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Abstract

Department of Physics, Electrical and Computer Engineering

YOKOHAMA NATIONAL UNIVERSITY

Doctor of Engineering

Analysis and measurement of OFDM-based communication systems considering

power amplifier nonlinearity

by Taewoo LEE

Orthogonal frequency division multiplexing (OFDM) has been adopted in many mod-

ern communication systems due to its robustness against frequency-selective fading

channels as well as its near rectangular spectrum that can achieve high spectral effi-

ciency. However, its major drawback is the resulting signal with high peak-to-average

power ratio (PAPR), which causes severe nonlinear distortion at the power amplifier

(PA) unless input back off is chosen sufficiently large. The effect of the nonlinear dis-

tortion is two-fold: out-of-band radiation and signal quality degradation. The former

causes adjacent channel interference and thus degrades the bandwidth efficiency. The

latter affects the system level performance and is often measured by the error vector

magnitude (EVM). It is thus important for the system designer to analyze the nonlin-

ear distortion caused by a given PA in terms of power spectral density (PSD) and EVM,

but accurate calculation of these characteristics may be generally involved.

Reduction of PAPR is important for small long distance communication devices such

as user terminals of mobile networks whose power consumption is of significant im-

portance. From this viewpoint, single-carrier frequency division multiple access (SC-

FDMA) is an attractive technology mainly due to its signal with lower PAPR than that

of OFDM. Nevertheless, an attempt to further reduce PAPR even for SC-FDMA systems

may be desirable since SC-FDMA signal still exhibits relatively high PAPR compared

to the conventional single-carrier signals. Therefore, in this dissertation a new PAPR

reduction scheme based on trellis shaping is developed for SC-FDMA systems.
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Chapter 1

Introduction

1.1 Background

Recent wireless communication industry has focused on the fifth generation (5G) of

mobile technology succeeding the fourth generation (4G), namely long-term evolution-

advanced (LTE-Advanced) [Liu+15; WN15; CZ14]. LTE-Advanced technology is stan-

dardized by the 3rd generation partnership project (3GPP) and it can realize high ca-

pacity. With the latest generation technology, voice, video and even large data can be

transmitted through the air. Also, any physical objects could be connected to the Inter-

net through wireless communication technology known as the Internet of Things (IoT)

[GYL11; Zor+10]. Such objects are embedded with sensors for data collection and wire-

less communication modules for data transmission. The common requirements of the

above mentioned technologies are the efficient usage of frequency resource and power

source.

As a rapid increase of mobile terminals, the usage of frequency resource grows dra-

matically. As a result, it suffers from lack of frequency resource in several Giga Hertz

band so that, for instance, 5G technology challenges to use in Tera Hertz band. Or-

thogonal frequency division multiplexing (OFDM) is one of the approaches that can ef-

ficiently utilize frequency resource. OFDM maintains orthogonality between adjacent

subcarriers, that is, each subcarrier is allocated with minimum spacing, and therefore

the bandwidth efficiency is relatively high. However, a major drawback of OFDM is

its high peak-to-average power ratio (PAPR) since the signal bearing high PAPR causes

severe nonlinear distortion in power amplifier (PA).

As an alternative technology, single-carrier frequency division multiple access (SC-

FDMA) has been adopted in LTE-Advanced standard as its uplink transmission for

the reason of high spectral efficiency and lower PAPR compared to that of OFDM.

1



2 Chapter 1. Introduction

However, it still suffers from relatively high PAPR when the effect of pulse-shaping

filter (or the transformation process often referred to as precoding) is considered.

Any PA essentially has its linear and saturated amplification regions. Once the trans-

mit signal is amplified in saturation region, the critical nonlinear distortion is incurred,

which falls on both inband and out-of-band. The inband nonlinear distortion can be

mitigated by channel coding in receiver side whereas out-of-band distortion may not

be usually canceled after amplification by PA, and thus causes severe interference to

adjacent channel, degrading the overall spectral efficiency. In order to use frequency

resource more efficiently, therefore, it is essential to avoid nonlinear distortion. For this

reason, most of wireless communication standards strictly limit out-of-band radiation

associated with nonlinear distortion.

Interestingly, PA is also related with battery life as it is the most power hungry device

in wireless communication system since constant power is, in general, supplied to PA.

However, only a limited amount of supplied power is used for amplification, and rest

of the supplied power is converted to heat dissipation. Moreover, in order to maximize

the power efficiency, one should increase the average power of PA input signal close to

the saturation point. From a viewpoint of system designer, in order to avoid nonlinear

distortion caused by PA, it is necessary to decrease the average power so that the signal

fluctuation range (i.e., PAPR) should fit into linear amplification region according to

target PA characteristic. In this case, however, the power efficiency is considerably

decreased. Since a mobile terminal is mostly operated by battery, an efficient use of PA

that leads to lower power consumption together with high power efficiency is highly

desirable.

1.2 Aims of this thesis

1.2.1 Effectiveness of Peak Power Reduction Technique on OFDM

As mentioned above, most of recent wireless communication standards adopt OFDM

transmission technique due to its several merits such as high bandwidth efficiency and

robustness against frequency-selective fading channels. In the fist part of this work, we

focus on the wireless local area network.

IEEE 802.11ac wireless local area network (WLAN) has become a leading standard in

indoor wireless communication systems due to its compatibility with existing standard
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and high capacity. Among its backward compatible technologies, we focus on IEEE

802.11g which supports four different layers; two existing layers which are manda-

tory (i.e., ERP-DSSS/CCK and ERP-OFDM) and two new layers which are optional

(i.e., ERP-PBCC and DSSS-OFDM). These layers defined as ERP (Extended rate PHY)

in IEEE 802.11g standard are described in [Vas+05; Ieea]. ERP-DSSS provides back-

ward compatibility with IEEE 802.11b standard which operates under the same carrier

frequency (2.4GHz). Also, ERP-OFDM has the same frame format as IEEE 802.11a

[Ieeb], which is based on OFDM, enabling high speed communications up to 54Mbps

in the single-input single-output (SISO) framework. Without considerable input back

off (IBO) of PA, the OFDM signal frequently exceeds its saturation level and causes non-

linear distortion. The quality of signal thus degrades and this causes adjacent channel

interference (ACI). On the other hand, operating PA with large IBO considerably re-

duces its efficiency, causing increase of heat dissipation, which also lowers the quality

of transmitted signals.

The peak power reduction technique is a key to improve trade-off relationship be-

tween the quality of the signal and the efficiency of PA. Many peak power reduction

techniques have been proposed for OFDM systems (e.g., [HL05; JW08]). Among them,

the clipping and filtering (CAF) is one of the simplest candidates that are applicable to

many existing standards such as IEEE 802.11g since it does not require major modifica-

tion of the receiver configuration of the standard. An apparent drawback of CAF is its

irreducible nonlinear distortion that falls within the signal bandwidth. The question is

how much clipping is tolerable while complying with the standard requirement.

The CAF reduces not only the dynamic range (or PAPR) but also the average power

of the transmitted signal. The signal input to PA is peak power (or maximum signal

envelope) limited, rather than the average power. In other words, for a given input

envelope level, by reducing the PAPR through the CAF, we can increase the average

power of transmitting signal. Accordingly, our goal is to experimentally reveal the

effectiveness of the CAF on the IEEE 802.11g WLAN system while increasing average

power under the given constraints such as error vector magnitude (EVM) and ACI by

using real PA.

1.2.2 Estimation of Distortion for Nonlinearly Amplified OFDM Signal

In order to maximize power efficiency in PA, it is essential to make the PA input sig-

nal to be amplified around saturation region. However, this amplification introduces
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severe nonlinear distortion which degrades the signal quality, and in turn increases bit

error rate (BER). In addition, it also introduces spectral regrowth which leads to ACI.

On the other hand, when we set the operation point of PA as much lower value than

its saturation point, it suffers from severe low power efficiency problem. This is well-

known tradeoff relationship between the power efficiency and the quality of transmit

signal [Och13; Lia+99]. In particular, the signal bearing large dynamic range such as

OFDM severely suffers from peak power problem.

Many analytical and experimental studies have been performed to compromise this

tradeoff relationship on OFDM signal. They are roughly categorized into PAPR re-

duction and PA linearization techniques. PAPR reduction techniques can significantly

reduce the dynamic range of PA input signal. For example, the clipping and filtering

is an attractive technique as the dynamic range can be adjusted by clipping process,

and the adjacent channel power regrowth can also be suppressed by filtering process.

However, it causes inevitable inband nonlinear distortion [LC98; OI02].

The PA linearization technique improves the linearity of nonlinear PA and thereby

enhances the efficiency of PA for given amount of nonlinear distortion. The digital

predistortion (DPD) is a widely used approach that compensates the PA nonlinear-

ity [Li+09; car+10]. These approaches require the knowledge of the characteristic of

given PAs. For these reasons, PA modelling has been focused on in recent research. In

accordance with the characteristic of PA, PA models are categorized into strictly memo-

ryless, quasi-memoryless and memory PA models [BG89]. The output signal of strictly

memoryless PA models (e.g., Rapp model [Rap91]) only depends on the AM-AM char-

acteristic while quasi-memoryless PA models (e.g., Saleh model [Sal81]) are based on

both the AM-AM and AM-PM. Recently, the Volterra behavioral model has been used

to describe the memory effect of PA [CCRTMA07].

From a viewpoint of communication system designer, since many of wireless com-

munication standards such as IEEE 802.11 wireless LAN strictly regulate the spectral

regrowth in order to use finite bandwidth resource efficiently, it may be helpful if per-

formances such as spectral regrowth or EVM of PA output signal are able to be pre-

dicted. In this thesis, we propose an approach to develop a simple model that can

accurately characterize the power spectral density (PSD) and EVM of the resulting

OFDM signals. Our approach is based on the use of the cross-correlation coefficient

between the input and output signals from the PA, which can be easily calculated from

its AM-AM and AM-PM characteristics and input back off operation.
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1.2.3 Peak Power Reduction Technique on SC-FDMA

The major advantage of SC-FDMA over OFDM is its signal with lower PAPR. The

signal bearing higher PAPR should be operated by a PA with higher IBO, which trans-

lates to lower efficiency in terms of power amplification. Since a user terminal is mostly

operated by battery, an efficient use of the PA that leads to lower power consumption

is highly desirable.

Even though an SC-FDMA signal generally has lower PAPR than OFDM, the out-

put signal from pulse shaping filter also suffers from relatively high PAPR. Since the

property of SC-FDMA is inherited from single-carrier, the peak power reduction tech-

nique developed for conventional single-carrier signals may be also applicable to SC-

FDMA signals. In [CC05], a trellis-based peak power reduction technique is proposed,

where the pulse shaping filter is viewed as a convolutional encoder. The peak power

reduction performance is achieved effectively while the complexity is increased signif-

icantly. More recently, in [TO09a], the use of trellis shaping (TS) is proposed for PAPR

reduction of general single-carrier signals. The TS significantly reduces peak power of

single-carrier signals in the presence of pulse shaping filter. However, the applicability

and effectiveness of the TS approach to SC-FDMA should be investigated due to its

rather different structure compared to conventional single-carrier system. In fact, cer-

tain modification of TS is necessary to achieve effective PAPR reduction of SC-FDMA

signals.

In this thesis, we propose a modified TS design suitable for SC-FDMA and evaluate

its peak power reduction performance together with ACI and BER over nonlinear and

frequency-selective fading channels.

1.3 Outline of This Thesis

This thesis is devoted to design and analysis of single-carrier as well as OFDM sys-

tems with main focus on the peak-to-average power ratio issue. The outline of the

subsequent chapters is illustrated in Fig. 1.1. Some of the chapters share common ob-

jective, direction, or approach as categorized in the figure, but each chapter is presented

in a self-contained manner such that it can be read without deep understanding of the

preceding chapters.
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• In Chapter 2 titled as “Overview of Multicarrier Modulation Transmission Sys-

tem ,” we briefly overview OFDM and SC-FDMA signal models used in this the-

sis. Analytical models are derived, and peak power generation mechanism is

discussed.

• In Chapter 3 titled as “Experimental Analysis of the Effectiveness of Clipping

and Filtering for OFDM Systems,” we analyze the effectiveness of the CAF on

the OFDM system through experiment using a real power amplifier. We apply

the CAF to IEEE 802.11g WLAN standard as a system which has strict constraints

on both EVM and power spectra, and evaluate the increase of the received power

under the given EVM and power spectral constraints by adjusting the input back-

off (IBO) of the power amplifier. It is shown that by appropriately adjusting the

IBO and clipping ratio, the received power can be slightly improved under the

constraints.

• In Chapter 4 titled as “Characterization of Power Spectral Density for Nonlinearly

Amplified OFDM Signals,” by establishing the link between the cross-correlation

coefficient of the input and output signals from PA and the resulting PSD, we the-

oretically characterize the in-band and out-of-band distortion of nonlinearly am-

plified OFDM signals based exclusively on the cross-correlation coefficient. The

accuracy of the proposed approach is confirmed by both simulation and mea-

surement using a real PA.

• In Chapter 5 titled as “A Trellis Shaping Approach for Peak Power Reduction of

SC-FDMA Signals ,” we investigate the impact of a peak power reduction of SC-

FDMA signal by modifying the trellis shaping technique that has been recently

developed for peak power reduction of conventional single-carrier modulation.

It is shown that the SC-FDMA signal with TS can significantly improve the PA

efficiency, thus serving as a potential candidate for the uplink of next genera-

tion cellular networks. We also investigate the achievable PA efficiency together

with bit error performances over AWGN and frequency selective Rayleigh fading

channels.

• Chapter 6 summarizes this dissertation and describes future works.
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Figure 1.1: Organization of this dissertation.





Chapter 2

OFDM-based System Architecture

and Imperfections

This chapter describes the fundamentals of OFDM-based systems and its nonlinear

distortion effect caused by power amplifier.

2.1 Fundamentals of OFDM-based System

2.1.1 OFDM Signal

The complex-valued baseband OFDM signal can be expressed by using N -point in-

verse discrete Fourier transform (IDFT) given by

xk =
1√
N

N−1∑
n=0

Xne
j2πnk/N , (2.1)

where Xn is M -QAM (or PSK) mapped symbol and xk is time-domain signal. In the re-

ceiver side, demodulation process of xk is simply achieved by applying discrete Fourier

transform (DFT) with assumption of no channel noise as

Xn =
1√
N

N−1∑
k=0

xke
−j2πkn/N . (2.2)

Unlike conventional frequency division multiplexing (FDM) modulation, OFDM re-

tains the orthogonality since

1

N

N−1∑
n=0

N−1∑
k=0

ej2πk/Ne−j2πn/N =
1

N

N−1∑
n=0

N−1∑
k=0

ej2π(k−n)/N =

1, for k = n,

0, otherwise.
(2.3)

9
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Figure 2.1: Block diagram of OFDM and SC-FDMA

Note that all the subcarriers can be superposed due to their orthogonality, and thus the

bandwidth efficiency is relatively high.

