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1. Introduction. The purpose of this paper it to study point processes and
their random translations by a method which is a little different from those
already published (say Dobrushin [5), Goldman [8], and Stone [13]). It seems
that most of the published results on random translations of point processes are
those on the space R? or its subgroups. In this paper we consider point pro-
cesses on an arbitrary locally compact separable metric space X.

In Section 2 we introduce a metric into the class S of all measures in the
space X, and define point processes and random measures as probability measures
in this metric space S. If X=R?, then this definition coincides essentially with
the usual definition by Ryll-Nardzewski [12]. The convergence of random meas-
ures and point processes is defined as the weak convergence of probability
measure on S. In particular, if X=R? and the limiting point process is Poisson,
then our definition of convergence coincides with a definition in [5] and [13].
In Section 3, we prove two existence theorems for random measures and point
processes. Although theorems in these two sections are stated in terms of
generating functions and functionals, it seems that they are essentially included
in known results (see [9] and [10]). In Section 4 we define mixed Poisson process
generated by a random measure. These point processes are generalizations of
those considered in and others. In Section 5 is treated random translations
of point processes, and it is shown that the limit of the random translations of
any point process, if exists, 'must be mixed Poisson. The convergence to a
Poisson process was treated in [5], and [13], with some restrictions on the
initial point processes. We give a condition for the convergence to a Poisson
process without additional assumptions on the initial processes. In Section 6,
we study the structure of point processes which are invariant under a given
random translation, and prove a theorem which is essentially a strengthening

of results of [5] and [8].

2. Random measures and point processes. Let X be a locally compact
separable metric space with a metric d. Let Co(X) denote the class of all con-
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tinuous real functions ¢ on X such that supp [¢]={x; ¢(x)50} is compact. Let
C?(X) denote the subset of Co(X) consisting of all non-negative ¢ € Co(X).
For ¢», #>1, and ¢ in Co(X), lim ¢»=¢ means that the following two con-

ditions are satisfied: (i) there exists a compact set KC X such that supp [¢s]C K,
n>1, and (ii) ¢» converges to ¢ uniformly on K. We can use Stone-Weierstrass
theorem to show the existence of the sequence {aa}, ax»€ C{f(X) having the
following property: for every ¢€ Co(X) there exists a sequence {¢a}, where ¢=
is a finite linear combination of ax, such that lim ga=0¢.

n—roo

Let B be the class of all Borel subsets of X, S the class of all measures on
B, where we mean by a measure a non-negative countably additive set function
¢ on B such that #(A)<oo if A is compact. For g€ S and a real measurable

function ¢ on X, we write (¢, t) =§ ¢dp if the integral on the right exists.
X
Let R*> denote the space of all sequences w=(wi, wz, +++) of real numbers.
pol®, cu'):I§12"f|wk~—wiI(1—I~lcok—wfc|)‘1 defines a metric in R*. With this metric

R~ is a complete separable metric space (see [1] p. 218). The classes of Borel
sets of R? and R> are denoted by R? and R respectively.

Let = be a mapping from S to R> defined by (¢)=(w1,ws, ---), p€S,
w;=(ai, p). Since (a;, g)=(ai,v), i>1, implies that g=v, r is one-to-one. Hence
ple, v)=po(z(¢), =(v)) defines a metric in S. We write pa—opg if o(¢, £)—0. Note
that m—p if and only if (¢, ta)—(e, 1) for every ¢ € Co(X).

Lemma 2.1. 7(S) is closed in R>, and (S, p) is a complete separable metric
space.

Proof. If {u}, tn€S,isa Cauchy sequence, then so is {(¢, #a)} for ¢ € Co(X).
I(¢)=1im (¢, t») defines a positive linear functional I on Co(X). Hence there

exists a #€ S such that I(¢)=(p, &), ¢ € Co(X), and pa—p. This proves that S in
complete and z(S) is closed. S is separable since S is homeomorphic to 7(S)c R>.

Let Sa denote the class of all measures ¢ such that #(A°)=0, where A is a
closed subset of S. Let S? denote the class of all measures #€ S such that p¢(A)
is a non-negative integer for every bounded set A€ B, where by a bounded set
we mean a set ACX such that A is compact.

Lemma 2.2. Si and S? are closed in S.

Proof. It is easy to see that Sa is closed. To prove that S? is closed we
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suppose /n€S?, pn>p€S. If A€W is bounded and if #(@A)=0, where 9A is
the boundary of A, then by the same argument as in [1], p. 11, we see that
#(A)=1im ¢.(A) is a non-negative integer.

Let K be compact, and let G.={y; d(K, y)>¢}. Then 0G.={y; d(K, y)=¢},
K= N Gs and G. is represented as the disjoint union G.=K U (U dGs). Hence there

6<e o6<e
exists a sequence d0» such that 0.—0, #(0Gs,)=0, m>1. The relations ©(Gs,)
= lim ¢(Gs,,) and ¢#(K)=lim #(Gs,,) imply that #(K) is an integer.

n-—>o00

If A is any bounded Borel set, then by the regularity of Borel measures in
a metric space, p(A)=sup{u(K); KC A, K is compact} is an integer. This proves
the lemma.

The following lemma is a slight modification of a well-known result and
will be proved easily.

