7, and a, 8 are positive, then
aVcBV when a<§B.
Lemma 2.3. Let » by any pseudometric on X and a, 8 be any two positive

numbers. If

(w’ 2/) €a If(p,r1)°ﬁ v’(p.rg) ’
then

@, y)<ar,+pr, .
Lemma 2.4. If Ve 2 and a, 8 are positive, then
aVeVc(a+pV.
Note 2.1. Let p be any pseudometric on X and a, B,r and three positive
numbers. If

(x’ 2/) €a V’(ﬁ.r1)°/3 If(mra)°f V'(P-ra) .
then

@, Y)<ar,+Bry+rrs .

Lemma 2.5. Let ,y€ X. Then for every Vin 7 there is a positive number
4 such that (x,y)eaV. '
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The proofs of the Lemmas 2.1-2.56 are simple.

Lemma 2.6. Let V be any member of 2. Then there is a pseudometric p on

X such that
V= V(p.l) .

Proof. Let z,y be any two points of X. Then by Lemma 2.5, there is a
2>0 such that (x,y)€aV. Write
A.pn=1{2;2>0 aﬁd (x,y)€aV}.
Now we define p(x, %) by
p®, y)=Inf{1; 1€ Az} -

If € X, then clearly (v,%)€2V for any 2>0. This shows that Ae,.={1;1>0}.

So
p(x, x)=Inf A<,,z)=0 .

'Again since V is symmetrie it follows that Ae,»=A4q,»- So

P, y)=py, ©)>0 .
Now let #,%,2 be any three points of X. Choose &>0 arbitrarily. Take "
a=p, 2)+¢ and B=p(z,y)+e. Then a€de,n and €A, That (x,2)e€aV,
and (z,y)€BV. This gives that :
(x, y) € BVoaV=aV-BVC(a+p)V . [By Lemma 2.4]
Thus a+B€ Ay S0
@, y)<a+p=p, 2)+p(, Y)+2 .

Since ¢>0 is arbitrary we get
p(x, ) <p, 2)+ 2, Y) .
Therefore p is a pseudometric on X.
Let #, y€ X and p(®@, y)<1. Choose any a with p(®, y)<a<1l. Thenae A
which gives that (z,y)€aVcC V. [By Lemma 2.2] So

(1) ~ Vo V.

Again, let (x,y)€ V. Since Ve 7, we can express V= _ri Viseror D€ and r,>0.
Write a,=p,(®,¥), then 0<a,/r.<1, (1=1,2,---,m). Let 6=max {a,/r:;1=1,2,
..,m}. Then 0<6<1. Choose any positive a with 6<a<l. We have

P&, Y)=a= (%—)r,<0r,<ar“ (=1,2, -, n) .

[
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So

(@, y) e ’,f’jlv'm.am:aV,
and hence p(x, y)<a<1l. Thus
(2) ' VT Vi, -
From (1) and’(2) we get

V= V(p.l) .

Note 2.2. We shall call p the Minkowski’s pseudometric of V in analogy with
the Minkowski’s Functional of a convex and balanced set in a linear topological
space.

Theorem 2.1. Every uniformity for the set X can be generated by a family
of pseudometrics on X which are uniformly continuous on XX X.

Proof. Let Z” be a uniformity for the set X. Let <% be a subfamily of %
such that < is a base for %, each member of <7 is symmetric and no member of
 is equal to XX X. For each V in <&, choose a sequence {U{’}>., of symmetric
sets in % with

U2, U U, cUY, where UP=XXX, and U{P=V.
By the Metrization Lemma ([2], Ch. 6, §12, p. 185) there is a pseudometric d, on
X such that

(3) Uy c{(x, y); dv(x, y) <273 UP, .
Let #={d,; Ve Z}. Denote by 7 the uniformity for X generated by the family

< of pseudometrics on X. Write

W(V.r)':{(wy y) ;dV(xv y)<"'} .
Let U be any member of 2. Then there is a set V in < with VcU. From

(3) we have
We.ocUP=V.

So W,»< U which gives that Ue 2" and hence Z'C 7.
Next let We 2. Then there are finite number of members V;, V3, ---, V., in
“# and r,>0, (1=1,2, ---, m) such that

m
iol W(V{.r;)c W .