2.1.2 SC-FDMA Signal

SC-FDMA is often called as DFT-precoded OFDM since the transmit signal is gener-

ated by inverse DFT using symbols preprocessed in DFT as shown in Fig. 2.1. Since the

signal generation process of SC-FDMA system is inherited from single-carrier system,

its signal has lower peak power compared to those of multicarrier system. SC-FDMA is

categorized into interleaved FDMA (IFDMA) and localized FDMA (LFDMA) depend-

ing on the frequency mapping methods. In this dissertation, we focus on LFDMA since

it has advantages in terms of practical implementation. As shown in Fig. 2.1, the for-

mer DFT whose size is N plays a role to convert time domain user data {xn : n =

0, 1, · · · , N − 1} to frequency domain components {Xm : m = 0, 1, · · · , N − 1} given by

Xm =
1√
N

N−1∑
n=0

xne
j2πmn

N . (2.4)

Then Xm is processed by the frequency mapping that generates X̃k, where zeros are

inserted to the remaining (N − 1)Q subcarriers as follows:

X̃k =

Xm : k = m,

0 : elsewhere,
(2.5)

where Q (Q > 0 : integer) is a bandwidth spread factor and k ∈ {0, 1, · · · , NQ− 1}.

Finally, frequency mapped components X̃k are converted to time domain signal x̃l

through NQ-point IDFT which is expressed as

x̃l =
1√
N

NQ−1∑
k=0

X̃ke
j2π lk

NQ . (2.6)
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Main frameCyclic Pre!x

Figure 2.2: Cyclic-prefixed transmit frame.

Note that the resultant sequence x̃l is normalized by 1/
√
N due to the fact that only N

subcarriers of X̃k contain non-zero frequency components.

Generally, since the peak power of the signal after lowpass filter is of primary inter-

est, in order to obtain exact peak power of x̃l, it is essential that x̃l is band-limited. This

can be generated by adding extra zeros to X̃k with oversampling factor J , i.e.,

X̄k =

X̃k : k ∈ {0, 1, · · · , NQ− 1}

0 : k ∈ {NQ,NQ+ 1, · · · , JNQ− 1}
(2.7)

Accordingly, from (2.6) and (2.7) the band-limited signal x̄p, where p ∈ {0, 1, · · · , JNQ−

1} can be expressed by

x̄p =
1√
N

NQ−1∑
k=0

X̄ke
j2π pk

JNQ . (2.8)

2.1.3 Cyclic Prefix

One of the major advantages of OFDM and SC-FDMA is their robustness against

multipath fading channel. The robustness can be achieved by cyclic prefix (CP), also

called guard interval. Since the addition of CP to OFDM and SC-FDMA brings es-

sentially the same effect, we take an example based on the OFDM signal. The CP is

composed by duplicating OFDM signal at the range of N −Ncp ≤ kc < N , where Ncp

is the length of CP, and appending it to the beginning of the frame as illustrated in Fig.

2.2. Specifically, the OFDM signal with CP can be expressed as

ync =

xnc , 0 ≤ nc < N,

xN+nc , −Nc ≤ nc < 0,
(2.9)

where −Nc ≤ nc < N . Note that the intersymbol interference (ISI) can be removed by

CP when its length is set as longer than that of channel impulse response i.e., Ncp
N T >

τmax where T is symbol period and τmax is the maximum propagation delay. The cyclic
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prefixed signal is transmitted through multipath fading channel. The received signal is

given by [Pro01]

r(t) = h(t) ⋆ y(t) + w(t) =

∫ ∞

−∞
h(τ)y(t− τ)dτ + w(t)

=

∫ τmax

0
h(τ)y(t− τ)dτ + w(t), (2.10)

where ⋆ denotes convolution process, w(t) and h(t) are additive white Gaussian noise

(AWGN) with zero mean and unit variance and time invariant channel impulse re-

sponse, respectively, and y(t) is continuous signal of ync given by

y(t) = y(n∆T ) =
1√
N

N−1∑
k=0

Xke
j2πkn∆T , (2.11)

where ∆T = T/N . Note that due to the periodicity of Fourier transform, expression

(2.11) is still valid in the range of −Nc
N T ≤ t < T . Consequently, the detected symbol

can be expressed by substituting (2.11) into (2.10) and applying DFT as

X̄l =
1√
N

N−1∑
n=0

(∫ τmax

0
h(τ)y(t− τ)dτ + w(t)

)
e−j2πnl/N

=
1

N

N−1∑
n=0

(∫ τmax

0
h(τ)

N−1∑
k=0

Xke
j2πk(n∆T−τ)dτ + w(n∆T )

)
e−j2πnl/N

=
1

N

N−1∑
n=0

N−1∑
k=0

Xk

(∫ τmax

0
h(τ)e−j2πkτdτ

)
ej2πnk/Ne−j2πnl/N +Wl

=
1

N

N−1∑
k=0

XkHk

N−1∑
n=0

ej2πn(k−l)/N +Wl, (2.12)

where

Wl =
1

N

N−1∑
n=0

w(n∆T )e−j2πln/N , (2.13)

and

Hk =

∫ τmax

0
h(τ)e−j2πkτdτ. (2.14)

Expression (2.12) can be simplified by the orthogonality principle of the subcarriers as

X̄l = XlHl +Wl. (2.15)
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2f2 − f12f1 − f2

f2f1 2f2
3f23f1

f1 + f2 2f1 + f2 f1 + 2f2

Band Pass Filter Response

Figure 2.3: Inband and out-of-band nonlinear distortion components caused by PA.

The above relationship shows that, without Gaussian noise, the detected symbol on the

lth subcarrier can be expressed as the product of the originally transmitted symbol Xl

and the corresponding channel response Hl.

2.2 Imperfection of OFDM-based Signal

As mentioned before, a major drawback of OFDM-based signal is its high peak-to-

average power ratio (PAPR). Generally, high PAPR signal suffers from nonlinear dis-

tortion in power amplifier (PA) and it falls inband and out-of-band. Let us assume that

PA input signal contains two different carrier frequencies

x(t) = A cos(w1t) +B cos(w2t), (2.16)

where wk = 2πfk. For the sake of simple analysis of nonlinear distortion by PA, Tay-

lor series expansion is often adopted so that we can obtain nonlinearly amplified PA

output signal y(t) as

y(t) =
∞∑
n=0

a2n+1x
2n+1

=
∞∑
n=0

a2n+1 (A cos(w1t) +B cos(w2t))
2n+1 . (2.17)

Note that the ideal PA has only the first-order term, that is, a1, which corresponds to

the linear gain. After some algebraic manipulation of (2.17) with trigonometric prop-

erty, we see that PA output signal contains many of different frequency components

commonly referred to intermodulation distortion. As an example, the third-order term
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Figure 2.4: The AM-AM and AM-PM characteristics of PA models used in this work where
the reference envelope level Amax is chosen as 1.0. For the Rapp model, the parameter p is

chosen as 3.0.

can be derived by

a3(A cos(w1t) +B cos(w2t))
3 =(

3a3A
3

4
+

3a3AB
2

2

)
cos(w1t) +

(
3a3A

2B

2
+

3a3B
3

4

)
cos(w2t)

+
a3A

3

4
cos(3w1t) +

a3B
3

4
cos(3w2t)

+
3a3A

2B

4
cos ((2w1 + w2)t) +

3a3AB2

4
cos ((w1 + 2w2)t)

+
3a3A

2B

4
cos ((2w1 − w2)t) +

3a3AB2

4
cos ((2w2 − w1)t) . (2.18)

Figure 2.3 illustrates frequency components in (2.18). We see that many of frequency

components are newly generated by PA nonlinearity, and those except for f1 and f2

serve as interference over inband and out-of-band. Even if the received signal goes

through bandpass filter in receiver side, some frequency components close to that of

desired one still remains, and they causes degradation of error rate performance.
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2.2.1 Power Amplifier Models

Several memoryless power amplifier models are introduced for characterization of

real PA. In this subsection, we briefly describe its characteristics.

Envelope Limiter

The soft envelope limiter model is defined as

G(r) = g(r) =

r, r < Amax,

Amax, r ≥ Amax,
(2.19)

where Amax denotes the maximum envelope level of input signal where it is linearly

amplified. Note that without loss of generality, the amplifier gain is normalized to

unity and the AM-PM characteristic is absent (i.e., ϕ(r) = 0) in this model.

Erf Model

The erf model is defined as [Och13; Gal59]

G(r) = g(r) = Amaxerf
(√

π

2

r

Amax

)
, (2.20)

where Amax in this case corresponds to the maximum output envelope level if the

power gain is normalized to unity, and erf(·) is the error function given by

erf(x) =
2√
π

∫ x

0
e−t2dt. (2.21)

Rapp Model

The Rapp model (also known as Cann model [Can80; Can12]) is frequently adopted

for describing an SSPA model and given by [Rap91]

g(r) =
r

[1 + (r/Amax)
2p]

1
2p

, (2.22)

where the definition of Amax is the same as that of the erf model, and p is a smoothness

factor that controls transition from linear to nonlinear region of PA.



16 Chapter 2. OFDM-based System Architecture and Imperfections

Saleh Model

In contrast to the Rapp model which has no AM-PM effect, we examine the TWTA

model based on the Saleh model [Sal81]. The AM-AM characteristic is given by

g(r) =
r

1 + 1
4(r/Amax)2

(2.23)

and the AM-PM characteristic is

ϕ(r) =
π

12

(r/Amax)
2

1 + 1
4(r/Amax)2

(rad). (2.24)

Polynomial Model

The baseband equivalent signal representation with the memoryless polynomial PA

model can be expressed by [BB06]

y(t) =

K∑
k=0

a2k+1|x(t)|2kx(t)

= x(t)

K∑
k=0

a2k+1r
2k(t) = a1x(t) + a3r

2(t)x(t) + · · · , (2.25)

where a2k+1 is a complex-valued coefficient of the (2k + 1)-th order and 2K + 1 is the

maximum order considered. Note that the polynomial PA model is characterized by

the odd-order terms only since the even-order terms will be removed by a subsequent

zonal filter [BB06].

By expressing the complex-valued coefficient a2k+1 as a2k+1 = b2k+1e
jϕ[r(t)] where

b2k+1 is a real-valued coefficient, we have

y(t) = x(t)
K∑
k=0

b2k+1r
2k(t)ejϕ[r(t)]. (2.26)

We further assume that ϕ[r(t)] is expressed by only even-order terms, i.e.,

ϕ[r(t)] =

I∑
i=0

c2ir
2i(t), (2.27)

where c2i is a real-valued coefficient and 2I is the maximum order considered here.

Then, by the Taylor series, the complex exponential term in (2.26) can be expanded to
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the following polynomial expression:

ejϕ[r(t)] =

Q∑
q=0

(jϕ[r(t)])q

q!

= 1 + j

{
I∑

i=0

c2ir
2i(t)

}
− 1

2

{
I∑

i=0

c2ir
2i(t)

}2

+ · · ·

=

Q∑
q=0

d2qr
2q(t), (2.28)

where d2q is a complex-valued coefficient and 2Q is the maximum order effective for

the above polynomial. Substituting (2.28) into (2.26), we obtain

y(t) = x(t)
K∑
k=0

b2k+1r
2k(t)

Q∑
q=0

d2qr
2q(t)

= x(t)
{
b1 + b3r

2(t) + · · ·
}{

d0 + d2r
2(t) + · · ·

}
= x(t)

K+Q∑
k=0

z2k+1r
2k(t), (2.29)

where z2k+1 is a complex-valued coefficient. By comparing (2.25) and (2.29), we ob-

serve that z2k+1 = a2k+1 for k = 0, 1, . . .K, which justifies our assumption that the

polynomial model for phase distortion ϕ[r(t)] should only contain even-order terms.

2.2.2 Peak Power Characteristic of OFDM-based Signal

Assuming that transmit symbol Xk is statistically independent and identically dis-

tributed (i.i.d) random variable for large N , then the probability density function (PDF)

of its complex-valued output xk follows the Gaussian distribution given by

pr(xk) =
1√
2πσ2

x

e
− x2k

2σ2
x , (2.30)

where σ2
x = E{|xk|2} and E{·} is averaging function. By the Chi-square distribution,

we can derive the PDF of the instantaneous power Pk = |xk|2 given by [Pro01]

pr(Pk) =
1

2σ2
x

e
− Pk

2σ2
x . (2.31)
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Figure 2.5: CCDF of OFDM signal

The corresponding cumulative distribution function (CDF) can be calculated by inte-

grating (2.31) as

Fr(Pk) =

∫ Pk

0

1

2σ2
x

e
− v

2σ2
x dv = 1− e

− Pk
2σ2

x . (2.32)

Consequently, the complementary CDF (CCDF) is

Γr(Pk) = e
− Pk

2σ2
x . (2.33)

In Fig. 2.5, we see that the CCDF of OFDM signal generated by simulation approaches

to theoretical value of (2.33) as the number of subcarriers increases.

From the distribution of OFDM, we see that the Gaussian distribution significantly

helps to analyze the signal characteristic. For the case of SC-FDMA, however, since the

transmit signal is not Gaussian, it is difficult to derive the closed-form of distribution

function [WG05].

2.2.3 Fundamental Analysis of Nonlinear Distortion

Nonlinear distortion affects both inband and out-of-band. Generally, inband distor-

tion degrades the quality of signal such as bit error rate. On the other hand, out-of-band
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distortion causes interference over adjacent channel. Most of wireless communication

standards have a guard band between channels to prevent adjacent channel interfer-

ence (ACI). From the view point of frequency resource, the guard band can be wasteful

of spectrum. Therefore, it is required to analyze spectral broadening by nonlinear dis-

tortion in the initial step of wireless system design.

In this subsection, we briefly describe the influence of nonlinear distortion by ana-

lytical approach. For the sake of simplicity, we use third-order polynomial PA model

is adopted as nonlinear channel, and assume that the input signal is OFDM which is

an ideally band-limited Gaussian random process whose power spectral density is ex-

press as

Sx(f) =

ps, |f | < W
2

0, otherwise,
(2.34)

where W denotes the bandwidth of the input OFDM signal and ps is a constant that

determines its average power such that Pin = psW .

