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1. This Paper is a study of the oscillation Properties of solutions of the
differential equation

(1.1) $y^{\prime\prime\prime}+p(t)y^{\prime}+f(t, y)=0$ .
Throughout we shall assume that $p(t)$ is continuous and does not change sign
on $[a, \infty$), $a\geq 0$ and $f(t, y)eC[[a, \infty)\times(-\infty, \infty)=S]$ with $ a(t)\varphi(y)\geq f(t, y)\geq h(t)\Psi(y\rangle$

for $(t, y)eS$ , where $a(t)$ and $h(t)$ are locally integrable functions and

$\frac{\varphi(y)}{y}$ $\frac{\Psi(y)}{\gamma}\geq\alpha>0$ .

A non-trivial solution of a differential equation is said to be oscillatory if it has
zeros for arbitrarily large values of the independent variable. Motivation for
the study of oscillation Properties of the solutions of (1.1) comes from two
directions. The equation

$y^{\prime\prime\prime}+P(t)y^{\prime}+q(t)y=0$

has been studies extensively and some recent Papers are those of $Gregus\vee[3]$ ,
Hanan [4], Zl\’amal [14], Lazer [7] and $\check{S}vec[10]$ . On the other hand the non-
linear second order differential equations have been studies by Atkinson [1],
Bhatia [21, Nehari [11] and Waltman [12] and third order by Waltman [13] and
Heidel [5]. Two cases $a(t),$ $h(t)$ nonnegative and $a(t),$ $h(t)$ nonpositive are discussed
in this Paper. The technics used to prove theorems in this paper are not new.

2. The case $a(t)$ and $h(t)$ are nonnegative is considered in this section and
two theorems are provided.

Theorem 2.1. Let $p(t)$ be nonpositive and $a(t),$ $h(t)$ nonnegative. If
$\int:[\alpha a(t)-\frac{2}{3\sqrt{3}}(-P(t))^{8/2}]dt=\infty$

and

$\int;[\alpha a(t)-\frac{2}{3\sqrt{3}}(-P(t))^{8/2}]dt=\infty$

then every continuable solution of (1.1), which has a zero is oscillatory.
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Proof. Let $y(t)$ be any solution of (1.1) which has a zero and is nonoscilla-
tory. Let its last zero be $t_{0}$ and $y(\ell)>0$ for $t>to$ (Similar $pr\ovalbox{\tt\small REJECT} f$ follows when
$p(t)<0$ , for $t>t_{0}$). Now we assert that $y^{\prime}(t)$ cannot change signs more than
twice in $[t_{0}, \infty$). Let us assume that $T_{1}$ and $T_{2}$ are two consecutive points in
[to, $\infty$ ) where $y^{\prime}(t)$ changes sign. Multiplying(1.1) by $y^{\prime}(t)$ and integrating by
parts between $T_{1}$ and $T_{2}$ , we get

$-\int_{r_{1}}^{r}y^{\prime\prime 2}(t)dt+\int_{t}^{r_{1}},p(t)y^{\prime 2}(t)dt+\int_{r_{1}}^{p_{f}}f(t,y(t))y^{\prime}(t)dt=0$

or
$-\int_{r_{1}}^{r_{l}}y^{\prime\prime 2}(t)dt+\int_{r_{1}}^{r}p(t)y^{\prime 2}(t)dt+\int_{t_{1}^{\prime}}^{r}a(t)\frac{\varphi(y(t))}{y(t)}y^{\prime}(t)y(t)dt\geq 0$ (1)

(If $y^{\prime}(t)$ is negative within $(T_{1},$ $T_{2})$ , replace $a(t)\varphi(y(\ell))$ by $h(t)\Psi(y(t))$). Since

$p(t)\leq 0,$ $a(t)\geq 0,$ $\frac{\varphi(y(t))}{y(t)}>0$ , it follows from (1) that $y(t)y^{\prime}(t)iS$ nonnegative in

\langle $T_{1},$ $T_{2}$). Thus $y^{\prime}(t)$ cannot change its sign more than twice within $[f_{0}, \infty$ ) and

there exists a number $t_{1}\geq to$ such that either $y(t)y^{\prime}(t)\leq 0$ or
$y(t)y^{\prime}(t)\geq 0$ for $t\geq t_{1}$ .

