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1. Introduction. If f(z) is an entire function of order p with an m-fold
zero at the origin, then by Hadamard’s Factorization Theorem we have

1.1) S(2)=2m-¢2®-P(2) ,

where P(2) is the canonical product (of genus p) formed with the zeros (other
than 2=0) of f(2); Q(2) is a polynomial of degree g<p. The order of P(2) is
0:<p, p; being the convergence exponent of the zeros of f(z). The genus of
S(z) is the max (p, q), (see [1], Ch. II). In particular, if /=0, then ¢=0, p=0,
0:=0 and the genus of f(z) is also zero.

Throughout this paper we shall assume f(z) to be a nonconstant entire
function of order zero. For an entire function f(2) of this nature, the lqgarith-
mic order p* and the lower logarithmic order 4* are given as (see [2]):

im Suploglog Mz, ) _ 0% | 2w pxe
NI inf ‘log log a* ( ‘p‘k )

where M(r, f)= max | f(2)]. Itis worth noting that for all entire functions 4*>1.

Further, if {ra}3-, den,otes, the sequence of the moduli of, the zeros of fl2),
then ‘

p1=g.l.b.{a: >0 and é ra*<oo}=0.

To have a more precise description of the distribution of the zeros of such
functions, let us consider

p*=glb. {a: a>0 and 3 (log 7+ <o} .

In analogy with the convergence exponent, p;, of the zeros of f(2), p.* will be
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called the logarithmic convergence exponent of the zeros of f(z).

Our aim in this paper is to study the growth relations of entire functions
of logarithmic order with respect to the distribution of its zeros. The most
striking result of the paper is that the canonical product P(2) is of logarithmic
order p;*¥+1 which further equals to p*.

2. Theorem. If f(2) has at least one zero, then

lim sup log n(r)

—p %
r—e - loglog r SO

where n(r) is the number of the zeros* of f(2) in |z|<»r.
To prove this we need the following lemma:
Lemma 1. The series

2.1) é‘.l (log 72)~=
and the integral

2.2)

’

S“ n(x) dx
31 (log x)**t x

converge or diverge together if a>0.
Proof. A partial sum of the series is

‘ SR dnx) _ n(R®)_, f* nx)  dx
1(log x)* (logR)* !1 (logx)*** x °

(2.3)

If the left-hand side is bounded as R—oco, the integral on the right-hand side
does not exceed that on the left and hence converges.
Further, if converges, we have
SR’ n(x) dx Vz n(x) dx B dx
1 (log x)*** &~ )z (log x)*** « r (log x)**! «
=a l-n(R)(1—2"*)(log R)™,

>n(R) S

which implies
n(R)=0((log R)*) .

Thus the right-hand side of is bounded and therefore so is the left-hand
side, i.e. converges.

Proof of the theprem. Let

* We assume, without any loss of generality, that a(r)=0 for r<1.
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. log n(r)
1 =4,
reo SUP log log »

Therefore
n(r)=0((log 7)?**), r>7,(c), e>0;

SO and hence [2.1), in view of the above lemma, is convergent if a>d--e.
This means that p,*<3.
Also, I an increasing sequence {ri}:-: such that.

n(re)> (log re)’~* .

Therefore, for R> (), we have

B__nlx) dxg SR 1 dx
S',, (log x)*** «x nirs) . (log %)™t x
1 dx

R
8~ — 2
> (log %) S" log 9°° %

=a™*-(log 7+)*~*((log 7+)~*—(log R)%)
> (2a)"*(log )’ |

which implies that the integral and hence the series is divergent for
a<d—e. Hence 0,*>4.
This proves the theorem.

Theorem 2. A canonical P(2) is an entire function Qf logarithmic order p,*+1.
For this we first prove:
Lemma 2. If
N(r)=§"M dt
o t

then
r-o  loglogr»

Lemma 3. For every entire function of logarithmic order p* and logarithmic
convergence exponent p*, p*>p,*+1.

Proof of the lemmas. The lemma 2 follows from theorem 1 and the

inequalities
2

N(r2)>§, Zl—fgdbn(r) Sr d7t=n(r)-logr ,

r r

and
N(@»)<n(r)-log r(1+0(1)) .
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Further, by Jensen’s theorem, (see:[1}], (2.5.9), p. 15), we have
N@r)< log M(@r, f).
Hence lemma 3 follows from the -above.inequality by using lemma 2.

Proof:of:the theorem. It is already known that. P(2): is. always.an entire.-
function (see [1], p. 19). Let ¢ be the logarithmic order of P(z)., Therefore,
by lemma 2, s>p,*+1. To prove the reverse inequality, write. (see. [1], p. 19)

log |IP(2)|< S:’—L;Q di+r r%(z—t)dt .

r

Also by Theorem 1,
nt)<(ogt)r'*, r>rie), £>0.
Therefore
(log )1 S"‘ fograe GE
log [P(2)|< o+ 1Te +r N (log )7+ —+0(1) .
Now, .consider

1={" tog prr++ &
=‘_(-1(£g:__)f}_:—,+ (Pl* 4+ E)S“ (log t)"l"“" d_

®

*tg X L) y
<Hog D 1t [ og e &

r logr
= (log 7) °1*** + (e* + ) I
r logr

which implies
r-I<(log 7)1 **(14+0(1)) .

Hence ‘
(log 7)r1+1+e

o+ 1te (1+o(1)) ,

log M(r, p)~
i.e. o< p*+1.

Corollary. For an entire function f(2) of logarithmic order p* and logarithmic -
convergence exponent p,*, p*=p*-+1.
Proof. This immediately follows by using theorem 2 in [(1.1).

Theorem 3. If f(2) is of logarithmic order p*, then
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n(r)=0((log r)*"~**) ,
for every ¢>0.
We omit the proof for conciseness.

Remark Our theorems 1, 2 and 3 are analogous to the results (2.5.8),
(2.6.5) and (2.5.12) respectively in [1]. It is to be noted that all our results are
not exactly of the same form as for functions of order p (compare for instance
theorem 2 with (2.6.5) and theorem 3 with (2.5.12) in [1]).
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