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1 Introduction

Let I be an open interval, S? be the unit sphere in R* and r: I — S? be a
C> map such that H%(S)H = 1, which is called a spherical unit speed curve
in S2.

Let P be a point in S? — {#n(s) | s € I}, where n is the dual of r. The
pedal curve with the pedal point P for a given spherical unit speed curve r
is a curve obtained by mapping s € I to the unique nearest point in Cy)
from P, where Cys) is the great circle of S? which tangents to the vector
% (s) at r(s). The pedal curve with the pedal point P for r is denoted by
Pe, p. Note that since all points in Cy,) are the nearest points from +n(s)

the pedal point P must be outside {£n(s) | s € I'}. We put

t(s) = - (s), n(s) = x(s) x £(s),

where r(s) x t(s) means the vector product of r(s) and t(s). These are called
the tangent vector and the normal vector respectively. By definitions the
vector t(s) is perpendicular to r(s) and the vector n(s) is perpendicular to
both of r(s) and t(s). The map n : I — S? which is called the dual of r, is
relatively well understood (for instance, see [1], [5],[11]).

*The first draft of this paper was made out during the first author’s staying at Rennes.
He would like to thank K. Bekka and department of mathematics at Rennes for their
hospitality.

fCorresponding author.
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-n(sy)

Figure 1: £r(s0), £n(s¢) and Cp(s)

Let r4(s) be the geodesic curvature of a spherical unit speed curve r(s) at
s (for the definition of the geodesic curvature, see §2). In [10] the following
has been shown.

Theorem 1 ([10]) Let r be a spherical unit speed curve. Let sy € I be such
that ky(s0) # 0 and P be a point of S* — {£n(so)}. Then the following hold.

1. If P € S —{+n(sg)} — {£r(so)}, then the map-germ Pe, p : (I,s0) —
(52, Per.p(s0)) is smooth, that is to say, it is C™ right-left equivalent
to the map-germ (R,0) — (R?,0) given by o — (0,0).

2. If P € {£r(s0)}, then the map-germ Pe,p : (I,s0) — (S?, Perp(so))
is C™ right-left equivalent to the map-germ (R,0) — (R?0) given by
o (0% 0%).
The purpose of this paper is to classify the singularities of pedal curves
Pe, p for so with k4(sg) = 0.

Theorem 2 Letr: 1 — S? be a sjphem’cal unit speed curve. Let sq € I such
that ky(so) = K, (s0) = -+ = K (s0) = 0, /fék)(so) #0(k>1) and P be a

point of S? — {+n(sq)}. Then the following hold.
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1. If P € 5% — {£n(so)} — Cu(sy), then the map-germ Peyp : (I,s0) —

(S;,LlPerlﬁgso)) is O right-left equivalent to the map-germ given by o —
(o™t ok ).

2. If P € Cyso) — {£x(80)}, then the map-germ Pe,p : (I,s9) — S? is C*
right-left equivalent to the map-germ given by o +— (o*+1 o2++3).

3. If P € {£r(so)}, then the map-germ Pe,p : (I,s0) — (S?, Per p(so))
is C' right-left equivalent to the map-germ given by o — (o*+2 g?k+3),

Here, for r = oo or 1 two map-germs f, g : (R,0) — (R?,0) are said to be C"
right-left equivalent if there exist germs of C" diffeomorphisms h; : (R,0) —
(R,0) and h; : (R*,0) — (R? 0) such that hyofoh ! =g.

Combining theorems 1 and 2 yields a complete C! classification of singu-
larities of pedal curves Pe, p for spherical unit speed curves whose geodesic
curvatures are nowhere flat.

In §2, we recall Serret-Frenet type formula for a spherical unit speed curve
and give several applications of it. §3 is devoted to give an explicit formula for
Pe, p and the main tool to prove theorem 2. Proofs of 3, 2 and 1 of theorem
2 are given in §4, §5 and §6 respectively. Finally, in §7 we give a remark on
possibility of improving C* right-left equivalence to C* right-left equivalence
in theorem 2.