Let $y(t)y^{\prime}(t)\leq 0$ . Since $y(t)>0$ for $t>f_{0}$ and $y(t_{0})=0$ , there exists $f1>t_{0}$ such that
$J^{\prime^{\prime}(t_{1})=0},$ $y^{\prime}(t)\leq 0$ for $t>t_{1}$ . Multiplying(1.1) by $y^{\prime}(t)$ and integrating by parts

between $t_{1}$ and $t$ , we have

$y^{\prime\prime}(t)y^{\prime}(t)=\int_{\iota_{\iota}}^{l}y^{\prime\prime 2}(t)dt-\int_{\ell_{1}}^{l}p(t)y^{\prime 2}(t)dt-|_{\iota_{1}}^{l}f(t,y(t))y^{\prime}(t)dt$

$\geq\int_{l_{1}}y^{\prime\prime 2}(t)dt-\int_{\iota_{1}}^{l}p(t)y^{\prime 2}(t)dt-\int_{\ell_{1}}^{\ell}h(t)\frac{\Psi(y(t))}{y(t)}y(t)y^{\prime}(t)dt$

$\geq 0$ .
Thus $y^{\prime\prime}(t)\leq 0$ and this contradicts that $t_{0}$ is the last zero of $y(t)$ and thus we
have $y(t)y^{\prime}(t)\geq 0$ for $t\geq t_{1}$ .

Let $x(t)=_{y}^{S}\frac{\prime(t}{(t)}L\geq 0$ for $t>t_{1}$ .

$x^{\prime\prime}(t)-3x^{\prime}(t)x(t)=-x^{8}(t)-p(t)x(t)-\frac{f(t,\gamma(t))}{y(t)}$

$\leq-[x^{\epsilon}(t)+p(t)x(t)+h(t)\frac{\Psi(y(t))}{y(t)}]$

$<-[x^{8}(t)+p(\ell)x(t)+\alpha h(\ell)]$ .
The minimum of the function
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$x^{8}+p(t)x+\alpha h(t)$ , $x>0$

is when $x=\frac{-p(t)}{3}$ . Thus we have

$\frac{d}{dt}[x^{\prime}(t)+\frac{3}{2}x^{2}(t)]<-[\alpha h(t)-\frac{2}{3\sqrt{3}}t-ptt))^{8/2}]$ . (2)

Integrating both the sides of (2) from $t_{1}$ to $t$ , we get

$x^{\prime}(t)<x^{\prime}(t_{1})+\frac{3}{2}x^{2}(t_{1})-\frac{3}{2}x^{2}(t)-\int_{\ell_{1}}^{1}[\alpha h(t)-\frac{2}{3\sqrt{3}}(-p(t))^{8/2}]dt$ .
$\rightarrow-\infty$ as $ t\rightarrow\infty$ , consequently $x(t)$ would become negative which is contradic-

tory. Henoe $y(t)$ is oscillatory solution.

Theorem 2.2. Let $p(t),$ $a(t)$ and $h(t)$ be nonnegative. If $[\alpha a(t)-P^{\prime}(t)]$ and
$[\alpha b(\ell)-p^{\prime}(t)]$ are positive and

$\int_{a}^{\infty}t[\alpha a(t)-P^{\prime}(t)]dt=\infty$ , $\int_{a}^{\infty}t[\alpha h(t)-P^{\prime}(t)]dt=\infty$

then every continuable solution of (1.1) which has a zero is oscillatory.

Proof. $Suppoeey(t)$ is a solution of (1.1) which has a zero but does not
oscilate. Let to be its last zero and $y(t)>0$ , for $t>t_{0}$ . (Similar $pr\ovalbox{\tt\small REJECT} f$ follows if
$y(t)<0,$ $t>t_{0}$). Now there are two possibilitIes. Either $y^{\prime}(t)$ has a zero after $t_{0}$

or $y^{\prime}(t)>0$ for $t>t_{0}$ .
In first possibhty, let $t_{1}>t_{0}$ be the first zero of $y^{\prime}(t)$ after $t_{0}$ . Multiplying

\langle 1.1) by $y(t)$ and integrating from to to $t$ , we get

$y^{\prime\prime}(t)y(t)+\frac{1}{2}y^{\prime 2}(t_{0})-\frac{1}{2}y^{\prime 2}(t)+\frac{1}{2}p(t)y^{2}(t)$

$+\int_{\ell_{0}}^{l}y^{2}(s)[\alpha h(s)-\frac{1}{2}P^{\prime}(s)]ds<0$ . (3)

