ON THE IMBEDDING OF POLYHEDRA IN MANIFOLDS

By
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This paper deals with the imbedding of finite k-polyhedra in finite combi-
natorial n-manifolds, 2k+2 < », and the main theorem is:

Theorem. Let M™, Nf™ and P* be two finite combinatorial n-manifolds and a finite
k-tolyhedron such that Nj™ is topologically imbedded in M», Pt is piecewise linearly imbedded
in int (Mf™) and 2k+2<n. Then for any >0 there is an e-homsomorphism F of M* onto M»

such that
FIM™Ue(p¥) =1 and
F| P* is piecewise linear.

1. V. K. A. M. Gugenheim proved the following:

Lemma 1.V Let Pk be a finite k-polyhedron which is piecewise linearly imbedded
in a euclidean n-space E*, 2k+2<n, and let f be a piecewise linear homeomorphism of Pk into
En.  Then there is a piecewise linear homeomorphism F of E™ onto E* such that

F|Pt = {,
Moreover it is easy to see that his proof induces the more general theorem as
follows: _

Proposition 1. Under the same conditions as in Lemma 1, if L is a subpolyhedron
of Pk such that f|L =1, then for any >0 there is a piecewise linear homeomorphism F of E*
onto E" such that

diF, N<d(f,1)+¢

FlE"—Us(tL_'Jof,(Pk—L))=I
where f,(D=U—-x+tf(x,0<st< 1.

Let M be a finite combinatorial n-manifold. Then we can choose a positive
number 7 and two sets of combinatorial n-balls, {B,, ----- , Bj} {B,,-- , B';}, which

are piecewise linearly imbedded in M= and satisfy

B/DUp(By) i =1eeeeeee J
Forany i=1,......... »J we take a continuous function ¢;(x), xe M*, such that
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0 201
pi(®)=1  for xeB;
=0 for xe M*»—U,(B;)
Then we define a set of continuous function on My, {X,(x),----- , X;(x} by the formula

Xo(x) =0
xi(®) = Max{p, (), 0; (0}

Then it is clear that 0 = yo(0 = x,(x5§ ------ < yi®=1 and
Yi-1 (D <yix) implies  xe Uy (By).

Definition. Let P* and L be a finite polyhedron piecewise linearly imbed-
ded in M” and a subpolyhedron of P* such that
cl(Pt—L) Cint M".
Then we call (P, L) a pair of subpolyhedra of M. A piecewise linear homeomorphism
f of Pk into M* is called a piecewise linear homeomorphism of (Pk, L), if f satisfies
fIL=1
fllPE—L)c int M~
Proposition 2. For anj} >0 there is a positive number y = y(M?™, ¢) such that for
any piecewise linear y-homeomorphism f of any pair (Pr, L) of subpolyhedra of M=, 2k+2<n,
there exists a sequence {fo,------ , f3} of piecewise linear e-homeomorphisms of (Pk, L) satisfy-
ing ~ :
- fo=1, fi=f
fi'Pen (Mr—Uy(B)) = f;_, | Pk N (Mr—U,(By))

and f 7' is a piecewise linear e-homeomorphism of (f;_,(PE), L), i=1,.--.----. R
2 11—l

Proof. Since M* is uniformly i-connected, i=0, -------:- , k, there isa r >0
such that for any piecewise linear y-homeomorphism f of any pair (P, L) there
exists an e-homotopy {g,}, 0 =¢=< 1, of (P, L) in M" satisfying

g=1 gi=f gl|L=1

g (cl(Pk— L)) Cint M™,
We put f’;(x)=gricz>(*), x¢P* and ¢ =0,------, j. Then it is clear that {f’s(x),-----, f’(x}
satisfy all conditions of Proposion 2 except that of piecewise linearity. Since
2k+2<n, we approximate {f’o(x),-----, f;(x)} by piecewise linear e-homeomorphisms
{foln,--ee- ,fi®} of (P, L) which sasisfy all the conditions of A

The main theorem of Part 1 is;

Lemma 2. For any ¢>0 there is a 6=3(Mn, ©)>0 such that any piecewise linear
6-homeomorphism f of any pair(Pt, L) of subpolyhedra of M*, 2k+2=<n, can be extended to
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a piecewise linear e-homeomorphism F of M™ onto M™ satisfying

F|Pt = f
F\M»—-Ue(Pk—L)=1
F|bdry M= 1.

can be restated as follows:

Proposition 1'. If M" is a combinatorial n-ball, Lemma 2 is true.
Proof of We take the positive number ¢ =Min (=, 7) and by
we get (3(B',, €+, 8(B's, ).  Moreover by we get

the number
' 0=yr(Mnr &)

where & =Min {0(B';, &)}, Let f be any piecewise linear 5-homeomorphism of any
i=l

pair (P, L) of subpolyhedra of M", 2k+2<n. Then by [Proposition 2| there is a
sequence of piecewise linear &’-homeomorphisms, {fo, -+, f;} of M such that

fo=1 fi=f |
Si| PO (M7 — Uy (By) = fi-, | Pk N (M= — Uy (B;))

and f; f) is a piecewise linear &-homeomorphism of (f;-,(P%), L). Since &’'=7, we
have 7

SifS fim (PO AWM —U,»(B)=1, - and
Sifid|L=1.

We can choose a subpolyhedron L; of f;-,(P* such that f;f}|L;=1 and L; D
(fie, (PINM=»—U,n(BOUL. Then we have
cl(fiy (PY— L) Cint B';
Fif) el(fie (PR — L)cCint B';.