Autocorrelation Function

The autocorrelation function of the output signal y(t) in (2.25) is expressed as

Ry(t1, t2) = E{y(t1)y∗(t2)}

= E

{
K∑
k=0

L∑
l=0

a2k+1a
∗
2l+1x(t1)x

∗(t2)|x(t1)|2k|x(t2)|2l
}

=

K∑
k=0

L∑
l=0

a2k+1a
∗
2l+1E

{
xk+1(t1)x

l(t2){x∗(t1)}k{x∗(t2)}l+1
}
, (2.35)

where x∗ denotes the complex conjugate of x and E{·} is a statistical expectation oper-

ation. Since the higher-order terms in (2.35) are less tractable as well as less dominant

in the resulting performance, we only focus on the terms up to the third order in what

follows. In this case, we have

Ry(t1, t2) = |a1|2E {u1u∗2}+ a1a
∗
3E {u1u2u∗2u∗2}

+ a3a
∗
1E {u1u1u∗1u∗2}+ |a3|2E {u1u1u∗1u2u∗2u∗2} (2.36)
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where u1 = x(t1) and u2 = x(t2). Since u1 and u2 are zero-mean complex Gaussian

random variables by assumption, based on the property of moment theorem that holds

for a zero-mean complex Gaussian random variable, we have [Ree62]

E{u1u2u∗2u∗2} = 2E
{
|u2|2

}
E {u1u∗2}

E{u1u1u∗1u∗2} = 2E
{
|u1|2

}
E {u1u∗2} (2.37)

and

E {u1u1u∗1u2u∗2u∗2} = 4E
{
|u1|2

}
E
{
|u2|2

}
E {u1u∗2}+ 2E {u1u∗2}E {u∗1u2}E {u1u∗2} .

(2.38)

Substituting (2.37) and (2.38) into (2.36), we obtain

Ry(t1, t2) =
(
|a1|2 + 2a1a

∗
3E
{
|u2|2

}
+ 2a3a

∗
1E
{
|u1|2

}
+ 4|a3|2E

{
|u1|2

}
E
{
|u2|2

})
E {u1u∗2}

+ 2|a3|2E {u1u∗2} (E {u1u∗2})
∗E {u1u∗2} . (2.39)

If we assume that x(t) is wide-sense stationary with

Pin ≜ E
{
|x(t)|2

}
= E

{
|u1|2

}
= E

{
|u2|2

}
(2.40)

and

Rx(τ) = Rx(t, t− τ) = E {x(t)x∗(t− τ)} = E {u1u∗2} (2.41)

where τ = t1 − t2, then y(t) is also wide-sense stationary and we have

Ry(τ) ≜ Ry(t, t− τ) = |a1 + 2a3Pin|2Rx(τ) + 2|a3|2Rx(τ)R
∗
x(τ)Rx(τ). (2.42)

Power Spectral Density

By Wiener-Khinchin theorem, the PSD of the output signal y(t) can be derived by

taking a Fourier transform of the autocorrelation function (2.42) as

Sy(f) = |a1 + 2a3Pin|2Sx(f) + 2|a3|2Sx(f) ⋆ Sx(−f) ⋆ Sx(f), (2.43)

where ⋆ denotes convolution.
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By assumption, the PSD of the input signal Sx(f) is rectangular as in (2.34) and thus

an even function. Consequently, the convolution term in (2.34) can be expressed in a

closed form as

Sx(f) ⋆ Sx(f) ⋆ Sx(f) =


3
4p

3
sW

2 − p3sf
2, |f | < W

2 ,

1
2p

3
s(

3
2W − |f |)2, W

2 < |f | < 3W
2 ,

0, otherwise.

(2.44)

Finally, if we normalize the bandwidth of the PSD such that W = 1 and the resulting

PSD by its input power, (2.43) is simplified as

S̃y(f) =
Sy(f)

Pin

∣∣∣∣
W=1

= |a1 + 2a3Pin|2S1(f) +
1

2
|2a3Pin|2S3(f)

= |a1|2
{
|1 + 2ξ|2 S1(f) + 2 |ξ|2 S3(f)

}
(2.45)

where

ξ ≜ a3Pin

a1
, (2.46)

S1(f) =

1, |f | < 1
2 ,

0, otherwise,
(2.47)

and

S3(f) =


3
4 − f2, |f | < 1

2 ,

1
2(

3
2 − |f |)2, 1

2 < |f | < 3
2 ,

0, otherwise.

(2.48)

Signal-to-Distortion Power Ratio (SDR)

Note that the first term of the right-hand side of (2.43) or (2.45) corresponds to the

useful signal component, i.e.,

PS = |a1|2 |1 + 2ξ|2
∫ ∞

−∞
S1(f)df = |a1|2 |1 + 2ξ|2 (2.49)
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whereas the second term corresponds to the nonlinear distortion that spreads in-band

and out-of-band:

PD = |a1|22 |ξ|2
∫ ∞

−∞
S3(f)df = 2|a1|2 |ξ|2 (2.50)

We can calculate the signal-to-distortion power ratio (SDR) of the entire bandwidth,

which we refer to as total SDR, as

SDRtotal =
PS

PD
=

|a1|2 |1 + 2ξ|2

2|a1|2 |ξ|2
= 2

∣∣∣∣1 + 1

2ξ

∣∣∣∣2 . (2.51)

On the other hand, the nonlinear distortion that falls in-band can be derived as

PD,in = |a1|22 |ξ|2
∫ 1

2

− 1
2

S3(f)df =
4

3
|a1|2 |ξ|2 . (2.52)

Consequently, the in-band SDR is calculated by

SDRin-band = 3

∣∣∣∣1 + 1

2ξ

∣∣∣∣2 = 3

2
SDRtotal. (2.53)

This result reveals that the in-band SDR is higher than the total SDR by a factor of 3
2

(1.76 dB). Also, it is apparent that the center subcarrier suffers from higher distortion

compared to the edge subcarriers, and the difference in distortion can be calculated as

S3(0)

S3

(
1
2

) =
3

2
(2.54)

which also suggests that the difference between the maximum and minimum SDR is 3
2

(1.76 dB).

From (2.51), we observe that the nonlinearly amplified signal is affected only by the

amount ξ = a3Pin/a1, which depends on the input signal power Pin. Therefore, the

accurate estimation of this term can largely determine the resulting PSD of the nonlin-

early amplified OFDM signals with near rectangular spectra. In the next section, we

propose a method to estimate this term based on the alternative estimation of the SDR

from the AM-AM and AM-PM of a given power amplifier model.
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Error Vector Magnitude

Finally, we remark the relationship between the error vector magnitude (EVM) and

the SDR derived above. The EVM is commonly used as a measure for specifying dis-

tortion and other impairments mostly caused by nonlinear circuits in many communi-

cation systems. Recent wireless communication standard adopts EVM constraints in

order to guarantees the quality of the transmit signal in accordance with each modula-

tion type. Generally, EVM is defined as [Och13]

EVM ≜

√√√√√√E

{∣∣∣X̃k − λX,optXk

∣∣∣2}
E
{∣∣λX,optXk

∣∣2} × 100[%] (2.55)

where Xk is a reference M-QAM (or M-PSK) symbol, X̃k is the received signal with

additive white Gaussian noise (AWGN) and nonlinear distortion caused by nonlinear

amplification at PA, and the corresponding compensation factor λX,opt is given by

λX,opt =
E
{
X∗

kX̃k

}
E
{
|Xk|2

} . (2.56)

It can be shown that the EVM can be directly related to the in-band SDR as [Och13]

EVM =

√
1

SDRin-band
× 100[%]. (2.57)

Therefore, calculating EVM is equivalent to calculating in-band SDR, which can be

pursued by the approach given in the previous subsection.





Chapter 3

Experimental Analysis of the

Effectiveness of Clipping and

Filtering for OFDM Systems

3.1 Introduction

O
ne of the well-known drawbacks of the OFDM signal is its high peak-to-average

power ratio (PAPR). The envelope of OFDM signal may frequently exceed satu-

ration level of power amplifier (PA) and cause nonlinear distortion if the input back-off

(IBO) is not large enough. Nonlinear distortion not only degrades the performance of

OFDM, but also causes out-of-band radiation that leads to adjacent channel interfer-

ence (ACI). On the other hand, if the IBO of PA is increased, it will considerably reduce

the PA efficiency.

In order to solve such a problem, many of experimental studies have been performed

to investigate and improve the trade-off relationship between the quality of the signal

and efficiency of PA, which are roughly categorized into PA linearization and PAPR re-

duction. The PA linearization technique improves linearity of nonlinear PA and thereby

enhances the efficiency of PA for given amount of nonlinear distortion. The digital pre-

distortion (DPD) is a widely used approach that compensates for PA nonlinearity and

look up table (LUT) is commonly applied [Li+09; car+10]. In [Li+09], the authors pro-

posed multi-level LUT and improved the convergence time with eight times faster at

64 LUT size than traditional LUT method while maintaining error and adjacent chan-

nel power ratio (ACPR) performance the same as traditional one. Alternatively, the

method to enhance the linearity region of PA using two nonlinear PAs, often referred

to as linear amplification with nonlinear component (LINC) [car+10], is also effective

25
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to suppress nonlinear distortion. In [car+10], a LINC algorithm is proposed that has

a fast convergence rate, and in addition, not only the ACI is significantly reduced but

also inband distortion caused by PA is mitigated.

These approaches require the knowledge of the characteristic of a given PA and addi-

tional hardware. To the contrary, the baseband PAPR reduction technique is attractive

due to its simplicity. Moreover, these two approaches can be combined to further im-

prove the overall PA efficiency.

A number of the peak power reduction techniques have been introduced for OFDM

systems (e.g.,[HL05; JW08]). Among them, the clipping and filtering (CAF) [LC98] is

attractive due to its simplicity. The peak envelope can be adjusted by clipping ratio

to a certain level that meets the system requirement. Furthermore, sidelobe power is

suppressed by the filtering and thus the adjacent channel interference (ACI) is reduced.

The clipping process, however, also introduces nonlinear distortion referred to as

a clipping noise. As a result, it causes degradation of the signal quality. The filter-

ing process also causes a slight increase of the envelope level. In [OI02], the authors

evaluate the channel capacity degradation and the peak power reduction capability of

the clipped OFDM signal in AWGN and fading channel with and without oversam-

pling. Oversampling before clipping process is effective in suppressing peak power re-

growth, improving capacity and bit error performance. In [Bah+02], the performance

of the clipped OFDM systems is analyzed with the assumption that the clipping is a

rare event. Overall performance of signal clipping without filtering using PA model is

investigated in terms of total degradation in [TPZ05]. It has been shown that the signal

clipping may not be necessarily effective if total degradation and spectral dispersion

are taken into account.

In order to measure nonlinear distortion caused by nonlinear process and analog

devices such as PA or digital-to-analog converter (DAC), the error vector magnitude

(EVM) is widely adopted in recent wireless communication standards such as IEEE

802.11 (WLAN) or IEEE 802.16 (WiMAX). Especially, since the clipping process intro-

duces the nonlinear distortion, it is necessary to guarantee the quality of signal by

means of maximum acceptable EVM. Additionally, after filtering process, the peak

power will be increased compared to the target envelope level designed by the clip-

ping ratio. As a result, additional nonlinear distortion is caused in PA. There are a

number of significant research results such as achievable PAPR or the evaluation of
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clipping distortion in CAF with computer simulation. On the other hand, the experi-

mental studies based on a real PA that examine the validity of CAF are rather scarce. In

this chapter, therefore, we investigate the validation of the clipped and filtered OFDM

signal by evaluating the efficiency of PA, EVM and ACI with computer simulation and

experiment using real PA.

Our contributions are as follows :

• Estimating the quality of the clipped and filtered OFDM signal : As mentioned

above, the nonlinear distortion affects both inband and out-of-band of the trans-

mit signal. Since inband distortion is directly related with bit error performance,

its mitigation has been widely studied. In [JT02], the magnitude and phase of the

clipped signal are limited by threshold to improve resultant EVM. As a result, in-

band distortion is significantly compensated while the peak power regrows, and

it may introduce additional nonlinear distortion by PA. The channel coding is a

key solution even in the condition that EVM is relatively high. The optimum code

rate can be determined by the cutoff rate [Pro01] with respect to signal-to-noise

ratio (SNR).

• Measuring the power efficiency : Considering that PA is the most power-hungry

component in wireless communication system, it is important to reduce power

consumption of PA. In [SSC11], the authors take advantages of companding sig-

nal with µ-law as peak power reduction technique as well as an adaptive PA for

reducing power consumption. The signal companded with µ-law may have re-

duced its peak power, that is, it is assured that amplification is performed only

in linear region, but the EVM is increased by companding process. In this work,

we measure the power efficiency of clipping and filtering with constant gain of

PA through the experimental setup. From the viewpoint of power efficiency, the

CAF is remarkably effective. The CAF reduces not only the dynamic range of sig-

nal amplitude but also its average power. The signal input level (or amplitude) of

PA without nonlinear distortion is limited in terms of peak envelope rather than

average power. In other words, for a predetermined maximum envelope level of

real PA and under the limited signal quality constraints such as EVM and ACI,

we can increase the transmit power, thus improving the power efficiency through

the CAF. The question what we aim to answer in this work is how effective the

CAF is in OFDM system using real PA, which has the quality constraint such

as EVM and/or ACI. Also, since the CAF requires no major modification of the
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JN-point


IFFT
Clipping

JN-point


FFT
Filtering

N-point


IFFT

A s[n] s̃[n] Ã Â ŝ[n]

Figure 3.1: A block diagram of clipping and filtering

receiver side, it is directly applicable to commercial products if its performance

improvement is outstanding.

Thus we also investigate the performance of the CAF based on the setup of IEEE

802.11g WLAN standard system through the real PA implementation.

This chapter is organized as follows. The clipping and filtering system model is de-

scribed in Section 3.2. Theoretical analysis and signal estimating method are discussed

in Section 3.3. The experimental testbed is described in Section 3.4 and the experiment

and numerical results are described in 3.5. Finally conclusion is drawn in Section 3.6.

3.2 System Model

There are several approaches of implementing CAF and throughout this chapter we

focus on the implementation proposed in [OI02]. Other approaches may yield a similar

result.

