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Introduction.

This paper is attributed its origin far back to the works of }’. Muto and

K. Yano [11] made in 1935. They dcvclopcd the connection theory on a

differentiable manifold $X_{n}$ with each point of which is associated another kind

of manifold $Y_{m}$. At that time their work was observed as rebelling against

setting conformity with those of formal generalized spaces then extant, until

when K. Yano and E. T. Davies [18] raised their works up to the level of

contact tensor calculus. The distributions tangcnt to these $X_{1}$ and $Y_{m}$ arc

generally not holonnmic and the classical theory of anholonomity introduced by

T. C. Doyle [5] to homogeneous contact transformations served them to refine

their original idea. These two kinds of complementary distributions with equal

dimensions, namely the contact frames, were found later to be available for

defining the horizontal and vertical subspaces of a tangent bundle. The horizontal
distributions give a connection and consequently give the parallelism of tangen $t$

vector field attached to the base space $M_{n}$ in the sense of $C$ . Ehresmann [6]. It

is rcmarkable that such a tangent bundle $T(M_{n})$ with base space $M_{n}$ of class
$C^{r},$ $r\geqq 4$, admits an almost complex structure [17]. K. Yano and $h^{\backslash }$ . T. Davie,$\backslash \backslash $

[23] recently proved that $T(M_{\ell})$ admits a complex structure with respect to thes $($

complementary distributions. He nominated them the adaptcd framcs in order to

distinguish them from the natural frames spanned by the tangent vectors dcfined

on base space and on fibre. On the basis of the latter frames S. Sasaki [15]

[16] developed his own theory of tangent bundles by taking Riemann manifold

as its base some years ago. However, the notion of complcx structure seems to

us likely more favorable by its simplicity in handling $t$ he connection theory $\cap r$

such $T(M,,)$ as ours.
In Yano’s connection thcory of tangent bundles $T(M_{n})$ in wliich the base

is a Finsler space, what arises with him as qucstion is thc definition of $t$ he $lil\cdot t$

of a vector field, namely, we may well consider that the lift is the vector

contained either in the horizontal or in the vertical distributions. Or also it may

be their algebraic sum. In accordance wish these heterogeneous way.$s$ of defining

a lift it is of course natural to bave the various formulations of $t1_{1}e$ connections
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for $T(M_{n})$ .
According to the observation of the present author it would be plausible,

or rather desirable to havc the connection $\Gamma$ on $T(M_{n})$ such that when we
consider the horizontal lift of a vector in $M_{n}$, the components of the connection
parameter with respect to the horizontal distributions should satisfy those
postulates of parallelisms due to C. Ehresmann or to K. Nomizn [12], since the
usual connection of $M_{n}$ is in short the choice of the horizontal subspace in
$T(M_{n})$ . If then so, those components $\Gamma_{ff}^{h}$ are, of course, classical and we have
those ones such as due to E. Cartan [2] or to H. Rund [13] for Finsler spaces.
On the other hand it was E. T. Davies [21] and A. Deicke [4] who pointed out
that in order to have a Finslcr connection on horizontal distributions it is
necessary for $T(M_{n})$ to have a connection $\Gamma$ with torsion.

This paper intends to show as to the way how to introduce the torsion
tensors to $T(M_{n})$ in order to obtain the classical Finsler connections from the
theory of tangent bundles, especially those two kinds stated above. And at the
same time it trics determine the connection $\Gamma$ of $T(M,,)$ in such a way that a
theorem obtained by K. Yano on base Riemann spaces holds good as its direct
generalization, that is to say, we prove that if the lzft of a curve $C$ defined on
the base Finsler space $M_{n}$ is an autoparallel curve in the tangent bundle $T(M_{n})$,
then the sectional curvature of $M_{n}$ defined by the osculating plane associated to
the curve $C$ is atwaeys $(-1)$ .

\S 1. Structure of the tangent bundle of a Finsler space.*

Let $M_{\hslash}$ be a differentiable manifold of class $C^{r},$ $(r\geqq 4)$, and $(\xi^{\prime\iota})$ be its.
local coordinate system. The tangent bundle $T(M_{n})$ with local coordinate
system $(\xi^{A})=(\xi^{h}, \xi^{h}),\dot{\xi}^{h}=d_{\backslash }^{\approx h}/dt$ , is differentiable subject to the coordinate trans-
formations:

$|^{\prime}\xi^{h}=f^{h}(\xi)$,
(1. 1)

$(\dot{\xi}^{h^{\prime}}=A_{h}^{n\prime}\dot{\xi}^{h}$ , $A_{l}^{n\prime}=\partial\xi^{\prime p\prime}/(7\xi^{h}$ .
$\xi(--$ is a tangent vector at a point $(\xi^{h})$ of $M_{l}$ . If we write (1.1) briefly
as

$\xi^{4^{\prime}}=\xi^{\mathcal{A}^{\prime}}(\xi^{B})$.
$*$ We adopt the following conventions for indices:

$A,$ $B,$ $C,$ $D,\cdots=1,2,\cdots,$ $n,$ $n+1,\cdots,$ $2n$ ,
$a,$ $\beta,$ }. $\delta,\cdots=1,2,\cdots,$ $n,$ $1^{*},$ $2^{*},\cdots n^{*}$ ,
$a,$ $b,$ $c,$ $h,$ $i,$ $j,$ $k,$ $1,$ $m,\cdots=1,2,\cdots\cdots\cdots,$ $n$ ,
$a^{*},$ $b^{*},$ $c^{*},$ $h^{*},$ $;*j^{*},$ $k^{*},$ $1^{*},$ $m^{*}=1^{*},$ $2^{*},\cdots\cdots,$ $n^{*}$
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we have

(1.2) $(\partial\xi^{l}1^{\prime}/\partial\xi^{p})=(A_{h}^{h\prime}A_{fh}^{\hslash}\dot{\xi}^{f}$ $A_{h}^{h^{\prime}}0$

