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1. Introduction
Let*

(- -]
Sz, 22)= 3 amn2l2},
mm=0

be an entire function of two complex variables. Followihg Dzrbasyan [1], the
orders p1 and pz of f(z1, 22) with respect to the variables z1 and z:, respectively,
are defined as:

(1.1) Tim fim J08log M(rs,73) _,  (<p <o,
r9—+00 71—4c0 log rl

and

(1.2) Tim fim 108108 M, 79) _,  g<pi<oo,
1o 7900 log 72

where

M(r1, ro)= sup {|f(z1, 22)|: |21|1 <71, 2| <73} .
Define:

Li(rs, ro)=Is(r1, re; )= «{ 1 S“S:”

W \ f (1' 1e"°1, 1"28“2)

) 1/3
doldﬁz} :
and
. of .
I (r4, rz)=Ia(r1,rz; 5;) , (=1,2), where 1<d<co,

In this note I prove the theorem:

Theorem: If f(z1, z3) is an entire function of orders p1 and p:, 0<p1, pe< oo,
with respect to the variables z1 and z:, respectively, then

* The work of the author has been supported partially by U.G.C. (India).
**  For simplicity we consider only two variables, though the results can easily be
extended to several variables.
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log{n I (ry, 72) }
(1.3) [im fim Lry, 7)) ) —p,
rg—so0 71 —00 log 71
log {1’2 IE (r1, 72) }
(1.4) Tim Iim L(r,72) ) —p,
r1—0 r2—00 log 72

2. Lemmas:

It is sufficient to prove (1.3), and the proof of will follow similarly. The
proof of the same is based on the following lemmas:
Lemma 1: For any fixed r:>0, and |z1)|<r1< R,

If,“ (71, rz)S(R1—r1)"1Ia(R1, 72) .

Proof: For a fixed z: in the open disk |z:]<7:, the function f(z1, 22) is
analytic in the disk |z1/<Ri. Thus applying Cauchy’s integral formula to it for
the derivative with respect to zi, we obtain

2z *2n 3
P, rp =i | 7)o S, riey
0 Jo

_______I_S"'S“LSU flo, 22) rdoldaz,

@oF Vo Vo 21 Vo T@i—rie®E 9

* 46:dos ,

where C is the disk: {o1: lwi—71€*%1|=R1—r1}. Putting
o1=r1e"+(R1—r1)et®1+¢0 | | flwy, 22)|=F(r1, 01, ¢1; 72, O3)=F ,

in this we get -

I s, o)} < —L H{L T P06 e 00 | dta
- (277-')2 o Jo 2 Rl_‘rl 0 ’ ’ ’
1 1 2r 2z 1 2z
< . 01d0; — 3
~ (Ri—n1)? (277)250 So db1db: 2r So Fedg:

on applying Holder’s inequality. As the integrand is continuous in 61, 6z and ¢:
the order of integration can be changed. Therefore

1 1 2n 1 2z (2x
(1) d< [ S S [
UPo, < i | dn ol go So Fodb:dbs
2r
2.1) = G 3\, BlrtRi—rdeihl, rods,

<1 . —LS"MRI ro)dé
T (Ri—r)? 2z ), 4T ’

since Is(x1, 72, is an increasing function of x:1 for any 7:=>0 and Ri>7:. The
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inequality may be written as
I (1, ra)P<(R1i—71)°I4(Ry, 73) .

This proves the lemma.