Therefore by [Proposition I there is a sequence of piecewise linear ¢/-hoemorphisms
{F,, Fpyeevvveee- , Fj} of M” onto M” such that

Fif:‘—l =fi
Fi\Mr—Ue (f;i,(Pt) — L) =1
FilcllM"—PB';)= 1.

Since ¢ g%, it is clear that F=F;F;_ ----:--- F, is the required piecewise linear e-

homeomorphism of M” onto M" and we have proved
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Corollary. Let [ be a piecewise linear homeomorphism of a subpolyhedron P of a
finite combinatorial n-manifold M” into M” such that Pk Cint M», f(P%) Cint M, f is homo-
topic to the identity and 2k+2<n. Then f can be extended to a piecewise linear homeo-
morphism of M™ onto M™.

Proof. Since f is homotopic to I and 2k+2=<n, we can choose a sequence
of piecewise linear homeomorphisms {f,,:::---, f;} of P* into int(M") such that f,=1,
fo=f and d(f;, fi-) <8(M~, ). By Lemma 2 we have a sequence of piecewise
linear homeomorphisms {F,,-------- , F;} of M onto M” such that

Fifioo =fi i=14e , L ‘ .
Then F=F;------ F, is the required piecewise linear homeomorphism of M” onto M~».

2. We shall prove the Theorem. We have two combinatorial z-manifolds
Mn and p7” and then two different metrics and two different piecewise linearities.
Therefore the notations without ~ or with ~ relate to M” or 3" respectively.

< )-hemeo-

Proof of At first we choose a piecewise linear 3(Mn, 3

morphizm f of £* into int M” and denote f(p*) by Pt Since ¥f” is a compact
metric space in M”, we can choose a positive number & such that for any two points

x, y of 1%, dx, y)<% implies d(x,9)< —25—; We shall contruct two sequences{F,, F,,--}

and {Fo, f),"-----} of piecewise linear homeomorphisms of M” and of Aj” respective-
ly, two sequences {eo, €),--+++- } and {&,, &, -+ } of positive numbers and two se-
quences {Po, P,,---+- } and {Po, P, } of simplicial subdivisions of pt and p* re-
spectively such that

0 ;| P*, ey f) <O(VE™, &im))

@ dE:| PR Fif) < 8(p™ &)

(1) dF;, F;_)< ¢ v F,=1

(M JFs Fi-d< & Fo=1

Q) F,F2\ | Mr—Ug., (Fi,(P)= 1

@ Fi FL M —Usi- (Fir (PO)= 1

1

(3) P;isa simplicial subdivision of P;.;, mesh (P,-)<T

(%) pP;isa simplicial subdivision of p;., mesh (P’,-)<%~
(4) F; is simplicial on P;
(@) F; is simplicial on f;

&

(5) 2¢; < ey &=
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[01]

(5) 25, < éi—l 50 = 4
6) 4¢; < d(F;lo), F;(¢') for any disjoint simplexes o, ¢’ of P;
® 4&; < J(F:(@), F:(8") for any disjoint simplexes &, ¢’ of p;

(1) Us; (F;(P¥) c F;(U,(P)

7 U (F:(B®) € Fi(@, (PF)

First of all we take F,=1, F,=1, sn=-4€~, & = -i— and any simplicial sub-
divisions P, and p, of Pk and p* respectively.

Step 1.  Since 4(f~', 1) <6(M", ¢,), we can choose a piecewise linear d(M?, ¢)-
homeomorphism f, of P% into int M” such that

dlfi, < a1, &)

By there is a piecewise linear ¢,-homeomorphism F, of M" onto M” satis-
fying the conditions (0), (1), (2. Then we can choose a simplicial subdivision P, of
P, satisfying the conditions (3), (4) and a positive number ¢, satisfying (5), (6), (7).

Step 1. Since J(F, | Pk, f.f~") <d(af", &,), there is a pieccwise linear (1™, &,)-
homeomorphism f; of p* into int (7™ such that

d(fi, F\, ) <3(Mn, ¢).

Then by there is a piecewise linear §,-homeomerphism £, of §§* onto y"
satisfying @), (1), 3. We choose p, satisfying (3), (3) and &, satisfying (5), (&), (7).

Step 2 is the same as Step 1 and we get F,, P,, ¢, satisfying (0),--<(7). And then
we get all the sequences inductively.

By the conditions (1), (1), (5) and (8) it is clear that {F,, F\,----- } and {F, F, -}
converge to a continuous mapping G and ¢§ of M” onto M” and of yj* onto f" re-
spectively. Furthermore G and ¢ are homeomorphisms. In fact for any different
points p and p’ of P* there is an integer ¢ >0 and two disjoint simplexes ¢ and o’ of
P; such that

peo and ped.
Then by the conditions (1), (5), (6) we have
dG@p), G@p')
2 d(F;(p), F; (p") — d(F;(p), Gp)—dF;(p), GY)
> d(F;(0), Fi(¢'))—2¢;— 2¢;
>4e; — 4e; = 0.

Hence G(p) # G@) and then G|P* isone to one. Therfore by (2), (7) G is a home-

omorphism. Similarly & is a homeomorphism. Furthermore ¢ can be extended
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toa homeomorﬁhism. G’ of M" onto M” such that

G’l.M"‘Az\Z”: 1
By (0) we have 'G’|Pt=f. We denote the homeomorphism G-'¢ by F. Then
by the conditions (1), (1), 2), @), (5), (3), F is the e-homeomorphism of M” onto M*
such that :
Fipt=f
F\M—-U.(p*) = 1

Since fis a piecewise linear homeomorphism of p* into M*, we have proved the
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