The authors wish to thank S. Izumiya for sending his useful hand-written
note ([8]).

2 Serret-Frenet type formula and its applica-
tions

Lemma 2.1 For the orthogonal moving frame {r(s),t(s),n(s)} the following
Serret-Frenet type formula holds.

r'(s) = t(s)

t'(s) = —r(s) + ry(s)n(s)

n'(s) = —ry(s)t(s).
Here prime means differentiating with respect to s and k4(s) is called the
geodesic curvature of r at s which is given by

Kkg(s) = det(r(s),t(s),t'(s)).
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[Proof of lemma 2.1] We put t'(s) = air(s) +b1t(s) + cin(s) and we show
that a; = —1, by = 0 and ¢; = K,(s).

Since t(s) - r(s) = 0, we have that t'(s) - r(s) = —1, where a - b means
the scalar product of two 3-dimensional vectors a,b. Thus, a; = —1. Since
t(s) - t(s) = 1, we have that t'(s) - t(s) = 0 and thus b; = 0.

Finally,

kg(s) = det(r(s), 6(s), t'(s))
= det(r(s),t(s),—r(s) + cin(s))

= (1.
Next, we show that n'(s) = —r,(s)t(s). Since n(s) = r(s) x t(s), we have

n'(s) = r'(s) xt(s)+r(s) x t'(s)
= ( ) ( kg
= —ry(5)t(s)

~—

O

By lemma 2.1, we see that the dual n is non-singular at s if and only if
Kky(s) # 0.
Let so be an element of I. For any i (1 < 4) and any s such that s+sg € I,
we put
i(5) = (g5 + 50), K (5 + 50, (5 + 50).

Let & (resp. &;) be the set of all C* function-germs (R, sy) — R (resp.
(R, pi(s0)) — R), m; be the subset of & consisting of all function-germs
with zero constant terms. Then, ¢fm;&; is an ideal of & and we consider
quotient &; algebras of the following types:

&
wim;&Er.

Lemma 2.2 Let sq be an element of I. Then the following hold for any
i (1<q).

1 e (s +59) - r(s + 50) € pym€r + R.
2. I.(iJrl)(S + 30) . t(S + 30) e go?:mlgl + R.
3. 02 (s + 50) - n(s + s0) + eimiEs = Ky (s + s0) + @imill.

Lemma 2.3 Let sqg be an element of I. Then the following hold for any
i (1<q).
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1. n) (s 4+ 50) - (s + s9) € pim;EL.

2. 0 (5 4 50) - (s + s0) + pimiEL = —k) (s + s0) + ©IMEL.
3. 2 (s + s0) - (s + s0) + @imE = img)(s + s0) + im;&r.

For simplicity of notations, we let f mean the image f(s + so) for any map
f I — R"™ in the proofs of lemmas 2.2 and 2.3.

[Proof of lemma 2.2 We prove lemma 2.2 by induction with respect to i.
For 7 = 1 it is enough to show the following three:

r -r=—1, (1)
rt=0, (2)
ron= Fy- (3)

By lemma 2.1 we see that v’ -r = %(r -r)" = 0. Furthermore, by using lemma
2.1, we have that v’ -r = (v - r) — ' -t/ = —1. Thus, (1) holds. For (2),
lemma 2.1 shows that r' -t = —1. Further use of lemma 2.1 shows that
r-t=(r'-t) —1r'-t' = 0. For (3), lemma 2.1 shows that r'- n = 0. Further
use of lemma 2.1 shows that r' -n = (r'-n)’ — 1’ - n’ = k,. Once more use of
lemma 2.1 shows that r -n = (r' -n) — 1" -n’ = K-

Next, we prove lemma 2.2 for ¢ = j 4+ 1 under the assumption that lemma
2.2 holds for ¢ < j. By differentiating

rUt) r € pim;€ + R,

we have
rU+2) 4 pUtD .y € ©iamir1&r

Since 2 of lemma 2.2 for ¢+ = 7 holds by the assumption, by using lemma 2.1
we see that 1 of lemma 2.2 for ¢ = 7 + 1 holds.
By differentiating
I'(j+1) -t e go;fmjé’l + R,

we have
rU2) g 4 Ut ¢ e im1&r

By using lemma 2.1, 1 of lemma 2.2 for ¢ = j + 1 and 3 of lemma 2.2 for
1t =7 — 1, we see that 2 of lemma 2.2 for + = 7 + 1 holds.

