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1. INTRODUCTION. Rainville (16, p.104], and Abdul-Halim and Al-Salam
have shown that the single and double Euler transformations of the hypergeometric
function ,F, are effective tools for augmenting its parameters. The double Laplace
transforms of the ,F,~function, given by Singh and Jain [14], have similar
interesting properties.

Recently, Srivastava and Singhal have discussed a double Meijer transform
of the generalized hypergeometric function in the form

(11) f " f " g1 yim1 (g y)erbe-$iar K, (32 (x+y)]
0 0
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where 7,5,k are non-negative integers; R, (a)>0, R.(8)>0, R.(A)>0 and
R (a+f+p+v+4)>0;d(s,a) stands for the set of s parameters

« a+l a+2 = a+s-—1

S S S S

and for the sake of brevity, the gamma-product

I (a+B) I’ (a—p)
is denoted by
I’ (a=tp),
and
G=_ Sk
(s+Rpte

In this paper we present a double Whittaker transform of the generalized
hypergeometric functions which leads to yet another interesting process of augmenting
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the parameters in the ,F,~function. As a first instance of the usefulness of the generalized
operator which we introduce in the next section, we give an alternative derivation of
Kummer's theorem and Weisner's bilateral generating function, and discuss its numerous
other applications to certain classical polynomials and Appell’s functions.

In the various formulae the parameters, occurring in the operators employed, are

restricted for reasons of convergence and term-by-term integration.

2. THE GENERAL FORMULAE. We start with the following known result
(10, p. 177]

f mf "¢ (x+y) 2y~ du dy=B (a, §) f°°¢ (2) z*5-1dz

0 0 0
which holds when R, (a)>0 and R.(8)>0.

Following the technique of term-by-term integration it is easy to prove that, if
R.(a)>0, R.(8)>0 and if 7,5,k are non-negative integers, then inside the region of

convergence of the resulting series

2.1) f j ¢ (x+y) xo=t yi—l F, [?)i: ,a,,, tx”y"(x+y)’]dxdy

‘ q 5
=B(a, B) °°¢ (AT SALAY o, a5, (5, a, Ak, ) ’ Lozt | dz,
) bl! 9bL,)A(S+k’ a+ﬂ)’

where, as before,

G=_ STRE
(s+Fk)y+e
In particular, if we let
o (@=e*z2 E[c,d::iz]
in terms of MacRobert’s E-function, and invoke the formula [15, p. 396]

reyrdr (b+c)I' (b+d)
® 1" (b+c+d)

J‘we“” -1 E[c,d::at]ldt=

0

where R. (@)>0, R, (b+¢ >0, R, (b+d)>0, we obtain

(2. 2) fwfwx"’l yb-l g=i@+w (x4 y) E[c,d:: A (x+))] Fq[a"' a”’txsy (x+y) ]dxdy
0 0

)f%m1’a+ﬁ+a+d (a+ﬁ+a+d)B( 8)
¥+ [ (a+f+o+c+d) “ ek

Tty s A s
peas+akrerFgpostoner [611)11: "[l,';, 4 ES+}€ ik g)

(S+k+r,a+[a+0’+d), taé/-‘\
(s+k+r,at+f+otc+d);

hh

7
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provided the double integral converges, R, (a)>0, R. () >0, R (2)>0, R, (a++0+>0,
R.(@+p+ad+d)>0, and

’_ S+k+7’ s+ktr
y=(stheryr
Since [11, p. 205)

E(f—p—v,d—ptvi:i2]=0 (}—ptv)zr el W,,, (2),

in terms of Whittaker function, he formula (2.2) shows that inside the region of
convergence of the double integral,

(2.3 f j YT ) e 0 W [A(xky)] B G0 G0 iy (e y) Jax dy

I(a+p+otv+i)
= k¥ ' a+p+o—p+1)

Bla, B) * prssssrizrFososiansr [Z:: L gp ’jgfi’ if}g‘i)’

(s+k+r,a+,6+a+y+g), t,a,:l
d(s+k+r,a+B+a—p+1);

‘where 7,s,k are non-negative integers, R.(a)>0, R.(5)>0, R, (4)>0, R, (a+B+o+v+
3)>0, and the resulting hypergeometric series converges.