From (3) it follows that at every zero of $y^{\prime}(t),$ $y(t)y^{\prime\prime}(\ell)<0$ and thus $t_{1}$ is the only
zero of $y^{\prime}(t)$ and $y^{\prime}(t)<0$ for $t>t_{1}$ . Now $y^{\prime\prime}(t)$ can not remain negative, otherwise
to is not the last zero of $y(t)$ . If $v^{\prime\prime}(t)$ remains positive then $\lim_{l\rightarrow\infty}y^{\prime}(t)$ exists but

from (3), we have

$\frac{1}{2}y^{\prime 2}(t)>y^{\prime\prime}(t)y(t)+\frac{1}{2}y^{\prime 2}(t_{0})+\frac{1}{2}p(t)y^{2}(t)$

$+\int_{\ell_{0}}^{l}y^{2}(s)[\alpha h(s)-\frac{p^{\prime}(s)}{2}]ds$ . (4)
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Here all the terms on the right are poeitive and the last term is increasing.
Since $\lim_{\ell\rightarrow\infty}y^{\prime}(t)$ exists and is finite, it follows at onoe that $y(t)$ has a zero within
$(t_{1}, \infty)$ which is contradictory.

If $y^{\prime\prime}(t)$ changes its sign for arbitrarily large $t,$ $y^{\prime}(t)$ has maxima for arbi-
trarily large $t$ . Sinoe $\lim_{l\rightarrow\infty}y(t)$ exists and is finite and $y^{\prime}(t)<0\lim_{l\rightarrow}\sup_{\sim}y^{\prime}(t)=0$

and thus the set of maxima of $y^{\prime}(t)$ must contain a subsequenoe $\{\ell_{n}\}$ such that
$\lim_{\rightarrow\infty}y^{\prime}(t_{n})=0$ . But putting $t_{n}$ in (4), we get $\lim_{n\rightarrow\infty}[y^{\prime 2}(t_{f})1>0$ , which is contradiction.

Thus we proved that if $y(t_{0})=y^{\prime}(t_{1})=0$ , then to is not the last zero of $y(t)$ which
contradicts $y(t)>0,$ $t>t_{0}$ .

In case of second possibility, since $y^{\prime}(t)>0,$ $t>t_{0}$ , we have $ y^{\prime\prime\prime}(t)=-P(t)y^{\prime}(\ell\rangle$

$-f(t,y)\leq 0$ and thus $y^{\prime\prime}(t)$ is a decreasing function for $t>t_{0}$ . $Suppoee$ there
exists $t_{1}>t_{0}$ such that $y^{\prime\prime}(t)\leq 0,$ $t>t_{1}$ . Then there exists $t_{2}>t_{1}$ such that $y^{\prime\prime}(t)<0$ .
$\ell>t_{2}$ . Hence $y^{\prime}(t)$ is positive and monotone decreasing and $\lim_{\ell\rightarrow\infty}y^{\prime}(t)$ exists and
is finite and nonnegative. But

$y^{\prime}(t)=y^{\prime}(t_{2})+\int_{l}^{l},y^{\prime\prime}(s)ds<y^{\prime\prime}(t_{t})(t-t_{2})$ .

Since $y^{\prime\prime}(t_{2})$ is negative it follows that $ y^{\prime}(t)\rightarrow-\infty$ as $ t\rightarrow\infty$ , which is contradiction.
Thus we have $y^{\prime\prime}(t)$ is a decreasing function and nonnegative for $t>t_{1}$ . Now
integrating (1.1) from $t_{1}$ to $t$ , we get

$y^{\prime\prime}(t)-y^{\prime\prime}(t_{1})+p(t)\gamma^{\prime}(t)-p(t_{1})y(t_{1})+\int_{\ell_{1}}^{\ell}y(s)[\frac{f(s,y(s))}{\gamma(s)}-p^{\prime}ts)]ds=0$

or

$y^{\prime\prime}(t_{1})+p(t_{1})y(t_{1})>\int_{\iota_{1}}^{l}y(s)[\alpha h(s)-P^{\prime}(s)]ds$ .

Sinoe $y(t)>y^{\prime}(\ell_{1})(t-t_{1})$ , we get

$y^{\prime\prime}(t_{1})+p(t_{1})y(t_{1})>y^{\prime}(t_{1})\int_{\iota_{1}}^{l}(s-t_{1})[\alpha h(s)-p^{\prime}(s)]ds$ .