3.2.1 Clipping

The clipping process is composed of JN -point discrete Fourier transform (DFT) as

shown in Fig. 3.1, where J is an oversampling factor and N is the number of modulated

subcarriers, respectively. It is common in many standards that the DC component of

the baseband signal is set as NULL symbol. The data sequence is then expressed as

A = {0, A0, A1, . . .︸ ︷︷ ︸
N/2

, 0, 0, . . . , 0, 0︸ ︷︷ ︸
(J−1)×N zeros

, . . . , AN−2, AN−1︸ ︷︷ ︸
N/2

}. (3.1)

Subsequently, A goes to input of JN -point inverse DFT (IDFT) and we can obtain the

oversampled OFDM signal s[n] in time domain as

s[n] =
√
J

1√
JN

JN−1∑
k=0

Ake
j2πnk/JN

︸ ︷︷ ︸
≜IDFT(A,JN)n

. (3.2)
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The oversampled OFDM signal s[n] is then clipped as

sc[n] =

s[n], for |s[n]| ≤ Amax,

Amaxe
j arg s[n], for |s[n]| > Amax.

(3.3)

Clipping ratio (CR) γ is defined by the maximum amplitude to the root mean square

(rms) value of input signal s[n] given by

γ =
Amax√
Pin

, (3.4)

where Amax is the maximum clipping amplitude and Pin is the average power of the

input signal, s[n].

It is well-known fact that OFDM signal follows a Gaussian distribution, and the av-

erage power of transmit signal after the clipping process can be expressed as

Pout = (1− e−γ2
)Pin. (3.5)

3.2.2 Filtering

The filtering process eliminates the out-of-band power dispersion (sidelobe power

growth) caused by clipping process. The former DFT converts the clipped signal s̃ to

the frequency domain components Ã expressed as

Ã = {0, Ã0, Ã1, . . .︸ ︷︷ ︸
N/2

ÃN/2−1 . . . ÃJN−N/2︸ ︷︷ ︸
out−of−band

. . . ÃJN−2, ÃJN−1︸ ︷︷ ︸
N/2

}. (3.6)

Finally, we can obtain the filtered OFDM signal by using N -point IDFT excluding out-

of-band components in (3.6). 1

ŝ[n] = IDFT (N, Ã)n (3.7)

1In the case of ERP-OFDM in IEEE 802.11g stnadard, it has 12 NULL subcarriers as a guard band
allocated in the borders between in- and out-of-band in order to minimize the ACI. In our experiment of
Section 3.5, we also set them as zeros in filtering process.
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Figure 3.2: Signal-to-noise plus distortion ratio vs. clipping ratio

3.3 Theoretical Analysis

In this section, we approach theoretical analysis of nonlinear distortion caused by

the clipping process and analog devices such as PA and DAC. Measurement methods

are also described.

3.3.1 Signal-to-Noise plus Distortion Ratio (SNDR)

By Bussgang’s theorem and Gaussian approximation, the distorted symbol on the

kth subcarrier of OFDM signal can be approximated by (see [OI02] and references

therein)

Ãk = αcAk +Dk, (3.8)

where Dk is nonlinear component in frequency domain. Since Dk is uncorrelated with

Ak, the expected value of |Ãk|2 can be expressed as

E{|Ãk|2} = E{|αcAk +Dk|2}

= α2
cE{|Ak|2] + E[|Dk|2}, (3.9)
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where E[·] is expected value, αc is attenuation factor, k is subcarrier index. From (3.9),

we can define the signal-to-distortion ratio (SDR) of the kth subcarrier as

SDRk =
α2
cE{|Ak|2}
E{|Dk|2}

. (3.10)

The theoretical value of the SDR for the oversampled and clipped OFDM signal can

be derived by using the power spectral density and its autocorrelation given by [OI02;

CMP99]

SDRk =
Kγpin,k/Pin

1√
JN

DFT(JN, {Rs̃[n]/Pout})k −Kγpin,k/Pin
(3.11)

where pin,k is the signal power of A in kth subcarrier, Rs̃[n] is autocorrelation of the

clipped signal s̃[n] and Kγ is a normalized attenuation factor defined as

Kγ =
α2
cPc,in

Pc,out
=

α2
c

1− e−γ2 (3.12)

where the attenuation factor αc in clipping process is given by

αc = 1− e−γ2
+

√
πγ

2
erfc(γ) (3.13)

However, the transmit signal also suffers from the channel noise and other impair-

ments as an additional noise term. Given this fact, we consider the signal-to-noise plus

distortion ratio (SNDR) which is related with given SDR in (3.11), and defined for the

kth subcarrier by [OI02]

SNDRk =
E[|αcAk|2]

E[|Dk +Wk|2]
=

1

SDRk +B
(3.14)

where

B = SNR−1

(
1 +

1

N

N−1∑
k=0

SDR−1
k

)
(3.15)

3.3.2 Cutoff Rate

The cutoff rate R0 serves as a measure for achievable information rate of code word

error rate assuming a certain class of channel codes. It can be represented for the
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Figure 3.3: Cutoff rate vs. clipping ratio for various modulation type

equally likely symbol given by [Pro01]

R0 = − log2

(
1

M2

M∑
l=1

M∑
m=1

e−d2lm/4N0

)
(3.16)

where dlm is the Euclidean distance between Al and Am and N0 is the noise power.

With this definition, we can derive the upper bound of code word error rate for M-

QAM and M-PSK symbol. As an example, the upper bound for QPSK can be derived

as

R0:QPSK = log2
4

1 + 2e−ϵc/2N0 + e−ϵc/N0
(3.17)

where the ϵc is the average power of signal. Assuming that N0 denotes the clipping

noise Dk and thermal noise in circuit, then ϵc/N0 in (3.17) can be replaced in terms

of SDR on the kth subcarrier, and consequently, the cutoff rate R0 can be rewritten as

follow

R0:QPSK = log2
4

1 + 2e−SNDRk/2 + e−SNDRk
. (3.18)

Using the relation between (3.14) and (3.16), we can obtain the relationship between

the cutoff rate R0 and clipping ratio γ as shown in Fig. 3.3. In the case of coding rate

R = 1/2 and R = 3/4 for 64-QAM, for instance, the resulting information bits are

3bits and 4.5bits, and thus the minimum acceptable clipping ratio γ is easily derived



Chapter 3. Experimental Analysis of the Effectiveness of Clipping and Filtering for
OFDM Systems 33

Received

Transmitted

Real

Imaginary

Figure 3.4: General EVM mea-
surement.
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Figure 3.5: Experimental EVM
measurement.

as approximately 0.7 and 1.2, respectively. On the other hand, in the case of BPSK and

QPSK, the cutoff rate results are almost constant and the same as log2M for the entire

clipping ratio range. This means that the bit error rate can be mitigated by moderate

channel coding even if the clipping ratio is chosen as zero.

3.3.3 Error Vector Magnitude (EVM)

The EVM is used as a measure for specifying nonlinear distortion and other impair-

ments mostly caused by circuits in many systems. Recent wireless communication

standard adopts EVM constraints in order to guarantee the quality of the transmit sig-

nal in accordance with each modulation type. Generally, EVM is defined as

EVM =
1

N

N−1∑
k=0

√
E[|Dk|2]
E[|αAk|2]

× 100[%], Dk = Ak − Ãk (3.19)

where Ak is a reference M-QAM (or M-PSK) symbol on the kth subcarrier, Ãk is the

received signal with additive white Gaussian noise (AWGN) and nonlinear distortion

caused by deliberate clipping as well as nonlinear amplification by PA, and Dk cor-

responds to an error vector as illustrated in Fig. 3.4. Since the average power of the

received OFDM signal is changed by clipping process and power amplification, and

thus the reference symbol Ak and the received symbol Ãk have mismatch in terms of

their average power. Therefore it is reasonable to measure for EVM by modifying the

definition (3.19) as

EVM =
1

N

N−1∑
k=0

√
E[|Āk − Ãk|2]

E[|Āk|2]
× 100[%] (3.20)
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Figure 3.6: Block diagram of experiment configuration

where Āk is the mean value of the received signal. This definition is quite appropriate

as long as the statistical distribution of Ãk (conditioned on the transmitted symbol Ak)

is circularly symmetric with respect to its mean Āk.

As an alternative measure of EVM, SNDR can be adopted. Based on the relationship

between (3.14) and (3.20), EVM can be rewritten in terms of SNDR as

EVM =
1

N

N−1∑
k=0

√
E[|Dk +Wk|2]

E[|αAk|2]
= E

{√
(SNDRk)−1

}
=

√
(SNDR)−1 (3.21)

3.4 Testbed Description

In this section, we describe the testbed used in our experiment for applying CAF to

IEEE 802.11g standard in Section 3.5. Measurement in hardware relies on the specifi-

cation and the characteristic of hardware, and only embedded measurement function

can be available. On the other side, data acquisition to be measured is performed in

hardware (i.e., real time spectrum analyzer (RSA)), then the data is analyzed in soft-

ware to be able to manipulate by user. There is little significant difference between

hardware measurement and software one [AN10]. In this work, we also use software

measurement with down-converted acquisition data from RSA.

Figure 3.1, and 3.6 show the system block diagram of our testbed. First, the clipped

and filtered ERP-OFDM baseband signal is generated using computer and then fed to

the vector signal generator, where CAF process is applied to the entire frame exclud-

ing the short preambles that are designed to have a low PAPR. The detailed testbed

description is provided in Appendix B.

The discrete ERP-OFDM data is converted to analog signal by digital-to-analog con-

verter (DAC) with 16-bit precision. Since the SDRq with regard to quantization noise

can be calculated as [Hay01]

SDRq =

(
Pavg

PAPRmax

)
× 22R (3.22)
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Table 3.1: Power Amplifier Specification

Gain 30 dB

Frequency Band 2 – 3000 Mhz

Output Power (P1dB) 29 dBm

Noise Figure 8 dB

where Pavg is the average power, PAPRmax is the maximum peak power to be predicted

and R is the quantization bits per sample, we have SDRq ≈ 89dB in our experiment

configuration with PAPRmax = 12dB and R = 16. Therefore, this is large enough

to confirm that the quantization noise is negligible. The output signal of DAC is up-

converted to the 2.4 GHz carrier frequency with 20 MHz bandwidth, which complies

with the IEEE 802.11g standard. The RF signal ŝc(t) from the vector signal generator is

amplified by the PA.

The specification of the PA used in this testbed is given in Table 3.1 and Table 3.2

shows the modulation and coding parameters, resulting data rate, and their acceptable

EVM limit specified by the IEEE 802.11g standard.

In order to measure the performance achieved by CAF under the constraints such

as spectral mask and EVM described in Table 3.2, we adjust the average power of the

clipped and filtered signal ŝc(t) prior to PA (i.e., input back-off) in Fig. 3.1. Finally, the

amplified RF signal ŝp(t) is linearly attenuated (as ŝa(t)) and measured by the spectrum

analyzer. The down-converted baseband signal is captured by this spectrum analyzer

and the received data is analyzed by computer.

3.4.1 The Power Amplifier Model

In general, nonlinearity caused by PA distorts both amplitude and phase. For exam-

ple, if we define the power amplifier input signal as

spi(t) = s(t)ejϕ(t) (3.23)

then the signal amplified and/or distorted by PA can be represented by

spo(t) = ξ(spi(t))e
j(ϕ(t)+Φ(t)) (3.24)

where ξ(·) is AM/AM conversion and Φ(·) is AM/PM conversion. Among the sev-

eral PA model, we use well-known solid state power amplifier model called Cann
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Table 3.2: EVM constraints (a) IEEE 802.11g and (b) Cutoff rate in various modulation type

Modulation Code rate (R)
EVM constraint

IEEE 802.11g Cutoff rate

BPSK
1/2 56.2% >100%

3/4 39.8% 77.7%

QPSK
1/2 31.6% 74.9%

3/4 22.3% 54.9%

16-QAM
1/2 15.8% 43.1%

3/4 11.2% 27.7%

64-QAM
2/3 7.9% 18.8%

3/4 5.6% 15.5%

model[Can80], which is also well-known as Rapp model[Rap91]. They can be easily

transformed each other with simple algebraic manipulation[TPZ05]. Cann model is

expressed as

ξ(spi(t)) = g0
Asat

[1 + (Asat/spi(t))2p]1/2p
, Φ(t) = 0 (3.25)

where g0 is amplification gain, Asat is saturation level of PA and p is sharpness factor

which determines the smoothness of the curve.

3.5 Applying CAF to IEEE 802.11g System

Generally, communication standard has constraints to guarantee the quality of signal

such that the resulting error rate is tolerable. In this section, we verify the performance

of the CAF by applying to IEEE 802.11g system [Ieea; Vas+05] which has backward

compatibility with IEEE 802.11a [Ieeb] and strict constraints on both of EVM and power

spectral density. Since the cutoff rate suggests the achievable code rate for channel

coding, once the code rate is defined, we can redefine the EVM constraints based on

the cutoff rate. After some algebraic manipulation of (3.14) and (3.16), we can obtain the

relationship between the cutoff rate and the corresponding maximum acceptable EVM

results shown in Fig. 3.7. Also, Table 3.2 shows the EVM constraints defined by (a)

IEEE 802.11g standard and (b) cutoff rate. Based on these two constraints, we evaluate

the performance of CAF in IEEE 802.11g system using simulation and experiment with

real power amplifier.
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Figure 3.7: The relationship between EVM and cutoff rate with various modulation type

3.5.1 Peak Power Reduction

Figure 3.8 shows the CCDF result of instantaneous power normalized by the satu-

ration power of PA. Since the peak envelope directly affects the nonlinear distortion

caused by PA, it is more reasonable to investigate instantaneous power rather than the

PAPR. Clearly, as clipping ratio decreases, peak power reduces as well. For example,

we can achieve about 5 dB peak power reduction effect at 10−5 probability by setting

the clipping ratio as 1.0 in comparison with unclipped one. We can readily obtain the

probability of the signal to be distorted by PA by applying IBO setting drawn with ver-

tical dashed line. In other words, IBO setting can be treated as saturation point of PA

because the instantaneous power is normalized by saturation power of PA, thus right

side area of the dashed line is considered as the nonlinear amplification area of PA.