When =0, our formula (2. 3) corresponds to (1. 1), since

W, # (Z) =[_§_:|%KI‘ [“zl“z:l 5

and if in addition, we set v=x4-} and make use of the relation

_?L:I%e—z,
the special case o= —4 of (2. 3) will lead us to the earlier results of Jain | and Singh
7.
In terms of the operator
v F(a+/8+o' ﬂ+1) -1 T pam1qyp—1 ¢ p—tz+
) o . s 5 (x
@A) QR ()= E T (B B f j welys= (g y)e edearn

Wo.. (x+y]{ } dx dy,

(2.3) with 2=1 and »=0 assumes the form

(2.5) o [pFa[§0 0Pt ]}

.-, q’

_ ai, -, ay, 4(s,a),d(k, B), d(s+k,a+B+o+v+});
=B G G 40 S AR e T AL

and it follows that
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(2- 6) ‘QE‘:‘,‘;B), a) { } Q(a B u){ }

where 2, , denotes the operator introduced earlier by Srivastava and Singhal
20, §1].

The following operational relations are immediate consequences of (2.5): -
@.7) 29,11} =1.

. a, a+B+ov+i;
(2.8) K glo €} =oF [a+ﬁ,a+ﬁ+0"‘i+1 > t]'

2.9) L.l las—s )= [ L5 sy ]

a being a non-positive integer.

1.
2.10) %3, (1Fila;b;xt]}=.F Z,’gfﬁffigfzfih;t]'

2.11) e P,UF Lasbs et} =R [ ofBtoE 1],

2.12) QupobR = el =Ryttt q,t]

1.
2.13) 2. (6F: [ a3t} =R (G0t ei ],

_ 1
2.14) Q& 1:F1 (a,b; 05 xt]} =sFy I:c £+aﬁaa++ﬁﬁ++a:v:+l, t]’

where a or b is a non-positive integer.

o e — a, b aat+pf+otv+}
2.15) QuiolFalabicd;iatll =iy ol iy g rar #_*_l;t].

) [ Amyn _ (@m(B)n(@+B+otv+E) minsn
(2' 16) ‘Q(a 8 a) {x y (x+y)p} (a+‘8)m+n (a+‘8+a'—[1+1)m+n+p .

In particular, we shall need the following results.

2.17) lelx,,,lg;’ {(ax)!lha—zll (2ax)} = a“fi(aﬁ’)l_‘ii oF [% (a'+p+3), F(a'+a ”“’"—4(1’] .

At+1;

ah I' (a4 p+v) oy
(2' 18) Q (a’.ﬁ’.—l){],ﬂ (ux)] (Ux)} I (a)l (ﬂ+1)1'(1’+1) (? u) (

cF (3@ +pto) i@+ ptv+1); g+l 0+15 —u®, —07],

v)*

[CO

where F, is Appell’s double hypergeometric function of the fourth type defined by
means of [18, p. 211]

cedixvle 5 3 @ninBhmen X" V"
Fila.b;e.cxy] métngo ©m (€)e m! nl’
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provided, for convergence, |x|1§ + 1y |‘21 <1
2.19) 28 ) { ()™ LD (ux) ) = um (@) P« =otm=n-D (1 =24,
(2.200 Q&F L, {(un) (up)m LS [ (x-+y)]} = +m (@) (BN Py o +# +H4m=n=a=D(] — Dy,
2.21) Q8D (LY (ux) L (ny)} = Pg-='~+-n=D(1 — 24) P& #-v-0-D(1 —2p),
1
2.22) Q&2 (LY (ux) L (vx)) = A%L)r'n%ji) ,
cFlad,—m, —n;p+1,v+1; u, 0],
where F; is the Appell function [18, p. 211]

’. ’. - Yy ¥ ;(a)m+n (b)m(lz’_)n‘ m yn
F2[a)b:b ’C’(:’x!.y] m§0 1{0 (C)m(c’)nm!n!x y’

which converges when |x|+!y| < 1.
3. ALTERNATIVE DERIVATION OF KUMMER’S FIRST THEOREbM.

From (2.16) we have
Q& po let @ \Fi[a; by t(x+y) ]}

m=0 (@+B+o—p+1l)w m! a5y n!