The left hand side is independent of $t$ , but right hand side has $\ell$ and tends to
$\infty$ as $ t\rightarrow\infty$ , which is contradictory. Thus $y(t)$ is not nonoscillatory solution.

3. Now we shall deal with the case when $p(t),$ $a(\ell)$ and $h(t)$ are nonpositive.

If we denote

$F[y(t)]=2y(t)y^{\prime\prime}(t)-y^{\prime 2}(t)+p(t)y^{2}(t)$ , ( $ 5\rangle$

where. $y(t)$ is a solution of (1.1), then
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$F[y(t)]=F[y(a)]+\int_{l}^{\ell}[p^{\prime}(t)-2\frac{f(t,y(t))}{y(t)}]y^{2}(t)dt$ .

This can be verified by direct differentiation and we shall use this identity in
this section several times. The first two lemmas can be proved in a same way
as proved by Lazer [61 for the linear case.

Lemma 3.1. Let $p(t),$ $a(\ell)$ and $h(\ell)$ be nonPositive and $y(t)$ any solution of
(1.1). If $y(t_{0})\geq 0,$ $y^{\prime}(t_{0})\leq 0$ and $y^{\prime\prime}(t_{0})>0(\ell_{0}e[a. \infty)$ , arbitrary), then

$y(t)>0,$ $y^{\prime}(t)>0,$ $y^{\prime\prime}(\ell)>0,$ $y^{\prime\prime\prime}(t)\geq 0$ for $t>t_{0}$

and $\lim_{\ell\rightarrow\vee}y(t)=\lim_{l\rightarrow\vee}y^{\prime}(t)=\infty$ . Again if $y(t_{0})\leq 0,$ $y^{\prime}(t_{0})\leq 0$, and $y^{\prime\prime}(t_{0})<0$ , then $y(t)<0$,

$y^{\prime}(t)<0,$ $y^{\prime\prime}(t)<0,$ $y^{\prime\prime\prime}(t)\leq 0$ for $t>t_{0}$ and $\lim_{t\rightarrow\infty}y(t)=\lim_{\ell\rightarrow\infty}y^{\prime}(t)=-\infty$ .
Lemma 3.2. Let $p(t),$ $a(t)$ and $h(t)$ be nonPositive. If $y(t)$ be a nonoscillatory

solution of (1.1), then there exists a number $ Ce[a, \infty$ ) such that either $y(t)y^{\prime}(t)>0$

or $y(t)y^{\prime}(t)\leq 0$ for $\ell>C$.
Theorem 3.3. Let $p(t),$ $a(t),$ $h(t)$ be nonpositive and $p(\ell)$ bounded. If

$\int_{a}^{\infty}[p^{\prime}(t)-2\alpha a(t)]dt=\infty$ ,

$\int;[\beta^{\prime}(t)-2\alpha h(t)]dt=\infty$

and $y(t)$ is any continuable nonoscillatory solution of (1.1) then either

$\lim_{l\rightarrow\infty}$ I $ y(t)|=\lim_{\ell\rightarrow\infty}|y^{\prime}(t)|=\infty$

$or$

$\lim_{l\rightarrow\infty}|y(t)|=\lim_{t\rightarrow\infty}$ $inf|y^{\prime}(t)|=\lim_{t\rightarrow\infty}$
$inf|y^{\prime\prime}(t)|=0$ .

Proof. Let $y(t)$ be a nonoscillatory solution of (1.1) such that $y(t)>0$ for
$t>t_{0}$ . (Similar $pr\ovalbox{\tt\small REJECT} f$ follows for $y(t)<0$ for $t>t_{0}$). By lemma 3.2, there exists
a number $t_{1}\geq t_{0}$ such that either

$y(t)y^{\prime}(t)>0$

or
$y(t)y^{\prime}(t)\leq 0$

for $t>t_{1}$ . When $y(t)y^{j}(t)>0$ , we have $y^{\prime}(t)>0$ for $t>\ell_{1}$ and $y(t)$ is an increasing
function and thus we can take $y(t)\geq c$ for $t>t_{1}$ . Now
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$ F[y(t)]=F[y(t_{1})]+\int_{\ell_{1}}^{\iota}[p^{\prime}(t)-2\frac{f(t.\nu)}{y(t)}]y^{a}(t)d\ell$