Lemma 2.3. Suppose a class € of subsets of an arbitrary metric space X
 satisfies: (i) every compact set isin G, (ii) if A and B are bounded sets in € and
if AcCB, then BN A°e€, (iii) if A and B are disjoint bounded sets in €, then
AUBEG, (iv) if {As} is an increasing sequence of bounded sets in €, and if
A= L:An is bounded, then A€®. Then € contains all bounded Borel sets.

Lemma 2.4. Let A be the class of all Borel subsets of S. For any non-
negative B-measurable real function ¢ on X, the mapping p—(¢, 1) from S to the
closed half line [0, oo] is A-measurable. In particular, for any A€ B, the mapping
p—u(A) from S to [0, o] is N-measurable. 3

Proof. Let € be the class of sets A€ such that the mapping g—u(A4) is
A-measurable. If K is compact, then K€€. In fact, there exists a sequence
{¢n}, pn€ CH(X) such that 0<¢a(x)<1, lim pn(x)=%Xx(x) where Xx is the indicator

function of the set K. Then for #£€S, lim (¢s, #)=p(K). The mapping p—(¢s, t)

are continuous. Hence pg—u(K) is measurable. The remaining conditions of
are easily verified for €, and therefore € contains every bounded
Borel set. Since every A€ is the limit of an increasing sequence of bounded
Borel sets, B=E. This proves the last half of the lemma. The first half is a
consequence of the application of a standard argument to the last half.

Remark. Let € be a class of subsets of X which is closed under the for-
mation of finite intersections, and assume that € generates the o-field 8. For
instance the class of all compact sets satisfies these conditions since X is separable.
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Then the argument similar to the preceding proof shows that % is the smallest
o-field with respect to which all mappings y—u(A), A€E€ are measurable.

Definition 2.1. A random measure P on X is a probability measure on .
A point process P on X is a random measure on X such that P(S?)=1.

Definition 2.2. We say a sequence of random measures {Pa} on X converges
to a random measure P, and write Ph——)P, if probability measures P» converges

weakly to P, i.e., S fda R;—)S fdP for every bounded continuous real fuuction f
S S

on S.

The following two lemmas are the uniqueness theorem and the continuity
theorem of Laplace transforms in higher dimensions. In the one-dimensional
case these lemmas are well-known (see [7]). The general case can be proved by
reducing it to the one-dimensional case.

Lemma 2.5. Let p and q be two probability measures in R**. If
-,z — —(t, +
2.1) | eempan =\ cengan, ter,

where (t, x)=t1x1++- -+ texe, R** is the positive octant {(x1, - -, xx); x:>0} of RF,
then p=q.

Lemma 2.6. Let {ps} be a sequence of probability measures in R**. If

@.2) 1y =tim | et putan) te Rv,
RrE+

exists, and if thrno I(t)=1, then pn converges weakly to a probability measure p in
-+

R**, and
=\, e pan .

Remark. These two lemmas are valid if and hold for ¢ in a
neighborhood of the origin.

Theorem 2.1. For a random measure P on X, define a functional I(-; P) on
the class of all non-negative measurable functions ¢ on X by

@.3) Ugp; P) = §Se-“°~m Py .

If P and Q are two random measures on X such that
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2.4) | le; P)=lle; @), ¢€CIX),
then P=Q.

k
Proof. Let go=§1t,-ai, t;>0. Then by Lemma 2.5, Prizy'=Qr z3t, k>1,

where 7 is the natural projection from R* to R* defined by mi(w)=(wy, ---, w).
This implies Pr-1=Qr"!, and therefore P=Q ([i] p. 19, p. 39).

Theorem 2.2. Let Pn be random measures on X. If Pn converges to a
random measure P on X, then

2.5) liml(¢; Pu)=Il(¢; P), 0€eCHX) .

Conversely if
(2.6) _ Hp)=1imI(¢; Pw) ,

exists for every o€ C§(X) and if tlirPo I(to)=1, then there exists a unique random
measure P on X such that P.=—>P and I(¢; P)=I(¢p).

Proof. The first half is obvious, since for ¢ € C§(X) the function pg—e ¢.#
is bounded and continuous on S. Let us prove the second half. Let ¢{=(f1,---,
tx) € R**, By the assumption we have ltl_rg l(tras+ - - - +tear)=1. It follows from

Lemma 2.6 that for each k the probability measures P.r~'z3' on R* converges
weakly to a probability measure, and therefore there exists a probability measure
P’ on R> such that P.r'——P’ ([1] p. 19). Since 7(S) is closed in R=, P’z(S)>
lirE_.sganr‘l(r(S)):-lir?_ﬂlpPn(S)=1. Thus P’t(S)=1, and P=P’r is a random

measure on X. If f is a bounded continuous real function on S, then so is the
function f7z~! on the closed set ¢(S). By Tietze’s theorem p. 242) there
exists a bounded continuous extension g of fz~! to R*, and we have

limg fdP,,=1imS gdPnr‘lzs gdP’=S fdpP .
s R*® R® 8

n—co n—oo

This proves Pn——>P.

Remark. By the remark following [Lemma 2.6, [Theorem 2.1 and the last
half of [Theorem 2.2 are valid if [2.5) and [2.6) hold only for ¢€ C{(X) such that
0<e<1.

3. Existence theorems. In this section we state and prove two theorems.
which assert the existence of random measures and point processes. These
theorems seem to be included in recent results of Harris [9] and [10].
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Lemma 3.1. If X is a separable metric space, then for every 6>0 thereis a
finite or infinite sequence {xa}, x.€ X, such that (i) d(xm, x2)>06/2 if m+n, and
(i) US(xn, 0)=X, where S(x, 0)={y; d(x, y)<d}.