(1.3) $A_{jh}^{h^{\prime}}=\partial,$ $A_{j}^{h^{\prime}}$ , $\partial_{h}=f\gamma/\xi^{h}$ .
where

(1.2) shows that the manifold $T(M_{n})$ is oricntable, as
(1.4) $|\partial\xi^{A}/\partial\xi_{p}=|A^{n_{1}^{\prime}},2>0$ .
Any fibrc on a point $(\frac{}{\backslash }0)$ in $M_{n}$ is a subspace of $T(M)$ and thc distribution

tangent to it has the compoments

(1.5) $c_{i}^{A}.=(0, ’;’\ell’)$

We introducc a function $F(\hat{\sigma}, \xi)$ in $T(M)$ satisfying the postulates that

(i) $F(\xi,\dot{\xi})$ is positive if not all $\hat{\sigma}^{t}$ vanish simultaneously.
(ii) $F(\sigma:, \lambda\xi)=\lambda|\cdot F(\xi,\dot{\xi})$ for some arbitrary number $\lambda$ .
(iii) $g_{fi}(\xi,\dot{\xi})\eta^{f}\eta^{\ell}$ is positive definite for a non-vanishing vector $\eta^{j},$ $wher($

$g_{J\iota}t_{\backslash ,\vee}^{\prime}-,\dot{\xi})=\frac{1}{2}\partial^{2}F(\xi, \backslash \dot{\in})/\partial\xi J\partial\xi’$ .
$g_{fi}(\frac{\wedge}{\backslash },\dot{\hat{\sigma}})$ is a tensor defined over $M_{n}$ and is called a Finsler metric, [2],

[10], [18], $\lceil 20$ ], $\lceil 21$ ], $\lceil 22$]. The scalar function
(1.6) $(’=g_{J^{\prime}}\xi^{i}d_{\backslash }^{\cong j}$

is a $1\cdot form$ defined globally on $T(M_{n})$ and its exterior $difl^{*}erentia1$

(1. 7) $d\omega=_{2}^{1}F_{\Gamma J},$ $ d^{r}-\wedge d_{\backslash }=\hslash$

is also defined on $T(M_{l})$ . $F_{n.\downarrow}$ has the components

(1. 8) $(F_{CB})=|(\prime 7_{j}g_{a}-\partial_{i}g_{J^{j}})\xi^{a}-g_{J^{\ell}}$ $g_{ji}|_{1}0J$

,
and the matrix $(F_{\Gamma’\}})$ is skew-symmetric and of rank $2n$ as $g_{fl}\neq()$ . Consequently

we can always find a tensor $G^{R.1}$ such that [19]

$G^{B.1}F_{\rho p}=F_{C}^{t}$,
(1. 9)

$F_{r}^{R}F_{n}^{4}=-\delta_{(}^{\Lambda}\ovalbox{\tt\small REJECT}$ ,

where $ u\neg$ denotes the Cronecker delta. The covariant vector $G_{nt}$ defined by
$G_{C.1}G^{B.t}=\delta_{c}^{B_{\backslash }}$ satisfies

(1. 10) $F_{c}^{B}F_{J}^{D},$ $G_{BD}=G_{C^{Y}B}$,
and thus $T(M_{n})$ is endowed with a Hermitian $structure.\lceil 6$ ] . $[7]$ . Furthermore,

as we have $d(du)=0$, we get
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(1. 11) $d(F_{CB}d_{4^{-}}=c\wedge d\xi^{B})=0$ ,
$\backslash vhich$ shows that $T(M_{n})$ admits an almost complex structurc $\lceil 6\rfloor$ .

The distribution $B_{i}^{1}$ obtained by transforming the distribution $C_{\ell*}^{A}$ by $F_{A}^{R}$

has the direction orthogonal to $C_{f*}^{A}$ and has the components
(1. 12) $B_{J-}^{A\underline{dcf}}F_{B}^{A}C_{j^{J}}.=(g_{fa}G^{a\prime\prime},g_{f_{J}}G^{ah^{*}})$ .
We call this couple of the: complementary distributions $B_{J^{4}}$

. and $C_{J^{5}}^{A}$ the
horizontal and vertical distributions respectively. Since the metric $G^{R\ovalbox{\tt\small REJECT} 1}$ are
arbitrary to within the requirements (1.9), we can assign the following conditions
on it. First the $G_{\hslash 1}$ should satisfy

(1.13) $C_{f}SC_{i*}^{Jl}G_{\Gamma^{\prime}JJ}=g_{jl}$ .
Then we have

(1. 14) $G_{j^{s}}=g_{fi}$

in virtue of (1.5). For $G_{f\cdot i}$ we assume that $B_{i}^{\{}$ has the components
(1. 15) $B_{f}^{A}=(0_{j}^{i}\propto, -\Gamma_{j}^{i})$ ,

and hence by the orthogonality property
(1. 16) $G_{Jl}B_{j}^{J}C,1=0$ ,

we get
(1.17) $G_{f^{g}t}=\Gamma_{\ell f}$ ,

where we have put
(1. 18) $\Gamma_{f}=g_{\ell u}\Gamma_{j}^{a}$ .

