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§1. Introduction

In 1913, 7. Malmquist proved the following important theorem:
Theorem A. If R(z,y(2)) is a rational function of z and y(2) and if the equation
(1.1 ¥'(2)=R(z () , |

has a solution y(2) single-valued in its domain of existence, then either y(2) is a
rationa! function or is @ Riccati equation (Equation is said to be of
Riccati’s type if‘ and only if R(z.y(2)) is a polynomial in y(2) of degree <2).

Later a proof based on R. Nevanlinna’s theory of meromorphic functions was
given by K. Yosida [7]. In particular, Yosida’s argument gives us the following
result:

Theorem B. Let R(z,¥(2)) be a rational function of z and y(z). Then if the
following equation

(1.2) y'=R(z, y(2)) ,

admits a transcendental meromorphic solution y(2) which has only finitely many
boles, then R(z, y(2)) must be a linear function in y(2), i.e., R(z, y(2))=r1(2)+7r2(2)y(2)
(r1, r2 are rational functions).

The argument used in [7] relies heavily on the fact that all the coefficients
in R(z, y(2)) are rational functions which enables one to use a result of Valiron
[6]. Unfortunately, there is no corresponding result for a broader class of mero-
morphic functions. The main purpose of this note, among other things, is to
use Nevanlinna theory to extend Theorem B (see Theorem 2 below) by allowing
the coefficients in R(z, ¥(z)) to be arbitrary meromorphic functions. The methods
developed are different from Yosida’s. We shall focus our attention of the solutions
which grow (in terms of Nevanlinna characteristic function) much faster than all
the coefficients in the equation and the number of their poles are required to
satisfy certain conditions.)
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§2. Notation and Preliminary Lemmas

In the sequel, we shall employ the usual notation of Nevanlinna theory. »(2)
will always denote a function meromorphic in the whole complex plane. Following
Nevanlinna, we define

@.1) N, a)=Nir, a,5) = So [n(¢, “)‘t‘”(o’ D 3t 410, a) log 7 ,

where n(r, a)=n(r, a,y) denotes the number of roots of the equation y(z)=a in
2| <7,

N, »)=N(r, 0, ) .
We also define

b3
2.2) mir, y)=mfr, oo,y>=§§ log*| y(re#)|db ,
0

where log*|x|=max (log %, 0),

m(r, a,f)=m<r,00, yia> axoo ,

and
I(r,y)=m(r,y)+N(r,y) .

T(r,y) is clled the characteristic function of y. By virtue of this we are able to
give a measure of the growth rate of a meromorphic function.
We shall denote by S(r, ¥) any quantity satisfying

2.3 S(r, »)=o{T(r, y)} ,

as r—oco, possibly outside a set of » of finite linear measure.
We shall call a differential polynomial in ¥ and denote by P»(y) a polynomial
of degree at most 7 in ¥ and its derivatives with the coefficients a(z) satisfying

T(r, a(2))=S(, y) .

Lemma 1. (Milloux [4]). Let ! be a positive integer and
1
2.4 P(2)= goa;(z)y“’(z) (yO=y),

where ai(2) are functions meromorphic in the plane and satisfy
(2.5) T(r, ai(2)=S(r, y(2)) .
Then
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(2.6) m(r, -f—) =8, y),

and

(2.7) T(r, )<(+1)T(r, »)+S(r, ) .
Remark. If the function y satisfies the condition:

2.8 N(r, y)=S(r,y) .

then [2.6) and [2.8) yields

2.9) T(r, 5;—) =S(r, y) .

For our estimation, the following result will play a basic role.

Lemma 2. Let y(z) be a transcendental meromorphic function with N(», y)
=S(r,y). Assume that ai(z) ({=aq,1,2, ---, ) be meromorphic function and satisfy
conditions (2.5).

Then

(2.10) T(r, y'+a(2)m-1(y)+as(2)mi—2(y) + - - - + @i-1(2)71(y) + ai(2))
=IT(r, y)+S(r, y) .

where 7:(y) are homogeneous differential polynomial in y of degree i.

Proof.
Set

(2.11) DY) =yt a(m_1(y)+ - - - Fa-1(2)71(y) +a=(2) .
We rewrite as

yl—l y y yl—l
=y (1+ 402+ Aed +"'+—4;(,—Z)) ,

©.12) pz(y)=yl(z)(1+5’—1—(52’i“—(y—’-i+---+“"‘(z)’“(y)- 1 +az(z)—;—§,-)

where Ai(2) =ae(z)m;—£y) (¢=1,2,---,]).