()’

and summing the inner series by means Vandermonde's theorem, we find that

+v+i,b—a;
Cdlo et Filas byt (xt+y)]} = Ziﬁi?:ﬁ%b =]

___S’j (@+B+otv+d, (—H)m 5 (=m)a(a)

=06 o WF [b—asb; —t(x+y)]),
in view of (2.11)
Therefore, by an appeal to Lerch’s theorem we finally have
3.1) e \Fi[a;b;2]=Fi[b—a;b; —2z]
which is Kummer’s first theorem [16, p. 125].

4. APPLICATIONS TO CERTAIN CLASSICAL POLYNOMIALS.
Consider the formula [8, p. 30] *

Le (= 2 (=) (1) L2 ().

r=0

On changing x to xf, if we operate on both the sides by

@+, P
Q (a, 8,0)
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we get from (2.11) that
(4_ 1) Ps‘a—’n,ﬁ) (1—2l‘)= g"o( )n—r( )P(u -7 (1 2”
which leads us to

4.2) Peom (= 5 (=y () Pty (x

when the order of summation in (4.1) is reversed.

On the other hand, from the known result (8, p. 30]
L (9= & () L&
we similarly arrive at
) Penp(x)= £ (3) Pt (x)

which corresponds to the case y=m of Carlztzs formula [6 p. 377 (4. 7] From (4.2)
and (4. 3) it follows that

b

(4 4) é" (™ Ps_"""f”“) (x)= (=)n=r ) Patn - o) (x)

r=0

r=0

Next we consider the formula [16, p. 209)

(a) — 5 (a+1)n 5 —a\n—k J (a)
Lﬂ (xy) ki (n k) (a+1> L(l y) Lk (x)’

and our formula (2. 10) yields

Ca, §=m) — %  (at+l)n  xq_ =k Plas-iy]—
(4.5) P¢ (1—2xy) 2='0 A=k at1s Yy 1=yt P§ (1—2x).
Similarly, the known result [12, p. 262]
-1 "t V= 3 ';‘tn,m_, _ (al
et (x1)72 Ja (2  xt ) n{o I nt+atl) L (x)
gives us
a+‘8+1 M . —_ v (a n
(4.6) e R [*Thl st)= - L Pe -2,
which leads to Feldheim’s formula [13, p. 120]
y 21!" Ca, B—n (z+ 1Dt 83 -
(4.7) n{U (a+1) Pn 8 )( ) e 1 Fl[a_l__l (1 )t]’

in view of (3.1).

The formula [11, p. 189]
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3 Le ™ () tr=(14t) et

n=0

when operated upon by
a, b
2 (a+ﬂ+1 81
gives us

(4.8) 3 PGem P (=148 [1—} ¢ (x—1)] -1

n=0

also due to Feldheim [13, p. 120).

Since
P@® (—z)=(—) P$® (2)
(4.8) assumes the form [13, p. 120]

0

4.9) 3 pr Pea (=1 —1)f [1=3 ¢ [x+1) ]~

In view of (2.6) and (2.21) the known relation (16, p. 209]

n

L+ (xpy)= 3 L (x) L2y ()

<

readily gives us
‘ n

(4. 10) S P& (x) PGrmrtn ()

=(*ttm ) B [—n,a+B+1, y+0+n+1;a+6+2; % (1—x),3 11—y,
and from (2. 14) and (16, p. 283]

[5n]

[T

(20 _ (v+n—2k)
2 W e -C{P -n( x)
we similarly have
1
20 " [4n (v+2n+3—2k) 2v+2n+D)a_g y@vim
(4. 11) pr Y= 2 B+ 743t (=32

where® Y@ (x),n =2 0 are the Bessel polynomials defined as
Y@ (x)=2Fy [—n,a+n+1; —; —4x].
The formula (11, p. 214]

= ¥ (=0 8
xr=I (a+p+1) ‘:0 Platnsl) LS (x)

with the aid of (2.19) yields

23
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24
1—=#y_ I'l4+a+p) ¥ (—po)n Car =)
(4.12) G2 ) = trars L Tlainsy P
and from [16, p. 210]

it similarly follows that [11, p. 85]
v n -n, b; P — 2, b; xt
5 P p 700 )= P o=

(4.13) Z
On the other hand, the generating function relation (16, p. 209)]
F Lo W m=(1—tyreenp( — 2
n=0 '—t

when operated upon by
P

'Q(a A',—1)

gives us
[t rmtirnn [P 2

g ()"‘3F2 ¢,

(4.14)