Finally we assume that
(1. 19) $G_{R1}B_{j}^{R}B_{i}^{A}=g_{fi}$ ,

and this yields
(1.20) $G_{fi}=g_{fi}+g_{ba}\Gamma_{j}^{1)}\Gamma_{i}^{a}$ ,

as we have assumed (1. 15). Thus the matrix $(G_{P/1})$ has the form

(1.21) $(G_{R4})=|g_{fi}+g_{ba}\Gamma_{j\prime}^{\prime}\Gamma_{j\ell}b/\tau_{\eta}$ $l_{fi}^{7}g_{fi}]$

.
We takc the function $\Gamma_{ji}$ in such a way it $satisl\cdot y$ the relation
(1. 22) $J_{fi}-\Gamma_{f}=(\partial_{j}g_{ta}-\partial_{\ell}g_{fa})\xi^{a}$,

the matrix $(F_{Ji}^{4})$ whose components are given by (1.9), takes the form

(1. 23) $(F_{\dot{J}}^{J},)=$ $-,J_{j}^{\prime}-\Gamma_{j}^{a}J_{n}^{7}\Gamma_{j}^{h}h$
$-\Gamma_{j}^{h}’)_{j}^{h}\backslash )$

because of (1. 18) and (1.21), and this $sho\backslash cs$ that for any of such kinds of the
functions $\Gamma_{f\ell}$ it holds

$FF=-E$.
A tangent space of $T(M_{n})$ is spanned by
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$\frac{\partial}{\partial-\sim J}d\frac{\sim}{b})+\partial_{\backslash _{\sim}}^{\dot{e}_{J}}\partial_{d_{\backslash }^{\simeq j}}.\cdot$

and we say that if the displacemcnt $d\xi^{f}$ satisfies
(1.24) $d^{\frac{\dot\prime}{\sigma}J}+I_{t}^{7}jd_{\backslash }^{\simeq a}=0$

the tangent space is called horizontal. This is the reason why we call $P_{)_{l}}^{t}$ the

horizontal distribution of $T(M_{n})$ . If we consider the distributions $B_{1}^{l}$ and
$C_{A}^{i^{*}}$ each of which is dual to $B_{i}^{t}$ and $C_{l}^{A}$. in this order, they have the
components

(1.25) $B_{4}^{\ell}=(\dot{\circ}_{j}^{\prime}, 0)$ ,
(1.26) $C^{t^{*}}=(\Gamma_{J}^{i}, (J_{j}^{i})\backslash $,

as wc have
(L. 27) $B_{i}^{A}B^{j_{1}}=\tilde{o}_{\ell}^{f},$ $B_{i}^{1}C_{1}^{j^{*}}=0,$ $C_{i}$ . $B^{j}=0,$ $C^{A}.C_{A}^{j^{*}}=(J_{i}^{j}\backslash $

(1.28) $ B_{i}^{A}B_{B}^{\ell}+C^{A}C^{t}=/1_{B}^{A}\ddagger$

Then (1.24) is $\backslash vritten$ as
(1.29) $C_{I}^{i^{*}}d\xi^{1}=0$ ,

which shows that a horizontal tangent vcctor has no component in the subspace
tangent to the fibre, and this is the reason why wc call $C_{1}^{1}$ the vertical
distribution, Therefore if we call the distributions spanned $|$ ) $y\partial/\partial_{\overline{\overline{\backslash }}}^{\prime}$ and $-\partial.=,$

$\partial_{\overline{\backslash }}^{\prime}$

or in short, by $\partial/\partial\xi$
“ the natural frames, the distributions

(1. 29) $A_{\alpha}^{4}=(Bf, C_{i}^{A},)$

can be called the adapted frames of $T(M_{n})$ . On the othcr hand those $B_{1}^{A}$ and
$C_{i}^{A}$. are the projective quantities in the sense of loc al subspace theory. The
displacement $dx^{4}$ is projected by $A_{a}^{A}$ so as to span the sub-displacement

(1.30) $(dx)^{n}=A_{A}^{\alpha}dx^{A}$ .
$\backslash c^{r}here$ we have put

(1.31) $A_{1}^{\alpha}=(B_{\Lambda}{}^{t}C_{1}^{i^{*}})$ .
Each part of (1.30) has the form
(1.32) $(d\xi)^{\prime}=B_{A}^{:}d\xi^{A}=d^{\frac{\prime}{\sigma}i}$ ,
(1.33) $(d\xi)^{i}‘=C_{A}^{i^{*}}d\xi^{A}=J_{j}^{\tau_{f}}d_{\overline{\backslash }}^{\simeq_{\dot{f}}}$

and their dual operators are
(1. 34) $X_{i}f=\partial_{\ell}f-I_{l}^{7,\prime}\partial_{a}^{\prime}f$, $(?_{l}^{\prime}=\partial/\partial_{\backslash }^{\prime}=\prime\prime$ ,
(1.35) $X_{\ell^{g}}f=\partial_{l}^{\prime}f$.

The subspaces spanned by these distributions are not in general $h()lonomic$ and
the condition of integrability

(1.36) $\Omega_{\beta a}^{\gamma}=A_{A}^{\gamma}(X_{l^{\backslash }}\cdot A_{\alpha}^{A}-X_{a}^{A}A_{\rho}^{A}1$

are not all zero. It has the components
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$|$

$\Omega_{ji}^{h}=\Omega_{j^{*\ell^{h}}}=\Omega_{\ell\ell^{l}}^{h}=\Omega_{f^{*}i^{*}}^{h^{*}}=0$ ,
(1.37)

$|$

$\Omega_{jt^{h}}=X_{i}\Gamma_{j}^{h}-X_{f}\Gamma_{i}^{h}$,
$\Omega_{j\triangleleft}^{h}=-\partial_{f}^{\prime}\Gamma_{l}^{h}$ ;

The metric $G_{\rho a}$ and the almost complex structure $F_{\alpha}^{\beta}$ with respect to the
adapted frames have the components

(1.38) $(G_{\beta\sim})=(A_{\beta}^{B}A_{a}^{A}G_{BA})=(g_{ji}0g_{j\ell}0\backslash $

(1.39) $(F_{a}^{\theta})=(A_{n}^{\beta}AlF_{\mathcal{A}}^{R})=(0-\gamma)^{f}\delta_{l}^{f}0$

This shows that the $T(M_{n})$ is Kaehlerian with respect to thc adapted frame.

\S 2. Infinitesimal connections of $T(M_{n})$ .
It is always possible to introduce an affine connection in a differentiable

manifold and lct $\Gamma_{CR}^{A}$ and $S_{cB}^{A}$ the parameter of affine connection and torsion
tensor introduced to natural frames of $T(M_{n})$ respectively, $i.e$ .