$>p[yc^{2}$ .
Since last term is increasing, there exists $t_{2}\geq t_{1}$ such that $F[y(\ell)]>0$ which gives
from (5) that $y(t)y^{i\prime}(t)>0$ and thus $y^{\prime\prime}(t)>0$ for $t>t_{2}$ . Also

$y^{\prime\prime\prime}(t)=-p(t)\gamma^{j}(t)-f(t,y)\geq-p(t)y^{\prime}(t)-\alpha a(t)y(t)\geq 0$ .
Thus we have

$\lim_{\ell\rightarrow\infty}|y(t)|=\lim_{\ell\rightarrow\infty}|y^{\prime}(t)|=\infty$ .

When $y(t)y^{\prime}(t)\leq 0$ , then $y(t)>0,$ $y^{\prime}(t)\leq 0$ for $t>t_{1}$ and $y(t)$ is bounded and
$\lim_{\ell\rightarrow\infty}y(t)$ exists. It can easily be proved by the use of mean value theorem that

$\lim_{\ell\rightarrow}\inf_{\infty}|y^{\prime}(t)|=\lim_{\ell\rightarrow}\inf_{\infty}|y^{\prime\prime}(t)|=0$

We assert that $\lim|y(t)|=0$ . SuPpose this is not true, $i.e$ .
$\lim_{\ell\rightarrow\infty}|y(t)|=A\neq 0$ .

Integrating (1.1) by parts from $t_{1}$ to $t$ , we get

$\gamma^{\prime\prime}(t)+p(t)y(t)-y^{\prime\prime}(t_{1})-p(t_{1})y(t_{1})$

$=\int_{t_{1}}^{l}[p^{\prime}(t)-\frac{f(t,y)}{y(t)}]y(t)dt$

$\geq A\int_{\iota_{1}}^{l}[p^{\prime}(t)-\alpha a(t)]d\ell$ .

Here right hand side tends to $\infty$ as $\ell\rightarrow\infty$ and left hand side is bounded, which
shows that $\lim_{l\rightarrow\infty}y(t)=0$ and proves the theorem.

Lemma 3.4. Let $p(t),$ $a(t)$ and $h(t)$ be nonpositive. Let $y(\ell)$ be a solution of
(1.1) such that $F[y(t_{0})]\geq 0$ and $[p^{J}(t)-2\alpha\left(\begin{array}{l}a(t)\\h(t)\end{array}\right)]\geq 0$ . If $y(t)$ has a constant sign

in cerlain right hand neighborhood of to, then it retains the same sign for all
$\ell>h$ .

Proof. Let us assume that $t_{1}$ be the first number greater than to such that
$y(t_{1})=0$ . Now

$ F[y(t_{1})]=F[y(t_{0})]+\int_{t_{0}}^{\iota_{1}}[p^{\prime}(t)-2\frac{f(t,y)}{y(\ell_{0})}]y^{2}(t)d\ell$

$\geq F[y(t_{0})]+\int_{1}^{\iota_{0}}[p^{\prime}(\ell)-2\alpha a(t)]y^{2}(t)d\ell$

$>0$ .
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(When $y(\ell)$ is negative, change $a(t)$ by $h(t)$). But $F[y(t_{1})J=-y^{\prime 2}(t_{1})$ , which is
contradiction and thus the lemma follows.

Theorem 3.5. Let $p(t),$ $a(t)$ and $h(t)$ be nonpositive. If

$\int;[p^{j}(t)-2\alpha a(\ell)]dt=\infty$ ,

$\int;[p^{\prime}(t)-2\alpha h(t)]d\ell=\infty$

and

$\int:tp(t)dt>-\infty$ ,

then every continuable nontrivial solution $y(t)$ of (1.1) is either nonoscillatory such
that

$\lim_{\ell\rightarrow\infty}|y(t)|=\varliminf_{\ell}|y^{j}(t)1=\infty$

or oscillatory if and only if $F[y(\ell)]<0$ , for all $\ell e[a, \infty$).