Choose positive integers ny, %z, * -+, %, such that

2—m¢+2<,r‘ ’ (i:]-; 2, Tty m) .
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From (8) we have
U(,::‘)C{(.'L', y) ’ dV;(xv y)<2—n‘+2}< W(V;.r;) ’ (11:17 2! Tty m) .

Write U= 0 UY. Then Ue® and Uc A We,ro— W, which gives that We %,
=1 i=1
and so 7C%. Therefore we have

Y= .

Since each Wi, is a member of %, it follows from Th. 11 (2], Chap. VI, p. 183)
that d,, (V€ £2) is uniformly continuous on XxX.

3. Results on fixed point of operators

In this section we assume that (X, %) is a uniform space which is sequentially
complete and also a Hausdorff space. Further we suppose that & is a fixed family
of pseudometrics on X which generates the uniformity 7. We denote by 2 the
family of all sets of the form F] Visguroy P:€F and r,>0 (the integer 7 is not

=1
fixed).

By an operator on X we mean a mapping of X into itself.

Theorem 3.1. Let T be an operator on X such that for any V in 2" and
z,¥y in X, ‘

(Tx, Ty)eaV, if (x,y)eV,
where 0<a<1l. Then T has a unique fixed point in X.

Proof. Let 2, be an arbitrary but fixed point of X. Define the sequence

{x,} in X by
Zp=T%ny , (n=L2,-- ).

Let V be any member of . Choose a positive number 2 such that
(g, ) EAV=W, say.
Then
We? and pWe? for any p>0.
"We have
(4, 05)=(Txy, T;) €EaW ,
(&5, @) =(T2,, T®,) €a(aW)=a*W ,
and by induction
(xn’ wn+1) € anW .

Let » and m (>n) be any two positive integers. Then since
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(@ny Tns) €Ea”W  and  (Tnsy, Tnso) €W,

we get ‘
(0, Tose) Ea®WoartWC (a®+a™ )W . [By Lemma 2.4]

Similarly we have
(wm xn+8) € (an+an+1+an+2)W ’
and proceeding in this way we obtain

Aa™
I—a V.

(@, @) € (@*+a™ 4 - am YW C W =

Since 0<a<1, we can choose a positive integer n, such that ia™/(1—a)<1 when
n>n,. Then (%,,2,) €V when n>n,. Thus {z,} is a Cauchy sequence.
Since X is sequentially complete, there is a point & in X such that

é=Ltx, .

n—a

From the given condition it is obvioﬁs that T is continuous. So

T(x,)—T¢ as n—ooo,
that is,
wn+1;)T($) .

Since X is a Hausdorff space, £=T(£). Let 7 be a point in X such that »=T().
Take any V in 2. Choose 2>0 such that
& nervV=w, say.
Then } '
& n=(TE®, T eaW .

This gives that
¢ neal@W)=a*W,

and after n steps we obtain _ .
& nearW=Ga"V.
Choose n so large that ia"<1. Then
_ (§, nNeEV.
Since V is arbitarary, it follows that _$=77. This cﬁmpletes the proof.

Theorem 3.2. Let T, and 7T, be two operators on X such that for any two
members V;, V, in 2 and x,y in X,

(T, Tyy) €a VBV, ,
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if (¢, Tyx)eV;, and (y, T.y)€ V, where a, S are independent of z,y, V,, V, and
a>0, f>0, a+-B<1. Then T, and T, have a unique common fixed point.

Proof. Let x, be an arbitrary but fixed point of X. Define the sequence
{x,} in X as follows.

2,=T%, @y=Tox,, Xy=Tyx,, %,=Toos, -
We prove the theorem by the following steps.

(I) The sequence {x,} converges to a point & in X. Let V be any member
of 7. Denote by p the Minkowski’s pseudometric of V. Let 2,y be any two
points of X. Write p(x, T\®)=7, and p(y, T,y)=7. and take ¢>0. Then

(@, Tyx)e(r,+e)V and (y, Toy)€(rs+e)V.

So by the given condition we have

(T, T,y) € a(ry+e) VeB(ry+e) V.
By we have
(T, Toy)>al(r,+e)+p(r;+e)
=ar;+pr,+(a+pe.

