ON THE THEORY OF SOME NON-LINEAR OPERATORS

By
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In this paper, we will study some problems on the spectra of the generalized
Hammerstein operators defined on the Hilbert space. For this purpose, we regard
the Hilbert space as a Banach lattice. In § 1, we give some remarks on the Hilbert
lattice. In § 2, we will define the generalized Hammerstein operators and will give
some remarks. In § 3, we will consider properties of the spectrum of the general-
ized Hammerstein operator in the case when its completely continuous part admits
a proper elements system consisting of positive elements. Theorem 5 there is a
correction of of (2).

§ 1. We assume that the space R satisfies the following three conditions:

I. R is areal Hilbert space. The inner product of feR and geR will be denot-
ed by (f, g), which is a real number.

II. R is a vector lattice. Namely, R is a lattice with the following properties:
(1) f20 and g=z0imply f+g=20; (2) f20 and a 20 (a is a real number) imply
afz0.

The following relations are well-known:

L | fl=fo=N=rf+1

whete f*=fU0 and f-=(—f ).
2. f+g=flYgtfng
3. |f-gl=fYg-fne
If | fl =g, then | fI S I gl

Throughout of this paper, we denote by R the space with the above three
properties.

The following two lemmata are important for our subsequent discussions.

Lemma 1. If 0 f<g and h 20, then

(f, < (g, h.

Proof. We have only to prove that; for any positive element f and any posi-
tive element g, we have (f; g)=0. Since we have | '

|f-gl=fYg-fng=fVg+fng=F+g
the condition 3 implies that

Nf—gl=hr+gll.
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Therefore,
2 @=If+gl*-If-glr=z0.
Lemma 2. For positive elements f and g, fn g=0 is equivalent to (f, 2=0.
Proof. If fng=0, then, by the condition III, we have
2(f, @=\f+gl*-|f-gl*=0,
because, |f—gl=f+g and ||f—g| =|(f—gD].

Conversely, if (f, g=0 for positive elements f and g, we have, by Lemma 1,

that
0=fngfrn®d =(f, 9=0,
which implies that Sng=0.

§ 2. Let K be a symmetric, completely continuous linear operator defined
on R. Let F be a non-linear, continuous operator defined on R. We assume that
™) if |fln'gl=0, then |f|n|Fgl=0 and F(f+g)=Ff+Fg. The operator. H=KF
with the condition (*) is called the generalized Hammerstein operator.

The integral operator of Hammerstein type
Hf) = S‘ KG, 0 FG, f)) dt,
0

where the kernel function Ks, £ is symmetric and square-integrable on (0, 1)x (0, 1)
and the function F(, u) is bonnded and continuous with respect to ¢ in (0, 1) and to
#in (—oo, +o0) and F({, 0)=0 for any ¢ in (0, 1), is an example of the generalized
Hammerstein operator defined on L? (0, 1], the space of square-integrable measur-
able functions on (0, ). Here, we have only to put

Kf(s)= S; KG, ) f®)dt and Ff®= FG, f)).

We shall say that the space R is non-atomic, if, for any number a >0, any ele-
ment f with | f||> « can be devided in the following way:
f=A+folfilnlfil=0 and | fi|=a.
It is evident that the space L? is non-atomic.
Theorem 1. If the space R is non-atomic, then, for the operator F satisfying the con-
dition (*), there exists a positive number a such that
|FfI < all fl+ 1 (feR), |
namely, the operator F is boundcd (the image of any norm boundcd set by F is also norm bound-
ed).
Proof. Since F is continuous, we can find a positive number a such that
Ifi<a implies |Ff| < 1. BEEEETTTIIN PPN )
For any feR. there is an integer n = 0 such that
n S| fIF £ m+Da2. e (2
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Since the space is assumed to be non-atomic, there exist f;(i =1, 2,----- , n+1) such
that

F=fitfitfot ot fowy [ filalfi1=0 (%)
and | fi|<a (i=1,2,, n+ D)

Therfore, by (*) we have
Ff=Fﬁ+Fﬁ+ ...... +Ff;'+”

and, by (1) and (2), we have

IEfE =2 <t 15 L1 f10 4 1,

which means that F is bounded.