Proof. Let $y(t)$ be a nonoscillatory solution of (1.1) such that $\gamma(\ell)>0$ for
$t>to$ (Similar $pr\ovalbox{\tt\small REJECT} f$ follows for $y(t)<0,$ $t>t_{0}$). By lemma 3.2, there exists a
number $t\iota>to$ such that either $y(t)y^{j}(t)\leq 0$ or $y(\ell)y^{\prime}(t)>0$ for $\ell>t_{1}$ . We assert that
$y(t)y^{\prime}(t)\not\leq O$ for $t>t_{1}$ . Suppose $y(t)y^{\prime}(t)\leq 0$ for $ t>t\iota$ . Since

$\int;\ell p(\ell)dt>-\infty$ ,

there exists $ f_{2}>t\iota$ such that $\int_{\ell}^{\infty}tp(t)dt\geq-1$ . Multiplying (1.1) by $t$ and inte-

grating from $\ell_{2}$ to $t,$ $t_{2}<t$ , we obtain

$\ell y^{\prime\prime}(t)-t_{2}y^{\prime\prime}(t_{2})-y^{\prime}(t)+y^{j}(t_{2})+y^{j}(t)\int_{\ell}^{\ell},tp(t)d\ell$

$-\int_{l}^{t},y^{\prime\prime}(s)\int_{\ell},up(u)duds=-\int_{\ell_{a}}tf(t, y)dt$

or

$ty^{\prime\prime}(t)-2y^{j}(t)+y^{\prime}(t_{2})-\int_{l}^{\ell},y^{\prime\prime}(s)\int_{l},up(u)duds$

$\geq f_{2}y^{\prime\prime}(t_{2})-\int_{\ell}^{l},tf(t, y)dt$ (6)

$\geq t_{2}y^{\prime\prime}(t_{2})-\alpha\int_{\ell}^{\iota},ta(t)y(t)dt$ (7)
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Either $y^{\prime\prime}(t)\geq 0$ for $t\geq t_{2}$ (change $t_{2}$ if necessary) or $y^{\prime\prime}(t)$ has poeitive and negative
values for arbitrarily large $t$ . In first case

$-\int_{\ell}^{\ell},y^{\prime\prime}(s)\int_{\ell}^{\ell},uP(u)duds\leq\int_{\ell}^{t},y^{\prime\prime}(s)ds=y^{\prime}(t)-y^{j}(t_{2})$ ,

therefore (7) $k\ovalbox{\tt\small REJECT} mes$

$ty^{\prime\prime}(t)-y^{\prime}(t)\geq t_{2}y^{\prime\prime}(t_{2})-\alpha\int_{\ell},ta(t)y(t)dt$ (@)

Sinoe $\lim_{\ell\rightarrow\infty}y(t)$ exists and is finite, it follows from mean value theorem that

$\lim_{\ell\rightarrow}\inf_{\infty}y^{\prime}(t)=\lim_{\ell\rightarrow}\inf_{\infty}ty^{\prime\prime}(t)=0$ .

But this Contradicts the fact that right hand side of (8) is poeitive and increasing.
Thus our assertion follows for the case $y^{\prime\prime}(t)\geq 0$ .

When $y^{\prime\prime}(t)$ has positive and negative values for arbitrarily large $t$ , then
there exists a sequence of points $\{t_{n}\},$

$ n\geq 3,\lim_{n\rightarrow\infty}t_{n}=\infty$ with the following Pro $\cdot$

perties

(i) $t_{i}<t_{i+1}$ , $i=3,4,5,$ $\cdots$

(ii) $y^{\prime\prime}(t_{i})=0$ , $i=3,4,5,$ $\cdots$

(iii)
$!_{\rightarrow\infty}imy^{\prime}(t_{i})=0$ .

The existence of such a sequence $\{t_{i}\}$ is clear sinoe $y^{j}(t)\leq 0$ and $\lim_{\ell\rightarrow}\sup_{\infty}y^{\prime}(t)=0$ .
Let

$A=\int_{\iota_{S}}^{\infty}uP(u)du,$ $A>-1,$ $t_{8}>t_{2}$ .
Thus

$-\int_{\ell_{8}}^{l}y^{\prime\prime}(s)\int_{\ell_{3}}^{t}uP(u)duds$

$=\int_{t_{8}}y^{\prime\prime}(s)[\int^{\infty}up(u)du-A]ds$

$=\int_{\ell_{8}}^{\ell}y^{\prime\prime}(s)\int_{1}^{\infty}up(u)duds-A\int_{\ell_{8}}^{\ell}y^{\prime\prime}(s)ds$

$\leq\int_{\ell_{\theta}}^{\ell}y^{\prime\prime}(s)\int_{l}^{\infty}up(u)duds-y^{\prime}(t_{8})$ .

