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1. Let H be a Hilbert space and T a bounded linear operator on H. Denote by
o (T) the spectrum, by p(7T) the resolvent set and by W(T)={(Tx,x y:|x[=1} the
numerical range of 7. It is known that W (7T) is convex and conv ¢ (T) cc W(T)
(conv=convex hull, cl=closure). T is called convexoid if cl W (T)=conv o (T).

In this Note we give some conditions on a class of operators implying normality.
2. Consider the following conditions that an operator 7 may or may not satisfy :
(G [(T—aI)-t|| > [dist (2,6 (T))]™* for all Zep(T)

(B) T is reduced by each of its finite-dimensional eigen-spaces.

It is known [2] that if T satisfies (G,) and 2 is an isolated point of ¢ (7") then
A is an eigenvalue of T, 2 is an eigenvalue of 7%, and 77 ()=75r« () (pr (A)={xeH :
Tx=4ix}) Also, from T is a convexoid operator.

Theorem 1. If T satisfies (Gy) and o (T) has only 2 as limit point, then it
can be expressed uniquely as a direct sum T=T, @ T. defined on a product space
H=H, ® H, where H, is spanned by all the eigenvectors of T such that: (a) Ty is
normal, (b) o (T3)={4}.

Proof Since T—2,] also satisfies (G;) one can suppose 4o=0 and we have that
every Aeo (T)— {0} is a normal eigenvalue of 7. Let H1=m£" %) nr (4), then H; reduces
T,=T|H,, the restriction of 7 onto H;, is normal, and ¢ (7)=0(Ty) U o(T|HL)
If HLl={0} we are through. If not, then o (7| H!)={0} since otherwise Q+4eo (T'|H}L)

implies the the existence of an eigenvector which is a contradiction.

Corollary. If T has property (G,) on every reducing subspace and iy is the
single limit point of o (T) then T is normal.

Remark. The corollary for the case when T is a restriction—convexoid operator
is proved in [1, Lemma 4].

Recall that an operator T=A+iB is said to be hyponormal if || Tx| > | T*x|
or AB—BA=iC, C>0.

Definition. An operator T is said to be hyponormal of order m if

- Am"B—BA™=iChpn, T=A+:iB
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where C, > 0 for some nonnegative integer m [5].

Theorem 2. If T is a hyponormal operator of order m which satisfies (B)
and T=S+C where S is a self-adioint operator and C compact then T is a normal
operator.

Proof . Let w(T)=N{o(T+K): K compact} the Weyl spectrum of 7. It is
known [2] that ¢ (T)—w (T) is either empty or consists of eigenvalues of finite multip-
licity. Since T'=S+C it follows that w (7T) is real.

Since the finite-dimensional eigenspaces of T are mutually orthogonal then their
orthogonal direct sum H; reduces 7T, 7y=T|H, is normal and o (7Ty)=w(T;) where
T,=T|m} [2].

It is easy to see that T is hyponormal of order m if and only if Tw=A™—iB
is a hyponormal operator. Since H; reduces T we have that H! is invariant under A
and B and therefore Tw|HZL is hyponormal which implies 7 is a hyponormal operator
of order m. From the fact that  (T)=w (T1)Uw (T:) we have that ¢ (T,) is real and
thus [4, Lemma 1] 7: is a self-adjoint operator.

Corollary 1. If T is hyponormal of order m which satisfies (B) and with
compact imaginary part, then T is a normal operator.

Remark. This result for 7 a hyponormal operator is proved in [7]. From this
result we conclude that if T is a hyponormal operator of order m with compact
imaginary part then A™B=BA™.

Corollary 2. If T is a hyponormal operator of order m such that

1) satisfies (B)

2) T»=ST**S-1+C,p an integer>1, 0¢cl W(S), C compact and 1+2+
(%>2+...+(%)p—1;&0, if A, pea(T) then T is a normal operator.

Proof. If we denote I(H) the ideal of all compact operators on H then =2

(H)/I(H) is a B*-—algebra with an involution induced by the natural involution on
L (H). For each operator T on H, let T denote its natural image in @. It is easy to

see that T*=T* T-1=(T). It follows that 7»=ST**S-! and by Theorem 1.1
[6] we conclude that o (T) is real. Since @ (T)=0(T) we bave that T is a normal

operator.
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