Finally, by differentiating
3+2)

rU2) . n 4+ pim;€ = k) + oim;én,
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we have

rU) o+ r0t ! 4+ or myna & = kU 4 ¢ mya €

By using lemma 2.1 and 2 of lemma 2.2 for ¢ = j + 1, we see that 3 of lemma

2.2 for i = j + 1 holds. O

[Proof of lemma 2.5 We prove lemma 2.3 by induction with respect to i.
For i = 1 it is enough to show the following three:

n -n= —K2, (4)

n' - t=—x, (5)

n’ T =k + K, (6)

By lemma 2.1 we see that n’-n = %(n-n)’ = 0. Furthermore, by using lemma
2.1, we have that n" -n = (n’-n) — n’-n’ = —x2. Thus, (4) holds. For

9
(5), lemma 2.1 shows that n' -t = —k,. Further use of lemma 2.1 shows that
n-t=m-t)-n- -t = —ky. For (6), lemma 2.1 shows that n’ - r = 0.

Further use of lemma 2.1 shows that n” -r = (n’-r)’—n’-r’ = x,. Once more
use of lemma 2.1 shows that n” -r = (n" -r) —n" -1/ = Ky + Kg.

Next, we prove lemma 2.3 for ¢ = j 4+ 1 under the assumption that lemma
2.3 holds for ¢ < j. By differentiating

n*t . n € pim;é&;,

we have
nU™ . n+ 0Vt n' € g mir

Since 2 of lemma 2.3 for ¢ = j holds by the assumption, by using lemma 2.1
we see that 1 of lemma 2.3 for ¢ = 7 + 1 holds.
By differentiating

n Yt pimEy =~k + pimE,
we have
nU2 4 Yt or im0 = =YY oh L mya €.

By using lemma 2.1, 1 of lemma 2.3 for ¢ = j + 1 and 3 of lemma 2.3 for
t=7—1if 5 > 1, we see that 2 of lemma 2.3 for i = j 4+ 1 holds.
Finally, by differentiating

nU*) e 4 oim € = R + oim;€,

we have

n 40Ut ot my g & = e Y gl myna &

By using lemma 2.1 and 2 of lemma 2.3 for i = j + 1, we see that 3 of lemma
2.3 for ¢ = 7 + 1 holds. O
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3 Explicit formula for a pedal curve

Let r be a spherical unit speed curve and n be its dual. Let P be any point
in S? — {£n(s) | s € I'}. To characterize the singularities of the pedal curve
with the pedal point P we prepare an explicit formula for Pe, p.

Lemma 3.1
_ 1
VI—(P-n(s)?

[Proof of lemma 3.1] For any s € S', by subtracting (P - n(s))n(s) from
P we obtain the vector P — (P - n(s))n(s) in R? which is a positive scalar
multiple of Pe, p(s). Normalizing this vector gives the right hand side of the
formula in lemma 3.1, which must be the vector Pe, p(s). O

By this formula, we can characterize the singularities of the pedal curve
with the pedal point P as follows.

(P — (P -n(s))n(s)).

Pe, p(s)

Lemma 3.2
Pe,p(s) =0 <= Ky(s) =0 or P =1(s).

[Proof of lemma 3.2 By differentiating Pe, p and using lemma 2.1, we
have the following.

