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1. Introduction:

Recently Chatterjea has proved the following ‘bilateral generating func-
tion for the ultraspherical polynomials {P}* (x)}:

If F(z, =3 axt"P (3) ,
then p‘”F(x—_t, —‘2) = 3 t"ba(y) PP () ,
p ' p/ W=
where b(y) = %( :’ )ary', p=(1—2xt+12)1/2
and ‘P,‘;“(x)ztnz/z]——————(—l)m('z)”‘" (2x)r2m |

m=0 m!(n—2m)!

In the present paper we shall point out several applications of Chatterjea’s
formula stated above in deriving various bilateral generating functions for ultra-
spherical polynomials, some of which are believed to be new. The following
bilateral generating functions are the characteristic ones:

0

1.2) 2 2Fi(—n, a; b; y) PV (%)t

n=0

=p~2F (a, 2, 2; b; ﬁf—(t—x—l—«/x*——l),ﬁ—f (t—x—*/x”*l)) ,

le e — - @.’L*L(b_)'"_(_l),)_k kyn
where | F@bbscx =2 = s *
(1.3) ﬁ:.olFl(—n; b; y) PV (x)¢
— Lpe - Y -
=p 21¢2 (1, 1; b, p—2 (t_x+\/x2_1)’ ?(t_x_\/xz—l)) »
where éaa, B; 8; x, y)= i ——(g)i(@—’—'—x"y” .

n,k=0 (5)n+kk!n !
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- —n, d,b; (2) P
a.4) Eost[m,Hl/z;y]P,. )
1

_ ) 1.1 ty
) (a, bi A+, 1+ ?,—zp%(t-—x-i-p), 5 (t—-x—-p)) .

where F. is Appell’s hypergeometric function of two variables.

2. (A). As Chatterjea has pointed out that stai'ting with the formula (1.1) one
can derive a large number of bilateral generating functions for the ultraspherical
polynomials by attributing different values to a» we first start with the following
generating function due to Dhawan [2],

(@) Pa? ()

@1) Fi(a, 1, 2; b; ut, v)= 3, “"”(b) #, (<D,
where u=x—~13—1, v=x++vx*—1,

’e o R ()0 {() L (i LR
and Fi(a,b,b";¢; x,y) ”%‘Lo ENATT xkyn

Now using a»= EZ;” in (1.1), it follows therefore from (1.1) and (2.1) that

o (4,2, 23 5 2 (=t —VED, 5 =14V T ) = S bl P
where ba(y)= 3 (’:)-%Z;—'y’=zFx(——n, a; b; —y) .

Thus we derive the following bilateral generating function:
@2)  ZaFi(—n,a:b; )PP ()
=p~%F} (a, 2,2;b; %’Z— t—x+v22=-1), -‘Z—f (t—x-—\/;ti)> .

where o=1—2xt+13)¥2 .
It is interesting to note some particular cases of our formula (2.2). When
we put b=22, we obtain

2.3) 3 2 Fi(—n, a; 22; y)PiA (x)t*

n=0

=p ¥ F (a, 2, 2; 22; % t—x+vx—1), i—: (t—x—\/iz——_i)) .

Now we notice that
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2.4) Fi(a, B, 8’5 B+ 5 %, 9)=Q1—y)F <0‘» B; B+8 ‘iti) '
copen (1 2 a a1, 1 22
(2.5) 2F1(ay b, Zb! Z) - (1 2 ) 2F1 < 2 2 b+ (2 2)2 )

It follows therefore from and that

Fi(a, 2,2 2% —Z—f (t—x+vF=D), y—f (t—x—~/F1))

242( 42
— p2a[ 2 ~a o F aa+1,2 _1_; Y4 (x*—1) )
=p¥lotytE—D ™ X 1(2 2 AT e yta— P

Thus we have

©2.6) 3 2Fi(—n, a; 22; y) PR (1)t

n=0

el s A4 —
2’ 2 + 2’ {oP+yt(x—1))?