(2.1) $S_{CB}^{A}=\Gamma_{cn}^{A}-\Gamma_{BC}^{A}$,

Then for those that are transformed into the adapted frames we have
$(2.\dot{2})$ $\Gamma_{\gamma\beta}^{\alpha}=A_{A}^{\alpha}(A_{r}^{\sigma}A^{R}\Gamma_{CR}^{A}+X_{Y}A_{\beta}^{A})$,

(2. 3) $\Gamma_{\gamma\beta}^{a}-\Gamma_{\theta r}^{\alpha}=S_{\gamma\prime}^{\alpha}+\Omega_{\gamma\beta}^{\alpha}$,
where

$S_{\gamma\beta}^{n}=A_{A}^{\alpha}A_{\gamma}^{c}A_{\beta}^{R}S_{0B}^{A}$ .
We assume that the $\Gamma_{\gamma\beta}^{a}$ satisfies the Euclidean connection with respect to $g_{\beta a}$ ,
namely

(2.4) $\nabla_{n}g_{\beta\gamma}=X_{a}g_{\beta\gamma}-\Gamma_{a\beta}^{r}g_{\epsilon_{\gamma}}-\Gamma_{\pi\beta}^{r}g_{\beta\gamma}=0$ .
Then from the identity

$21_{(-\nabla_{r}g_{\beta\alpha}+\nabla_{\beta}g_{a\gamma}+\nabla\alpha g^{\gamma\prime})g^{\gamma\delta}=0}$

We deduce
$\Gamma_{\gamma\beta}^{a}=\{\gamma q\beta\}+\frac{1}{2}(9_{\gamma\beta}^{a}+\Omega_{\gamma\beta}^{n}+\Omega_{\beta\gamma}^{a})$

(2.5)
$+\frac{1}{2}(S_{\gamma\beta^{l}}+S_{\gamma\beta}^{\alpha}+S_{\beta r}^{a})$ ,

where

(2.6) $\{_{r^{l}\beta}\}=\frac{1}{2}g^{ia}(X_{\gamma}g_{\delta n}+X_{\beta}g_{\gamma\delta}-X_{\delta}g_{\gamma\beta})$,
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$(2.7_{1}$ $\Omega_{\gamma\beta}^{\alpha}=g^{\alpha\text{\’{e}}}g_{\beta\delta}\Omega_{\text{\’{e}}\gamma^{\delta}}$ ,
(2.8) $S_{\gamma\beta}^{\alpha}=g^{a\text{\’{e}}}g_{\beta\delta}S_{\epsilon\gamma}^{\delta}$ .
We now assume that
(2.9) $X_{f}\xi^{h}+\Gamma_{J\ell\hat{\sigma}^{\ell}=0}^{h}$,

and we get the relation

(2. 10) $\Gamma_{j}^{h}=I_{ji}^{h}\dot{\xi}^{\ell}$ ,
because of (1.35). Then we have

(2.11) $\mathring{0}\dot{\xi}^{h}=(d\dot{\xi})^{i}$ ,

Originally a vector field $v^{h}$ in a Finsler space is the function of both $\xi_{S}^{\prime}$

and $\dot{\xi}_{S}$, and consequently its lift is well defined in $T(M_{n})$ . And if the lift belongs
to the horizontal subspace in $T(M_{n})$ and consequently it is of the form $B_{\dot{i}}^{1}v^{\iota}$ ,
the connection of it is of course defined along the horizontal subspace in the
usual sense such as of $C$ . Ehresmann and the parallelisms serving to define it are
classical. we shall show that our connection parameter $I_{\gamma\beta}^{v_{\alpha}}$ can be determined
in such a way that the parallelism defined on a horizontal lift agrees with thc
classical ones, for example, that of $E$. Cartan [ $ 2\rfloor$ or of $H$. Rund [13]. Those
$\Gamma_{\gamma\beta}^{\alpha}$ are, of course, determined as they should be even if otherwise we consider
the lift of a vector field $v^{i}(\xi,\dot{\xi})$ as a vertical one, or the sum of these two.

(1). $\Gamma_{j\ell}^{h}$

By virtue of (1.37) and (1.38) the functions $l_{\gamma\beta}^{a}$ endowed with the form
(2.6) takes the form

$1_{j\ell}^{7}h=\frac{1}{2}g^{hu}(X_{f}g_{ui}+X_{i}g_{J^{(\iota}}-X_{a}g_{f\ell})+\frac{1}{2}S_{ji}^{\prime\iota}+\frac{1}{2}S_{ji}^{h}+\frac{1}{2}S_{ij}^{h}$ .

We set up the assumption that $S_{ft^{h}}$ satisfies

(2. 12). $S_{ji}^{\hslash}=\frac{1}{2}g^{ha}(I_{i}^{m}\partial_{n}^{\prime}g_{Jn}-1_{J^{n}}\partial_{n}^{\prime}g_{\ell a})$ .
Then we get

(2. 13) $1_{fi}^{h}=\{\prime J^{\iota_{i}}\}^{1}---g^{\prime\ell\alpha}(\partial_{n}^{\prime}g_{u\ell})1_{jb}^{\prime\iota}\xi\prime_{J}2$

by the use of the relations (1.39) where $\{_{j\ell}^{h}\}$ is the Christoffel symbol:

(2. 14) $\{_{f\ell}^{\hslash}\}=_{\dot{2}}^{1}\backslash g^{ha}(\partial_{j}g_{a\ell}+\partial g_{f\alpha}-\partial_{a}g_{fi})$ .
But as we have had (2. 10), we have from (2. 13)

(2. 15) $l_{i\ell}^{7}h\dot{\hat{\sigma}}^{i}=\Gamma_{J}^{h}=\{jh\ell\}^{i}\sigma^{\ell}$ ,

Since the function $g_{f}(\xi,\dot{\xi})$ is homogeneous of degree zero in the $\overline{\backslash }\sim s$, that is,