This formula provides a generalization of (4.13) to which it reduces when p=1
A repeated application of this process will finally lead us to
éf i) p+lF [—‘ﬂ al»"',all’x]tn

[

(4. 15)

a formula due to Chaundy [9,p. 62 (i)].
On applying our formulae (2. 16) and (2. 21) to

L (u) L (o)=L et m)
m!
. 3 o (uv)r Ca+27) 0
2 AT Tatn DA )
due to Bailey [3], we get
‘ P& B (x) PG (y)=(=km) 5 (a+B+m+1) (a+r+m+1),
" " " r=0 (a+1),.

(4. 16)
(xyTF [—m+r,a+ﬁ+m+r+1,a+r+m+r+1 sa+2r+133(1—x),3(1 y):l
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which provides an inverse of our earlier result (4.10); and in view of (2. 19) the known
relation [7, p. 39)

L9 ()= m+m L ™, (Lt f+20)(1+a) 145+

n! r=0 1’!(1+a+,8+7')m+n+1
B[ 2 T Lt BTy pataien ()

gives us

(4. 17) P;ﬂ 14a+as+m) (x) (m;n}- :1)

Ty (Atatf+27) (L+a) (1484 Pn-r (2+a+f+m+n+0),

r=0 r! (14a+ B84+ mnns1
B 77T ek B N 31— T Pt ()

Since [7, p. 37)

- (F+y)™ (32) wp [ 142y
'm.2=0( " (k=m)! ' 1+a+m) " (1+B+m) P x+y :’
- f(_r I'(1+a+B+77r!(14+a+p+27) e

= 2T T Utas Al \+p+AT @+atp+hF7)
+ P (5) P3P () Lite s+ a)
it follows that

(4.18) 3 (= 2+atB+ithim [yIn b 1=2" pep[ 1ty
m=0 (k=—m)!' ' (1+a+m) [ (1+p+m) x+y

= ¥ (—y (1+a+,3+2r)r'l’(1+a+,@+r) 2+a+p+5+k) [%1 z]
r=o FQ+a+n L A+8+1T 2+a+8+k+7)

. szi. 8 (x) Pga, 8 (y) chlj-:+ﬂ+2'r, 3) (z),
and finally the known relation (7, p. 38]

= Y v Qtat+B+2r) A +B+7)k—r .
LP Thx(1+y)]= 2 () e Pt ks &

o« Ltats+an (y) pla, B (y)

similarly gives us the elegant formula
(4.19) Pl 1+be0 [1—4 (1—x) (1+y)]

— Y \r <1+a+}9‘t27’)(1+/3+7’)n.-r(2+a+,3+,3’+n)r
2 (=)
0 1+4+a+B+1nn

s T3 (L—x)]r P{tz+even s (x) P@® ()

which does not appear to have been noticed earlier
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5. SOME GENERATING RELATIONS.

In the Bateman generating function [16, p. 256)

oF, [ 14as (=Dl oFy [— 31483 4 et D)= £ g P ()

if we replace ¢# by fuv and operate upon both sides by

a1, 3
‘Q(a % -1

we shall get

(5.1) 2” (1§:Z')<‘?)1+ﬁ P () =F, [, 83 14+, 1485 3 (=1 1, 3 (x+1) 2],

a formula due to Brafman (Cf., e.g., (16, p. 271]), where F, is an Appell function
defined in §2.

If, however, we replace ¢ by fu and regard u as the variable, the Bateman

generating function will give us

6.2) V. [0;l+a 148531 i+l)l=2 o +a(>i)<? i )

where ¥'; is a confluent hypergeometric function in two arguments defined by Humbert
in the form [11, p. 225]

(a)m n X" y"
Velasporsmyl= 5 5 g Do

6. BILATERAL GENERATING FUNCTIONS.
Let us consider the Hille-Hardy formula (16, p. 212)

A trime exp[ = LR ToR [ = 14as ,(le’_’ty 1

0

=5, LWL

which can be written as

$5_y. . (yrs

Ix
-1 = 025 2 st = (T

kad !
=y P [@(x) L@
n=0 (1+a)n ( ) ( )