By making use of the above theorem, we have the following.

Theorem 2. If the spaze R is non-atomic, the ginsralized Hammerstein operator is
completely continuous, namely, it is continuous and the imag: of any bound set is compact.

§ 3. We denote by S(H) or S(K) the set of all proper values of the operator
H or Krespectively. For 26S(H) or 2¢S(K), we denote the set of proper elements be-
longing to the A by E,(H) or E,(K) respectively.

In this section, we assums that the symmstric, completely continuous linear operator K
admits a prober elements system consisting of positive elemsnts. Namely, we assume that

we can choose a positive proper element corresponding to each proper value.

For this kind of K, any element f in K(R), the range of K, can be express-
ed in the following way:

f= i’jl(f, Gn) fn eeeeeeees 3)

where ¢» is a positive, normalized, proper element belonging to the proper value
AneS(H). 'The n-th coordinate of f is denoted by f™, namely, we put
@ =(f, ) (n=1,2.0 )
We define the real-valued functions @,(¢) of real variable & by
Dn(§) = (Fdn), pn)  (n=1,2-----)
The functions @,(£) are obviously ‘continuous and @,(0) = 0.
Theorem 3. For any feK(R), we have

Hf = by L @p(f) e, e “4)
n=1

Proof. Since ($m, $a) =0 (m +n), we have, by that
¢m n ¢ﬂ' = 03




14 SADAYUKI YAMAMURO

because ¢, >0 and ¢,>0. Therefore, we have

L™ bmln | f]=0,
which implies that

o0
Ff = SF(f™ gy),
n=1

because of (*), (2) and the fact that F is.continuous. Applying K to the both sides
of the above formula, we have by (*), that
Hf = KFf

o0
= 3 2 S, 9
— ,;f. A <:z‘_’lp< F G, b) D

) foe) '
=2 llu(F(f(”) ¢n), ¢n)¢n =2 Zn Qn (f(n))¢n,
n= n=1

which is to be proved.
Theorem 4. InPn()eS(H)  (n=1,2,+-+- ).
Proof. By (4), we have

H¢n = :t%l lzm ¢m(¢n(m)) ¢m = Zn ¢nu)¢n,

which means that nDn(1)eS (H).

. The above theorem shows that the number of elements of S(H) is not less
than that of S(K). Although there is an example of Hammerstein operator that has
finite number of proper values (See p. 201 of (1)), the spectra of non-linear orerators
usually contain intervals of real line. .

Now, we will show that the fact that S(H) does not contain any interval is:
almost characteristic for the linearity of the operator H. Note that, in this section,
we have assumed that the completely continuous linear operator K admits a proper

elements system consisting of positive elements.

Theorem 5. Let us assume that the functions @, (&) (n= 1, 2,------) are differentiable at
the point 0. Then, if S(H) contains no intsroals, the operator H is linear on the set K(R),
the range of K.

Proof. For each n, since the function @,(¢) is continuous, the function @,(£)/¢
is also continuous with respect to positive § or negative ¢ respectively. Let us

assume that there exist £ and » such that

£>0, y>0 and ..9',1;@_ ,Q%gr,_)_
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Then the continuity of @,(£)/¢ implies that, for any number a between @,(5)/¢é and
D, [ 7, there exists & > 0 such that

0, (€)= ata.
Then by we have

HEo g = f{lzm D ((Eap) ™ ) i

=2 Pn(Ea) pn = Anaba Pn,

which means that 2,aeS(H). Since, by the assumption, S(H) contains no intervals,
we conclude that there exists a number a such that

0,(&)=at for any £ > 0.
Similarly, we can find a number B such that

D,(8) = B¢ for any £ <0.
The assumption that the function @,(¢) is differentiable at 0 implies that a = §.
Since @,(1}'=1.9,(1), we have

0,8 = £0,(1)  for every &.
Then, since we have

(f + g = f@ 4 gm

for any fand g in K(R), we have by that

H(f+ g = OZ_'olZn¢n[(f+g)<”)]¢n

= $ 200, (f) gy + § 2,0,(g™) 0, = Hf + H,
n=1 n=1

which is to be proved.