$C_{Jt\alpha b}^{\dot{\epsilon}a}=0$ ,
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where we have put

(2.16) $C_{fla}--\frac{1}{2}\partial_{a}^{\prime}g_{ji}$ ,

and $C_{f1t}$ is symmctric in all the three indices. Substitution of (2.15) and (2.16)
in to {2.16) yields

(2.17) $I_{f}^{h}=\{_{f\ell}^{h}\}-C_{n\ell}^{h}\{_{Ju^{l}}^{\prime\prime}\}\dot{\xi}^{u}$ ,
where

(2.18) $C_{j\ell^{h}}=g^{\hslash b}C_{f\ell\iota}$ ,
and the $I_{f\ell}^{h}$ thus obtained is nothing but the connection parameter of a Finsler
space introduced by H. Rund [13], [14] in 1951 on the postulate that the
parallelism of a vector $v^{\ell}(\xi, \xi)$ dragged along a curve $(\xi‘ (\ell))$ is not only Euclidean
but also is one that preserves the scalar function $g_{f}v^{i}v^{t}$ as a direct generaliza-
tion of Levi Civita’s parallelism in a Riemann space aloug a c.urve. It is easily
shown that the function $\Gamma_{l\iota}$ defined by (1. 18) satisfies the requirclncnt (1.22) for
this $I_{i}^{h}$ .

We now put another assuInption that [21]
(2.19) $S_{J^{h}}=0$ .

Then (2.5) takes the form

(2.20) $1_{f\ell}^{h}’=\{_{ji}^{h}I_{2}^{1}-l_{f}^{k}C_{t^{\hslash}}-\frac{1}{2}t^{\prime}\hslash C_{k/}^{h}+21_{g^{\prime\prime a}I_{u}^{k}C_{kfi}}$ .
Multiplying $\sigma^{:}$ ‘ and again using (2.14) we have

(2.21) $I_{f}^{\prime\prime}=\{_{jtl}^{h}$ I $\dot{\xi}^{u}-\Gamma^{\iota}\tilde{\sigma}^{i}C_{lj}^{h}$ ,
or

$/_{fh}\iota/tl$
’

from which we see that the requircment (1.22) holds too.

Contracting (2.20) by $\xi^{f}$ we gct

$/\prime J^{\dot{X}^{J}--\{\}}\prime tNh$

where $\iota ve$ put

$|_{0i}^{\prime\prime}\}=\{\prime\prime hi\}_{s}^{\simeq i},$ $\{Nh\}-\{jh\ell\}_{\overline{\overline{\backslash }}\overline{\overline{\backslash }}}^{t^{\sim}\iota}’$ .
Thcn (2.21) can bc writtcn i1S

$/_{J^{t}}\prime h=\{j0\}-t_{w}^{l}\}C_{kf}^{h}.$ ,
Now, for

$L_{2}^{1}=- g_{j\ell\backslash }^{\underline{j}}\sim J\frac{i}{\backslash _{.}}i$

we have
$\nabla=g_{ktt}’$ ,

$\nabla_{f}^{\prime}\nabla_{i}^{\prime}LX_{i}^{\prime}L\partial_{t}^{\prime}L--$ .
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and thus wc get
$\{_{w^{\iota}}^{\prime\prime}\}\sim\cdot$

If we diffcrentiate this equality partially by $\dot{\overline{\sigma}}^{f}$ , we have
$\partial_{i}^{\prime}(\{0m0\}g_{n*\ell})=2\{jm0\}g_{mi}$ .

Hence if we introduce the function $G$ such that

$G^{n}=\frac{1}{2}\{Nm\}$ ,

$G_{c}=\frac{1}{2}g_{m}\{00\}$

we find that
$\partial_{J}^{\prime}G_{i}=\{\prime j\prime 0\}g_{mi}$ ,

$\partial_{J}^{\prime}G_{h}=\{h\}-\frac{1}{2}\{0n_{0}\}C_{J^{k}}^{\prime\iota}$ .

Using the latter, (2.20) is now expressed to

(2.22) $/_{J^{h}i}=\{_{ji}^{h}\}-(\partial_{j}^{\prime}G^{m})C_{mi}^{\prime\iota}-(\partial_{i}^{\prime}G^{\prime\prime l})C_{\iota J^{h}}+g^{k\prime\prime}(\partial_{k}^{\prime}G^{\prime\prime l})C_{mJ^{\ell}}$

which coincides with the connection parameter of a Finsler space due to $E$.
Cartan $[2\rfloor, [20],$ $[21],$ $[22\rfloor$ .

(ii). $\tau_{f}^{h}:_{\ell*}$ .
By virutc of (1.37) and (1.38) the $/\gamma_{J\alpha}$ takcs the forlU

$/jh\ddagger i^{*}=\frac{1}{2}g^{h\sigma}(X_{f^{s}}g_{\iota},+X_{\ell*}g_{j\alpha}-X_{a*}g_{ji})$

$+S_{j^{*}i^{*}}^{h}+g^{h\alpha}g_{ki}.+g^{h}g$ , $S_{\alpha\iota^{\prime}}^{k}$ .
We sct up tlie assumption that

(2.23) $S_{j\ell^{*}}^{h}=0$ .
Then by using the tcnsor $C_{f\ell}$ defined by (2. 16) we havc

(2.24) $l_{ji^{*}}^{h^{*}}=C_{ji}^{h}$ .
(iii). $\Gamma_{f^{Y}i}^{h}$ and $\Gamma_{j\mathfrak{i}}^{h}$ .
First $l_{j^{*}}^{h}$ lias the form

$/_{ji}h*=\partial_{i}^{\prime}X,$ ’ $k-x_{\iota/\kappa}$ )

$+\frac{1}{2}S_{j^{*}i}^{h}+\frac{1}{2}(S_{j^{\{}l}^{h}+S_{jl}^{\prime\prime})$

We now assume that
(2.25) $/h=l_{f}^{h}i_{t^{*}}J^{s\ell}$

(2.26) $S_{f^{*}i}^{h}+S_{j\ell^{*}}^{h}=0$ .