Most of peak envelope will be distorted when IBO is set as low value (e.g., IBO = 1 dB

in the figure). However, the probability to be distorted becomes significantly lower as

clipping ratio decreases. From this result, we can confirm that the clipped and filtered

signal rarely causes additional nonlinear distortion while the unclipped signal easily

exceeds the saturation point.
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Figure 3.8: Peak power reduction effect of the clipped and filtered OFDM signal. N =
64, J = 4

Figure 3.9: Experimental results of power spectral density; (IBO = 1, 5, 10 dB) and (CR =
1.0, unclipped), respectively
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Figure 3.10: Experimental results of EVM against clipping ratio with various IBO through
theoretical (SNR = 35 dB), computer simulation and experiment

3.5.2 Adjacent Channel Power Reduction

Figure 3.9 compares the power spectral density results when IBO of PA is chosen

as 1 dB, 5 dB, and 10 dB as indicated in Fig. 3.8. Since nonlinear distortion is rarely

caused when IBO is as high as 10 dB, the sidelobe power is almost the same level for

both clipped (γ = 1.0) and unclipped signals. On the other hand, the gap becomes

significant as IBO is reduced. This is due to the fact that the clipped signal causes

less nonlinear distortion in power amplifier than unclipped one When IBO = 5 dB, for

example, there is 5 dB gap of sidelobe power between clipped and unclipped signal. In

extremely low IBO, however, the nonlinear distortion caused by PA becomes dominant

for both clipped and unclipped cases, and thus the gap becomes smaller again.

3.5.3 EVM and IBO for Clipping Ratio

Since bit error is frequently caused by increasing the modulation order, that is, short-

ening the euclidean distance, IEEE 802.11g standard has defined different EVM con-

straint as modulation type changes. Figure 3.10. shows the EVM results on various

IBO values for each clipping ratio on IEEE 802.11g system through the computer simu-

lation (twin line), experiment using real PA (solid line) and theoretical analysis (dashed
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Figure 3.11: Applicable range of clipping ratio and IBO for the various modulation type
under the constraints (EVM and spectral mask) of both (a) IEEE 802.11g and (b) cutoff rate

line). Since clipping process is nonlinear type of peak power reduction nonlinear dis-

tortion (say clipping noise) is caused by itself. As a result, as clipping ratio is reduced,

resultant EVM increases. Theoretical value derived from SNDR (SNR = 35 dB) in (3.14)

and (3.21) introduces the boundary which is the minimum CR under the given IBO

and EVM constraints of each transmission mode. As expected, the EVM increases as

IBO is reduced. This is due to the fact that peak signal envelope frequently exceeds the

saturation point of PA when IBO is low, so that the additional nonlinear distortion is

caused. The resultant EVM approaches the theoretical value in the case of sufficiently

large IBO (e.g., IBO = 10 dB), which is the case where the signal is linearly amplified by

PA. From these results, we can obtain the minimum IBO (maximum average power)

for each transmission mode from Fig. 3.10 and Table. 3.2. In the case of 64-QAM and

code rate R = 2/3, for example, since its EVM constraint of IEEE 802.11g standard is

7.9% from Table 3.2 (a), we can achieve the minimum clipping ratio of approximately

1.7 at IBO = 10 dB. On the other hand, if we choose the EVM constraint of cutoff rate

as 18.8 % which is less severe than IEEE 802.11g standard, then the minimum clipping

ratio is 1.1 at IBO = 10 dB. Also, we can reduce IBO, that is, enabling to amplify the

signal more efficiency by PA, if we set larger clipping ratio.
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3.5.4 EVM under Spectral Constraints

Applying the spectral constraint to the EVM results in Fig. 3.10, the acceptable pair

of CR and IBO becomes different. Figure 3.11 shows the relationship between EVM

results under spectral constraint in terms of clipping ratio and input back off. In high

transmission mode (16-QAM and 64-QAM), the clipped and filtered signal does not

reach to the spectral constraint since the EVM constraints of IEEE 802.11g standard are

severe due to the required error rate performance. Consequently, the signal is governed

by the EVM constraint rather than the spectral constraint. On the other hand, in low

transmission mode (BPSK and QPSK), it is governed by the spectral constraint rather

than EVM constraint excluding QPSK with code rate R = 3/4. In other words, the

minimum IBO for each clipping ratio is the same as the spectral limit line in Fig. 3.11.

In the case of QPSK with code rate R = 3/4, it is subject to both EVM and spectral

constraints. For example, if the clipping ratio is higher than 1.4, the spectral constraint

becomes dominant and thus one should increase the iBO of PA, even though its EVM

is lower than the maximum acceptable value that is suggested by the error rate.

On the other hand, if we apply the constraint of cutoff rate from Table. 3.2 (b), ap-

plicable range of the clipping ratio is enlarged. Therefore the corresponding IBO curve

of 64-QAM shown in Fig. 3.11 is expanded with wider clipping ratio. Consequently,

under the transmission rate of 16-QAM, only the spectrum constraint affects the signal.

3.5.5 Power Increase Effect by CAF

We can measure the power efficiency by estimating the transmit power increase.

Since the CAF shrinks the dynamic range of the transmit signal, the peak envelope

which is clipped with lower clipping ratio is amplified less frequently in nonlinear

area of PA than higher CR or unclipped one. In addition, once the signal is amplified

in nonlinear area, the signal energy is reallocated in out-of-band, and thus the transmit

power is significantly reduced. Figure 3.12 shows the inband power increase of trans-

mit signal to unclipped one against clipping ratio under the condition that the EVM

result of both the clipped and unclipped signal is satisfied according to Table 3.2. We

can confirm from the result that as IBO decreases, the transmit power is increased in

lower transmission mode such as BPSK and QPSK.

When we apply the EVM constraints of (b) the cutoff rate, the inband power of 64-

QAM is slightly increased as observed from the twin lines in Fig. 3.12. However, the
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Figure 3.12: Power increase effect to unclipped signal under the inherited condition of Fig.
3.11

rest of the corresponding results is limited by spectral constraint, so that we can achieve

1 dB inband power increase in the same manner as BPSK and QPSK modulation of (a)

IEEE 802.11g standard at 1.0 of clipping ratio.

3.6 Conclusion

We have investigated the effectiveness of clipping and filtering and evaluated its

performance by applying to IEEE 802.11g WLAN system. The improvement of PA

efficiency and received signal power can be achieved through the clipping and filter-

ing in low rate mode transmission. However, when the EVM is strictly limited as in

the case of high rate mode transmission, the CAF may not help improving the overall

performance. Therefore, in this case, the CAF should be combined with other power

efficiency improvement techniques without any increase of EVM such as distortionless

peak power reduction schemes.



Chapter 4

Characterization of Power Spectral

Density for Nonlinearly Amplified

OFDM Signals

4.1 Introduction

A
s the mobile terminals become smaller while meeting their demand for commu-

nication with even higher data rate, the future wireless communication signals

should satisfy high bandwidth efficiency without sacrificing power efficiency. Orthog-

onal frequency-division multiplexing (OFDM) signaling has gained significant atten-

tion due to its high bandwidth efficiency and robustness against frequency-selective

fading channels. However, its well-known drawback is the high peak-to-average power

ratio (PAPR) property of the resulting signals. High PAPR signal is difficult to amplify

without sacrificing its power conversion efficiency at the linear power amplifier (PA). In

order to maximize PA efficiency, it is essential to adjust the input signal to be amplified

mostly around the saturation region. This PA operation introduces severe nonlinear

distortion which degrades the signal quality, and in turn increases bit error rate (BER).

In addition, it also introduces out-of-band radiation which causes adjacent channel in-

terference (ACI). On the other hand, when we set the operation point of the PA much

lower than its saturation point, it suffers from a severe power penalty. This is a well-

known trade-off between the PA efficiency and the quality of transmit signals [Lia+99;

Och13], a salient issue for the OFDM systems that exhibit highest PAPR among many

communication systems.

The PA models are categorized into strictly memoryless, quasi-memoryless, and

memory [BG89]. The output signal of strictly memoryless PA models (e.g., Rapp model

43
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[Rap91]) depends only on the amplitude-to-amplitude (AM-AM) characteristic while

that of the quasi-memoryless PA models (e.g., Saleh model [Sal81]) depends on both

the AM-AM and amplitude-to-phase (AM-PM) characteristics.

Most wireless communication standards such as IEEE 802.11 wireless LAN strictly

regulate the permissible spectral sidelobe levels in order to avoid ACI and thus en-

hance overall spectral efficiency of the multi-user systems. The error vector magnitude

(EVM) is another measure that characterizes the performance degradation caused by

nonlinearity due to the system impairments and often restricted by the specification.

The EVM is an alternative measure for a ratio of the power of the received signal to

that of the in-band distortion and noise [Och13; YBZ12]. Therefore, from the viewpoint

of communication system designers, it may be helpful if performance measures such

as power spectral density (PSD) and EVM of the PA output signal are easily predicted

or estimated.

The PSD of the signals affected by the nonlinearity of the PA has been extensively

studied, mostly in conjunction with the OFDM signals that can be characterized as

a band-limited complex Gaussian process. For example, in [GGS99; Erm01], based on

the autocorrelation function of memoryless PA output signal, the out-of-band spectrum

has been theoretically analyzed and good agreement with the experimental result has

been observed. In [ZR04; Zho00], using cumulant expression as a generalization of the

autocorrelation function, the closed-form polynomial expression is derived. In [BC00],

the spectrum estimation is performed by autocorrelation function with curve fitting by

a series of Bessel function. More recently, the nonlinearity analysis has been extended

to the MIMO-OFDM signals [KD11; Ahm+13; LST14] as well as the degradation in

terms of channel capacity[SST].

One of the major issues associated with the above-mentioned approaches is how to

accurately model a given PA. In principle, any well-behaved nonlinear function can

be approximated by Taylor series expansion or a series of special functions, but re-

ducing the residual error in the estimated PSD requires an addition of higher order

terms. Incorporating higher order terms, in turn, makes the analysis complicated or

even mathematically intractable.

In this work, we propose an approach to develop a simple model that can accurately

characterize the PSD and EVM of the resulting OFDM signals. Our approach is based

on the use of the cross-correlation coefficient between the input and output signals from

the PA, which can be easily calculated from its AM-AM and AM-PM characteristics and
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input back off operation. This cross-correlation coefficient is directly related to the con-

cept of the total signal-to-distortion power ratio (SDR) discussed in [Och13]. Here, we

emphasize that unlike conventional curve fitting approaches, our approach does not

necessarily require the precise expressions for the AM-AM and AM-PM curves of a

given PA in order to characterize the resulting PSD and EVM. The accuracy of the pro-

posed approach is confirmed by simulation as well as an experimental measurement

using a real PA.

The major contributions of this work are summarized as follows: 1) We theoretically

establish the link among the cross-correlation coefficient, total SDR as well as in-band

SDR (or EVM), and the resulting PSD. In particular, the effect of the higher-order dis-

tortion terms is theoretically analyzed for two representative and analytically tractable

nonlinear models. 2) We propose a simple PSD estimation approach that only makes

use of the cross-correlation coefficient and the spectral shape of the third-order distor-

tion. 3) The effectiveness of our approach is verified by both simulation and measure-

ment using real PA with OFDM signal input. As is common in the statistical analysis of

OFDM signals [BC00; Erm01; OI01; ZR04; WGK10], the PA input signal is assumed to

be a zero-mean circular symmetric stationary complex Gaussian process [Gar] through-

out this work.

This chapter is organized as follows. A general mathematical expression of PSD for

nonlinearly amplified Gaussian signals in terms of the correlation coefficients of input

signals is described in Section 4.2, followed by its examination through two specific

nonlinearity examples in Section 4.3. In Section 4.4, the proposed estimation of PSD

based on the cross-correlation coefficient of input and output signals is developed and

its application to OFDM signaling is discussed. The simulation and experimental re-

sults are compared with those based on the proposed theoretical approach in Section

4.5. Finally, the concluding remarks are given in Section 4.6.
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4.2 PSD Expression of Nonlinearly Amplified Gaussian Sig-

nals

4.2.1 Input Signal Model

Throughout this chapter, we assume that a complex baseband signal zi(t) input to

the PA is characterized as a zero-mean circular symmetric stationary complex Gaus-

sian process, which is considered as an accurate model for OFDM signals with a large

number of subcarriers. It then follows that zi(t) is expressed as

zi(t) = xi(t) + jyi(t) = r(t)ejθ(t), (4.1)

where r(t) = |zi(t)|, θ(t) = arg zi(t), xi(t) = ℜ{zi(t)}, and yi(t) = ℑ{zi(t)}. By as-

sumption, xi(t) and yi(t) can be considered as statistically independent real-valued

zero-mean Gaussian processes. The autocorrelation function of a stationary process

zi(t) can be defined as

Rzi(τ) ≜ E{zi(t)z∗i (t+ τ)} (4.2)

where E{·} denotes an expectation operator. The corresponding correlation coefficient

can be expressed as

ρzi(τ) ≜
E{zi(t)z∗i (t+ τ)}√

E{|zi(t)|2}E{|zi(t+ τ)|2}
=

Rzi(τ)

Pin
, (4.3)

where

Pin = Rzi(0) = E
{
|zi(t)|2

}
= E

{
r2(t)

}
(4.4)

is the average power of zi(t). It also follows that

ρzi(τ) = ρxi(τ) =
E{xi(t)xi(t+ τ)}

E{x2i (t)}
(4.5)

where ρxi(τ) is a real-valued correlation coefficient, and thus ρzi(τ) is a real-valued

function as well, satisfying −1 ≤ ρzi(τ) ≤ 1.
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4.2.2 Correlation Coefficient of Output Signals

In principle, the amplitude and phase distortions associated with a PA depend only

on the amplitude of input signal envelope r(t) [ZR04], and the corresponding output

baseband signal zo(t) from the PA can be expressed as

zo(t) = g[r(t)]ej{ϕ[r(t)]+θ(t)} = G[r(t)]ejθ(t), (4.6)

where g[·] and ϕ[·] denote the AM-AM and AM-PM conversions, respectively, and the

complex gain is defined as

G(r) = g(r)ejϕ(r). (4.7)

Following the results by Blachman [Bla79], when the input signal is expressed as a

complex stationary Gaussian process, the correlation coefficient of the output signal

zo(t) can be expressed in terms of the correlation coefficient of the input signal ρzi(τ) =

ρxi(τ) as

ρzo(τ) =
Rzo(t)

Pout
=

Pin

Pout

∞∑
n=0

Cnρ
2n+1
xi

(τ) =

∞∑
n=0

Cn

ξ
ρ2n+1
xi

(τ) (4.8)

where

Rzo(τ) = E{zo(t)z∗o(t+ τ)}, (4.9)

Pout = Rzo(0) = E
{
|zo(t)|2

}
= E

{
g2(r)

}
, (4.10)

ξ ≜ Pout

Pin
. (4.11)

The coefficient Cn ∈ R associated with the (2n+1)th order term is expressed as [Bla79]

Cn =
1

(n+ 1)Pin

∣∣∣∣∫ ∞

0
p(r)G(r)

r√
Pin

L(1)
n

(
r2

Pin

)
dr

∣∣∣∣2 , (4.12)

where p(r) is the probability density function (PDF) of the input envelope r(t) = |zi(t)|,

which follows Rayleigh distribution, and expressed as

p(r) =
2r

Pin
e−r2/Pin . (4.13)

(The above PDF assumption is valid for the OFDM system without PAPR reduction.

