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Abstract: SX denotes the Stone-Cech compactification of a Tychonoff space
X. Some topological properties of 8X—X are characterised in terms of lattice-
theoretic properties of the upper semi-lattice K(X) of all Hausdorff compactifica-
tions of X. Also, we construct the space X—X from K(X) when X is locally
compact; when X is not locally compact, the compact subsets of SX—X are
specified.

§1. Introduction

In [6], the author has established that when X is locally compact, the topologi-
cal properties of SX—X are related contravariantly in some sense, to the lattice
theoretic properties of the lattice K(X) of compactifications of X. But the situation
is not that nice when X is not locally compact even if we restrict our morphisms
to homeomorphisms and °‘lattice-isomorphisms’. Examples in the two opposite
directions to establish the above statement are given in and [6] respectively.
However in section 2, we give some direct results which characterise some
topological properties of SX—X in terms of lattice-theoretic properties of K(X),
the semi-lattice of all Hausdorff compactifications of X. But in general, the
problem is naturally not that trivial. It is known that if «X is any compactifi-
cation of X and R is any equivalence relation on «X which is trivial on X and
which is closed in the product space aXxaX, then the quotient space aX/R is a
compactification of X, (129) Ex. E). In particular, all the compactifications
of X are given by the closed equivalence relations on BX which are trivial on X.
The converse problem arises, viz., can we get back the space SX—X from the
semi-lattice K(X)? In section 3, we get back the space 8X—X from K(X) when
X is locally compact, and the compact sets of SX—X otherwise. Theorem 1 of
[4] follows as a corollary.

This leads to the more general problem: What are all semi-lattices which are
candidates for being K(X) for some space X? A complete characterisation has
been given in for locally compact spaces X.
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Conventions and notations

In this paper, a space means a Tychonoff space, i.e., a completely regular
Hausdorff space. '

BX denotes the Stone-Cech compactification of X. K(X) stands for the upper-
complete semi-lattice ([1]) of all compactifications of a space X, modulo their
usual equivalence, under the usual order.

Ka(X) denotes the family of partition classes BX—X corresponding to the
compactification aX of X.

§2. The following results will be used in this paper. Magill, K.D. Jr. [4]
has proved them in the particular case when X is locally compact, but they
remain to be true in the general case when X is any arbitrary Tychonoff space.
See also [5]. Result 1.1 can be proved by using Ex. E (129) of [1] and the rest
routine or on the same lines as in [4].

2.1 Result. Let aXe K(X); Let K1, Ks,---, Kn be a finite number of pairwise
disjoint non-empty compact subsets of aX—X. Let 6X be the space obtained by
identifying Ki, Kz,---, Kn separately and giving the quotient topology from aX.
Then 0Xe K(X).

Notation: aX is denoted by a(X;Ki, Ke,---, Kn).

2.2 Result. a(X; K) ANe(X; K2)=|a(X; K1, Ky) if KiNn K:=¢ ,
a(X; KiUKy) if KiNK:+9¢ .

a(X;K)Va(X; K)=a(X; KiNK;) .
2.3 Result. aX is a dual atom in K(X) if and only if there exist distinct
points p and ¢ in BX—X such that aX=a(X;{p, q}).

2.4 Definition. A compactification aX of a space X is called a priinary
compactification if F(@X) has precisely one non-singleton. '

2.5 Result. aX is a primary compactification of X if and only if aX=#X
and there do not exist two dual atoms 06X and ¢’X of K(X) such that aXAdX
=aXA&X+aX and such that the only dual atoms >6XAéX are X and ¢'X.

§3. In this section, we prove some direct results indicating the relations
between topological properties of SX—X and lattice properties of K(X).

3.1 Result. K(X) is distributive if and only if |3X—X|<3.
Proof: |fX—X|<3 if and only if |K(X)|<2. So if |BX—X|<3, K(X) is
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trivially distributive. If [8X—X|>3, let a,b,c be three distinct elements of
BX—X. Consider the compactifications 8X, a(X;{a, b)), a(X;{b, c}), a(X;{a, c}) and

2N

-\l p: and so

a(X;{a,b, c}). They form a sublattice of K(X) isomorphic to Ms=

K(X) is not distributive.
3.2. Result. K(X) is modular if and only if |8X—X|<4.

