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Summary. Chaki and Roychowdhary have studied the Ricci recurrent spaces
of second order in the Riemannian Geometry [1]P. The object of present paper is to
define the recurrent curvature tensor fields of second order and to study the properties

of recurrence tensor field and the curvature tensor fields in the Finsler spaces.

1. Introduction. We consider an n-dimensional Finsler space F, in which the
relative curvature tensor field is defined as

> _( ol% , oIyt o0& ___( ol';i o'y, o0&
1.0 K= (0 + G )~ (G5 )
where I'}, is connection parameter.

The relative curvature tensor field satisfies the identities

(12) kgkh+k;:chj+K~}xjk=0
and
(1-3) kfjkn,-z + I?jhl;k + Kfjlk;h =0.

The commutation formulae involving the relative curvature tensor field are as
follows :

(1.4) Tijon— Tijne=—Tur K}m"‘ Trj K{kn
and
(1-5) T;;kh— T};hlc= T} K:‘kh— T K;kh-

The relative curvature tensor field K ‘e is said to be recurrent relative curvature
tensor field of first order, if it satisfies the condition

~

(1.6) Kfucn,-m= Um kfncn

where vn is a recurrence vector field [3].

1) The numbers in the brackets refer to the references at the end of the paper.




28 B. B. SINHA AND S. P. SINGH

Cartan regards the line-element &' as the element of support and define the
curvature tensor field as follows

. _( 0% _ oIy, Gt \_( aIy, oIy oG
(1-7) jkh—(ﬂax" *'axz oxl ) ( oxt ) oxt 0%k )

+r, Lp—I0% e,
The identities satisfied by the curvature tensor field K*,, are
(1.8) K+ K+ Kl =0
and
(L9 (Kt Kt K buein) Ut (Abmsy K pat Aty Kt Al K i) 1 11 =0,
where Aj,=F Cj, (symmetric tensor) and [/ is a unit tensor field.

The commutation formulae involving the curvature tensor field K, are given by

110 Tion— Tyw=——0 L Kb i,
i
(1.11) o= Thine= =Lt Kb 7+ T K= T4 K
and
0T  \ _ T4 _ T o oy Ol 0y 3T%
(1.12) (a.a’c" )m o~ o G ¥ =T 5+ T =5

The curvature tensor field K, is said to be recurrent of first order if it satisfies
the relation

(1.13) Kini=vi K,
where v; is recurrence vector field [3].
Contracting with respect to the indices 7 and %, we have
(1.14) Ki=v; Kj.
2. Recurrent relative curvature tensor field of second order.
Definition 2.1. A #n-dimensional Finsler space F,, in which the relative curvature
tensor field satisfies the relation
2.1) Kinin=aim K bea,
where

~

(2.2) Kiu+0
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is said to be a recurrent Finsler space of second order and a;, is a recurrence tensor field.
The relative curvature tensor field of this space is defined as the recurrent relative

curvature tensor field of second order.

Theorem 2.1. The recurrence tensor field aim is non-symmetric.

Proof. Commutating with respect to the indices / and m we have
(2.3) K;kh,-lm—Kijkh;mL=(alm—am'r) K;kh'
From the commutation formula [L.5), it gives
(2'4) Kf'lm K;kh - K:'Ich. K;lm - Kgrh K;lm— K?kr KZ!m = (al,m—' aml) ngh-’
which proves the result.

Theorem 2.2. Every recurrvent Finsler space for which the recurrence vector
field vy, satisfies

(2.5) Umi+ Um 0,20

is a recurrent Finsler space of second order but the converse is not true in general.

Proof. The covariant differentiation of (1.6) yields

(26) K}kh;ml_——' (vm,-l + Um V1) Kjkh'
From (2.1) and (2.2), we have
(2-7) Aml = (vm'.l, + Um v[),

which proves the statement.

From hereafter we shall consider such a recurrent Finsler space of second order

and denote it by F,.

Theorem 2.3. In F., the recurrence tensor field aim Satisfies the relation

(2.8) (alm"' aml)’.n + (amn - anm),.l + (anl - al’n),‘m
= (alm"' aml) Unt (amn - anm) v+ (anl - aln) Um-

Proof. The covariant differentiation of (2.4), with respect to and [2.4), yields

(29) (alm—aml);n Kg-kh=(alm—'aml) Un K?kh'
From [2.2}, it becomes
(210) (azm'—aml),-n:(alm_'am') Un.