When the PAPR of input signal is reduced before power amplification, the use of other
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distributions, e.g., [YGP11], may result in more accurate result.) The function L
(m)
n (z)

in (4.12) is the generalized Laguerre polynomial [Olv10], which can be expressed in a

polynomial form for a non-negative integer m as

L(m)
n (z) =

n∑
k=0

(
n+m

n− k

)
(−z)k

k!
(4.14)

where (
a

b

)
=

a!

b!(a− b)!
. (4.15)

Note that in the case of n = 0, since L
(m)
0 (x) = 1 for any x, (4.12) reduces to

C0 =
1

P 2
in
|E {rG(r)}|2 (4.16)

and thus

C0

ξ
=

|E {rG(r)}|2

E {r2}E {g2(r)}
= |ρzi,zo |

2 (4.17)

where ρzi,zo ∈ C corresponds to the cross-correlation coefficient of zi(t) and zo(t):

ρzi,zo =
E{zi(t)z∗o(t)}√

E{|zi(t)|2}E{|zo(t)|2}
=

E{zi(t)z∗o(t)}√
PinPout

. (4.18)

4.2.3 PSD of Output Signals

As a consequence of Bussgang theorem [Row82], the output autocorrelation function

of a nonlinearly transformed Gaussian signal is decomposed as a sum of the scaled

version of the autocorrelation function of the input signal and that of the distortion

component uncorrelated with the input signal. It thus follows that the term with n = 0

in (4.8), or equivalently, (4.17) represents the useful signal component and the remain-

ing terms correspond to distortion. In fact, taking Fourier transform of (4.8) gives the

normalized PSD, which is expressed as

Szo(f) =

∫ ∞

−∞
ρzo(τ)e

−j2πfτdτ =

∞∑
n=0

Cn

ξ
S⋆(2n+1)
xi

(f), (4.19)
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where Sxi(f) is the PSD of the input signal directly obtained by Fourier transform of

the correlation coefficient of input signal ρxi given by

Sxi(f) =

∫ ∞

−∞
ρxi(τ)e

−j2πfτdτ, (4.20)

and S
⋆(m)
xi denotes the self-convolution process with m times, i.e.,

S⋆(m)
xi

(f) ≜ Sxi(f) ⋆ · · · ⋆ Sxi(f)︸ ︷︷ ︸
m

, (4.21)

with ⋆ corresponding to convolution operation. We also note that due to the normal-

ization, we have ∫ ∞

−∞
S⋆(m)
xi

(f)df = 1 (4.22)

for any positive integer m.

In principle, once the input signal PSD Sxi(f) and Cn are known, the output PSD can

be determined through the above equations. In the case of OFDM, it is reasonable to

assume that the PSD is rectangular, and in this case the closed-form expression can be

obtained for their self-convolution terms as will be discussed in Section 4.4.4. On the

other hand, the coefficient Cn involves the nonlinear function G(r) and whether it can

be given in a tractable form or not depends on the mathematical structure of G(r).

4.3 Examples of Distortion Coefficients for Nonlinearly Am-

plified Gaussian Signals

In this section, we examine the effect of sharpness and smoothness of the nonlinear-

ity on the resulting PSD by analyzing the coefficients Cn/ξ in (4.19). The two specific

example AM-AM models, i.e., soft envelope limiter model and erf model, are consid-

ered as our representative examples.
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4.3.1 Analysis of Coefficients

By substituting (4.13) into (4.12), we obtain

Cn =
1

(n+ 1)Pin

∣∣∣∣∣∣
n∑

k=0

(−1)k

k!

(
n+ 1

n− k

)∫ ∞

0
G(r)

2r2+2k

P
k+ 3

2
in

exp

(
− r2

Pin

)
dr

∣∣∣∣∣∣
2

. (4.23)

In general, except for some special cases of G(r), (4.23) should be numerically calcu-

lated. The soft envelope limiter model and erf model turn out to result in analytically

tractable expressions, where the former serves as an example of sharpest nonlinearity

(but perfectly linear up to the saturation point) and the latter as a smooth nonlinearity

(but severer in terms of amount of distortion [RQZ05]). These nonlinearity functions

(including those described later in Section 4.5) are compared in Fig. 2.4.

Soft Envelope Limiter Model

The soft envelope limiter model is defined as

G(r) = g(r) =

r, r < Amax,

Amax, r ≥ Amax,
(4.24)

where Amax denotes the maximum envelope level of input signal where it is linearly

amplified. Note that without loss of generality, the amplifier gain is normalized to

unity and the AM-PM characteristic is absent (i.e., ϕ(r) = 0) in this model. The clipping

process is controlled by the input back off (IBO) (or clipping ratio) γ = Amax/
√
Pin. By

substituting (4.24) into (4.23) and after some algebra (see Appendix A), we obtain

Cn =
1

(n+ 1)

∣∣∣∣ n∑
k=0

(
n+ 1

k + 1

)
(−1)k

k!

{
Γ(2 + k) + γΓ

(
3

2
+ k, γ2

)
− Γ(2 + k, γ2)

} ∣∣∣∣2
(4.25)

where Γ(a, b) is the incomplete gamma function given by

Γ(a, b) =

∫ ∞

b
xa−1e−xdx, (4.26)

and Γ(a) = Γ(a, 0). Note that in [BC00], a recursive expression of Cn for the soft en-

velope limiter is derived. On the other hand, from (4.25), one may directly obtain the
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following form:

Cn =
1

(n+ 1)

∣∣∣∣ n∑
k=0

(−1)k
(n+ 1)!

(n− k)!

{
1−

(
1 +

k+1∑
l=1

[
1

l!
− Fk

(12)l

]
γ2l
)
e−γ2

+ Fk

√
πγerfc(γ)

}∣∣∣∣2 (4.27)

where erfc(x) = 1− erf(x) is the complementary error function with the error function

erf(x) defined as

erf(x) =
2√
π

∫ x

0
e−t2dt, (4.28)

(a)k is the Pochhammer symbol [Olv10] given by

(a)k =
Γ(a+ k)

Γ(a)
= a(a+ 1)(a+ 2) · · · (a+ k − 1) =

k−1∏
l=0

(a+ l), (4.29)

and

Fk ≜
k∏

m=0

2m+ 1

2m+ 2
. (4.30)

Equation (4.27) states that Cn can be expressed by the square of linear combinations of

terms γ2le−γ2
and γerfc(γ) for l = 0, 1, . . . The first three coefficients are calculated as

C0 =

∣∣∣∣1− e−γ2
+

√
π

2
γerfc(γ)

∣∣∣∣2 , (4.31)

C1 =
1

8

∣∣∣∣γ2e−γ2
+

√
π

2
γerfc(γ)

∣∣∣∣2 , (4.32)

C2 =
1

768

∣∣∣6γ2e−γ2 − 4γ4e−γ2
+ 3

√
πγerfc(γ)

∣∣∣2 . (4.33)

The output power can be derived by using (4.10) and the output/input power ratio

ξ is given by

ξ =
Pout

Pin
= 1− e−γ2

. (4.34)
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Erf Model

The erf model is defined as [Och13; Gal59]

G(r) = g(r) = Amaxerf
(√

π

2

r

Amax

)
, (4.35)

where Amax in this case corresponds to the maximum output envelope level if the

power gain is normalized to unity.

By substituting (4.35) into (4.23), Cn can be expressed using γ = Amax/
√
Pin as

Cn =
1

n+ 1

∣∣∣∣∣∣
n∑

k=0

 n+ 1

k + 1

 (−1)k(k + 1) 2F1

(
1

2
, k + 2;

3

2
;−π

4

1

γ2

)∣∣∣∣∣∣
2

(4.36)

where 2F1(a, b; c; z) is the hyper-geometric function [Olv10], and can be expressed as

the following infinite series expression:

Cn =
1

n+ 1

∣∣∣∣∣
n∑

k=0

(
n+ 1

k + 1

)
(−1)k

∞∑
l=0

(
k + l

l

)
k + l + 1

2l + 1
(−1)l

(
π

4γ2

)l
∣∣∣∣∣
2

. (4.37)

The infinite series in the above expression rapidly converges when γ is not too small

and thus easy to calculate in the case of a practical operation scenario. Finally, the

output/input power ratio ξ can be calculated as [Och13]

ξ =
4

π

γ2√
1 + 4

πγ
2
arctan

 1√
1 + 4

πγ
2

 . (4.38)

4.3.2 Discussion

Figures 4.1 (a) and (b) show the relationship between Cn/ξ and γdB in the case of soft

envelope limiter model and erf model, respectively, where the IBO here is defined as

γdB ≜ 20 log10 γ. As expected from (4.17) and (4.18), since the correlation between the

input and output signals becomes higher as we increase IBO, the effective signal term

(C0) increases, whereas the other terms that represent residual distortions decrease. In

the case of the soft envelope limiter, when γdB is low, the third-order distortion term

(C1) becomes dominant, but as γdB increases, higher-order terms eventually dominate.

This particular behavior is mostly specific to the case of the soft envelope limiter which
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(a)

(b)

Figure 4.1: The relationship between higher-order nonlinear distortion components Cn/ξ
and input back off for (a) soft envelope limiter model and (b) the erf model.

has a piecewise linear characteristic such that the envelope undergoes severe nonlin-

earity at the saturation point. On the other hand, in the case of the erf model, the

third-order distortion term (C1) is always dominant and higher-order terms become
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less dominant, and this holds almost regardless of the IBO value. Therefore, for many

practical amplifiers that have smooth nonlinearity, the third-order term may be consid-

ered as the most effective factor in the PSD analysis.

4.4 Simple Expressions for Approximate PSD and EVM Upper

Bound

In this section, we first establish the relationship between the nonlinearity behavior

and signal-to-distortion power ratio under the assumption of Gaussian input signals.

We will then develop a simple approach that does not require any curve fitting but still

can estimate the PSD as well as the resulting in-band distortion even if the function

G(r) is only partially measured or the signal-to-distortion power ratio is known only

at the detector.

4.4.1 Total Signal-to-Distortion Power Ratio

From (4.19) and (4.22), we observe that the total signal power after nonlinear ampli-

fication is expressed as

∫ ∞

−∞
Szo(f)df =

∞∑
n=0

Cn

ξ

∫ ∞

−∞
S⋆(2n+1)
xi

(f)df =

∞∑
n=0

Cn

ξ
= 1 (4.39)

where the first term n = 0 corresponds to the useful signal component and the others

correspond to distortion. Therefore, the total signal-to-distortion power ratio (SDR)

can be defined as

SDRtotal ≜
C0/ξ∑∞
n=1Cn/ξ

=
C0/ξ

1− C0/ξ
=

|ρzi,zo |
2

1− |ρzi,zo |
2 (4.40)

where ρzi,zo is defined in (4.17). This is referred to as a design SDR in [Och13] and can

be easily calculated through the measurement of only the cross-correlation coefficient

(4.18).

4.4.2 Effective Signal-to-Distortion Power Ratio

As mentioned in [Och13], the total SDR defined above contains both in-band and

out-of-band distortion components, whereas the in-band distortion is only a dominant
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factor for detection of the data. Thus, the effective SDR may be defined based on the

in-band distortion component only. To this end, we divide the power spectra corre-

sponding to the order n ≥ 1 into the in-band and out-of-band components as∫ ∞

−∞
S⋆(2n+1)
xi

(f)df =

∫
Din

S⋆(2n+1)
xi

(f)df︸ ︷︷ ︸
βn,in

+

∫
Dout

S⋆(2n+1)
xi

(f)df︸ ︷︷ ︸
βn,out

= 1 (4.41)

where Din and Dout represent the frequency regions corresponding to in-band and out-

of-band, respectively.

The effective SDR is then defined as

SDReff ≜
C0/ξ∑∞

n=1 βn,inCn/ξ
. (4.42)

We denote the most dominant in-band spectral component as

β∗,in = max
n≥1

βn,in. (4.43)

Then we have

SDReff ≥
C0/ξ

β∗,in
∑∞

n=1Cn/ξ
=

1

β∗,in
SDRtotal. (4.44)

The EVM can be then upper-bounded by

EVM =

√
1

SDReff
≤

√
β∗,in

SDRtotal
. (4.45)

4.4.3 Simple Approximate Expression of Power Spectral Density using Cross-

Correlation Coefficient

In Section 4.3.2, we have seen that in both the cases of smooth and sharp (including

piecewise linear) nonlinearity, the third-order component (C1/ξ) is a dominant factor of

distortion. Using this fact, we establish the simple approximate PSD expression based

only on the input/output cross-correlation coefficient and the PSD of input signals.
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First, let us express (4.19) as

Szo(f) =
C0

ξ
Sxi(f) +

∞∑
n=1

Cn

ξ
S⋆(3)
xi

(f) +
∞∑
n=2

Cn

ξ

{
S⋆(2n+1)
xi

(f)− S⋆(3)
xi

(f)
}

︸ ︷︷ ︸
δ(f)

. (4.46)

Since in general Cn/ξ becomes smaller as n increases, δ(f) in the above expression

may be negligibly small in most scenarios and ignoring this term leads to the following

approximate PSD expression:

Szo(f) ≈ |ρzi,zo |
2 Sxi(f) +

(
1− |ρzi,zo |

2
)
S⋆(3)
xi

(f). (4.47)

4.4.4 Power Spectrum Expression for Band-Limited OFDM Signals

The calculation of the exact spectrum (4.19) or its approximate form (4.47) requires

the knowledge of the input signal spectrum and its self-convolution. So far, we have

not specified the form of the input signal spectrum and we will now focus on the band-

limited OFDM signals. Let us define the lth complex baseband OFDM signal centered

at the zero frequency that can be expressed as [OI02]

zi,l(t) =
1√
N

N−1∑
k=0

Xl,k e
j2π(k−(N−1)/2)t/T , (4.48)

where N is the number of subcarriers, Xl,k denotes a QAM (or PSK) symbol on the kth

subcarrier of the lth OFDM symbol, and T is a symbol period.

