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1. Introduction. It is well-known that the multiplier space of a group
algebra is isometrically isomorphic to a bounded regular measure algebra (see
Wendel [10)). Figa-Talamanca [2], has investigated the multipliers of p-
integrable functions (1<p<oo) and shown that the space M(L?) of multipliers of
L? is isometrically isomorphic to the dual space of the linear span L#xL#, (1<
p<o0), where LP=(L?’)*, Recently the author [6] has proved that the multiplier
space of an AP(G)-algebra is isometrically isomorphic to the dual space of a
specified linear span under the convolution operator. In this paper we will answer
the question of whether the multiplier space of a Banach algebra can be identified
with the dual space of some linear span, and describe how to characterize such
multiplier spaces. To this end, we commence with some preparations.

2. Preliminaries and the Main Result. Let A be a Banach algebra and B
be a Banach space. We say that a (Banach) left (resp. right) A-module is a
Banach space B together with a map (AXB)—B, and we write the value of
(a, x) as ax (or xza). The mapping further satisfies the following conditions:

(i) B is an algebraic left map (resp. right) A-module, i.e., for a,be A and

x,y€B
(@+b)x=ax+bx, a(x+y)=ax-+ay, albx)=(abx,

(ii) For every a€ A and x€ B,
laxllz<|alalxllz (resp. ||lxalz<[allslx|s) .

In the remainder of this note, an A-module always means a left A-module.

Let B be an A-module. The Banach space B is said to be an essential A-
module if the linear manifold S spanned by {ax; a€ A, x€ B} is dense in B.

An approximate identity for a Banach algebra A is a net {e}ier (where I is
a directed set) of elements of A having the following properties:
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eia—a (left approximate identity),

and
ae¢i—a (right approximate identity),

for any a€ A. If there is a constant C such that |e:||la<C for all i, then the
approximate identity is said to be bounded.

If the Banach algebra A has a bounded approximaté identity, then one can
show easily that Banach space B is an essential A-module if and only if there
exists ex€ A such that ew—v (ver—v) for ve B. Indeed, if {ex} is a bounded ap-
proximate identity for A, i.e., |lex]|la<C for some constant C>0 and all %, then,

n
when B is essential, for any given ¢>0 and v€ B, there is a finite sum X aix:
. i=1
with @:€ A and xi€ B such that

I i21 aixi—v||p<e/2(C+1) .
Now by virtue of the existence of an approximate identity for A, there is an
index ko with the property that
llerai—ailla<e/2n|xillz for B>ke and 1<i<n.

Since

n n n n
lexv—v|z= llew-—ekiZ‘; aixi+er 2 aixi— Zlaex;-i-‘Zl aixi—v|s
= P = =

=1

< “ek”A”U"iglaix‘:“B‘Fié ll(era:i—as)xil s+ || Eldixi'—l)"B
S(“ekllA"l‘l)"U—‘_gl aixil|s+ ;él llexai—as:l 4l x:]| 8

€ €
<2+2—-—s.

Conversely, it is immediate that B is an essential A-module.
Let A be a Banach algebra. The bounded linear operator T on A is said to

be a left (resp. right) multiplier of A if
T(ab)=7Ta(b) (resp. T(ab)=(a)Th) .

If A is a commutative Banach algebra, the operator T on A is linear and con-
tinuous whenever
Ta(b)=(a)Tb=T(abd) .
(cf. Wang [9]).
If B is an A-module, and if the dual space B* of B is isometrically isomor-
phic to A, we naturally take
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{x,ab>=<bx, a> (resp. <%, ab>=<xb, @) ,

for any @,be A and x€ B.
Define a subspace of B by

S={u; u= :Elﬁge , for fieA and gieB and é | fillallgilla< oo},
and the function #— ||| by

lll=int ( Z | Allalgils; u= 5 figie S},

where the infimum is taken over all i€ A and g:€ B such that #= glf;ge with

ElllﬁllAllgs‘llB< co,
It is easy to see that the function [/ is a norm in S. And since

|l figille<<|l fill all gill B ,
it follows that

lzllz<|l#ll for any u=i§-1 figi in S.

Hence the topology so defined is stronger than the topology induced from B.
We will show that S is a Banach space with respect to the norm ||-[.