Proof. Let {y:} be a countable dense subset of X, and let x1=yi. Suppose

n—1
xj, j<m, have been chosen, and let x» be the first yx such that y. ¢ _ULS(xj, 0/2).
Joud

It is easy to see that the sequence {x»} has the stated properties.

Theorem 3.1. Assume that for each n>1, disjoint bounded sets Ai€B, and
t:>0, 1<i<m, there corresponds a real L(t1, ---,tn; A1, -, Au) satisfying the
following properties:

(i) for each family of disjoint bounded Ai€ B, 1<i<m, L(-,---, ; A1, -+, As)
is the Laplace transform of a probability distribution on R"*,
(ii) if (41, -+ -, in) is a permutation of (1, ---,n), then

L(tiy, -+, ti,; Asyyoovy Aiy)=L{1, -+, tn; A1, -+, An),
(ill) L(tl, ceey, tn, O, Al, ey, An, An+1)=L(t1, .. ',tn; Al, ey, An) N

(iV) L(tl, sy, tn—l, tn, tn; Al, ey, An-l, An, An+1)
’—'—"L(tl, ceoo tnet, Ing Al, ceey, An-l, AnUAn+1) ’

(v) if A1DA2D +-+, NAa=¢, then lim L(t; An)=1 for t>0.
Then there exists a unique random measure P on X such that
@3.1) S expl— 3 i ADP=Lits, -+, tn; A, -, An),
S I=

for each n>1, disjoint bounded A:€B, t:>0, 1<i<n.
Proof. First let us prove the following inequality:
(3.2) [L(¢y, + -, t0; Ay oo, A)—L@, -+, b Al -, AR)IS1—L(s; A) ,
where {4,,---, A;} and {Al,---, AL}, A;€B, A,€B, A,NA;=¢, AINAi=¢ if
i%£], iL_iJl A,;=j§1A;-=A, are two partitions of a bounded set A€ B, and ¢,,¢;>0,

[t —ti1<e if A;NAs+#¢, 1<i<l, 1<j<m. In fact, let AY,---, A} be an enume-
ration of non-void A;N A%, and let u,=%;, u},=t; if A/=A;NA%. Then |u,—u}|<e,
1<k<n. If &,---,&n, &=>0, are random variables on a probability space, whose
joint Laplace transform is L(¢,,---,¢.; Al’,---, A7), then by (iv) the random
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variable kZ:Ek has the Laplace transform L(¢; A). It follows from (iii) and @iv)
that the left hand side of is equal to
|L(2y, =+ -y t4n; AY, oo oy ADV—L(l, -+ - ul; AU, -+, A

=|E[exp (— kEZIukEk)—exp (— kZ:luiEk)]l ,

which is dominated by E[1——exp(—§1|uk—u;lek)]=1—L(s; A).
By [Lemma 3.1, we can find for each fixed # a countable discrete subset
k—1
Co={%ni; k>1} of X such that Y Sxnr; wH)=X. Let ALr=SXn:r; 7 )N (UIS(x”k;
ot

n™)°, and let A,,=A},, if A%, is bounded, and A,,=¢ otherwise. For each
k>1, the Laplace transform L(ti, ---,tk; Ani, - -+, Aax) determines a unique pro-
bability measure pnx on R**. It follows from (ii) and (iii) that the probability
measures pax, £=1,2,---, are consistent, and therefore there exists a unique
probability measure P} on R~ such that P,z3'=p.;. Let ¢, be the mapping
from R** to Sc, defined by gx(w)=p if p({xni})=w:. It is easy to see that P,=Pld;*
is a probability on B such that Pa(Sc,)=1.

We shall now prove that P. converges to a random measure on X. If
9€C#(X), then there exists a bounded open set U such that UD suppl¢]. Let
n>2/6 be fixed for a moment, where d=d(supp[¢], U°). It is easy to see that
except for a finite number of j, A.; does not meet with suppl¢], and if
AniNsupp [¢]+#¢, then A}; is bounded, i.e., A,;=A%; and A,;,CU. Let B,,,---,
B, where ! depends on #, be an enumeration of Aaj, 7=>1, such that Aa;Nsupp [¢]

l —
#*@, and let yai=xn; if Bni=Aa;. Then supp [¢]C _L_)le-CK, where K=U is a

compact set independent of #.
l
(3-3) S e_(sD'F)P‘"(df"):L(SD(y”l), Y ¢(y”l), 0; B”1’ Ty B‘M: Kn ( .UiB’"')c) .
8 o=

For any &>0 there exists 2#2>2/6 such that d(x,y)<1l/n implies |o(x)—¢(y)|<e.
If m>n, then by and ‘S €. dPn—S e ¢ dPm
S

8

is dominated by

1—L(s; K) which tends to 0 with . Hence l(¢)=lim/(¢; P.) exists for every
€ C{(X). Since

l
I(to; Pu)=L@@(yn1), - -+, to(yn1), 0; Bn1, - -+, Bui, KN (iLlean)")
2L(t-51e1§go(x); K), n>1,




.
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we have ,lirﬂ, I(tp)=1. It follows from [Theorem 2.2 that there exists a random

measure P on X such that P»=—)>P, I(¢; P)=I(¢). -

It remains to prove that P satisfies [3.1). Let K, ---, K» be disjoint compact
subsets of X. Then for each j>1, there exists disjoint bounded open sets Gij,
1<i<#m, such that Gi; D K;, 1<i<n, and Giu>Gi:D---, DG;;':K-:. Let ¢i;€ CH(X),