(P n())(P - t(s))

(1= (Pn(s))}
1

et

Peppls) = — Kyls) ((P-x(s)r(s) + (P-t(s))t(s))

+ hig(s) P-n(s))t(s) + (P t(S))“(S)) :

Since {r(s),t(s),n(s)} is an orthogonal frame, we see that Pe p(s) = 0 if
and only if k,(s) =0 or P =r(s). O

Let P be a point of S? — {4n(s) | s € I'}. We consider the following C*
map Up : S? — {+P} — 52

Up(x) = ——t (P~ (P-x)x).

V1= (P-x)?

We see that the image Wp(S? — {£P}) is inside the open hemisphere centered
at P. Let this open hemisphere, the set (5% —{+P}) be denoted by Xp, Bp
respectively, where 7 : S — P?(R) is the canonical projection. Note that
Xp is C* diffeomorphic to the 2-dimensional open disc {(x,y) | 22 +y* < 1}
and Bp is C'*° diffeomorphic to the open Mobius band.
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Since ¥p(x) = Up(—x), Up induces the map Up: Bp — Xp.
We let B be the set

{(z1,22) X [&1 : &] € R* x PY(R) | 21& = 2261}

Let p : R* x P}(R) — R? be the canonical projection. In [10], we have
constructed a concrete C'*° diffeomorphism

h,:B,— B

which gives the equality N
pohy=gyoW¥p,

where g, : R® — R? is the orthogonal projection to the 2-dimensional linear
subspace perpendicular to P. Since we need this construction to prove theorem
2, we recall arguments in [10] briefly.

First, by a suitable rotation of R? around the origin, we may assume that
P =1(0,0,1). We put

Ui = {(z1,220) x [&: &) € R* x Pl(R) | 1€ = @261, & # 0},
Uy = {(z1,22) X [§ : &] € R x PHR) | 116 = 206, & # 0}

and

UP71 = {7T(($1,{172,£E3)) |$1 #0 }7
URQ == {W(([Ehl’g,l’g)) |l‘27é0 }

Furthermore, we put as follows.

01U — R2, ($1,I2) X [51 : 52] = (U17U2) = <$17—> )

o iU = R% (enw) x 62 & o () = (g—)

and
op1(m((z1,72,73))) = (—tan(/\)xl,ﬁ)7
erarl(on o)) = (2= tana )
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where A = sin~'(z3) (=% < XA < %). Since p : B — R? is the blow up of the
plane centered at the origin, it is well-known that {(Uy, 1), (Us, p2)} is an
atlas for B and

powy (ur,ug) = (ug, uruy),
powy (uy,up) = (ujuh,up).
For our {(Up1, ¢p1), (Upa, p2)} and \ip, we can show the same results
(for details, see [10]).

L. {(Up1,¢p1), (Upz, ppa)}s an atlas for 7(S? — {£P}).
2.

qoWpo <P1§,11(U1, uz) = (uy,urus),
qoWpopph(uy,uy) = (ujuh,uj),
where ¢ : R?> — R? is the canonical projection taking first two coordinates

(note that we have put P = (0,0,1) ).

3. 1 oppi(m(xr, 2, 73)) = 5" 0 ppa(m(a1, 72, 73))
for any 7(x1, 22, 23) € Upy1 N Upy.
For general P, it suffices to compose suitable rotations of S? .

4  Proof of 3 of theorem 2

We would like to apply the argument in §3, thus we assume that P = (0,0, 1).
By a suitable rotation of S?, we may assume that n(sy) = (1,0,0). Further-
more, in the case of 3 of theorem 2, r(sg) = (0,0,%1) and t(so) = (0,F1,0).
From lemma 2.3, we may put the map germ n : (I,s9) — (S%,n(sp)) as
follows.
1 — (s — sp)
n(s) = i@/ﬂgﬂ)(é’o)(s — 80)k+1 + ,62(5 — 50)
iy (50)(s — 0)" 2 + Bals — s0)
where o, 3; are certain C* function-germs (R,0) — (R, 0) such that %(0)

=250)=0(j <k+i—1).

ds?
Since in §3 we have put

epa(m((z1,22,23))) = <— tan(A)z1, —ﬁ> = (u1, up)

where sin(\) = x3, we have

pa(m(n(s))) = (‘tfffé)iiwiﬁéﬁilﬁw )) ,

1—aa(s—so)
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(k)(

. . o 1
where c; is non-zero constant given by ¢; = im@ Sp)-

Since
o Wp o wp}(ur,up) = (ur, uruz),

we see that the map-germ Upon : (I,s0) — (52, Upon(sy)) is C* right-left
equivalent to the following.