Changing y to #y and operating by

1
a,3)
Q (e. 81
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we get
(6.1) (1=t exp | - 1{9—61‘ ]_j:, s!(ﬂ‘cf)iu(?it)s [1+ 1titt I
-5 R [Tk e
which finally simplifies to the well.known formula
(6.2) (A—tytressenp | =2 (A=t utys Fi [ B3 1+as =5 (’{“_’Hut) ]

— 3 (a) —n, ‘3 5 n
=2 L WR [ u ],
due to Weisner [22].
Further, if in (6. 2) we change x to xv and operate once again by
Q g: %-,)—1) ’

we obtain yet another formula due to Weisner [22], viz.

e ST I p—

-5, e[ gE [T

n

Since
Fila, b;c2]=(1-2r"2b,F [c—a,c~b;c; 2],

on changing the notations slightly, we have

64 &[T

=(1—t)ﬂ-‘ (1= v— )=t [1—(1—u) {—v]~=

. a,l—ﬁ;i uvt
2F1l: 2;(1—t){1—(1—u)t—v}:|’

which in view of
6.5 oF[0 2 ]=(1—zre B[ @70 ]

assumes the known form (1, p. 60]

(6.6) (1—#)=+s-2(1—t—w)# (1—t+vt)" 2F1[ z: 1—7— z)“()f—twt)]

- e [ A
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Further we consider the formula (1, p. 57]

v (a) —n,T; 1 n
2 L (x)gFi[ 4 1+T]t

_rer@+a—ry a« g 1
ro+a o=y CHore” Fi§ gy~

change x to xt, operate by
a,d
‘Q(a’.zﬁ’,-l)
and make use of (6.5); we shall thus arrive at the result

o1 Su-trpees [ LA[T]

_LOr+a—=y a1 - Brs _  ut
Tora) To=y & et Bl e ~ 1o I

7. OPERATIONAL FORMULAE ASSOCIATED WITH APPELL’S
FUNCTIONS.

From the definition of Humbert's function, we have

(7.1) &Y (Wi(asb,c;ux,v9) ) =Fs[a,a 85b, 6 u,v).
Similarly

(7.2) Qﬁi‘%‘)_l, (®; (a,b;c; ux,vy)}=Fs[a,b,a, ;¢ u,0],

(7.3) 92.',%,)_” (Tala; b, c;ux,vx)}=F.[a,a;b,c;u,v],

7.4 Q8P (0 (a,bicu vy} =Fila,b el

(7.5) Qﬁl',’l‘a’.)’-n (¥y(a,bsc,dsu,vy)}=F:[a,b,B;5¢d;u,v],

7.6 0% (5.(ab,c;diuvy))=Fila b fid;u0)
and

7.7 &Y (5i(a,b5cux 09) ) =Fi[a,a,b5c,0],

where Fy, Fs, F3 and F, are Appell’s double hypergeometric functions and @, D, V., Vs,
Z, and 5, are their confluent functions defined in (11, pp. 224-226]. Furthermore, the
formula [21, p. 147] :

_ (3 2+ F(ptv+1), d(p+v+2);
Jo @) ] )= —prg ) o ? LD v+l x]
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in view of (2.16) and (2. 18) yields

, 2 A4ds
7.8)  m[FEEED A AR LA g Fo 2k b et L4 152,205

and the formula [16, p. 106]
1Fla; 85 x] 1 Fy [a; ﬁ’_x]"2F8[19 ‘3 ! ﬁ.|_]_ 1 2]

in a similar manner furnishes

7.9 A[CEEATALTY Lw [=Rhaa s s u -

’

The above cases of reducibility of Appell’s F, and F, are well-known.
Next we consider [ 2]

> _ (a)lc—a)
r=0 ¥ (c+7r—1).(c)
s WFylatric+2r;ul (Fi[e+r;c+27r; 0]

which in view of (2.10) and (2. 16) gives us [4, p. 255]

(uv)".

