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Introduction.

Let G be a connected, compact Lie group and K a connected closed
subgroup of G of maximal rank. Then, K contains a maximal torus T of G.
A. Borel and J. Siebenthal found all these subgroups for simple Lie groups in [1].
By W(G) and W(K) we shall denote their Weyl groups, i.e., W(G)=N, /T
W (K)=Nx(T)/ T where Ny (T) and Nx(T) are the normalizers of T in G and
K respectively. It is well known that these Weyl groups don’t depend on the
choice of T. Hence W (K) is a subgroup of W(G). In this paper we shall detcrmme
such pairs (G;K) that W(K) is especially a normal subgroup of W(G). It is
known that (B ; Dn), (C,.,Ale,x X Ay), (Gz; Ay) and (Fy;D,) are such ex-
amples. ® We shall show that there is no pair but these four classes if G is a

simple Lie group.

In §1, we shall reduce our problem to find W-invariant sharp-systems
(see Definition). In §2, we shall give two theorems about W-invariant sharp-
systems. In § 3, we shall decide all W-invariant sharp-systems for complex simple

Lie algebras.

The author wishes to express his hearty thanks to Prof. N. Iwahori for his
valuable suggestions and to Prof. T. Otsuki for his constant encouragement.

§1. Reformation of the problem.

Let G be a connected compact Lie group with the center Z. Since G is
decomposed into semi-direct product of a semi-simple subgroup G' and Z, the
Weyl group of G is consist with the one of G On the other hand, we put
K'=KnG'. Then K=K'xZ (semi-direct), for a subgroup of G of maximal rank
always contains the center Z. Hence the Weyl group of K is also consist with
the one of K’'. Therefore we may assume that G is semi-simple. Furthermore, we
may assume that G is simple, for the Weyl group of a semi-simple Lie group is
decomposed into the direct product of the ones of simple subgroups.

Proposition 1. Let G be a compact connected Lie group, and K;(i=1,2)

& For (Bn;Cn) and (G:; Az), consider the index of subgroup; for (Cn; Alx xA ), recall
the method of construction of the pair by [1]; and for (Fy;D,), see - [4]
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connected closed subgroups of maximal rank. If K, is isomorphic to K, under an
inner automorphism of G, then there is an automorphism o of W(G) such that
o (W (K,))=W(K)).

Proof. From the assumptions therc is an clement g in G such that K,=
gK,g™, so gTig™! and T; are maximal tori of K, where T (=1, 2) are maximal
tori of G contained in K; respectively. By the conjugacy of maximal tori of a
compact connected Lie group, there exists such keK, that kg7 g-k~'=T;. Put
h=kg, then h='N4;(T3)h=N,(Ty) and h'T,h=T,, hence % induces an iso-
morphism ¢ from Ng(T3)/7: to Ng(Ty)/Ti, i.e., an automorphism of W (G).
Furthermore, since 71K, h=K,, a(NK2 (T)/ T;:_)=NK1 (1)) / T. (Q.E.D.)

This proposition means that we may determine the pairs (G;K) up to
conjugacy for our problem. Therefore, for a given maximal torus T of G we
- may find such pairs (G;K) that W(K) is a normal subgroup of W(G) and K
contains T . ,

From now, let G be a connected compact semi-simple Lie group, 7" a fixed
maximal torus of G, and let K be a closed subgroup of G containing T. Let g,
be the Lie algebra of G and f,,1, subalgebras of g, corresponding to K and T
respectively. By g,f and §) we denote the complexifications of go,f, and t,. As
h is a Cartan subalgebra of g (cf [6], Exposé 23), let 4 denote the set of roots
of g with respect to §. For each root @« we put

g.={Xeg;[H,X]=a(H)X for all He}}.

Now let 7 denote the complex conjugation of g with respect to g, i.e.,
7 (X)=X,—iX; whenever X=X +iX; (X;, X;e@), where the letter “7” is the
imaginary unit. Though the next lemma is well known, (for example, cf. [2],
p. 220) we shall give it with proof.