Proposition 1. The subspace S of B is a Banach space with respect to the

norm ||l in which the topology so defined is stromger than the topology induced
Jrom B.

Proof. It remains to show the completeness of S with respect to the norm
ll-l, and this can be shown by the same argument, mutatis mutandis, as that
which was used in the proof of Theorem 2.4 in Gaudry [11].

It is easy to see that A has a bounded approximate identity {es} and eiv—v
for any ve B, if and only if S is dense in B, i.e., B is an essential A-module.
With this information at hand, we can establish the following main theorem.

Theorem 2. Let A be a Banach algebra with a bounded approximate identity
and B an A-module. If A is isometrically isomorphic to the conjugate space B*
of B, then the conjugate space S* of a subspace S of B defined above is isomet-
rically isomorphic to the (left) multiplier algebra M(A) of A.

Note that the Banach algebras A?(G) need not have a bounded approximate
identity (cf. Lai [7)). And in Figa-Talamanca [2], [3] the space L?(G) is not a
Banach algebra in general. ‘
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3. Proof of Theorem. Define the mapping 7T—# of M(A) into S* by

<u, e>=Z <, T,

for any v= % figi in A. Thus p is well-defined. To show this, it suffices to
prove that <u, > is independent of the choice of the representation for u. '
Let = > figi=0. We will show that
i=1

<u, #}=§ <g, Tfi>=0.

Let {e.} be a bounded approximate identity for A. Then we have llea|la<C
for some constant C and all a. If Tes=ha, then

IK&i, hafi>—<gi, TfOILZ|hafi—Tfillallgills
<ITI lleafi—fillallg:lle

__)O,

with the limit being taken over the index a. As

u=3fg=0, and [ul<3Iflgls<oo,
we have
S8, hefo= Sfig, h>=C 3, fig, ha>=0,
for any a. On the other hand, _
| 2<e, TFOI=1 Z<as, TF>— S <, hafdl

<l

M=

<&, TFi>— 24, hafl

1

HITIA+C) 3 1 fillaligsls .

The right hand side of this last inequality can be made arbitrarily small by
taking a sufficiently large positive integer N, and then passing to the limit with
respect to a. Hence §1<g¢, Tf:>=0 and this proves that ¢ is well-defined.

The mapping 7—¢ defined above is obviously injective. We will show that
the mapping of M(A) into S* is also surjective. Thus, let #€ S* and for an
arbitrary fixed element f€ A, define the linear functional '

gXfg, 1>=Xg, tp> .
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for ge B. Then, as pre S¥*,
IKfg, Il gl <llel I Fllallgls ,

or
IKg, toI<lell 1 fllalglls .

Hence #; defines an element of B* such that

lZA<led flla

By assumption, A=B*, so there is a unique element, say 7f€ A, such that

g TrH>=<fg, 1rw=<8&,ts,

and

I TAla=lzAM<llell I £ N4

Therefore T is a bounded transformation of A itself which carries f to Tf
defined as above. It is obvious that 7 is a linear mapping. We have to show
this bounded linear mapping T is pxjecisely a multiplier of A. Indeed, for f,h€e A
and ge B,

K(fhg, v>=<g, T(fh)>,
fhg), r>=<hg, Tf>=<g, TAh)> .

Thus T(fh)=Tf(h), and this shows that T is a (left) multiplier of A.
Finally, we prove that the mapping 7—# is an isometry.
Since

K, 191=1 g, TFOI< BN Thillallgils

<I71 2 Ifilallgils

it follows that

<o, iDL TN Meell
Therefore

lel<I T .
On the other hand, as A=¢B*, we see that

ITIl= sup ITfla= sup Kg THOI< sup Kfg, wiLllel .
1r11A<1 llgl1B<1

I1f1lallgllBs1
If11ast

Hence |#||l=|IT|l. The proof is now complete. Q.E.D.

Remark. For the right multiplier algebra, one can obtain a similar theorem
in an analogous way. If A is a commutative Banach algebra without order, then
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A is strictiy dense in M(A) if and only if A has an approximate identity. Thus,
when B is a two-sided essential A-module with a bounded approximate identity
for A such that B*=A, then S is a dense subset of B, and the following relation
holds (cf. Wang [9])

AcM(A)

R R
B*c S*
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