1<i<n, j>1, be such that 0<es(x)<1, ¢i;(x)=0 if x¢ Gij, @ij(x)=1 if x€ K.
Clearly lim¢ij(x)=Xk;,(x). It follows from bounded convergence theorem and
J—)m

from (v) that

Ss exp[— élta#(Ki)]P(d#)=}i_g} SS exp [—(éltiﬁoij, w1P(dp)
= lim sup L(ts, -+, tn; G1j, =+ -, Gaj)

J—o

=L(t1, . ",tn; K1, "',K,.)+1imsupL(t1, "',tn; Gljans "',G,,jﬂKﬁ;)

J—oo

>L(ty, -+, ta; Ky, -+, Ky)+ lim supL(lrQasxt.-; ,Gl(G,-,-ﬂ K3?))
ad isn i=

=L(t, -, tn; K1,-+, Ku) .

The reverse inequality is easily verified and we have proved when Ai’s are
all compact. Let #>1, and bounded disjoint sets Az, ---, A»€B be fixed for a
moment. Assume that holds for each compact A: and these fixed sets A,

-+, An. Let §=6(A:, ---, Ax) be the class of bounded sets A:1 €D for which
holds. By (iv) and (v) € satisfies the conditions of Lemma 2.3, and therefore
every bounded Borel set is in €. Now starting from compact As, -+, An and
using (ii), we see that (3.1) holds for everyi family of disjoint bounded Borel
sets. This completes the proof.

Theorem 3.2. Assume that for each integer n>1, disjoint bounded sets Ai,
and real s;,|sil<1,1<i<n, there corresponds a real number D(si, «--, sn; A1, +--,
Ay) satisfying the following properties:

(i) for each family of disjoint bounded Ai€B,1<i<n, O(-,---, ; A1, -+, An)
is the probability generating function of a probability distribution concentrated on
the lattice points of R"*,

(ii) if (G, - -+, ia) is a permutation of (1, ---,n), then

T B(siyy iy Aiyy o) As)=0(st, -, 505 A1, -+, An)
(iii) B(ss, -+, 5n, 15 At -+, An, Anyt)=0(st, -+, sn; As, -+, Au) ,
(iv) D(s1, ) Sn-1,5n, 50} A1, **+, An-1, An, Any1)

=0@(s1, ***, Sn-1,8n; A1, -+, An_1, AnU Any1) ,
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(v) if AiDA:D---, NAx=9, then lim D(s; An)=1 for [s|<1.

Then there exists a unique point process P on X such that
(3.4) [, st stamaP=0Gs,, - 505 Au - A
s :

Sor each n>1, disjoint bounded Ai€ B, |si|<1, 1<i<nm.
Proof. The function L defined by
L(ts, - ta; A1, -+, An)=0(e™"1, - -+, e7tn; Ay, -+, Au)

satisfies all conditions of [Theorem 2.1. Therefore there exists a unique random
measure P on X for which and therefore holds for every disjoint
bounded A:€®B. Let P. be random measures defined in the proof of Theorem
3.1. Clearly P.(S?)=1, n>1. Since S? is closed in S and since P»—)P, we
have P(S?)=1, this proves the theorem.

4. Mixed Poisson processes. In this section we prove the existence of a
mixed Poisson process M(P) whose “mixture” process is an arbitrary random
measure P, and give some relations between P and T(P).

Theorem 4.1. Let P be a random measure on X. Then there exists a
unique point process Q=M(P) on X such that

@) |, dss4r @ = _expl6,-D-1A PG ,
for every n>1, disjoint bounded A;€B, |s;|<1, 1<j<m, and
4.2) ‘ lp; Q=I(1—e*; P),

for every o€ Cf(X).

Proof. For any finite family of disjoint bounded sets A;€%B,
Ost, -+, 503 A, -+, An)= S exp [ 3 (s—1)- (A)IP(dp)
8 3=

is a probability generating function. The family of functions @ satisfies the
conditions of [Theorem 3.2, and therefore there exists a unique point process
Q satisfying [(4.1). The relation is proved by a standard approximation
procedure.

Definition 4.1. The point process Q=MM(P) is called the mixed Poisson process.
generated by the random measure P. If P({p})=1, p€S, then Q=TN(P) is called.
the Poisson process generated by }the measure .
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Theorem 4.2. If P and Q are two random measures such that TUP)=](Q),
then P=Q.

Proof. This follows from [(4.2), [Theorem 2.1 and the remark following
Theorem 2.2.

Theorem 4.3. If P is a random measure and if Q=T(P), then for every ¢
and ¢ in CH(X)

4.3) Ss (¢, £)dQ= L (¢, )dP,

and

4.4 S (¢,y)(¢,p)do=§ (0, 1)(, £)dP +S (0, 1)dP ,
8 S 8

where both sides of [(4.3) or may be infinite.

Proof. By a well-known property of Laplace transforms we have
= —1im -2~ I(t0: Q)= — lim - 1(]—g~t¢-
|, (0. ma@=—1im - 1tp; Q= —tim L 11 —e~; P)

= —lim —‘-’—S exp [—(1—e*, )] P(ds)
t-+0 dt J)s :

=lim Ss stoe‘wdp] e'xp|:— SX (1—et)du ]P(dy)

t—-+0
= L (@, )P(dp) .