Lemma 1. 1) 5(f)=f,

Proof. 1) This is trivial. |
2) Since t, is compact, we can consider as ad (t)c O (n), where O () is the group
of all orthogonal matrices of degree #. Hence a(H) is a pure-imaginary number
for any root a ‘and any element H in f,. For any element X in g. and any
element H in Y, [H,X]=a(H)X. Applying % on the both sides, we have
[7H,nX]=a(H) X where the bar on the right-hand side means the complex
conjugation. Since H=H,+iH; (H,,H;et) and a(H)=a(H)+ia (Hy)=—a(H)+
ia (Hy)=—a(nH), so we have % (0.)Cg-a. As 72=1I, 5 (@) =0-x. (Q.E.D.)
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Definition. A subset @ of 4 is called a sharp-system if the next two
conditions are satisfied,

1) —-6=6,

2) 6 is additively closed, i.e., if a, 8 are elements in & and a+j is a
root, then a4+ is in 6.

‘Theorem 1. Let G be a connected, compact semi-simple Lie group and T a
Jixed maximal torus of G. Let go be the Lie algebra of G, 1, the subalgebra of ¢
corresponding to T, and let g,§ be their complexifications respectively. By 4 we
denote the set of roots of § with respect to Y. Then, there exists a bijectio:z
between the set of connected closed subgroups of G containing T and the set of
sharp-systems of 4.

Proof. Let K be a connected closed subgronp of G containing T, %, its
Lie algebra, and f the complexification of f,. Since ) is contained in f, we have
a subset @ of 4 such that f=f)+“26'g,. Now we shall show that @ is a sharp-
system of 4. For any root « in 0, g.Ct, so 7({g)C7(f), i.e, g-.C¥t by
Hence, —a is contained in 6. Obviously, @ is additively closed as I is a
subalgebra. These imply that O is a sharp-system of 4. Thus we have a mapping
from the set of connected closed subgroups. of G containing T to the set of
sharp-systems of 4. Let 6;(i=1,2) be the sharp-systems corresponding to connected
closed subgroups K; containing 7. If 6,=0,, then f; N go=F N go where ¥; are the
complexifications of the Lie algebras of K;. Thus we obtain K;=K,; by the
connectedness of K;. This means that the mapping is an injection. Next, for any
sharp-system @, we put f=f)+:§ a. and f=f N g, then ¥, is a subalgebra of g,
such that $,Dt,. Let K denote an analytic subgroup of G corresponding to T,
then Ko7', and K is closed. (Q.E.D.)

Let g be a complex semi-simple Lie algebra and % a Cartan subalgebra.
Since the Killing form ¢(X,Y)=Tr(ad(X)ad(Y)) is nondegenerate, ¢ is also
nondegenerate where ¢ is the restriction of ¢ over §j. Let §* be the dual space
of §, then, for each 2ef* there exists uniquely an element H,cl such that
A(H)=¢(H,H,) for any H in %. In §* we shall define the inner product (2, p)
=% (H,,H,). Obviously this inner product is also nondegenerate. Put §*=
{Ael*;A(H,) is real for each aed4}. Then, the inner product is strictly positive
definite over fo* (cf. [2], p.145). So, we can define the length of a root a by ja;
=(a,a)’?, Now given any basis in the dual space of ho*, we can introduce a
lexicographic ordering in §o*. Thus 4 becomes an ordered set. The maximal
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root with respect to this order is called a highest root of g. Let p be a highest
root, then |p| =]« for any root «.

For each root a, the linear transformation S. of Yo* is defined by

=120, a)
s

5

i.e., S, is the reflection with respect to the hyperplane {2¢Y%o*;(1,a)=0}. The
Weyl group W=W (g) of g is generated by S.,aed. If we identify the Weyl group
W (G) with W (cf. [6], Exposé 23), then W (K) can be identified with W (f).

For any subset X of 4, let W; be the group generated by S.,aeX.