Thus by (2.9) of Lemma 1 and in addition, we have
(2.13) T(r, Ai(2))=S(r, y) =1,2,---,0).
Now on the circle |z|=7, let

2.14) A(2)=Max |Ai(2)|V¢  i=1,2,---,1.
154!
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Let E: be the set of ¢ in 0<0<2z for which | y(re?)| >2A(re*?), and E: be the
complementary set.
On E: we have

(2.15) | oY) =1 y4(2)]

1+ Ai(2) + Azgz) R Al(lZ) ,
Yy Yy Yy
A A, A
= 1v@ {1—|4s || Ax | 2
7 y ¥ ¥
1 1 1
> l —— ——— —— e @ 8 @ —— —_—
> 15@H{1- 5~ s
1
=-§',—|y’(z)l .
Hence, from this, (2.13) and [2.14), we have
(2.16) Im(r, y)=m(r, y")
=1 S log*t| yi(re*®)|d6 + 1 S log™* l’ y (re'?)|do ,
2 Ey 2n E,

2z
g—l—s log+12‘pz(y)|d0+—l—s log*|2A@|!d6 ,
2z Jo 2r ),

=m(r, p(y))+1llog 2+S(r, y) .
Adding IN(r,y) on both sides of the above inequality, we obtain
(2.17) IT@r, S T(r, p(y))+IN(r, )+S(r, y) ,

=T(r, pu(y)+S(r,y) ,

Since N(r, y)=S(r, y).
On the other hand, it is easily shown from the expression (2.12) and by

induction on / that
(2.18) T(r, p<IT(r,y)+S(r,y) .

Thus, combining [2.17) and [2.18), we obtain (2.10).
In a polynomial p(z, ¥o, ¥1, - * *, ¥»), we shall denote ko+ki1+---+kn and ki+2k:

+..-+nk. as the dimension and weight of a term a(2)yfoykiyfe. . ykn(a(2)=0)
respectively. The degree of p(y) is the maximal dimension among all its terms.
We shall call p(») a polynomial of degree d as non-degenerate if

(2.19) > a(2)=0,

where a(z) are coefficients in p(y) and the summation is taken over all terms
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with dimension d and the weight being maximal.

Lemma 3. Let y(z2) be meromorphic transcendental with N(r, y)=S(r, y).
If p(y) is a non-degenerate differential polynomial of degree d, then

(2.19) ' T(r, p()=dT(r,y)+S(r, y) .
Proof. By a result of Y. Tumura [5) one can express

(2.20) YW =y(F"+pn-1(F)) n=1,2, .-

14
where Fz-%:—. We note that T(r, F)=N(r, F)+m(r, F)=S(r, y).

Thus by substituting this into p(y), p( y) will become the form A(2)y*+pa-1(y).
The rest follows by lemma 2.

Lemma 4. (Clunie [1]). Suppose that p=(y) and Qu(y) be two differential
polynomials in y and that

2.21) Y (R)pm()=@n(Y) .
Then
(2.22) mir, pn(y)}=Sr,y) as r—oo,

§3. Main Results

We first prove a general result.

Theorem 1. Let Ri(z, y(2), y1(2), - - -, ye(2)) i=1,2, be given rational functions
in yo(2), y1(2), - - - Yi(2)(y:(2)=yD(2)) with meromorphic functions as their coefficients.

Assume that

3.1 Ri(z, , e, bz, 50, - - -, Y8) ,
oD (& 702, 712 yu) qi(2,¥0, **, i)
where, pi(z, Yo, y1, **+, Y&), qii(2, Yo, 1, -+, ¥i) are two relatively prime polynomials

n Yo, y1, -+, yx (=1,2) with degree ni, mi (=1, 2) respectively.
Assume that :

3.2) D2u(2, y0, « - -, ye)=y"2(2) +D2(2, Yo, -+, 3i)

and

(3.3 q21(2, Yo, * - -, yr)=y™2(2)+q2(2, Yo, - - -, ¥) ,

where P2z, yo, -+, yx) and q:(z, yo, + -+, yi) are two polynomials in Yo, -:-,¥e with

degree less than n:, m: respectively.
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Further assume that pu and qu both are non-degenerate. Then if the differ-
ential equation

3.4) Ri(z, 90, -+, y)=Re(z, 50, - -+, y0) ,
admits a transcendental meromorphic solution y(z) with

(3.5) N(r, =S,y ,

and such that

(3.6) . T(r,a(@)=S(r,y) as r—oc,

hold for all the coefficients a(z) in R1 and R:, we must have
nit+mi=|ne—me:| .