Lemma 2: For r1>r{>1, any r:>0 and 6>1,

19 (s, 79> Is(r1, r2) _ log Is(rs, 7s)—log Ls(r}, 7’2)
71 log 71

Proof: We have
af

1 2r2x (2,
L, = {(Zvr)S S 321
S(r1e*1, roettz)— flri—rice®s, reeits) |

=10z, 1,

>1lim {(i)zsmszn( | f(r16°01, 7oeitz)| —| flri—rice®1, reetts)| >6d01d02}w
T e—0 (\ 27 r1€

> lim —1—[{ ( 21% )Yr | frie¥0, 720¥03) |3d0:d8s } o

=0 71€

— {(—21;)1“8:7’ | flri—riees, raet02)|? d61d06: }w:l ,

by using Minkowski’s inequality (3], p. 384). Hence

(r1e%%1, roetts)

1/8
doldoz}

1/3
d01d02}

0

IO (ry, r9) > hm e, 79)— i”(s“—r‘e 72)
1

Is(ri—rie, 72) { Is(r1, 72) __1}

2.2) ' =lim Is(ri—rie, 7:)

&0 71€

Further, since log Is(r1, 72) is a convex function of log7i, for any 7:>0,

@.3) log Li(r, 79)= log Ii(r?, 72) -+ S;“’—(’fl’—z) dei, (ri>r)

7 X1

where o(x1, r2) increases with x1 for any 7:>0. From [2.3), we get
Ii(rs, r) > L(ri—rie, r2)(1—e) =217 1.70 = Li(r1—r1e, r2) {1+ ecw(r1i—rie, re) +0(e?)} ,
which, when used in [2.2), gives

@0 1P, 79> lim Lors—118,79) 1oy e, o)+ O(ety) = 2EL 7O, 7))

rie 71

Also, from [2.3), one has

2.5) olry, ) > log Is(r1, 72)— log Is(r}, 72) > log Is(r1, r2)— log Is(r}, rz)
log 71— log 7} log 71

127




128 PAWAN K. JAIN

for r1>7) and 7:>0, since 7{>1.
Making use of (2.5) in (2.4), the lemma follows.

Lemma 3: If f(z1, 22) is an entire function of order p1 (0<p1<0) with re-
spect to the variable 21, then

Tim fim 0glog bz _, - gcsco0
g0 F1—00 log 1
Proof: The lemma easily follows, by putting Ri1=271 and taking the limits,

from and the following inequalities: For 0<r1<Ri, 7.0,

1/8
Li(ry, r2) <M(ry, r2) < <—E1+_rl> Ii(Ry, 7s) .
Ri—rs

The left hand inequality is obtained from whereas the right hand in-
equality is obtained by applying lemma 1 in [2], for a fixed 2z, to the function
S(riets, raettz),

3. Proof of the main theorem:

From lemma 1 together with [2.3), we get

R
3.1 log IV (71, 72) < log Is(r1, 72)+ log 1 + S * (%1, 73) dx: .
Ri—r  Jry, x

Choose Ri such that

o(Ry,7e) _ 1
Ry Ri—r: ’

3.2
ie.

_ 71 71 —
3.3) Rim B <o e =Ll

where 0o(1) 0 as 71— oo,

From (3.1), and [3.3), we obtain

log I}V (r, r2) < log Is(ry, 72) + logw—(%e’lﬂ + o(Ry, 73) log %
= log Li(r1, 72) + logQM —w(Ry, 72) log (1— M)
Ry R
- (R, 73) _ { - ___l_}
= log Is(r1, r2) + log 2 o(Ri1, 72) log {1 oRe. 72
= log Is(r1, r3) + log@’-z'—zl +1+0(1),

Ry
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which implies

I (r1, 72)

3.4) log{n T,trs.72)

}< log &(Rs, 72)+ log L +1-+0(1)<log w(Rs, 72)+1+0(1) .
1

But, with the help of lemma 3 and [2.3), we can easily prove that
log o(R1, r2)<(o1+¢) log R1+0(1)< (p1+¢) log r1+0(1)+0(1) - (by ,

for all »1>ri=r3(e, r:) and r.>0, where O(1) is independent of 7:. So using (3.5)
in (3.4), we find that

log{ , I (r1, 72) }
1

. . I 3 (1’1 7’2)

lim lim .

1'2—000 rl—voo lOg 7’1

<po1.

The reverse inequality can easily be obtained from lemma 2.
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