By the use of which and together with (2.24) we dcduce
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(2.27) $S_{f}i^{\prime\iota}=g^{hu}g_{k}(X_{u}1_{l}^{k}7-X_{j}1_{a}^{k})$ ;

From the equality (2.3) we have
$/_{J^{\iota_{*}}t}’-1_{fi^{*}}^{h}=S_{j^{*}t^{h}}+c)_{f^{\ell}i}h$

and we have had
(2.28) $I_{ji}^{h}=C_{j\ell}^{h}$

in consequence of (2.24) and (2.25), while $\Omega_{j^{*}}^{\prime\iota}$ vanishes because of (1.37). Hence
the above equality yields

(2.29) $I_{jl}^{h}=C_{j\ell}^{h}-g^{ha}g_{kf}(X_{(\iota}1_{\ell}^{k}-X_{i}l_{a}^{k})$ .
Also if we multiply (2.26) by $G_{e^{ha}}$ and $G^{m^{t}\iota*}$ which are nothing but $g_{\iota\iota}$ and

$g^{m\ell}$ respectively as we have proved (1.38) and take (2.27) into account, we obtain
(2. 30) $S_{ji^{h^{*}}}=X_{i}I_{J^{\iota}}^{\prime}-X_{f}/hi$ .
(iv). $\Gamma_{ji}^{h^{*}}$ .
In virtue of (1.37) and (1.38) thc $/\gamma\beta^{(}$. takes the form

$1_{fi}^{h^{*}}=-\frac{1}{2}g^{ha}X_{u}^{\prime}g_{f}+\frac{1}{2}\Omega_{fi}^{h^{*}}+\frac{1}{2}S_{J\ell^{\prime\iota^{*}}}+\frac{1}{2}(S_{i}^{h}|+S_{\ell j}^{h^{*}})$ .
But as $G^{i\prime_{J}}=G^{c^{*}b^{*}}=g^{cb}$ and $G^{cb}=G^{cb}=0$, we have

$S_{j}^{h}\ddagger+S_{ij}^{h^{*}}=g^{ha}g_{k\ell}S_{u^{*}}/+g^{\prime\prime(l}g_{kf}S_{a^{*\ell^{k}}}$ ,
and thc right meniber vanishes identically because of (2.27). ‘l’hus we get

(2.31) $/h^{*}fi=-C_{Jt}^{i}-X_{j}1_{i}^{h}+Xl_{j}^{h}$ .
(v) $\Gamma_{ji^{*}}^{h^{*}}$ and $\Gamma_{j^{*}i}^{\prime\iota^{*}}$ .
Wc sct up the assumptions
(2. 32) $/_{/}\prime i*-\prime_{jl}h$

$(2. \backslash J^{\cdot}I)$ $1_{J^{*}t}^{\prime\prime}-0$ .
Then froin

$/_{ji^{*}}h^{*1.\prime}=_{2^{-}}(g^{hu}X_{/}g,’-g^{\prime\prime\prime\prime}g_{1\kappa/k}ja+g^{\prime\prime\alpha}g_{fk}S_{a^{r}\iota^{s}}^{k})=1_{ij}^{\prime\iota}+_{2}^{1}g^{\prime\prime u}g_{ki}S_{a^{g}f}^{h}$,

we have
(2.34) $S_{\omega^{\downarrow j}}^{\prime\iota}-- 0$

by the first of these two assumptions.
Also from the equality

$l_{j\ell}^{h^{*}}.-1_{\ell^{\iota_{*}^{*}}/}^{\prime}=S_{ji^{*}}^{h^{4}}+\Omega_{ji^{*}}^{\prime\iota^{*}}$ ,
$\iota ve$ get

(2. 35) $S_{ji^{*}}^{h^{*}}=-(\partial_{\ell}^{\prime}1_{ja}^{h})_{\overline{\overline{s}}^{a}}$ ,
by virtue of (1.38), and (2.33),

(vi). $\Gamma_{\dot{j}^{*}i^{*}}^{h}$ .
If we take account of the relation (2.34) and also of a fact resulting from
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the anholonomity of the distribtions, namely thc relation

$()_{ji}k^{*}=-\partial_{j}^{\prime}/\prime i$

we see that the component / $hj\cdot l^{*}$ of (2.6) is reduccd to $-g^{\prime\prime((}21\overline{\ovalbox{\tt\small REJECT}}_{\iota}g_{fl}$ , and consc-
quently we have

(2.36) / $ hj^{*}i^{*=0}\cdot$

Summarizing the results we have had

(1) $ l_{ft}^{i}\urcorner$ (E. Cartan’s or H. Rund’s connection $1$ ) $al\cdot ametc\iota\cdot s$ given bv
(2.22) or (2. 17) respectivcly).

(2) $/\prime\prime jt=C_{ji}^{h}$, $((2.28))$ .
(3) $/’.=c^{h}\prime\prime J^{\iota_{i}}!i^{-g^{\prime}g_{ki}(X_{\iota}l_{j}^{k}-K_{f}/_{a}),--}\kappa-C_{jt}^{\prime}’-K_{ju\ell}^{\prime\iota}\dot{\overline{\sigma}}^{\prime\prime}$ , $((2.2^{(}J))$ .

(2.37) (4) $1_{ft^{*}}^{1}\prime\prime\cdot.=0$ , $((2.36))$ .
(5) $l_{f\ell}^{h}=-C_{j\ell^{h}}-X_{f}/_{l}’\ell+\wedge Y_{i}/’\iota j’=-C_{J\ell^{h}}-K_{ji\alpha}^{h=’ t}\backslash :$ , $((2.31))$ .
(6) $ l_{fi^{*=/h}}^{h}J\iota$ $((2.32))$ .

