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In a recent note M. S. Klamkin [1] has pointed out that the following nth
order differential eqution

(1) $\sum_{\sim 0}^{\hslash}(-1)^{*}t^{n})x\cdot D^{n-t}y=0$

can be solved by transforming (1) into linear equation with constant coefficients by
means of the identity

(2) $(i\sqrt{2})^{n\sum_{-0}^{n}}(-1)^{l}(^{n})x^{s}D^{n-}y=e^{t^{2}/8}H_{n}(iD/\sqrt{2})ye^{-x^{2}/2}$.
where $H_{n}(x)$ is the Hermite polynomial defined by

(3) $H_{n}(x)=2\frac{(-1)^{r}n!(2x)^{n-2\prime}}{(n-2r)!r!}\mathfrak{c}n/2_{\overline{J}}r=0^{\cdot}$

The object of the present note is to point out that the identity (2) $o_{l}f$ Klamkin is
equivalent to the following operational fo.rmula of Hermite polynomials due to Burehnall
[2] :

(4) $\sum_{-0}^{\prime*}(-1)^{n}(_{l}^{n})H_{l}(x)D^{n-}‘‘ y=e^{x^{2}}D^{n}(e^{-x^{2}}y)$ .

For, changing $x$ into $x\sqrt{2}$ we obtain from (2)

(5) $\sum_{l\rightarrow 0}^{u}(-1)^{*}(n_{l})(2x)^{t}D^{n-\iota}y=e^{x^{2^{\mathfrak{c}}}\sum_{r\Rightarrow 0}^{n/2J}}\frac{n!}{(n-2r)!r!}D^{n-2r}(ye^{-x^{2}})$ .

Next it follows from (3) and (4) that

$e^{x^{2}}D^{n}(y.(-n)^{1}(l)(D^{n-\iota}y)$ . $[\prime 2]\sum_{r-0}^{l}\frac{(-1)^{r}s!(2x)^{l-2r}}{(s-2r)!r!}$

$=\sum_{t-0^{t}}^{[n/2]}\frac{(-1)^{r}n!}{(n-2r)!r!}\sum_{l-0}^{n-2r}(nl-r)(-2x)^{n-2r-*}D\cdot y$ .

Thus we have

$\frac{1}{n!}e^{x^{2}}D^{n}(ye^{-x^{2}})=\sum_{r-0}^{[n/2]}\frac{(-1)^{r}}{r!}v_{n-2r}$,

where
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$v_{n-2r}=\sum_{=l0}^{n-2r}t^{n-r}l)\frac{(-2x)^{n-2r-\prime}}{(n-2r)!}D^{\iota}y$ .

Now we know [3] that if $u_{n}$ and $v_{n}$ be two sequences, $n=0,1,2,$ $\cdots$ . then one of
the relations

$u_{n}=\sum_{r\Leftrightarrow 0}^{[n/*]}\frac{(-1)^{r}}{r!}v_{n-2r}$ ; $v_{n}=\sum_{r\approx 0}^{[n/2]}\frac{1}{r!}u_{n- 2r}$

implies the other.

Consequently we find

$\sum_{-0}^{n}(n)\frac{(-2x)^{n-\iota}}{n!}Dy=\sum_{r=0}^{[n/2]}\frac{1}{r!}$ . $\frac{1}{(n-2r)!}e^{x^{2}}D^{n-2r}(ye^{-x^{2}})$

$i.e$ . $\sum_{=0}^{n}(-1)^{\iota}(ln)(2D^{n-\iota}y=e^{x^{2}}\sum_{r=0}^{[n/2]}$ ,

which is evidently (5).

–
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