Filascs(u+v)]=

o ) (@
(7.10) 2Fl[a : u+v] r=0 r‘)(c(ir_‘i ):t(z)zr )

«Fo[a+2r,a+r,a+r;c+2r,c+2r; u, v]
On the other hand the formula

1Filascul Fy [a;c;v]=§0(—)'—(;,)’(()( Dr_ (upy.
i WFilad+r;c+2r;(u+v) ],

furnishes us with [4, p. 255]

N
.
[
|
S
S
2
oy
S
X
<
~3

(1.11)  Fle,a.a;cc5u,0]= {:?0(—)'-»(5Z

R [OTDGEE )],

which provides the inverse of (7.10).
Lastly, on changing # to ux, and v to vx, if we treat # and v as the variables,
we get

7.12)  LF[% 5 ]LF aéﬁéx]

_y r ( ( r( ) o atr,a+ +27,
= oy A e Bl R [T 5]

bl
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a formula due to Burchnall and Chaundy (5,p.114].

8. SOME IDENTITIES.
The identity [19, p. 249]

©¥ ], (2ax)=ar+! f (#+V+2n+1)lz(y+v+n+1}k'
n=0 n.

* Jutvions1 (2x) 2Fy |:—n,y+114+n+1: 2:‘

on being multiplied by @**! throughout, with the aid of (2.17), readily gives
p+v+2, y+v+%,
(8. 1) 2F ﬂ+1 5 :I
=5 L(ptvtnt ) I (p+1) (a+p+v+1) zn( 1 )
n=0 n! I (p+v+2n+1) 4

. 2n+a+pt+v+1), %(2n+a+,a+u+2)
2F‘l:§ ptv+2n+1 ; :‘

R[],

and the formula (19, p. 429]

(ax)‘u.h,_z]’u (zax)= (20)#"'" F ([J'I'l) F (U+1)

TG+ T (utv+1)

."zjo ()u+u+27‘l1z (v +n) g ) Tem ()

. —n, u+1, v+1 ptvtn;
B T N G 2

in view of (2.17) and (2.18) yields
1.
w2 [T

1 3 (ptv+2n) I (p+v+n)(atp+v)a (__Lx)”
T T (ptv+1) a0 n!(p+ln+1) 4

. —n, p+1,v+1, p+v+n;

T 2 2

. (p+v+2n+1), 3 (p+v+2n+2), 3 (@+p+v+2n), 3 (a+p+rv+2n+1);
4F3I: p+v+1, ptv+1, ptv+2n4+1; x:l

Next we observe that if in the formula (1, p.61]
(l_x)—a (1 _y)—a= r§0 (_)r ﬂl’_ (xy) Zo'o f _(a—}“..’:)_’i*."‘_ xm ym,
we first change x to ux and operate by

a1, 5)
Q (a,_%, -1
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and then change y to vy and operate by

1
'QS:.?.)—I) ’
we finally get
a,0; @ = 5y (@@ ()
83 R u R [Py ] = E -y (@l Oh gy
.F[air§q+r§5ir§ “, v:],

in view of (2.9) énd (2.16); provided @ is a non-positive integer. This result is a
confluent case of the known formula (27) in [4].

Next we consider the formula [16, p. 210)]

@ (@t y Q+a—chk 7w (2c—a—2)
L= ("5 2 Vet 1o (—n Lo

which in view of (2.22) gives us

(c).. —n, ¥ (l+a—cc—a—1),_k
(8.5) ACn Ry 1+a’u] P e

cFo [, —n+k, —k;2c—a—1,14a;u, —u]

Put #=1, and this reduces to

(€)n =145 17 ¢ Q4+a—ckc—a=1p e ¢ (A)s ( )
86  lhom[Thai1]=2 e 2
—n+k, 2+s,
2F1[: 20— a—1 1]

Applying Vandermonde's theorem to sum the ,Fy’s we get

(1+a—2).(c) =3 1+a:-—C)k(26—&—2—1)”’_;C

(8.7

n'd+al &= kl'n—Fk)!
—k,A,2+a+4i—2c;
3l 24a+Ai—-2c—n+k 1+a; "1]

which, by analytic continuation, holds for such values of a and A for which the
hypergeometric series on the right-hand side has a meaning.

Take 4=0 and make useé of Vandermonde's theorem ; the right-hand side of

(8.7) reduces to —(-c){‘— .
n!
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1]

2]

€33

(4]

£33

€63
€73

€8l

€93

(10)
(11

(123
(13]
(143
(1%]
(16]
(17

(18]
(193

(203

(213
(22]
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