§ 4. In this last section, we give some remarks about the condition that the
operator K admits a proper elements system consisting of positive elements.

Let K be a symmetric, positive definite, completely continuous linear opera-
tor defined on the space R. It is well known that, if X is positive, namely, if f=0
implies Kf =0, then the proper element belonging to the largest proper value can
be chosen as positive. This fact is due to the following lattice property:

(Kf, < K| fL, |.fD for any feR.
The n-th proper element ¢, is determined by calculating
sup {((Kf, f): | fi=1and (f,¢)=0Ci=1,2,--, n-D}.
Therefore, if the subspace 4, spanned by such f that (f; ¢)=0G =1, 2,--.--- , n—=1
is clossed by the lattice operation, the n-th proper clement can be chosen as positive,
because, in this case, the sﬁbspace A, stated above contains | f| whenever f is in it.

In other words, the operator K with the properties stated above admits a proper
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elements system ¢,2 0 (n=1, 2,------ )if and only if, for each n, the fact. that (f, ¢;)=0
(=1, 2,-----, ) implies the existence of such a positive element geR that
(g ¢)=0 G=1,2,-----, m) and (Kf, I<(Kg, o).

In connection with this problem, it would not be of no use to discuss about

the follpwing condition:
(Kf, =0, implies (Kf,|g|)=0,--ccecneree (5)

because this condition immediately implies the fact that the subspace A4, stated
above is itself a vector lattice, namely, | fledn if fe As. As is easily seen, if the oper-

ator K satisfies the condition (5), then, by the proposition stated above, K admits a
proper elements system consisting of positive elements.

We shall say that a positive element ueR be a unit of R if upn|f|=0 implies
f=0. Obviously, the function fly =a >0 (0<¢<1) is a unit of the function space
L2 (0, 1).

In the sequel, the operator K is naturally assumed to be not identically
vanishing.

Lemma 3. If the overator K is positive, symmetric and satisfies (5), then (Ku, u) # 0
for any unit u of R.

Proof. If Ku=0 for a unit u of R, then, for any element feR, we have, by
(5), that

(u, K| f)) = (Ku, | f))=0.
Therefore, by we have un K|f| =0, from which it follows that K|f|=0.
Since |Kf| =< K| f|, because K is positive, we have
Kf=0 (feR.
This is a contradiction. Therefore, Ku = 0 and hence it follows that (Ku, u) # 0.

Theorem 6. Let us assume that the operator K be positive, symmetric and satisfies the
condition (5). Then, for any unit u of R, the elems:nt ¢, = Ku is a proper element of K and
we have

Kf = 2(f, ¢9 ¢, where 2 =1|(Ku, u)
for any feR.

Proof. Since, by (Ku, w) is not zero, we can put 4= 1/(Ku,u). If
(Ku, @ =0 for an element geR, then, by (5), we have Kg=0 by making use of the
same method as in the preceeding lemma. Therefore, for any feR, we have

(Kf, @ =(f, Kg)=0.
Namely, we have
(Ku, =0  implies (Kf, g =0,
from which it follows that there exists a number a such that
Kf = aKu = ag,.
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Then, we have
alpy, w) = (Kf, w) = (f, ¢,),
hence it follows that, since 1 =1/(¢,, w),
= A(f, ¢°).
This completes th proof.
This theorem shows that, if the symmetric, positive operator satisfies the con-
dition (5), then the set K(R) is generated by a single element ¢, which is positive.

It is easy to see that, conversely, if the symmetric, positive operator admits the ex-
pression of then K satisfies the condition (5).

Yokohama Municipal University.
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