Proof: If |3X—X|<4, then it can be easily checked that K(X) is modular.
If |3X—X| >4, choose distinct points a, b, c,d, ¢ in BX—X. The compactifications
BX, a(X;{a,c}, b,d) a(X;{a, b}, {d,e), a(X;{a, b}, {c,d,e)) and a(X;{a,b,c,d,e})

AN
form a sublattice of K(X) isomorphic to the lattice Ns= \ i and so K(X) is
~

not modular.
However, we have

3.3 Result. The primary compactifications satisfy the modular law.

Proof: Let aiX=a(X;H), a:X=0a(X;K), asX=a(X;L) and let eiX<as3X i.e.,
LS H. Then

a1 XV (@ XNasX)=|anXVa(X; KUL) if KNL+*¢
aiXVa(X;K,L) if KhL=¢

=|a(X;HN(KUL) if KNL+¢
a(X;HNK,HNL) if KNL=¢

=|a(X;(HNK)UL) if KNL+¢
a(X;HNK, L) if KNL=¢

=|a(X; HN K) Aa(X;L) since LEH
=|(@ XVa:X) Nas X ,

since Lc H

Hence the result.

3.4 Result. K(X) has a zero element but no atom if and only if BX—X is
compact connected.

Proof: K(X) has zero if and only if X is locally compact, i.e., if and only
if BX—X is compact. Further if K(X) has an atom, it can be only a two-point
compactification since otherwise let «X be an atom of K(X) which is not a two-
point-compactification. Then F(aX) has more than two elements. Take the set
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union of any two of them and the resulting partition gives a compactification of
X smaller than aX and larger than the one-point-compactification which is a
contradiction. So if K(X) has an atom, it is a two-point-compactification which
gives a partition of BX—X into two disjoint closed sets, so that SX—X is not
connected. Conversely if SX—X is not connected, then there exists a Hausorff
partition of BX—X into two disjoint closed sets which gives a two-point-com-
pactification so that there is an atom. Hence the result.

3.5 Definition. A lattice L is called upper semi-complemented if for every
de L, there exists d’e€ L such that dvd’'=1.

3.6 Result. The complete lattice K(X) is upper semi-complemented if and
only if for every Hausdorff quotient K of 8X—X, there exists a quotient K’ such
that SX—X is homeomorphic to a closed subspace of KX K’.

Proof: K(X) is upper semi-complemented if and only if given any closed
partition = of BX—X, there exists a closed partition =’ of SX—X such that AN B
is either empty or singleton for evepy A€ and Ber’. This happens if and
only if the map x—(z;, 7;) from BX—X into (BX—X)/xx (8X—X)/=’ is one-one.
The map is clearly continuous and its image can be seen to be a closed subset
of range space. Now the assertion follows.

Note. K(N) is not upper semi-complemented where N is the countable
discrete space. For [1, 2] is a quotient of SN—N (see [2]) and [1,®] is not a
closed subspace of SN—N. )

3.7 Result. If K(X) is complemented, then $X—X is totally disconnected.

Proof: Let x,ye8X—X be two distinct points. Then a(X;{x, y}) is a dual
atom of K(X). Since K(X) is complemented, there exists a compactification
a’X of X such that o’ XAa(X; {x,y)=0 and &’XVa(X;{x,y})=1. Since «’ XA
a(X; {x, y})=0, there can be at the most two partition classes in $(e’X) in which
case one contains ¥ and the other y. But since &’ XVa(X; {x, y)=1, there should
exist two such partition classes. i.e., SX—X=AUB where x€ A, yeB and 4
and B are both closed being partition classes corresponding to a Hausdorff com-
pactification of a locally compact space. So fX—X is tbtally disconnected.

Note. Converse is not true; for, K(NV) is not even upper semi-complemented.