Since ¢>0 is arbitrary,
(4) (T, Toy)<ap(®, Tix)+BpWy, Toy) .
Now take any positive number 2 with '
2> p(%o, ) -
We have

(&1, ) =p(T1 %o, To,) - -
<ap(®y, T:i2,)+Bp(,, Texy) [By (4)]
=ap(@o, ;) + P&, T) .

(2, %) < ﬁ (o, 2;)

al
1-8 °
(%2, 25)=Dp(T22,, T1%,)
=p(Ty%,, T,,)
<ap(@,, Ti%,)+ By, Toy)
=ap(®s, %s)+BD(%1, 2) .

=
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p(xl ’ wz)

(X, X5) < 1—a

By induction

D21, wZn)<3( 1:3 >”( 1fa )ﬂ-—l

(s, fvz,.+1)<2( p: )"( — )" :

Write g=a/(1—p) - B/(1—a). Since a+5<1, we have 0<u<l. Take any two
positive integers n and m (>n). Then

and

D(Xgny Lom) K D(@ony Lons1) TP @ent1y Tonso)+ + o0 +DP(@om—1, Tom)

1 n a n n+1 @ n+l . ,.. a m—l}
<[ﬂ+1_ﬁp+y +1_ﬁy+ +1—13#
=1(1 4 1:9 )[;z"+m+1+ Lo A pm]

<1+a—,3 LA

1-8 1—p

Choose a positive integer nm, such that

l1+a—8 g S
1—F 1 <1, when n>n,.

Then
P(Xgny X3) <1 for m>n>n,.

This gives that
(@gny Zom) € V, when m>n>n,.
Therefore {x,,} is a Cauchy sequence in X. Since X is sequentially complete,

there is a point £ in X such that
$= Lt wgﬂ .

n—a

Take V and p as above. Let m be any positive integer. Then
p(é) x2n+1)<p($7 xZ'n)+p(w2m w2n+1)
<p(g, Ton)+Au"—0 as m—ooo.
This gives that p(&, 2,,) <1 if n>n, where n, is some positive integer. So
(&, Xons1) €V when n>m,.

Thus {®,...} also converges to £. Hence {x,} converges to &.
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(II) ¢ is a common fixed point of T, and T,. Let V be any member of 7.
Denote by p the Minkowski’s pseudometric of V. For any positive integer n we
have .

p(E; T15) <p($r xzn) +p(T2x2n—1! Tl(&))
<P(5, xzn) +ap($1 TlE)+ﬁp(w2n—lf wzn) . [BY (4)]
Letting n—cc we obtain

¢, T§)<apé, T:$) .
Since 0<a<1, we get p(¢&, T.§)=0. " So
& ToeV.
V being arbitrary and X being a Hausdorff space we have
§=T¢.
Similarly we can show that £§=T.¢.

(III) ¢ is the unique common fixed point of T, and T,. Let » be a point in
X with »=T,57. Take any member V of . Then since

(n, Tip)=@, eV
and

€ TH)=¢, eV,
we have
(n,8)eaVepVcC(a+pVCV.
Since V is arbitrary it follows that »=¢. Similarly if € X and »=7T,7, then
n=¢. This completes the proof of the theorem.

Corollary 3.2.1. Let T, and T, be two operators and p,q be two positive
integers such that for any V,, V, in 2 and #,y in X

(Tf; T e aV1°.B Ve,

if (@, T?x)e V, and (y, TW)€ V, where a, S are independent of «,y, Vi, V, and
a>0, >0, a+8<1. Then T,, T, have a unique common fixed point.

Theorem 3.3. Let T, and T, be two operators on X such that for any V;, V,
in 2 and 2,y in X ’

(Tyx, Tyy) ea VBV, ,

if (y, Tix)e V, and (x, T,y)€ V, where «, 8 are independent of z,y, V,, V, and
a>0, >0 a+B<1l. Then T; and T, have a unique common fixed point.
The proof is similar to that of Th. 3.2.
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Corollary 3.3.1. Let T, and T, be two operators on X and p, ¢ be two positive
integers such that for any V;, V, in 2 and 2,y in X

(Ttx, Tiy) ea Vo8V, ,

if (y, T?x)e V, and (v, T4y) € V;, where a, § are independent of z,y, Vi, V;, and
a>0, >0, a+B<1. Then T, and T, have a unique common fixed point.