( —tan(\)(1 — as(s — 50)) ) |

tan(A\)(c1(s — s0)" 4 Ba(s — o))

This shows that the map germ Pe, p : (I, s9) — (5%, Pey p(sg)) is C*™ right-
left equivalent to the following, where ; is a certain C* function-germs
(R,0) — (R,0) such that £2:(0) =0 (j < k +1i +1).

:F(kfz) é )(50)(5 — 50)" % + @(5 — Sp)
j:(1<;+2 ( 0)ci(s — 50)* 3 + Bria(s — s0) )

Lemma 4.1 (theorem 3.3 in [5]) Let f : (R,0) — R be a C* function-
germ. Suppose that f(0) = f/(0) = --- = f* D) = 0 and f®(0) # 0.
Then there exists a germ of C* diffeomorphism h : (R,0) — (R, 0) such that
f(h(s)) = £s*, where we have + or - according as f*(0) is > 0 or < 0.

Since

g ) 20 and R0 =0 (< k+2)

:F

by using lemma 4.1 and by composing appropriate scales and reflections along
coordinate axes of R? if necessary, we see that Pe, p is C*° right-left equiva-
lent to the following form:

(Jk+2, J2l~c—i-3 + 'Yk:+2(0'>>7

where Y10 is a C* function-germ (R,0) — (R,0) such that %(O) =
0(j <2k +3).
To finish the proof of 3 of theorem 2, it is sufficient to show that

hao(x1,x2) = (21, 29 +’Yk+2($22k+3))

is a germ of C! diffeomorphism. Here, note that 2k + 3 is odd. Thus, z5

xf’“”’ is well-defined and continuous even at x5 = 0.



Classification of singularities of pedal curves in S2 49

By Hadamard’s lemma (lemma3.4 of [5]), there exists a C*° function-germ
Yrrz : (R,0) — (R,0) such that v.9(0) = 02*3, 5(c). Thus, we have the
following:

d 2k+3 h 2k1+3 2k+3
Yira (3 )(xQ) i Tira((22 + h)TF) — yppa(257°)
dﬂ?g h—0 h
) 3is S Py _ s 7
— lim (w2 + h)#3 Yo (w2 + )53 ) — 23" Yoo (25")
h—0 h
2k44 2k+4
. (za+ h)owrs — 3 1
_ }Lli% ( 2 ) - 2 714:—&-2((*752 + h) 2k+3)
1
+ xiﬁiﬁ iy Jer2((@2 + h)#53) — 7k+2($22k+3)
h—0 h
2k + 4 2k1+3~ k+3 1 2Ic2+3 ! 2k1+3
2k+32 7"'( )+2k+32 7k+2( )
W3
Thus, o — %ﬂz)(ﬂfg) is well-defined and continuous even at z, = 0.
1
K73
Since we see %(0) = 0, the Jacobian matrix of hy at (0,0) is the unit
matrix and therefore hy is a germ of C! diffeomorphism. O

5 Proof of 2 of theorem 2

For the proof of 2 of theorem 2, we use similar arguments as in §4. We
assume that P = (0,0,1). By a suitable rotation of 5%, we may assume that
n(sg) = (1,0,0). Furthermore, in the case of 2 of theorem 2, r(so) = (0, a,b)
and t(sg) = (0,—b,a) (a,b € R,a®* +b* =1, a # 0). From lemma 2.3, we
may put the map germ n : (I, s9) — (5%, n(sg)) as follows.