Proof. Since by assumption that pi1 and g1 both are non-degnerated, and
the property that T'(r, fif:)< T(rf1)+ T(r, fz) (see e.g. [2]) we have

T(r, R)< T, pr)+ T<r, %) .
11

It follows by lemma 1 and Nevanlinna’'s first fundamental theorem, that
3.7) - T, R)=mT@, ) +mT(r, )+Sw, 9) ,

=m+m)T(r,y)+Sr,y) .
while

3.8) T(r, R)=T(r, p21)—T(r, g21)
=nT(r, y)—m:T(r, y)+S(r, ) ,

=(ne—m2) T(r, y)+S(,y) .
Since P21 and gz are interchangeable, we thus have
T(r, R)=|ne—ma| T(r, )+S(r,y) .
Our assertion follows from this, [3.7), and the fact that T'(», R\)=T(r, R:).

Now let us consider the special case
R1(Z, Yo, Y1, * - ')yk)=yl and Rz(z’ Yo, Y1, - '7}”‘)
is a rational function of y only.

Thus equation assumes the form

a1(2)+a:(2)y+ - - - +an,(2)y™2

(3.9) Y = 5@ T b @y T - Thmy@y™

(anzﬁFO, bmzﬁ\:o) .
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Now suppose that has a transcendental meromorphic solution y(2) satisfying

(3.10) N(r, »)=S8(,y) ,

(3.11) A T(r, ai(2)=Sr,y) (=1,2,---,m),
and |

(3.12) T(ra bj(Z))=S(r, y) (]=1’ 2, ) mz) .

Then by (3.10) and [(2.5) of lemma 1 we have

(3.13) T@,y") §m<r, —’5—) +m(r, y)+N(r, y’) ,

=S, )+ T(r,y)+S(r, y) .
=T(r,y)+S(r,y) .
It follows from this and theorem 1 that
(8.14) |me—na| =1 .

Now suppose that m:>x0. Then we have (i) #ne=m2—1 or (ii) #ne=m: or (iii)

n2=ma+1.
In case (i) we have, according to that

bmy(2)y™2y" +bmy-1(2)y™e 1y + - - - =any(2)y"2+ .- .
Hence
(3.15) Y"2(bmy ¥ )+ Dme—1(9)=Quy(3) ,
or
(3.16) Y2 bmy(2)yy +bmy—1(2)Y ]+ Dmy—2(3) = Qs (3)

where @»,(y) is a differential polynomial in ¥ of degree at most #:.
Applying lemma 4 to and we obtain

(3.17) m(r, bm,¥')=S(r, ) ,

and

(3.18) Mm@, bm,y'y—bm-1(2)y")=S(r, y) .
By we deduce

(3.19) T(r, bm,y)=S(r, y) ,

and |

(3.20) Tir, 3 (bmyy—bmy-1)}=S(r, 9) .
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Thus it follows from [3.19) and [3.20) that

@3.21) T(r, by y—bmg1) < T{(7, ¥’ (bmgy—bmy-1)} + T(r, 3—17) ,
me
=S, y) .
This gives a contradiction, since
3.22) T, bmyy—bme—1)=T(r, y)+S(r,y) .

Case (ii) and case (iii) can be handled in a similiar manner and will lead to
the same contradiction.
Thus we must have m:=0.
Now according to we conclude #:=1.
Thus the following theorem is proved.

Theorem 2. If the differential equation

_ a@D+tax2y+ - t+an,(2)y™
y= b1(2)+b2(2)y+ - -+ +bm,(2)y™ ’

has a transcendental meromorphic solution y(2) such that conditions [3.10), [(3.11)

and are satisfied. Then it is necessary that the right hand side of equation
is linear in y.

Pemark. The above argument also shows that the same conclusion holds if
one replaces ¥’ by y™ (=0) in the equation (3.23).
The following two results follow immediately from the proof of Theorem 2.

(3.23)

Corollary 1. The following differential equation
a1(2)y(2)y' (2) +ax(2)y" (2) +as(2)=0 ,

with @1(2) %0, a.(2) =0 has no entire solutions y(z) which satisfies T'(r,a:i(2))=S(r, y(2)).
i=1, 2, 3.

Corollary 2. The following differential equation
a1(2)y(2)y’(2) +az(2)y(2) +as(2)=0 ,
with a1(2)as(2) 0 has no entire solution y(z) which satisfies

T(r, ai(2))=S(r, y(2)) i=1,2,3.
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