$|(7)$ $/\prime\prime;ji=0$ , $((2.33))$ .
(8) $/_{j^{t}i^{*}}\prime_{l^{*}}=C_{J^{i}}^{h}$, $((2.24))$ .

where

(2.38) $ K_{kj\iota}^{h}=X_{k}/hj\iota^{-X_{j}}/\prime\prime ki+/hKa/_{J^{l}}\iota-/\prime\prime/a/^{\prime}\prime k\ell$
’

and
$K_{Aji}^{l\iota}=g^{b\prime\prime}g_{1}K_{bkj^{l}}$ .

(1) $S_{ji}^{h}=0$ , $((2.1^{t}J))$ ,

$=_{2}^{\iota_{g^{\prime\prime\prime A}(/_{\iota^{(J^{\prime},}’\iota}g_{i\prime\prime}-l_{j’\iota}^{\prime\prime t^{\neg},J^{\prime},}g,)}}\prime tt^{\neg}$ $((2.12))$ .

$|$

whicl] scrvcs to derive $ 1^{\backslash }\lrcorner$ . Cartan’s and I I. Rund’s collltectioIl
parameter $/hji$ rcspcctively in this ordel $\cdot$ .

(2.42)
$|(2)$ $S_{jt^{e^{t}}}’=g^{ta}g_{kl}(X_{\iota}/’\iota J^{-X_{J\iota\iota}}/’),$ $=K_{j’\iota’\backslash }^{h-,1}-$ $((2.27))$ ,

$|(3)$ $S_{ji^{*}}^{h}=0$, $((2.34))$ .
(4) $S_{ji}^{h^{t}}=x_{\iota^{\prime_{J}}’-X_{f}/l,\rightarrow-K_{l\prime}^{\prime\ovalbox{\tt\small REJECT}}-\prime\prime}\prime\prime(\iota\backslash $ $((2.3()))$ .

$|(5)$ $S_{ji^{\nu}}^{h}\partial_{ijt}^{\prime}\prime\prime=l($ $((2.35))$ ,

(6) $S_{J}$. $*h^{*}=0$ . $((2.23))$ .
$1^{I}’ orF_{\iota}’$’ wc havc dcrivcd its coInponcnts a $t$ the cnd of \S 1, $1_{1}^{\backslash }\cdot om$ which wc

hnd that
$’\backslash f_{j}^{\prime},-\prime iF^{i^{l}},-U$

holds good subject to thc connection parameters det $iv(claI)0\ovalbox{\tt\small REJECT}$ (. Hcncc from
(1.39) wc $1_{1}ave$

(2. 40) $’\grave{/}F_{\alpha}^{p}-- 0$ .
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In determination of $1_{\hat{r^{t}}r}^{1,}$ K. Yano and E. T. Davies [21] adopted such
assumptions that

a) geodcsics and autoparallel curvcs coincidc. so $t1_{1}atS_{p\prime}^{\sigma}+S_{\gamma\beta}^{\alpha-}-0$ .
b) $/_{ji}^{h}=1_{j}^{h}i\cdot,$ $l_{j\ell^{=}ji}^{h/h^{*}}1$

c) $S_{j\ell^{h}}=S_{J\ell^{h}}\cdot=0$ .
As was seen above we get E. Cartan’s connection parameters from (c), but $1_{j^{*}\ell}^{h}$.
thus obtained involves Berwald’s curvature $\partial_{j}^{\prime}\Gamma_{a}^{h}$ explicitly and we feel it hard
to avail these $I_{\beta a}^{\gamma}$ for the discussions in the following paragraph especially when
we speak of the relation between the arc length of a curve in the base space
and that of an autoparallel curve corresponding as its natural lift in $T(M_{n})$.

\S 3. Auto-parallel curves in $T(M_{n})$ .
Let $\prime\prime J^{a}$ denote thc components of a displacement $ d\xi$“ in $T(M_{n})$ on the

adapted frames:

(3. 1) $\omega^{(t}=A_{4}^{\alpha}d\xi^{\Lambda}$ ,

To each frames we have

(3.2) $cu^{i}=B^{\iota_{1}}.d\xi^{A}=d\xi$ ,

(3.3) $(’\ell=C^{\iota_{\Lambda}}d\xi^{\mathcal{A}}=(d\hat{\sigma})^{l}=\delta\xi^{i}$,

becauc of (1.25), (1.26) and (2.14).

Given a curve $\xi^{\ell}=\xi(s)$ be a curve in the base spaee, where we take its
arc length $s$ as its parameter. Its lift in $T(M,,)$ has the form $(\xi^{\ell},\tilde{\dot{\sigma}}^{\ell}(s))$ where

$\backslash \wedge\sim i=\frac{d\frac{\prime}{\backslash }\ell}{ds}$

We assume that the lift draws an autoparallel curve in $T(M)$ . Then if
we denote its arc length by $t$, we havc for it thc equations

(3.4) $\frac{d}{dt}(u^{r}(t)+l_{\rho^{\gamma}a}\frac{\prime\prime)\beta(i}{dt})\frac{c\prime^{a}(t}{dt})_{-}-0$ .

For $\gamma=h$ we havc

$\frac{d}{dt}(\frac{d\xi^{h}}{d\ell})+\frac{d\dot{\sigma}^{f}}{d\ell}l_{J\iota\frac{d\hat{\sigma}^{\ell}}{dt}+\frac{d\xi J}{dt}/h}^{h}jt\frac{\grave{0}\dot{\xi}^{i}}{dt}+\frac{t)\backslash \tilde{\sigma}^{j}}{dt}1_{J^{s\ell}}^{h}\frac{d_{\overline{4}}^{\prime_{i}}}{dt}+\frac{\grave{o}\dot{\xi}^{f}}{d\ell}1_{j}^{h}:_{i}\frac{\dot{0}\tilde{\sigma}^{\dot{l}}}{dt}=0$,

in virtue of (3.2) and (3.3). Using the list (2.37) of each $com\}^{yonii1}t$ for $1_{a}^{r}$ , we
havc for (3.4) the equations

(3.5) $\frac{\grave{\mathcal{O}}:h}{d\underline{\ell}^{\underline{J}}}+K_{kj\ell}^{h}\tilde{\dot{\sigma}}^{i}\frac{(J_{b}^{\xi f}\backslash }{dt}\frac{d_{\backslash }^{\simeq\ell}}{d\ell}-\simeq 0$ ,

wherc
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(3.6) $r_{d\ell^{l}}^{\circ Q}/\cdot\xi^{h}=---+- ff_{\backslash }^{\wedge\prime\prime}d\hat{\sigma}^{f}d\tilde{\sigma}^{\ell}$ .