Adding the expressions obtained by cyclic change of with respect to the indices
l,m and n, we have [Theorem 2.3
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Theorem 2.4. In F,, we have

(2.11) (@mr—Grm) K fus+ (@nr— @rn) R iim+ (@ar—are) Kimn
=(Aim— A1) (Vn,;s— Vs,n) +(@in— A1) (Vs,m— Um;s)
+(@1s— e1) (Vim0 — Vnm).
Proof. The covariant differentiation of yields
(2.12) (@im— Ami);ns =(@im— Ami) Vn s+ (Qim— Qi) UnVs.
Subtracting the result obtained by interchanging the indices # and s in [2.12), we get
(2.13) (@im— Gmi);ne— (Bim— Qo) ;50 = (@im— Gmi) (Vn,s — Vs ).
From the commutation formula 1.5}, it becomes

(214) (arl - alr) K:nnc + (amr - aM) K{na = (alm_ amz) (v";3 - v".’")'

Adding the expressions obtained by cyclic change of the indices m, # and s in and
using it establishes the result.

Theorem 2.5 In F,, the Bianchi identity satisfied by the relative curvature
tensor field, takes the form

(2.15) Qim ngh'l' Qim i{'_iﬂu + anm khl: 0

Proof. By covariant differentiation of (1.3), the result follows from (2.1).

3. Recurrent curvature tensor field of second order in the sense of Cartan.

Definition 3.1. A #n-dimensional Finsler space F, in which the curvature tensor
field K¥,, satisfies the condition

(3.1) Kjkhllm= Aim K?kh
where
(3.2) Kjn#0

is said to to be recurrent Finsler space of second order and aim is recurrence tensor field.
This curvature tensor field under above condition is known as recurrent curvature tensor

field of second order.
Contracting (3.1) with respect to the indices ¢ and #, we have
(3'3) Kjk 1tm=Qim Kjk

We state below the theorems which are true for the recurrent curvature tensor field

K',, of second order and the recurrence tensor field @:m.

Theorem 3.1. The recurrence tensor field ain is non-symmetric.
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Theorem 3.2. Every recurrvent Finsler space for which the recurrence vector
field vy satisfies.

(3.4) Vmjt+ Um 0120
is a recurrent Finsler space of second order but the converse is not true in general.
We shall denote such a Finsler space by Fi. |
Theorem 3.3. In F,, if the curvature tensor field K Sin 1S independent of i,
the recurrence tensor field awm satisfies the relation.
(3.5) (@im— Gmi)yn+ (@mn — @um) i+ (@i — Gon)m

= (alm'— aml)vn + (dmn —_ anm) vt (anl - aln) Um.

Theorem 3.4. In F,, if the curvature tensor field K., is independent of i,
the relation

aalm. — aaml ot dain aanl
(3.6) I :l Ki,. x +[’"'a};“' ¥ ] Kin

oa;s — aasl
o

:Iszn i+ sz Amr— arm)+

Klram (anr—arn)‘*‘K{mn (aar an) (dlm"‘aml)
(0n|s - vlln)'l"(a.:n"‘anl) (Us|m— vm]s)+ (a{s '—'ast) (Um|n'—' Un]m)

is true.

The above theorems can be proved on the lines of Theorems 1,2,3 and 4 of
article 2.

Theorem 3.5. In F, the Bianchi identity satisfied by the curvature tensor field
K:,,, takes the form.

(3.7) [(aln —U vn) K}kh + (alcn — Uk Un) Kj)‘; + (ah,n —Un Un) Kj‘lh] lj
+ [Aimlm KJM+ Ahmlm K;"ik'*' Agmlm K;”ich] lj l:= 0
Proof. Differentiating (1.9) covariantly and using and (1.9), we have

(3.8) (Kt + Kinyen+ K eina) V—(vi K jun+vie Kjpiton Kiju) Vv,
+ (A’cmlsn K:’;M+ Az.mlm K,;':k'l' Afmlm K;';ch) lj l* = 0'

By virtue of it establishes Theorem 3.5.
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