The exchange of differentiation and integration is justified since (pe~t, ) exp
[—(1—e**, )] is dominated by an integrable function independent of #>#,>0.
The last equality follows from the monotone convergence theorem. Similarly
we have '

S @, 2)(&, 1)dQ = lim —2—I(1—e-to-+9; P)
8 tyu—-40 3tau

= lim Ss [(eg e=te=¢, p) +(pe~tv~%¢, p)(p e~to~%¢, p)]

t,u—+0

- exp [—(1—e**~*, 1)1 P(dy)
- Ss [0, )+, 1), 1P(dp) .

Theorem 4.4. Let Qx=TR(Pa) be the mixed Poisson processes generated by
random measures Pn. In order that Qa converge to a point process Q, it is
necessary and sufficient that Pa converge to a random measure P. In this case
Q=T(P).
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Proof. From
Up; Qu)=I(1—e*; Pa) .
If Qx——=>Q, then for every ¢ € C{(X) such that ¢(x)<1, we have
Up)=lim i(¢; Pu)= lim I(—log (1—¢); @m)=H—log 1—¢); Q) ,

and
lim /(t¢)=lim I(—log (1—t¢); @)=1 .
t—+0 t—+0
It follows from [Theorem 2.2 and the remark following it that there exists a

unique random measure P such that P.—>P and I(1—e™?; P)=Il(¢; Q). The
converse part is proved similarly.

5. Random translations. Let 2 be a substochastic transition function on
the measurable space (X,%9), i.e., 4 is a function on X X8 satisfying: (i) for
fixed x€ X, A(x, ) is a measure on B such that A(x, X)<1, and (ii) for fixed
AefB, (-, A) is a B-measurable function on X. For real bounded measurable
function ¢ on X, and for #€S we write

Tzso(x)=S o(3)ilx, dy) , x€X,
X
and
Un(A) = S ix, Apldn),  Aem,
P ¢
Note that Uiz is a measure on B which may assume the value + oo for compact
sets. By Lemma 2.4 the mapping p—U;u(A) is A-measurable for each A€B.

Lemma 5.1. Let Si={y; p€S, U,p€S}. Then S:€N.

Proof. Choose an increasing sequence {Ax}, A-€%B, such that U A.=X.
Then Si={y; £€ S, Up(Ar)<co for n>1}e.

Theorem 5.1. Let P be a random measure on X, and 2 be a substochastic
transition function on (X, B). In order that there exist a unique random measure
Q on X satisfying:

5.1) S exp[—itj;z<Aj>1Q<dp>=§ exp[— 3 t;Usn(A)P(dp) ,
N J=1 8 j=1

Jor every n>1, bounded disjoint A;€B, t;>0, 1<j<n, it is necessary and sufficient
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that P(S:))=1. If this is the case, then

le; Q=UTup; P)
Sfor pe CH(X).

Proof. Assume P(S:)=1. The family of functions
Llts, -+ tn; Ar, -+, Au)= S expl— 3 Uw(ANPWp)
S J=

satisfies the conditions of Theorem 3.1, and therefore determines a unique random
measure @ on X. The relation (5.2) may be proved by a standard argument.
If P(S)<1, then P{y; Uiwr(A)=0c0}>0 for some bounded A € B, and the right hand

side of with #=1, A1=A, cannot be the Laplace transform of a probability
distribution.

Definition 5.1. When P(S:)=1, the random measure Q on X defined in
(Theorem 5.1 is called the translation of the random measure P by the transition
Junction 2, and is denoted by E:(P). ‘

Theorem 5.2. Let P be a point process on X, and A be a substochastic transi-
tion function on (X, B). In order that there exist a point process Q such that for
n>1, disjoint bounded A;, |s;|<1, 1<j<n,

(5.3) Ss J.IZS? “2Qdp) = S exp(log[1— JZn::l(l—sj)l(x, Apl, mP@p) ,

it is necessary and sufficient that P(S:)=1. If this is the case, then for o€ C{(X),
(5.4) le; @=Il(—log(1—T:(1—e™?)); P) .

Proof. For every € S®, let {xx;k>1} be the support of # and let ne=p({xs}).
Then

65  explogll— 3 A—s)ix, A)], W= [1— 3 1 —s)2(xz, 4]

is a probability generating function if and only if this infinite product converges,.
or equivalently

fk_] ned(xe, Aj)= 35 Uspt(Aj) < +oo
J

J

Thus if #€S5?NS;, then (5.5) is a generating function for any finite family of
disjoint bounded A;€®B. Hence P(Si))=1 implies that the right hand side
D(s1,+++,Sn; A1, -+, An) of is a probability generating function. It is easy
to verify that the family of functions @(si, - -, sa; Ai, -+, As) satisfies the con-
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ditions of [Theorem 3.2, and therefore there exists a unique point process @

satisfying [5.3). The relation follows from [(5.3).
If P(S:)<1, then there exists a bounded set A€®B such that P{y; U,u(A)

=c0}>0. It follows that
{5.6) Lexp (log [1—(1—s)A(x, A)], WPdp) ,

is dominated by P{y; Uu(A)<co}<1 for every s. This shows that (5.6) is not
a generating function.

Definition 5.2. If P is a point process on X satisfying P(S:)=1, then the
point process Q defined in [Theorem 5.2 is called the random tranmslation of P by
the transition function 2, and is denoted by Ri(P).