If K is a connected closed subgroup containing 7' and € is the sharp-
system corresponding to K by [Theorem 1, then W(f) is considered as Wo.
Therefore we may determine the sharp-systems @ such that We are normal
subgroups of W. But Ws is normal in W if and only if © is W-invariant, i.e.,
w(6) € O for any element we W. Thus we obtain the next Theorem.

Theorem 2. Let G and T be as Theorem 1. Let K be a connected closed
subgroup of G containing T, then W (K) is a normal subgroup of W(G) if and only
if O is W-invariant where © is the sharp-system corresponding to K by Theorem 1.

§2. W-invariant sharp-systems.

By [Theorem 2, our problem was reduced to find all W-invariant sharp-
systems of the root system of a complex semi-simple Lie algebra with respect to
a given Cartan subalgebra. In this section, we shall study about W-invariant
sharp-systems.

Proposition 2. If g is simple, then two roots with same length can be
transformed each other by an element of the Weyl group.

Proof. Since any root is transformed into a simple root by an element
of the Weyl group, we may assume that the roots are both simple. Let a, 8 be
simple roots with same length. If f=a or f=—a, then we can choose identity
or S. respectively, as an element of the Weyl group. If f#=+a, (a,p)#0, then
S.(B)=a+B, so SgS.(f)=a. At last, if (a, /=0, then we can choose a sequence of
simple roots 71=a,7z, -+, 7x=p such that (r¢, 7e+1)#0. Then it is easily proved that
l7¢l =l 7e41]| from the Dynkin diagram. From the result proved already, 7: is
transformed into 7i41. So we can prove the proposition for a and B by the
induction with respect to k. (Q.E.D.))

For any root a, put Wia)={w(a);we W}.
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Theorem 3. Let g be a simple Lie algebra, ) a Cartan subalgebra of g,
and let 4 denote the system of roots of ¢ with respect to Y. If p is a highest
root, then W (p) is a W-invariant sharp-system.

Proof. Since W-invariance is trivial, we may only show that it is a sharp-
system. If a is an element in W (p), then there is such element w in W that
a=w(p). Hence, —a=S,(a)=S.w(o)e W(p). Next, we shall assume that a+p
is a root for @ and B in W(p). Since |al=8], af3=60°, 90°, or 120°. If a?8=60°
or 90°, then a+8| > | a|=|p| which contradicts to the choice of p. Therefore

af=120°, hence a+p has the same length as a. By atpB is
contained in W(a)=W (p). This means that W (p) is a sharp-system. (Q,E.D.)

Next, we shall show that any non-trivial W-invariant sharp-systems are only
of this type.

Theorem 4. Let assumptions be as Theorem 3, then any non-empty W-
invariant sharp-system is equal to W (p) or 4, where p is a highest root.

Proof. Let © be a W-invariant sharp-system. For any root @ in &, W(a)
is contained in ©. Furthermore, if W (a) is consist with ©, then a must have the
same length as p. In fact, if |a| <|p], then there are two simple roots as, a;
such that (a;, ay)#0 and ||| < |a;). Sojal=[a:], hence W (a;)=W (a)=6, i.e.,
W (as) is a sharp-system. On the other hand, since gz%'i‘--—’g’%=—1, aj=Saj () —ay .
Since Wi(a;) is a sharp-system, so the right-handj ’siée of this equality is
contained in W(a:). Hence aje¢ W(a;) and | a: = | as;]], which contradicts the
inequality [a;| < |a;|. Next, if W(a)#6, then we can select an element § in
6—W(a). Then W(a) and W(B) are obviously disjoint, moreover |ai = ||
by So Wi(a) U W(B)=4, for, if not, there is a root such that its
length is different from ones of a and j, which is impossible in a simple Lie
algebra. Hence 6=4, which completes the proof. (Q.E.D.)

§3. W(p) in simple Lie algebras.

In this section, we shall decide the W(p) for complex simple Lie algebras.
Throughout this section, we shall use the following notations.

gl(n,C): The set of all complex matrices of degree .