§4. In this section, we get back the space SX—X from K(X) when X is
locally compact; the compact subsets of SX—X otherwise.
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Remark. If [K(X)|<2, the situation is trivial and is not included in the
following discussion.

4.1 Notation. The set of all dual atoms of K(X) will be denoted by D.

4.2. Definition. Two distinct dual atoms of K(X) are said to overlap if
there are precisely three dual atoms above their lattice intersection. )

4.3 Definition. Let di, d: be two overlapping dual atoms of K(X). We say
that a third dual atom 4’ is hinged with di, d: if the following happens:

(i) d’ overlaps with di as well as with ds.

(ii) there are precisely six dual atoms above the lattice intersection of d’ , d1
and d-.

4.4 Definition. Let di, d: be two overlapping dual atoms of K(X). The set
of all dual atoms hinged with d: and d: will be called the point |did:|.

4.5 Remark. For the semi-lattice K(X), we notice the following:

(i) Any two distinct dual atoms of K(X) are either overlapping or there
exists no other dual atom above their intersection.

(ii) If ds, d= are overlapping dual atoms, then the corresponding identifications
in BX—X has exactly one common point. In other words, if di=a(X; {a, b)),
d:=a(X; {c, d}), ahen {a,b}N{c,d} is a singleton (say) a=c.

(iii) The set of all dual atoms hinged with di, d» uniquely determines a point
of X—X, viz., a.

(iv) If ds,ds€ldid:| and da, ds are distinct, then they are overlapping and
|dsdsl=|d1d:].

(v) Any two distinct sets |didz] and |d’d’’| intersect setwise precisely in a
singleton.

4.6 Notation. The set of all subsets of D of the form |did:| will be denoted
by F.

4.7 Definition. Let A be é. subset of F with more than one element. Then
a dual atom de€ K(X) is said to be determined by A if d occurs as the unique
set intersection of two members of A.

4.8 Definition. Let A be a subset of F with more than one element. Let

D be the collection of{ all dual atoms determined by A. We say that A is F-

compact provided (i)d/\fsd exists and (ii) =T’ where ¥’ is the collection of all
€

dual atoms 2d/\ 5c)i in K(X). We say that a singleton subset of F is F-compact.
€
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4,9 Theorem. There is a bijection from F to 8X—X which carries F-compact
sets to compact sets of SX—X and vice versa. Further the complements of F-
compact sets of F form a topology for F if and only if X is locally compact.
In this case, F is homeomorphic to SX—X.

Proof: Let |did:le F. Let di=a(X; {a,b}) and d:=a(X; {a,c}) (see Remark
3.5 (ii)). Then if d’€|did:l, then d’=a(X: {a, d}) for some de SX—X by 3.5 (iii).
Thus we get a natural bijection ¢: F—X—X defined as ¢(|did:l)=a.

Let A be F-compact. If A is a singleton, then ¢(A)=a for some a€ fX—X
which is uniquely determined. If A contains more than one point, let |did:| and
|dsdsl be distinct members of A. Let |did:| uniquely determines @ and |dsd
uniquely determine b. Then a(X; {a, b}) is a dual atom determined by A. Now
notice (either by using 1.4 or independently) that dé\md if it exists, can be only a

primary compactification, say, a(X; H). Since A is F-compact, the collection of
dual atoms ZdASDd is precisely ®. This proves that ¢(A4) is compact in SX—X
€

and it is actually H. The converse is trivial.

Further X is locally compact if and only if SX—X is compact which happens
if and only if F is F-compact since ¢(F)=pX—X. In this case, defining each F.
compact set to be closed, we get a topology for F. This obviously makes ¢ a
homeomorphism since ¢ carries F-compact sets to compact sets and vice versa.

4.10 Corollary. Let X and Y be Tychonoff spaces. If K(X) and K(Y) are
isomorphic, then there exists a bijection %z from BX—X onto BY—Y which pre-
serves compact sets in both directions.

In particular,

411 Corollary. (Magill, K.D., Jr.) Let X and Y be locally compact. If
K(X) and K(Y) are isomorphic, then SX—X and BY—Y are homeomorphic.
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