Remark. The intuitive definition of random translation is as follows. A
point process determines stochastically a “particle system” on X. We move
each “particle” of this system independently according to the transition function
4, and get a new particle system which is the random translation of the initial
point process. The quantity 1—A(x, X) is the probability that a particle at the
Pposition x “ disappears”.

Theorem 5.3. Let A1 and 22 be two substochastic transition functions on (X,B),
and let
Ax, A)= S 2u(x, dy)2a(y, A) A€,
X

Then the translation TAP) of a random measure P (or the random translation
R(P) of a point process P) exists if and only if T (T2 (P)) (or Ra,(R1,(P))) exists,
and

(5.7) Z2,(T2,(P))=Z(P) ,
(5.8) | s Ra,(Ra2,(P))=Ra(P) .

Proof. We prove [5.7) only since [5.8) is similarly proved. Suppose that
T2,(T2,(P)) and Zi(P) are both defined, then since T3, (Ta,9)= ngo, and since (5.2)
“holds for any non-negative continuous ¢, we have

e; Ty (T2 (P))=UT1,0; Tay(P))=UT2(T2,0); P)=UT:0; P)=I(p; T2P)) .

Thus by [Theorem 2.1 we have [5.7). Moreover these equalities can be used to
prove that T:,(T3(P)) and T:(P) exist simultaneously.
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Theorem 5.4. Let P be a random measure on X and let A be a substochastic
transition function on (X,B). Then P(S)=1 if and only if M(P)(S?)=1, and
(5.9) R(M(P))=TM(Za(P)) .

Proof. If P(S:)=1 and M(P)(S:)=1, then from [4.2), (5.2), and [5.4), we have

le; ME(P))=I(1—e~*; Tu(P))=UTx(1—e7*); P)
=l(—log 1—Tx(1—e™%)); UP)) =I(e; Ra(DUP))) ,

where we used the fact that holds for any non-negative continuous ¢. These
equalities can also be used to show the equivalence of P(S:)=1 and D(P)(S:)=1.

Theorem 5.5. Let X be not compact, P a point process on X. Let {is} be a
sequence of substochastic transition function on (X, B) such that

(5.10) P(S:,)=1, n>1,
and for every bounded Ae€'B,
(5.11) lim sup a(x, A)=0 .

n—co €

In order that R, (P) converge to a point process Q, it is necessary and sufficient
that Z,,(P) converge to a random measure Q'. If this is the case, then Q=T(Q’).

Proof. If ¢eC{(X), then ¢=1—e*€C{(X). Let an=sgg T2,9(x), then it

follows from [(5.11) that
(5.12) - lima»=0.

Put
An()=exp [—(T1,9, W]—exp [(log 1—T3,9), p)] .

It is easy to see that

Up; ME(P)) —I(p; P, (P)) = Ss AP .

Using and an elementary inequaliy 0<—x—log (1—x)<x? for small x, we
have

(5.13) 0< An(e)=[1—exp (log (1—T1,9)+ T1,¢, )l exp [—(T2,9, 1]
<l—exp[—(T:,9)% v)]
<1—exp [—an(T1,¢, )]
<1—exp [an(log 1—T1,9), )] .
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If T;,(P) converges to a random measure @’ and if a.<e, then by

liﬂ’ltilolp L An(p)P(dp) Sl—-}li_’m“ S L exP [—an(T2,¢, WIPdp)
<1—lim UeT2,¢; P)
=1—l¢; Q") ,
which tends to 0 with e. It follows from [Theorem 4.4 that for p€ C#(X)
}‘1_{2 Up; R (P))= lim le; ME2,(P))=lp; Q) .
Hence R, (P)—=T(Q’) .
Conversely if R.,(P) converges to a point process @, if a»<e<l1, then
limsup | An(P(@) <1 limK—slog (1—Ts,(1—e™); P)
<1—lim(—log (1—T1,(1—e™*)); P)
=1—lim l(ep; R2,(P))
=1—l(ep; Q) ,
which becomes arbitrarily small with . Hence
}gg ly; m(izn(P)))=3£rg lo; Ra,(P))=lp; Q) .
It follows from [Theorem 4.4 that %:,(P) converges to a random measure @’ and
Q=M(Q’). This completes the proof.

Theorem 5.6. Let X be non-compact. Assume a point process P on X and
a sequence {As} of substochastic transition functions on (X, B) satisfy the conditions
(5.10) and (5.11) of Theorem 5.5. In order that Pn=%R.,(P) converge to the Poisson
process Q genmerated by a measure p €S, it is necessary and sufficient that

(5.14) lim P{v; | Uz, v(A)—p(A)| >e}=0,
Jor any ¢>0 and bounded A€B such that p(6A)=0.