Note that zi,l(t) defined in (4.48) is periodic with period T , and the resulting input

signal formed by the consecutive OFDM symbols may be expressed as

zi(t) =

∞∑
l=−∞

zi,l(t)w(t− lTs), (4.49)

where w(t) is a windowing function of length Ts > T that controls the smoothness

of the transition between the consecutive OFDM symbols. Strict characterization of

the PSD requires the knowledge of w(t) as it also causes the spectral leakage. In this

chapter, however, we focus only on the out-of-band radiation caused by nonlinear dis-

tortion through examination of only one OFDM symbol for simplicity and the effect of

the spectral leakage caused by this windowing will not be considered.
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Provided that {Xl,k} are independent and identically distributed (i.i.d.), as N in-

creases the distribution of the OFDM signal is known to approach that of a complex

Gaussian random process with near rectangular spectral shape. Therefore, in what fol-

lows, we assume that zi(t) is an ideally band-limited Gaussian random process whose

PSD is expressed as

Szi(f) = Sxi(f) =

1, |f | < 1
2 ,

0, otherwise.
(4.50)

Then, its self-convolution can be expressed by [Dar; Mor87]

S⋆(2n+1)
xi

(f) = (2n+ 1)
n−l∑
p=0

(−1)p(n+ 1
2 − |f | − p)2n

p!(2n+ 1− p)!
, (4.51)

for

max

(
0, l − 1

2

)
< |f | < l +

1

2
, (4.52)

where l = 0, 1, · · · , n. In particular, when n = 1 we obtain

S⋆(3)
xi

(f) =


3
4 − |f |2, |f | < 1

2 ,

1
2

(
3
2 − |f |

)2
, 1

2 < |f | < 3
2 .

(4.53)

After some algebraic manipulation, we obtain the expression of the power that falls

in-band as

βn,in = 2

∫ 1
2

0
S⋆(2n+1)
xi

(f)df

= 2
n∑

p=0

(−1)p
(n− p+ 1

2)
2n+1 − (n− p)2n+1

(2n− p+ 1)!p!
. (4.54)

It follows that the first four terms (n = 1, 2, 3, 4) can be calculated as

{β1,in, β2,in, β3,in, β4,in} =

{
2

3
,
11

20
,
151

315
,
15619

36288

}
= {0.667, 0.55, 0.479, 0.439} (4.55)

and we observe that it decreases monotonically. Thus, the maximum in-band spectral

component is β∗,in = 2
3 in this case. Consequently, the following observation can be
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Figure 4.2: The self-convolution of the power spectral density S
⋆(2n+1)
xi for n = 0, 1, 2, and

3.

made: From (4.44), the effective SDR and the total SDR are related by

SDReff ≥
3

2
SDRtotal. (4.56)

That is, the effective SDR is at least 1.76 dB higher than the total (or design) SDR in the

case of OFDM signals with near rectangular spectrum, which agrees with the observa-

tion given in [Och13].

The PSDs of the several beginning orders of S⋆(2n+1)
xi in the case of the rectangular

input spectrum are plotted in Fig. 4.2. It is observed that with increasing n, the in-band

component steadily decreases and thus the sidelobe power increases accordingly.

4.5 Numerical and Experimental Results

In this section, through simulation and actual measurements, we verify the effective-

ness of the proposed theoretical PSD expression derived in the previous section. The

simulation and experimental procedures are illustrated in Fig. 4.3.
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Figure 4.3: Simulation and experimental setup.

4.5.1 Calculation of PSD and EVM for Simulation and Measurement

In this work, we calculate the periodogram by taking an ensemble average of the

square of discrete Fourier transform of the generated and power amplified complex

baseband OFDM signals. Upon evaluating the periodogram through simulation and

measurement, the N -subcarrier OFDM signal is sampled only for one OFDM symbol

period with J times oversampling, i.e., with J N -point FFT. In this manner, the effect

of the spectral leakage associated with OFDM symbol transition is eliminated from our

PSD calculation and the results become consistent with our theoretical analysis.

For the EVM, we calculate the root mean square error between the detected sym-

bol X̃l,k and the transmitted symbol Xl,k scaled by an optimal attenuation factor, i.e.,

[Och13]

EVM =

√√√√√√E

{∣∣∣X̃l,k − αXl,k

∣∣∣2}
E
{
|αXl,k|2

} × 100 (4.57)

where

α =
E
{
X∗

l,kX̃l,k

}
E {|Xl,k|2}

. (4.58)

This will be compared by the upper bound based on the total SDR, i.e., (4.45) with

β∗,in = 2
3 .
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4.5.2 Calculation of Cross-Correlation Coefficient for Measurement

The calculation of our proposed approximate PSD at least requires the knowledge of

the cross-correlation coefficient (4.17). In the case of the measurement where the AM-

AM and AM-PM curves of the PA are not known a priori, we perform its calculation

as follows. Let rn denote the nth input envelope level at which the corresponding

AM-AM and AM-PM of the PA are measured, and let us choose them such that the

interval of any closest two samples is equal, i.e., we choose {rn} such that for any n,

rn+1 − rn = ∆r where ∆r is constant. Let g(rn) and ϕ(rn) denote the corresponding

measured amplitude and phase responses to rn. From (4.17), one may express the

estimate of the cross-correlation coefficient as

|ρzi,zo |
2 ≈

{∑
n e

− r2n
A2
0
γ2
0
r2ng(rn) cos [ϕ(rn)]

}2

+

{∑
n e

− r2n
A2
0
γ2
0
r2ng(rn) sin [ϕ(rn)]

}2

{∑
n e

− r2n
A2
0
γ2
0
r3n

}{∑
n e

− r2n
A2
0
γ2
0
rng2(rn)

}
(4.59)

where γ0 ≜ A0/
√
Pin corresponds to the IBO with the reference maximum envelope

level denoted by A0.

4.5.3 Simulation Setup

For the Monte-Carlo simulation, we generate 1 024 000 OFDM symbols with the num-

ber of subcarriers N = 256, where each subcarrier is modulated by QPSK except for

the center subcarrier that is set to be null. Since arbitrary PA characteristics can be gen-

erated for simulation, in addition to the soft envelope limiter and erf models described

in Section 4.3.1, we consider the well-adopted Rapp and Saleh models as our reference

of more practical PA models. Their complex gains are plotted in Fig. 2.4. For both the

cases, the coefficients Cn of (4.23) may not be expressed in a convenient analytical form,

and thus they should be calculated numerically.

We use Rapp and Saleh models as power amplifier simulation which are introduced

in Chapter 2. Note that there is no AM-PM effect in the Rapp model, that is, ϕ(r) = 0.

Throughout this work, p = 3.0 will be adopted as a relatively good AM-AM example.
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Figure 4.4: AM-AM and AM-PM characteristics of measured PA

4.5.4 Experimental Setup

In the case of the measurement using actual PA where the basic configuration of

the experimental setup is illustrated in Fig. 4.3, the data used for generating the input

OFDM signals is chosen to be the same as those used in the simulation process. The

complex baseband OFDM signal is generated by a computer and then up-converted

to the RF signal by the vector signal generator (VSG). The number of the OFDM sym-

bols generated for this measurement is 576 000. The RF modulated signal by VSG is

then power amplified by the actual PA, and then is fed, after attenuation of the sig-

nal power, to the oscilloscope where the nonlinearly amplified signal is captured and

down-converted to the baseband OFDM signal. Finally, the captured data is analyzed

by computer in terms of the resulting PSD and EVM.

The PA used in this measurement is the SSPA with gain of 29 dB at 2GHz, and oper-

ates with the input signal frequency ranging from 2MHz to 3GHz. Our measurement

was performed at 800MHz. The bandwidth of the OFDM signal was set as 12.5MHz.

The AM-AM and AM-PM characteristics have been measured by the single frequency

input from VSG, and their characteristics are plotted in Fig. 4.4.
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4.5.5 Numerical and Experimental Results

For all the theoretical results on PSD, we refer to the results as “exact” when it is

calculated using (4.19) with the coefficients Cn given by (4.23), where the summation

is taken up to n = 10 terms. On the other hand, the proposed simple approximate

form (which will be referred to as “approximation” in the results) is based on (4.47)

where the cross-correlation coefficient is calculated from (4.17). For the exact case, the

required self-convolution of the spectrum is calculated using (4.51) whereas only (4.53)

is used for the approximation.

Power Spectral Density

We start with the PSD results for the OFDM signal amplified by the soft envelope

limiter shown in Fig. 4.5 (a). In all the cases of IBO examined, it is observed that the

exact one and simulation well agree. Furthermore, the proposed simple approximation

shows good agreement with the simulation results and this tendency becomes notice-

able as the IBO decreases. The reason for this behavior can be verified from Fig. 4.1 (a)

where the lower-order nonlinear distortion is dominant in lower IBO whereas higher-

order terms eventually prevail as IBO increases. For example, we observe from Fig. 4.1 (a)

that the amount of nonlinear distortion of n = 2 becomes greater than that of n = 1

when the IBO is higher than 6.5 dB.

Next, we examine the erf model and the results are shown in Fig. 4.5(b). In this case,

we observe that all the three cases show almost perfect agreement. This is due to the

fact that the third-order nonlinear distortion is dominant in all the IBO range of interest

as observed from Fig. 4.1(b).

The results for the cases of Rapp (with p = 3.0) and Saleh models are shown in

Fig. 4.6(a) and (b), respectively, where we observe the tendencies similar to the soft

envelope limiter and erf models, respectively. This behavior can be also inferred from

the similarity of the AM-AM characteristic curves shown in Fig. 2.4.

In the case of measurement, the approximate PSD is calculated based on the mea-

sured cross-correlation coefficient using (4.59). The corresponding theoretical PSD is

compared with the measured PSD in Fig. 4.7. We observe that our approximation ap-

proach can capture the distortion accurately, especially when IBO is relatively small as

expected.
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(a)

(b)

Figure 4.5: PSD comparison of theoretical and simulation results based on (a) soft envelope
limiter model and (b) the erf model.

Error Vector Magnitude

The EVMs in the case of soft envelope limiter and erf models are calculated by the

simulation and shown in Fig. 4.8, together with the corresponding theoretical upper



64
Chapter 4. Characterization of Power Spectral Density for Nonlinearly Amplified

OFDM Signals

(a)

(b)

Figure 4.6: PSD comparison of theoretical and simulation results based on (a) Rapp model
with p = 3.0 and (b) Saleh model.

bounds. We observe that both the simulation results and upper bounds well agree,

which may justify the accuracy of our proposed analytical approach. It is interesting to

observe that when the two curves are compared with the same IBO value, soft envelope
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Figure 4.7: PSDs of real PA based on our proposed approximation method.

Figure 4.8: EVM results of soft envelope limiter and erf model.

limiter has higher EVM value when IBO is lower than 3 dB, even though it rapidly

decreases as IBO increases compared to that of the erf model. We note that similar

agreement behavior has been also observed for the Rapp and Saleh models.
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Figure 4.9: EVM results of actual PA.

Finally, in Fig. 4.9, the EVM calculated based on the measurement is compared with

the corresponding upper bound based on the theoretical calculation using measured

cross-correlation coefficient. For low IBO region, good agreement is observed between

the measured results and our upper bound as expected. However, we observe some

gap when the IBO is high where high SDR is expected. Several reasons can be consid-

ered for this behavior. First, since the number of subcarriers considered in this work

is not large (N = 256), the assumption of an OFDM signal as a Gaussian process may

not be accurate enough. Second, since the OFDM signals with high peak power occur

less frequently than those with low peak power [OI01], the event that the OFDM signal

is affected by nonlinear distortion becomes rare [Bah+02], especially in the high SDR

region where the IBO is set high. Finally, the measured results are affected not only by

the nonlinear distortion but also by the additive white Gaussian noise (AWGN) (due

to the thermal noise) as well as the quantization noise, where the latter two factors are

not taken into consideration in our theoretical calculation.

4.6 Conclusion

In this work, based on the exact mathematical model, we have first established the

relationship between the cross-correlation coefficient of the input and output envelope
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of the nonlinearly amplified Gaussian signals (or total SDR) and its power spectral den-

sity. Based on this result, we have proposed a simple approximate expression for the

PSD and EVM of the nonlinearly amplified OFDM signals that can be derived using the

cross-correlation coefficient calculated only from the AM-AM and AM-PM characteris-

tics of a PA. Through computer simulation and actual measurement, the effectiveness

and accuracy of our approach have been demonstrated. Even though this approach is

theoretically valid only for the Gaussian signals with rectangular spectra, which can

be approached by the OFDM with a large number of subcarriers, it is expected to offer

an approximate solution for other linearly modulated signaling cases. Further inves-

tigation may be necessary to investigate the applicability of the proposed approach to

other modulation formats.





Chapter 5

A Trellis Shaping Approach for Peak

Power Reduction of SC-FDMA

Signals

5.1 Introduction

The fourth generation (4G) wireless communication standard known as the Long

Term Evolution - Advanced (LTE-A) has successfully improved the achievable trans-

mission rate by incorporating the state-of-the-art techniques. Unlike the third gener-

ation (3G) system where the code-division multiple-access (CDMA) plays a primary

role, the LTE-A significantly increases the spectral efficiency by adopting frequency-

division multiple-access (FDMA)-based approach together with the transmit signals

with higher dynamic range. The use of such signals, however, leads to higher energy

consumption in power amplifier (PA) at the transmitter [HBB11; GZ14]. Consider-

ing the growing concerns toward green communications in the global level, the im-

provement of energy efficiency without sacrificing the spectral efficiency is an issue of

the utmost importance for the next wireless communications standards including 5G

[Wan+14; I+14; Boc+14].

In the LTE-A standard, a single-carrier frequency-division multiple-access (SC-FDMA)

is adopted as its uplink radio access and orthogonal frequency-division multiple-access

(OFDMA) as its downlink. One of the primary reasons that the SC-FDMA has found its

practical application is that the resulting signal has lower peak-to-average power ratio

(PAPR) than the orthogonal frequency-division multiplexing (OFDM) signal and yet

has robustness against frequency selective fading channels similar to the conventional

OFDM by the use of cyclic prefix and frequency-domain equalization (FDE) [Fal+02].

69
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The signal bearing high PAPR causes nonlinear distortion unless PA has highly linear

characteristics and its input back-off (IBO) is appropriately adjusted. If IBO is set insuf-

ficient, the resulting nonlinear distortion not only degrades the quality of transmit sig-

nal but also introduces interference to adjacent channels, thus decreasing the spectral

efficiency of the overall system. On the other hand, increasing IBO reduces the power

conversion efficiency of PA, leading to lower effective average power of transmit (and

thus received) signals as well as an increase of heat dissipation. Therefore, the signal

quality (i.e., distortion) and its PA efficiency has essentially a trade-off relationship. For

the uplink of the cellular networks, the reduction of PAPR signal translates to the im-

provement of the PA efficiency, thus enhancing its coverage since it increases the trans-

mit signal power for a given energy consumption of battery. Thus, even though the

SC-FDMA adopted in the LTE-A standard has higher complexity than that of OFDMA

due to the additional process known as a discrete Fourier transform (DFT) precoding, it

has turned out to be preferable to the latter.