1 — as(s — sp)
n(s) = | =by(s) +ad(s) |,
ay(s) + bo(s)

where
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and ao, (; are certain C* function-germs (R, 0) — (R, 0) such that %(O) =
LBi(0) =0 (j < k+1i—1). Thus, we have that

dsJ
opa(n(n(s))) = (‘ta“(f%iﬂfr So>>) |

1—aa(s—s0)
where sin(\) = ay(s) + bd(s). Note that since a # 0, the third component of
n(s) have the non-vanishing term of order k + 1.

Lemma 5.1 Let h; : R> — R? be the linear isomorphism given by hy(uy, us)
= (ug,us + gul) and hy : R? — R? be the C* diffeomprphism given by
hy(Uy, Us) = (Uy, Us + %Uf) Then,

g0 Upopph o h(ur,us) = hyoqoWpowph(ur,us).
A straight forward calculation gives the proof of lemma 5.1.

By using lemma 5.1 we see that for u; = —tan(\)(1 — as(s — sp)) and
_ —by(s)+ad(s)

Uz = 1—a2(s—so)

qo Wpowphoh(ur,up) (7)

is C° right-left equivalent to Pe, p near so. On the other hand, by using
Taylor expansions we see that for u; = —tan(A)(1 — as(s — s¢)) and uy =
—% (7) may be put as follows.

. -
aﬁfig )(so)(s — 50)F 1 + Bo(s — so)
—q21 ’
(k+1)

k k 3
s (s0) gkgs (50)(s — 50)%3 + Brya(s — o)

where 3; is a certain C™ function-germs (R, 0) — (R, 0) such that %(0) =
0(j<k+i+1).

By using lemma 4.1 and by composing appropriate scales and reflections
along coordinate axes of R? if necessary, we see that Pe, p is C™ right-left
equivalent to the following form:

(O’k+1, O,2k+3 + 'Yk+2(0>>,

where 4o is a C* function-germ (R,0) — (R,0) such that %(O) =
0(j <2k+3).
To finish the proof of 2 of theorem 2, it is sufficient to show that

1
ho(1,x2) = (@1, T2 + Yps2(23*7))

is a germ of C! diffeomorphism, but it has been already proved in §4. O
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6 Proof of 1 of theorem 2

By the assumption of 1 of theorem 2, we see that P - n(sg) # 0. We assume
that P = (0,0,1). From lemma 2.3, we see that

1

n(s) tls0) =~y (s0)(s = s0) !+ als = s0).
k
n(s) -r(sg) = 0t 2)!%;!(;’“)(30)(5 — 50)F% 4 Bs(s — s0),
n(s) -n(sg)) = 1—as(s—sp),
where g, (3; are certain C* function-germs (R, 0) — (R, 0) such that djz-" (0) =

ddjgi (0)=0 (j <k+1i—1). Thus, we see that the map-germ n : (1, s9) —

(S2,n(sp)) is C* right-left equivalent to the map-germ of the following form:

— s (s0)(s = 50)" 1+ Ba(s — o)
n(s) = ﬁ/{f}k)(so)(s — 50)"2 + B3(s — $p)

1 — as(s — sp)

By using lemma 4.1 and by composing appropriate scales and reflections
along coordinate axes of R? if necessary, we see that Pe, p is C* right-left
equivalent to the following form:

(UkJrl +7_1(U),O'k+2 +’Yo<0')),

where v; is a C* function-germ (R,0) — (R, 0) such that Cé?f
k+i+2).
If K+ 1 is odd, we consider

0) =00 <

1 1

ho(1,w2) = (21 + -1 (27), @0+ 70(2f7)).

If £+ 2 is odd, we consider

1 1

h(w1, 22) = (21 + 72 (237), 22 + (25 7)).