Proof. It follows from that P——)Q if and only if for ¢€ CH(X)
and ¢>0

(5.15) grg.} P{y; (o, Us,p)—(p, )| >e}=0 .
If P»——)Q, and if A€®B is a bounded set such that (6 A)=0, then there

exist ¢;€ C3(X), 1=1,2, such that ¢:1<Xa<ps, (p2—oy, )<e/2. It follows from
(5.15) that
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lim P{v; |Us,v(A)—p(A)| >e}
< lim P{v; (1, Urp) — (@2, ) < —¢ or (pz, Us,v)— (g1, ) >e}

n-->o00

< lim Ply; (o1, Ua,v)— (01, ) <—¢/2 or (¢2, Un,)— (92, 1) >¢/2}

n—rc0

=0,
Let us prove the converse. We assume [(5.14) and prove first that for any
>0,
(5.16) lim P{y; (F)< Uz v(F)—e}=0,

n—oo

if F is compact, and

(5.17) lim P{v; #(G)> Us,»(G)+¢}=0,

if G is bounded open. In fact, let Ge={y; d(y, F)<d}, then for any ¢>0 we can

choose 0>0 such that #(0Gs)=0, p(GsNF°)<e. It follows from that
£i_{£1°P{v; LF)Y< U v(F)—2¢e}< }.I—I.E Ply; (Gs) < Un p(Gs)—e}=0.

This proves (5.16). Note that for any bounded open G, we can choose a compact
F such that FOG, p(@F)=0. It follows from and (5.16) that

lim P{v; i(G)> Ur,v(G)+2¢}
<lim P{; p(F)> Uz p(F)+e}+ lim Ply; p(F N G) < Ur o(F N G9)—e}=0 .

‘This shows (5.17).

In order to prove for € C§(X), we may and do assume that 0<¢(x)
<1. Let >0 be an integer such that @(K)<ke, where K=supp [¢], and let F;
be the compact set Fi={x; i/k<¢(x)}, 0<i<k. Then for every v€S,

k k
k'lglv(Fa)s(so, v)Sk‘IV(K)-I-k“El u(F3) .
It follows from (5.16) that
(5.18) lim P{v; (¢, 1) <(p, Us,v)—3¢}

k k
<lim P{v; k! glﬂ(Fe) <kt gl Ui, v (Fi)—e}
+lim P{v; k7t Uz, v(K)> e+ E 1 (K)}=0 .

n—reo

Similarly we can use (5.17) to obtain

(5.19) lim P{v; (@, ) > (9, Uszav)+3¢}=0,,
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The relations and [(6.19) prove [(5.15).

Let X be a locally compact abelian group satisfying the second axiom of
countability. It is well-known p- 210) that there exists an invariant metric
d for X, i.e., d is a metric such that d(x+z, y+2z)=d(x,y) for x,y and z in X,
and the topology of X is that derived from d (the invariance will not be used).
Consider a spatially homogeneous transition function 41 on (X, B), i.e., i(x, A)
=240(A—x), where A—x={y—x; y€ A} and 4o is a probability measure on (X, B).
All of our previous results apply to this case. For example we have the following
corollary to In the following statement we mean by the Poisson
process with parameter ¢>0, the Poisson process generated by the measure ¢,
where 7 is a fixed Haar measure on (X, B).

Corollary 5.1. Let X be a locally compact non-compact second countable
abelian group. Assume that a point process P on X, and a sequence {is} of pro-
bability measures on (X, B) satisfy the following:

(5.20) Ply; pxin(A)< oo for every bounded A€ B}=1, n>1,

where p*Zn(A)=S An(A—x)p(dx), and
X

(6.21) limsup A.(A—x)=0,

n—oo €X

Jor every bounded A€B. In order that the random translation B.,(P) converge
to the Poisson process with parameter c¢>0, it is necessary and sufficient that

lim P{y; | pxan(A)—cn(A)] > €} =0,

Sor any €>0 and bounded A€PB such that 7(0A)=0.

Remark. Assume (5.20) and [5.21). Let S.={g; pxin—cp}€ A. If P(S)=1,
then it is obvious that 3:,(P) converges to the Poisson process with parameter
¢. However, as the following example shows, the converse is not true.

Example. Let X be the additive group of integers with counting measure.
S is the class of all two-sided sequences pg={---, g1, o, 1, - -}, s>0. B is the
o-field generated by Borel cylinders. Let So={g; p#i=1 for j<1}, S»={y; pi=1
for 2"<j<2m1—1}, Sh={y; ;=0 for 2*<j<2»*1—2 p;=2" for j=2"*'—1}. Let
P be the point process such that P(So)=1, P(S»)=1—n"!, P(S,)=»"!, and the
events S., #>1 are independent. Let . be such that .({j})=n"!, 1<ji<n.
Then ®R:,(P) converges to the Poisson process with parameter 1. However it
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follows from Borel-Cantelli lemma that for every j, #x4.({j}) does not converge
with probability one.

6. Point processes invariant under random translation. In this section we
consider point processes invariant under a given random translation. The
following theorem is a generalization of a result of Derman [4]. For related
results, see Brown [2].

Theorem 6.1. Let P=T(Q) be a point process on X generated by a random
measure Q, and let 2 be a substochastic transition function on (X,B). In order
that R(P)=P, it is mecessary and sufficient that T:Q)=Q. In particular, in
order that the random translation Ri(P) of the Poisson process P generated by a
measure L€ S coincide with P, it is necessary and sufficient that

#A) = sz(x, Auds) ,

Jfor every bounded A€B.
Proof. Immediate from [Theorem 4.2 and [Theorem 5.3.

In what follows X is a locally compact second countable abelian group with
a fixed Haar measure 7. Let S¥={y; u=cn, c>0} denote the class of all Haar
measures on (X, 3B). It is easily proved that SZe¥.

Definition 6.1. If Q=T(P) is a mixed Poisson process on X and if P(S%)=1,
then Q tis called a mixed Poisson process in the strict sense.