8[(n,C): The set of all complex matrices of degree » with trace 0.
D(hy, he y-++, ka): The diagonal matrix with diagonal elements 4, k3, -, ka .
¢A: The transposed matrix of A.

Iy : The identity matrix of degree #.
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-----------------------

Type An,Dx, and E; (i=6,7,8)

Since all roots are as long as the highest root p in these cases, we always

have W (p)=4 from

‘Type B,

g={Aegl(2n+1,C);*AK+KA=0} is a Lie algebra of type B.,
and

Yy={H=D(,hy,yhn,—hy,++, —ha)eg} is a Cartan subalgebra of g.
Let 4(i=1,2,..-,n) be the linear forms on Y defined by A (H)=h; where
H=DO,hy,+,hn,—hy,++, —ha). So the root system 4 of g with respect to § is
expressed as follows;

Ad={x A, A+ i+ k}
Put ay=4—Ai (lSi<n—1),an=2s, then II={a;,---,an} is a simple root system
and the highest root is
p=a1+2as+ 203+ - +2an=~A + 42 .

The Weyl group W consists of all permutations of 4’'s and changes of signature
of A's. Hence W(p)={=x2it4;,i%xj}. The subalgebra corresponding to this
sharp-system is of type D,.

Type C»

g=8,(n,C)={Aegl(2n,C);*AJ+JA=0} is a Lie algebra of type C,, in other
words, g consists of all complex matrices of degree 2x such that

A= ceevvnens ; ......... Y= Y’ ‘Z'-=Z-

Y={H=D(hy, -+, hn, —h1, -, —ha)eg} is a Cartan subalgebra of g.
Let 4; be the linear forms on Y defined by ;(H)=kh, where H=D (hy, -, hs,
—hy, -y —hy), then the root system is

A= {£2= A}

Put ay=4—2141 (1Sisn—1), an=24,, then, I={a;, -, as} is a simple root system
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and the highest root is
p=2a;+ +++20n_ 1+ A =24 .

The Weyl group of g is the same as the Weyl group of type B.. Hence,
W (p)={24:;;1=i=n}. The corresponding subalgcbra is of type A;xA;X-XxA,.

Type G:
The root system can be expressed as follows;
A= {xA—2)), = M+2—2%):1 < i,j,k < 3}
Put a;=A4;—2;, ag=—A,+24;— 3, then [[={a;,a;} is a simple root system and the
highest root is ‘
p=3a4 20, =2+ 4;—243.

Hence W (p)c{=(A+2;—24)}. As W contains thc Weyl group of type A:,
W (o)={=(X+4;—2%)}. Thus we can know that the Weyl group of type A: is
a normal subgroup of the Weyl group of type G:, for the corresponding sub-
algebra to W{(p) is of type A..

Type F,

The root system can be expressed as follows;
A= (iR, (0Si<j<3), % (2o Ay AgE4g) }

where 25,4, ,4;,4; are an orthonormal basis of a Euclidean space of dimension 4.

Put ay=i—2y, ag=As—As , g =1y , @u= .;_ (Rg—A1—Ag—Ag) , then Il ={ay, ag, a5, a4} is a

simple root system and the highest root is |
p=2a;+3a,+4az+3ay=2Ag+ 4, .

Since the lehgth of root is invariant under the operations of Weyl group, W(p)

c{=4i==4;}. On the other hand, since W contains the Weyl group of typc Bj

as subgroup (cf.[4]), W (o)={&=4;(i>j) }. The subalgebra corresponding to W(p)
is of type D,.

Thus we can reach the next Theorem.

Theorem 5. Let G be a connected, compact simple Lie group, and K a
connected, closed subgroup of G of maximal rank. Let W (G) and W (K) denote
their Weyl groups. Then W (K) is a normal subgroup of W (G) if and only if
(G; K) belongs to next four classes ; (Bn; Dn), (Ca; Ay X :ﬁ')’ (Go3 Az) and (Fy; D).
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