For $\gamma=h^{*}$ we have

$\frac{d}{d\ell}\frac{\tilde{o}\tilde{\sigma}^{h}}{d\ell}+\frac{d\hat{\sigma}^{f}}{dt}l_{j}^{\prime}’$. $\frac{d\xi^{\ell}}{d\ell}+\frac{d\xi J}{dt}l_{i}^{h}.\frac{\prime\grave{/}\hat{\sigma}^{\iota}}{dt}+\frac{j\grave{)}\frac{\wedge}{\backslash }J}{dt}I_{j\ell}^{\neg}h^{s}\frac{d_{\sigma^{\prime}}^{=}}{d\ell}+\frac{\hat{o}\tilde{\sigma}^{f}}{d\ell}f_{fi^{*}}^{h^{J}}--$

in virtue of (3.2) and (3.3). Using (2.37) as abovc we have then the equations

(3.8) $\frac{\hat{o}^{t}\dot{\xi}^{h}}{d\ell^{1}}=\frac{d}{dt}(\frac{\tilde{o}\dot{\xi}}{dt})^{h}+\frac{d\hat{\sigma}^{f}}{dt}l_{f\ell}^{h}\frac{\grave{o}\tilde{\sigma}^{f}}{d\ell}+\frac{\grave{o}\tilde{\sigma}^{j}}{dt}C_{j}\frac{\grave{o}\tilde{\sigma}^{\ell}}{d\ell}=0$ .

Now, since $\ell$ was taken to the arc length of the $’\iota u\downarrow 0$[)$arallcl$ eurve, we

should have

$g,^{u},\frac{cu^{l}}{dt}\frac{\omega^{\prime}}{dt}=1$ ,

or

(3.9) $g_{fl}\frac{d\tilde{\sigma}^{j}}{d\ell}\frac{d\xi^{j}}{d\ell}+g_{f}\frac{(\sim)\dot{\xi}^{f}}{d\ell}\frac{\prime\prime\tilde{\sigma}^{i}\backslash }{d\ell}-- 1$

But as
$\frac{d}{d\ell}(g_{f,\backslash }\frac{\backslash \dot{\xi}^{l}}{d\ell}\frac{\delta\dot{\xi}^{i}}{d\ell})=\frac{\prime\prime\backslash }{dt}(g_{fi}\frac{C\prime\backslash \sim\rightarrow J}{d\ell}\frac{\prime^{\sim}\backslash :_{f}}{d\ell})$

vanishes because of (3.8) and of $\dot{og}_{fi}=0$ . Hence $g_{fi}\frac{\grave{o}\dot{\sigma}^{\dot{j}}}{dt}\frac{\prime\backslash \frac{\wedge}{\backslash }i}{d\ell}=const.$ , and :tccor-

dingly we see from (3.9) that $g_{jt^{\frac{dC^{\prime}-\prime}{d\ell}\frac{d\grave{\sigma}^{i}}{d\ell}}}=const$ . Then as it holds $g_{j}\iota_{T_{S^{\vee}}}^{d\tilde{\sigma}^{j}}--d\frac{\sim\iota}{s}=1d\frac{}{\grave}$

for the projection, we have $\frac{ds}{dt}=const$ . and observe that thc arc $lcngtlls\ell$ and

$s$ are linearly related.

Therefore the equations (3.5) and (3.8) can be written as

\langle 3. 10) $\frac{\grave{o}}{ds}(\frac{d\xi^{h}}{ds})+K_{kf\ell^{h}}\frac{d\hat{\sigma}^{k}}{ds}\frac{\tilde{o}}{ds}(\frac{d_{\overline{s}^{f}}^{\sim}}{ds})\frac{d\tilde{\sigma}^{j}}{ds}=0$

13. 11) $\frac{\grave{o}-\prime}{ds-}(\frac{d\frac{\wedge}{\backslash }h}{ds})--0$ .

$\prime 1^{\cdot}hc$ unit tangent vector $\frac{d\hat{\sigma}^{i}}{ds}$ together with its normal vector $d^{\backslash }s’$

;
$(_{\overline{\grave{d}s}}^{d^{\prime}})$ spans

the osculating plane along thc curve. Then let us write

(3.12) $\frac{d\xi^{h}}{ds}=\lambda^{h}$ ,

(3.13) $\frac{\prime}{ds}(\frac{d\dot{\sigma}^{h}}{ds})=or^{h}|$

and we have $g_{f}g_{Jl^{\ell^{j}\prime\ell^{\ell;}}}p=0$ . Substituting (3. 12) and $(\mathfrak{i}t.13)$ into
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(3. 10) we have
(3. 14) $K\lambda^{k}\lambda^{j}$ .

Hence we havc the
Theorem. If a left of a curve $C$ of a Finsler space is an autoparallel curve in
the tangent bundle $T(M_{n})$ , then the $sec\ell ionat$ eurvature of the Finsler space
determined by osculating planes along $C$ is always $(-1)$ .

From (3. 10) and (3. 11) we see easily that the lift of any geodesic is an
autoparallel curve in $T(M_{||})$ .

University of California, Los Angeles.

$\frac{\vee}{}\vee\frac{-\vee}{}\ovalbox{\tt\small REJECT}$
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