Lemma 6.1. Let X be a topological abelian group, and let Mc X. In order
that the product group XX X={(x,y); x,y€ X} be generated by the product set
MXxM, it is necessary and sufficient that X be gemerated by x+M for every
x€X.

Proof. To prove the necessity, assume that for some x€ X, x+M is con-
tained in a proper closed subgroup Y of X. Since (y,2)€ M XM implies that
y—z=(x+y)—(x+2)€ Y, Mx M is contained in the proper subgroup {(x, y); x—y€ Y}
of XxXX. Next to prove the sufficiency, assume that MxM is contained in a
proper closed subgroup Y* of XXX. We may assume that M generates X, for
otherwise we have nothing to prove. Y={x; (x,0)€ Y*}, where 0 is the identity
element of X, is a proper closed subgroup of X. In fact, if (x,0)€ Y* for every
x€ X, then for y€ X, (x,y)=(y,y)+(x—y,0)€ Y*. This contradicts the fact that
Y*is a proper subgroup of XxX. If x,y€ M, then (y—x,0)=(y,y)—(x,y)€ V¥,
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y—x€Y. Thus M—xcCY. This proves the lemma.

Theorem 6.2. Let X be a locally compact second countable abelian group.
Let P be a random measure on X, and 2 be a probability measure on B. Suppose
that (i) for every x€ X, x+supp[A] generates X, where supp [1] is the support of
the measure 1, (ii) for every ¢ € Co(X),

sup Ss (p(x+-), ©)2P(dp) <oo ,
and (iii) for every ¢ € Co(X),
tim | ot+), m—(e(y+), PE=0 .

Then in order that the translation T:(P) of P be identical with P, it is necessary
and sufficient that P(S2)=1.

Proof. The sufficiency part is proved without assumptions (i)-(iii). Since
P(S¥)=1 implies that P(S:)=1 and for any ¢€ Co(X),

(6.1) Pfy; (o, =(p, px2)}=1,
we have by [Theorem 4.1 that for ¢€ C#(X),

Io; iz(P))=l(Sx¢(x+ VA(dx): P) - L ¢~%.1%3 P(d )
=§ .1 P(dp)=1(g; P) ,
S

It follows from [Theorem 2.1 that Z:(P)=P.
In order to prove the necessity, we define for each ¢ € Co(X) a function
v(-,+;9) on XXX by

o(x,y; ¢) = L (@x+-), B(@(y+-), )Pdp) -

By (ii) and (iii), v is bounded and coutinuous on XX X. Since :(P)=P implies
(6.1) we have

(6.2) o yi0) = | (et med)(oly+-), ) Pl
= SI xv(x+x',;v+;v’; P)Adx)Mdy’) ,

By the assumption (i) and Lemma 6.1, the support of the product measure iX2,
which is identical with supp[2] Xsupp[4], generates XX X. It follows from a
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famous theorem of Choquet and Deny that v(x,y; ¢) is a constant function
on XxXX. Hence we have

Ss[(sv(x-l--),#)—(so(y+-),#)]2P(d#)
=v(x, x; ¢)—2v(x,y; ©)+v(y,y; 9)=0.
and therefore for every pair x,y€ X,

(6.3) Plp; (p(x+-), )=(p(y+-), p)}=1.

Let D be a countable dense subset of X. It follows from that P(So)=1,
where

So={p; (ai(x+-), t)=(ai, p),i>1,x€ D} €N .

If #€So, then (p(x+-), p)=(9, ) fof every ¢€ Co(X) and x€ X, and therefore
£€SE, Thus SE¥=S, and P(S¥)=1.

The sufficiency part of the following theorem was essentially proved by
Doob [6]. The necessity part may be regarded as a strengthening of results
by Dobrushin [5] and Goldman [8].

Theorem 6.3. Let X be a locally compact non-compact second countable abelian
group. Let P be a point process on X, and let 2 be a probability measure on
(X, B). Suppose that the conditions (i), (ii) and (iii) of Theorem 6.2 are satisfied
by P. Moreover we assume

6.4) lim sup 2"*(A—x)=0,

n—o0 z€X

Sor every bounded A€B, where A** is the mn-fold comvolution of 2 with itself.
Then in order that the random translation Ri(P) of P coincide with P, it is
necessary and sufficient that P is a mixed Poisson process in the strict sense.

Proof. The sufficiency part follows from and [Theorem 6.2l
Let us prove the necessity part. It follows from that R:(P)=P
implies P(Sirx)=1, Runx(P)=P for n>1, and therefore lim Ri»x(P)=P. By

n—oo

and Theorem 5.5 P must be a mixed Poisson process. Let P=T%Q), where @
is a random measure. Then by Q(S)=1, P=RiP)=M(ZQ))=T(Q).
Hence by [Theorem 4.2, %:i(Q)=Q. By [Theorem 4.3, @ satisfies the conditions
(ii) and (iii) of [Theorem 6.2. It follows from that Q(S¥)=1. This
proves the theorem.

‘Remark. If X is a non-compact closed subgroup of R¢, or more generally
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if there is a non-zero homomorphism from X to the additive group of real
numbers, then is implied by the assumption (i) of the theorem. However,
the author does not know whether this is true for an arbitrary locally compact
non-compact X.

Moreover it seems possible to replace the assumption (ii) and (iii) of
6.2 and by some weaker ones. In fact, if X is the additive group
of integers, then (ii) and (iii) may be replaced by

supS (p(x-++), ) Pldpr) <o , for peCHX).
2€X )g
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