242( a2 ____
=prelt 4t b (4, £ g 2 )
Here we may add that the result (2.6) has been derived by Chatterjea
from (1.1) and the following well-known generating function of Brafman:

(2-7) (1——xt)_G2F m—O (Zz)m

a a+l,
s
< 2’ 2 + (1 xz,‘)2

Thus our result (2.2) may be considered as a generalization of (2.6).

2. (B). Secondly we note [2, p.92] the the following generating function
PR (x) |

(2.8) @2(2, 2; b; ut, vt)= 2 i,  (H<1);
n=0 (b)n
where u=x—~vV12—1, v=x+vVx—1,
. . s _ & (@)u(B)axtym
and da(a, B3 0; x, y) _n.k2=0———(5)n+k oy

in Chatterjea’s formula, we obtain by means of [2.8):

. 1
Now using a»=
ng ®)n

S PR =g (1, 2 b 2 (et —v/FD), %f (et +v/FD)

where bu(y)= 2(")# 1Fi(—n; b; —y) .

Thus we derive the following bilateral generating function:
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29 ZiFi(—n; b; PP (0"
—p—21¢2(1 ;5,22 (t — v/ ET), yt(t x—vVE—1 1))
Since we know that
Lo (x)= ‘1+“)” Fi(—n; 1+a; 2) ,

We obtain from (2.9)

(2.10) i (’;)' L(b—l)(y)P(Z)(x)tn

=p—22¢2(z 2; b; yt - (t— —x+V220), yt - (t— x—\/xz--l))

In particular, when b=24, we derive from (2.10)

©o

(2.11) %) (22) L& (y) PO (x)»

:p—21¢2(z 25 20; yt b t—x+v/E= )yt(t B e 1))

which can be compared with the following generating function of Weisner :

(2.12) E} (21) L(!l—l)(y)P(ll(x)t‘n
— =21, —yt(x—1) | . 1, y%(x2—1)
=p~2 expjl po } oy ( ; A— ———-——4‘04 ) .

An easy comparison of (2.11) and (2.12) leads us to the following result:
2.13) (z, 2; 22; —z—f (t—x+~/7=T), z—f (t—x—-~/—x2'—1))
_ —yt(x—1) ) 1. yi3(x®*—1)
—-exp{ o } ~oF1 (—,14—?,———-——4‘0‘ ) .

Thus our result (2.10) can be considered as a generalization of Weisner’s:
result viz. (2.12).

2. (C). Lastly we take the following generating function due to Brafman:.

(214) i (a)n(b)n

2=0 (A+1/2)n(24)n

PP (x)tr=F, (a, b; 2+ % A+ —;——;— tHx— 1),— t(x+1))

where F. is Appell’s hypergeometric function of two variables.
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. (a)n(b)n R . .
Putt = Chatt f 1 obtain by means of

utting a 212 in Chatterjea’s formula we n by

(2.14):
oo —_ b.
2.15 R| &% j| 3 ()8
( ) an 2[22’ 1+1/2;y PR (x)t
_ 1 1.ty ty )
=p~2 A=, A+ ;X (t—x+p), L= (t—x—p) ) .
Qo F4(a,b, +2, +2,2p2(t x+p) sz( x—Pp)

I am grateful to Dr. S. K. Chatterjea for his guidance and help in preparing
this work.

REFERENCES

{11 S.K. Chatterjea, A bilateral generating function for the ultraspherical polynomials,
Pacific Journ. of Mathematics. 29 (1), (1969) pp. 73-76. ‘

12] G.K. Dhawan, On some generating function, Math. Japonicae Vol. 11 (1967), pp. 91-
95.

[3] L. Weisner, Group-theoretic origins of certain generating fumctions, Pacific Jour.
of Math. Vol. 5 (1955), pp. 1033-1039.

3, K. C. Ghosh Road,
Calcutta-50, India.






	1. Introduction:
	2. (A). As Chatterjea ...
	REFERENCES