Theorem 3.4. Let T, and T, be two operators on X such that for any three
members V,, V,, Vo in 2 and z,y in X

(Tyx,y)eaV,08V,or Vs,

if (x T)eV,, (x,y)eV,, (y, T,y)€ V, where a, 8, r are independent of z,y, V,,
V. Vs and a>0, >0, r>0, a+B8+r<1. Then T, and T, have a unique common
fixed point.

Proof. Let «, be an arbitrary but fixed point of X. Define the sequence
{x,} and take V and p as in the proof of Th. 8.2. Write

@, T@)=r,, p@, ¥)=r:; DU, Tey)=7s,
and take ¢>0. Then

(@, Tiw) € (ri+e)V, @, y)e(rt+e)V, @, Twy)e(rste)V.
So by the given condition we have

(Tyx, Tyy) € a(ri+e) VoB(ry+e) Vor(rs+e) V.
By Note 2.1, '
(T2, Toy)<a(r,+e)+B(ry+e)+r(rs+e)
=ar,+Br,+rrst+(a+p+ye.

Since ¢>0 is arbitrary,
(5) (T, Toy) <ap(x, Tx)+Bp(, ¥)+roW, Ty) .

Now take a positive number 2 with 2>p(x,, 2,). Then

(s, €,)=p(T\2,, T2,) v

Lap(®o, T1%o)+ BD(%o, 21)+10(, Tetx,)

Lap(®o, 1)+ B0(Xo, ) +ro(y, 4,),  [By (5)]
or
a4+
1—7

a+

< 1‘{:‘?‘ ,

Dy, %) < (%, %,)
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(e, x3)=p(T2,, Ty,)
Lap(Tyx,, )+ Bo(2,, ©,) + o2y, Tox,)
=ap(®,, Ls)+Bp(®1, %) +7p(2, 22) ,
or

Btr

l—a
< 1 etBB+7) ,
1—r1—a)
(s, ) =p(T,2,, To2s)
Lap(Tyx,, )+ Bp(®,, Ts)+rp(@s, To%5)
=ap(%y, Ts)+BD(%s, Ts)+7D(%s, ) ,

(%4, Z,)

D25, ) <

or

a+p
1—7

<i(15)(52)-

P Egny, Tpn) <2 (‘;_t_}:_)” (_lﬁ_i_gy—l

(%3, 2,) < (x5, X4)

By induetion,

and

D2y Tansr) <A (%)“(%)" .

Write p=(a+8)/1—1)-(B+7)/(1—a). Then 0<u<1, as a+8+7r<1l. Then we com-
plete the proof as in Th. 3.2.

Corollary 3.4.1. Let T, and T, be two operators on X and p,q be two
positive integers such that for any three members V;, V,, V, in 2" and 2, ¥ in X,

(T?x, T3y) eaViofVior Vs, ,

if (@, T?2)eV,, @, y)eV,, (y, Tiy)c V, where a, 8,7 are independent of z,y,
Vi, Vo, Vi and a>0, 8>0, r>0, a+B+r<l. Then 7, and T, have a unique
common fixed point. ‘

Theorem 3.5. Let T; and T, be two operators on X such that for any three
members Vi, V,, Vs in 2" and %,y in X

(T, Toy) ea Vo Vyor Vs,
if (y, Tix)eV,, ®,y)eV, (x T.y)e€V, where a, 8,7 are independent of z,y,
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V., Vi, Vs and a>0, >0, r>0, a+p+r<l. Then T, and T, have a unique
common fixed point.

The proof is similar to that of Th. 3.4.

Corollary 3.5.1 Let T, and T, be two operators on X and p,q be two
positive integers such that for any three members Vi, V,, V, in 7 and 2,y in X,

(fo’ Tgy) eaVl".B V2°TV8 ’

if (y, Trx)eV, @,y eV, & Tiy) eV, where a, B, are independent of x,y,
V., V2, Vs and a>0, >0, r>0, a+B+r<1.

Then T, and T, have a unique common fixed point.

I am much indebted to Dr. P.C. Bhakta Jadavpur University, for his kind
help and guidance in the preparation of this paper.
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