1
In each case, x; — z/*" is well-defined and continuous at z; = 0, where [ = 1

(resp. 2) if k is even (resp. odd).
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By using the same notation 7; as in §4, we have the following:

1

_1
dule) Ll W) — ()
dz; h—0 h
o Gt W) B ) — )
h—0 h
k4i43 ktid3
B) il — 22
= i BT 20T (4 myeh)
, ~ 1 ~, =
4o B gy Bl T TG
h—0 h
k + 7 + 3 i3 1 1 izltd 1
_ -~ xlk+l Z( lk+l) k+ll,lk+l '7;(1'lk+l)-
Since © > —1 and | < 2, we have that t — [ +4 > ¢ —1+ 3 > 0. Thus,
1
T — %(m) is well-defined and continuous even at x; = 0. Furthermore,
1 1
== ==
we have %(0) =0 forl =1 and %(0) = 0 for [ = 2. Therefore

the Jacobian matrix of hy at (0,0) is a triangular matrix whose diagonal
elements are 1, and thus hy is a germ of C! diffeomorphism and therefore
the map-germ Pe, p is C! right-left equivalent to the map-germ given by

o (oF L gh+2), O

7 Remark on C' right-left equivalence in the-
orem 2

It is natural to expect that C* right-left equivalence in theorem 2 is improvable
to C* right-left equibalence. However, by the following reason, it seems to
be almost impossible to do so in general.

Let i1,i5 (i1 < i2) be positive integers. Let S(i1,i2) be the set consists
of all C* map-germs (R,0) — (R?, (0,0)) which are C* right-left equivalent
to s+ (s + higher, s + higher). Then, for any (i, i) with i; < iy the set
S(i1,19) is contained in a single K-orbit in the sense of Mather ([9]). On the
other hand, the codimension of the A-orbit of the map-germ s — (s, s) in
S(iy,1i9) is positive for any (i1,42) in the following.

1. S(k+1,k+2) (k> 3). These sets correspond to 1 of theorem 2. In
the case that 1 < k < 2, for each k the set S(k + 1,k + 2) coincides
exceptionally with a single A-orbit.
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2. S(k+ 1,2k + 3) (k > 2). These sets correspond to 2 of theorem 2. In
the case that £ = 1, the set §(2,5) coincides exceptionally with a single
A-orbit.

3. S(k+ 2,2k +3) (k> 2). These sets correspond to 3 of theorem 2. In
the case that & = 1, the set S(3,5) coincides exceptionally with a single
A-orbit.

However, by the above exceptional cases we can see that there are sev-
eral cases which we can improve C' right-left equivalence to C°° right-left
equivalence.

Theorem 3 Letr : I — S? be a spherical unit speed curve. Let sy € I such
that rg(s0) = 0,r)(s0) # 0 and P be a point of S* — {£n(so)}. Then the
following hold.

1. If P € 5? —{£n(s)} — Cu(s,), then the map-germ Peyp : (I,s0) —
(52, Per p(so)) is C™ right-left equivalent to the map-germ given by

o (02, 0%).

2. If P € Cysy) — {£x(s0)}, then the map-germ Peyp : (I,s0) — S? is
C™ right-left equivalent to the map-germ given by o — (02, 05).

3. If P € {£r(so)}, then the map-germ Pe,p : (I,s0) — (S?, Per p(s0))
is C™ right-left equivalent to the map-germ given by o — (03, 0).

Theorem 4 Letr : I — S? be a spherical unit speed curve. Let sy € I such
that kg(so) = Ky(so) = 0,K}(s0) # 0 and P be a point of S* — {£n(so)} —
Ch(so)- Then, the map-germ Peyp : (I, s0) — (S?, Per,p(so)) is C* right-left
equivalent to the map-germ given by o — (o3, 0%).

By combining theorems 1, 3 and 4 and observation of classification of A-
simple singularities of plane curves ([2], [4], [6]), we see that we can define
the “genericity” of point pairs (r(sg), P) precisely so that the set

{ A-equivalence class of Pe, p: (I,s0) — S, (r(so), P) is generic}

is equal to the set of all A-equivalence classes of A-simple map germs f :
(R,0) — R? such that TA(f) = TK(f).
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