Putting this in (6) (replacing $t_{2}$ by $t_{8}$) gives
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$ ty^{\prime\prime}(t)-2y^{\prime}(t)+\int_{\ell_{3}}^{t}y^{\prime\prime}(s)\int_{l}^{\infty}up(u)dud_{S}\geq-I_{\ell_{8}}^{tf(\ell,y)dt}\ell$ (9)

Let $Q(s)=\int;uP(u)du$ , then

$\int_{\ell_{8}}^{l}y^{\prime\prime}(s)Q(s)ds=y^{\prime\prime}(t)\int_{\ell_{S}}^{\ell}Q(s)d_{S}-\int_{l_{3}}^{\ell}y^{\prime\prime\prime}(s)\int_{\ell_{3}}^{\iota}Q(u)duds$

$=y^{\prime\prime}(t)\int_{\ell_{3}}^{l}Q(s)ds+\int_{\iota_{S}}^{\ell}p(s)y^{j}(s)\int_{\ell}^{\ell},Q(u)duds$

$+\int_{\ell_{3}}^{\ell}f(sy(s))\int_{\ell_{8}}^{l}Q(u)duds$

$\leq y^{\prime\prime}(t)\int_{\ell_{3}}Q(s)ds+\int_{\ell_{3}}^{\ell}f(s, y(s))\int_{\ell_{3}}^{l}Q(u)duds$

or

$\int_{\ell}^{t},y^{\prime\prime}(s)Q(s)ds\leq y^{\prime\prime}(t)\int_{\ell}^{l},Q(s)ds-\int_{t_{3}}^{t}(s-t_{8})f(s, y(s))ds$ .

Substituting this into (9), we get

$ty^{\prime\prime}(t)-2y^{\prime}(t)+y^{jj}(t)\int_{\ell}^{t},.Q(s)ds-\int_{l_{*}}^{l}(s-t_{8})f(s, y(s))ds$

$\geq-\int_{\ell_{3}}^{\ell}sf(s, y(s))ds$

or
$ty^{\prime\prime}(t)-2y^{\prime}(t)+y^{\prime\prime}(t)\int_{t_{3}}^{l}Q(s)ds\geq-\int_{t_{S}}^{\ell}t_{3}f(s, y(s))ds$ .

Replacing $t$ by $t_{i}$ in (10) (where $\{t_{i}\}$ is the sequence defined before), we get

$-2y^{\prime}(t_{i})\geq-\alpha t_{8}\int_{t_{3}}^{\ell_{i}}a(t)y(t)dt$ (11)

The right hand side of (11) is positive and increasing in $t_{i}$ , while the left hand
side converges to zero as $ i\rightarrow\infty$ . This contradiction proves our assertion and
thus we have only $y(t)y^{j}(t)>0$ and now it can be proved in a similar way as of
theorem 3.3 that

$\lim_{\ell\rightarrow\sim}|y(t)|=\lim_{t\rightarrow\alpha}|y^{\prime}(f)|=\infty$ .

Now remains to prove that a solution $y(t)$ of (1.1) is oscillatory if and only
if $F[y(t)]<0$ . SuPpose the above condition holds but $y(t)$ is nonoscillatory. Then
$/y(\ell)|\rightarrow\infty$ as $ t\rightarrow\infty$ and from a oertain to, $|y(t)|\geq 1$ . Therefore,
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$1_{\ell_{0}}^{\ell}[p^{\prime}(t)-\frac{2f(t,y)}{y(t)}]y^{2}(\ell)d\ell\geq\int_{\ell_{0}}^{t}[p^{\prime}(\ell)-2a(\ell)_{\frac{\varphi(y)}{y}}]dt$

$\geq\int_{\iota_{0}}^{\ell}[P^{\prime}(t)-2\alpha a(t)]dt$

$\rightarrow\infty$ as $ t\rightarrow\infty$ . (12)

But we have

$\int_{\ell},[p^{\prime}(t)-\frac{2f(t,y)}{y(\ell)}]y^{2}(\ell)dt=F[y(t)]-F[y(t_{0})]<-F[y(t_{0})]$

which is contradiction with (12).

Now let $F[y(f_{0})]\geq 0$ , then $y(\ell)>0$ or $y(t)<0$ holds in certain right hand
$neighborh\ovalbox{\tt\small REJECT} d$ and thus by lemma (3.3), $y(t)$ is not oscillatory.
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