Nevertheless, even with constant amplitude modulation such as phase shift keying

(PSK), the dynamic range of the SC-FDMA signal is not constant due to the existence of

the pulse shaping filtering. In fact, the use of DFT precoding together with higher-order

modulation considerably increases its signal dynamic range [MLG06; Ber+08; HNA07;

CSL11; Ben+10; Och12], and thus reduces the PA efficiency. Therefore, reduction of

PAPR even for SC-FDMA should lead to further improvement of energy efficiency over

OFDMA.

To date, only a few peak power reduction techniques have so far been proposed for

SC-FDMA in the literature [CSL11; Fal11]. Since the SC-FDMA system has a transmit-

ter structure similar to conventional single-carrier systems, some peak power reduction

techniques developed for the latter may be applicable to SC-FDMA as well, provided

that suitable modifications are applied. Several peak power reduction techniques have

been proposed for the conventional pulse-shaped single-carrier systems. For example,

in [CC05], considering the pulse-shaping process as a memory device (or a convolu-

tional encoder), a peak power reduction technique based on the trellis structure has

been proposed. On the other hand, it has been demonstrated in [TO09a] that the trellis

shaping (TS) scheme that has been developed for average power reduction of high-

order QAM [For92] can generate near constant envelope PSK signals even with a near

rectangular pulse-shaping filter. This approach has been later extended to single-carrier

high-order QAM systems in [TO09b].
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There are two major issues when TS is applied to SC-FDMA systems. First, the im-

pulse response of the pulse shaping filter used for SC-FDMA is essentially a periodic sinc

function [Och12; Ben+10] whose energy decays very slowly. Therefore, the impulse

response is non-negligible over entire SC-FDMA block. Second, due to the periodic

nature of this pulse shaping filter, the signal is generated by circular convolution of the

filter with input QAM symbols. Therefore, the filtered signal waveform corresponding

to the head of each SC-FDMA block is also affected by the QAM symbols located in its

tail and vice versa.

In this work, we first identify the major challenges associated with PAPR reduction

based on TS for SC-FDMA systems. We then propose a novel TS-based approach that

enables an efficient PAPR reduction of QAM-modulated SC-FDMA systems.

The rest of this chapter is organized as follows. In Section 5.2, we briefly describe

the SC-FDMA system as well as trellis shaping considered throughout this work. The

major issues that should be taken into account when TS is applied to SC-FDMA systems

are also identified. Our novel approach for TS-based PAPR reduction of SC-FDMA

signals is proposed in Section 5.4. Improvement of PA efficiency and the resulting effect

of nonlinear distortion are evaluated through the computer simulations in Section 5.6.

Finally, conclusions are given in Section 5.7.

5.2 System Description

Figure 5.1 describes a block diagram of the entire system model considered through-

out this paper. The information is first encoded by the trellis shaping (TS) encoder that

maps a binary sequence to QAM (or PSK) constellation, followed by SC-FDMA signal

generator. The resulting signal is then subject to nonlinear amplification of power am-

plifier. The signal is then transmitted over a frequency selective fading channel with

additive white Gaussian noise (AWGN). The received SC-FDMA signal is then detected

based on the MMSE criterion. Finally, the information is retrieved through the decoder

corresponding to TS encoder.

5.2.1 SC-FDMA

We consider the SC-FDMA system where the maximum of Q users are allocated to

a single SC-FDMA block with each user having M -QAM (or PSK) symbols to transmit
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Figure 5.1: A block diagram of the transmitter for the SC-FDMA system with trellis shap-
ing.

within the same block. In general, the SC-FDMA signal is generated by two cascaded

discrete Fourier transform (DFT). Let q ∈ {0, 1, · · · , Q−1} denote the index of the users

and x
(q)
n ∈ X denote the nth symbol of the qth user, where n ∈ {0, 1, · · · , N − 1} and X

is a set of the signal constellations (such as PSK and QAM). The N -point DFT converts

a set of the time-domain symbols {x(q)n } to its frequency-domain representation as

X(q)
m =

1√
N

N−1∑
n=0

x(q)n e−j2πmn
N , for m = 0, 1, · · · , N − 1. (5.1)

The above N complex-valued samples are then mapped onto the frequency-domain

slots of size Q × N . Several FDMAs are proposed depending on how these samples

are mapped onto the frequency-domain slots (often called subcarriers), and in this work

we only focus on the localized FDMA (LFDMA) adopted in LTE-A. Without loss of

generality, the frequency-domain mapping of LFDMA for the qth user can be expressed

as

X̃k =

X
(q)
m , if k = qN +m, m ∈ {0, 1, · · · , N − 1},

0, elsewhere,
(5.2)
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for k = 0, 1, · · · , QN − 1. The subsequent QN -point IDFT converts the frequency-

domain components back to the time-domain signal samples as

x̃
(q)
l =

1√
N

QN−1∑
k=0

X̃ke
j2π lk

QN =
1√
N

e
j2π q

Q
l
N−1∑
m=0

X(q)
m e

j2π m
QN

l
, for l = 0, 1, · · · , QN − 1.

(5.3)

By substituting (5.1) into (5.3), the discrete samples of the SC-FDMA signal can be

expressed for l ∈ [0, QN − 1] as [MLG06; Och12]

x̃
(q)
l =

N−1∑
n=0

xn g
(q)
l−nQ, (5.4)

where g
(q)
m is a periodic sinc function expressed for any integer m ∈ [−Q(N − 1), QN − 1]

as

g(q)m = e
jπ(2q+1− 1

N )m
Q

sin
(
πm
Q

)
N sin

(
πm
NQ

) . (5.5)

Therefore, the resulting signal is in fact the oversampled (i.e., interpolated) version of

the original sample sequence {xl,k} by Q times with filtering based on the periodic sinc

function. Setting Q large enough, the discrete samples of (5.4) can be considered as a

good approximation of band-limited continuous baseband SC-FDMA signals.

When cyclic prefix (CP) corresponding to P symbols are added, then we may express

the output samples as

y
(q)
l =

x̃
(q)
QN+l, l = −QP,−QP + 1, · · · ,−1,

x̃
(q)
l , l = 0, 1, · · · , QN − 1,

(5.6)

for an integer l ∈ [−QP,QN − 1].

5.2.2 Detection of SC-FDMA Symbols

At the receiver side, the received signal after CP removal can be expressed by

r(q)m =

QN−1∑
l=0

h
(q)
l x̃

(q)
m−l + wm, (5.7)
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where hl and w denote channel impulse response and additive white Gaussian noise

(AWGN). The received signal is fed to QN -point DFT, and then, its output can be ex-

pressed by

R(q)
m = Υ(q)

m X̃(q)
m +Wm. (5.8)

By applying MMSE equalizer into (5.8), frequency components are compensated such

as

X̄(q)
m = T (q)

m

(
Υ(q)

m X̃(q)
m + W̃m

)
, (5.9)

where

T (q)
m =

(
Υ

(q)
m

)∗
∣∣∣Υ(q)

m

∣∣∣2 + SNR
. (5.10)

Consequently, the signal constellation from IDFT output can be expressed by substitut-

ing (5.1) and (5.3) into (5.9) as [RC09]

x̄(q)m =

√
N√
QN

QN−1∑
n=0

T (q)
n Υ(q)

n

(
X̃(q)

n + W̃n

)
e
−j2π nm

QN

=
1√
QN

QN−1∑
n=0

T (q)
n Υ(q)

n

(
QN−1∑
l=0

(
x
(q)
l + w̃l

)
e
j2π lm

QN

)
e
−j2π nm

QN

=
1√
QN

QN−1∑
n=0

T (q)
n Υ(q)

n

QN−1∑
l=0

(
x
(q)
l + w̃l

)
e
j2πm

(l−n)
QN . (5.11)

We see that each symbol x
(q)
l is interfered by another symbols when l ̸= n. Now,

expression (5.11) can be divided into desired signal, interference term and AWGN as

x̄(q)m =
1√
QN

QN−1∑
n=0

T (q)
n Υ(q)

n

x(q)n +

QN−1∑
l=0
l ̸=n

x
(q)
l e

j2πm
(l−n)
QN +

QN−1∑
k=0

w̃ke
j2πm

(k−n)
QN

 .

(5.12)

5.3 Trellis Shaping for SC-FDMA

We consider application of trellis shaping (TS) [For92] to peak power reduction of

SC-FDMA signals defined in the previous section. TS has been applied to band-limited
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single-carrier PSK and QAM signals in [TO09a] and [TO09b], respectively, and in what

follows we briefly summarize the notations introduced in [TO09a] and address the

problem associated with direct application of TS to SC-FDMA signals.

5.3.1 Principle of TS

TS first multiplexes a codeword of a given shaping binary convolutional code at the

transmitter that results in reduction of peak power in band-limited signals. To this

end, the transmitter has to estimate the signal waveform for a given candidate code-

word and should select the one that will minimize the peak power (or reduce the signal

fluctuation). Specifically, let Gs denote the generator matrix of the shaping binary con-

volutional encoder with the number of memory elements ν, and let us assume that

the rate of this code is 1/ns, i.e., Gs is given by 1 × ns matrix. The corresponding

parity-check matrix HT
s is given by ns × (ns − 1) matrix which satisfies GsH

T
s = O,

where (·)T denotes a transpose of matrix and O is a zero matrix of the corresponding

size. The left inverse matrix of HT
s , denoted by (H−1

s )T , should satisfy (H−1
s )THT

s = I,

where I is an identity matrix of the corresponding size, and thus the size of (H−1
s )T is

(ns−1)×ns. In other words, (H−1
s )T itself can be seen as a binary convolutional code of

rate (ns − 1)/ns. Given a set of these matrices, the operation of TS for an N -subcarrier

SC-FDMA system is described as follows. The information bit sequence from the

source is first divided into the two sequences, each consisting of N symbols. They

are defined as s = [s0, s1, . . . , sN−1] with sn ∈ {0, 1}ns−1 and u = [u0,u1, . . . ,uN−1]

with un ∈ {0, 1}nu , where the former sequence is called a shaping sequence and the

latter is called a non-shaping sequence in what follows. The integer nu represents the

number of the non-shaping bits carried by each symbol un. The shaping sequence s

is input to the rate-(ns − 1)/ns convolutional code (H−1
s )T to generate the sequence

s̃ = [s̃0, s̃1, . . . , s̃N−1] with s̃n = sn(H
−1
s )T ∈ {0, 1}ns , which thus imposes one-bit re-

dundancy per each symbol. The output sequence s̃ can be added by an arbitrary valid

codeword of the convolutional code Gs which we denote by v = [v0, ,v1, . . . ,vN−1],

since at the receiver the sum of the two binary sequences zn = s̃n + vn should satisfy

znH
T
s = sn and thus the ambiguity introduced by vn can be completely eliminated

provided that z = [z0, z1, . . . , zN−1] is correctly detected. There are several mapping

approaches for the assignment of zn and un to xn (i.e., the nth QAM symbol), and we

adopt that similar to the sign-bit shaping [For92], where zn and un choose the most

significant bits (MSBs) and the least significant bits (LSBs) of an M -ary QAM symbol,

respectively. It follows that the size of the constellation should be M = 2ns+nu .
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Figure 5.2: Bit labeling for (a) 16-PSK and (b) 16-QAM considered in this work.

In this work, 16-PSK and 16-QAM are considered as two representative cases of PSK

and QAM, and their corresponding bit labeling is illustrated in Fig. 5.2. Both of them

are arranged such that 1) for given LSBs, each element of each complement MSB pair

(i.e., {00, 11} and {01, 10}) is able to select one from the two constellation points with

maximum Euclidean distance, and 2) within a set of the four points with the same

MSBs, the LSBs follow Gray labeling. The first property guarantees a good peak power

control capability by the convolutional codes with maximum free distance, whereas

the second property contributes to minimization of the bit error rate. Note that the 16-

QAM mapping in Fig. 5.2(b) is called Type-II mapping in [Och04] and is able to reduce

both peak and average power if the associated metric is properly designed.

5.3.2 Metric for Viterbi Decoder

Our task in TS is to find a suitable codeword v that leads to a transmit signal with

smaller peak (or average) power. Since this is equivalent to decoding of binary con-

volutional code, the Viterbi algorithm (VA) can be employed. A suitable metric that

captures signal dynamic range should be developed for Viterbi decoding. In other

words, the VA should incorporate a metric that accounts for the instantaneous peak

power instead of the Euclidean distance in the conventional channel decoding.

Partial Signal Representation

In the case of SC-FDMA, the signal is generated by the impulse response defined by

(5.5) and this spans over the entire SC-FDMA symbol period of [0, QN), or equivalently,

[−QN
2 , QN

2 ) due to the periodic nature of the impulse response. We now consider the
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impulse response in the form of

g̃(q)m = wm(Ks) g
(q)
m (5.13)

where wm(k) is a rectangular window function with a span corresponding to k sym-

bols, defined as

wm(k) =

1, −Qk
2 ≤ m ≤ Qk

2 ,

0, otherwise.
(5.14)

In other words, we consider the truncated impulse response of the length correspond-

ing to Ks symbols for generation of signal replicas used for metric calculation. The

replica corresponding to (5.4) generated by the filter (5.13) for a given candidate trans-

mit symbol sequence x̃ = [x̃0, x̃1, · · · , x̃N−1], which we refer to as a partial signal, can be

expressed as

x̂
(q)
l =

N−1∑
n=0

x̃n g̃
(q)
l−nQ =

N−1∑
n=0

x̃nwl−nQ(Ks) g
(q)
l−nQ. (5.15)

Due to the constraint of (5.13), the partial signal for the time interval kQ ≤ l < (k+1)Q

is completely described by a linear combination of {x̃n} with the indices n ∈ {k −(
Ks
2 − 1

)
, k −

(
Ks
2 − 2

)
, · · · , k + Ks

2 }, assuming that Ks is an even integer. Consider-

ing the causality of the system and introducing the time shift, the partial signal for(
k − Ks

2

)
Q ≤ l <

(
k − Ks

2 + 1
)
Q is determined by {x̃k−(Ks−1), x̃k−(Ks−2), · · · , x̃k},

leading to the following waveform expression:

x̂
(q)
l =

Ks−1∑
n=0

x̃k−n g
(q)
l−(k−n)Q. (5.16)

Defining l′ = l −
(
k − Ks

2

)
Q, where 0 ≤ l′ < Q, we may express (5.16) for the time

interval kQ ≤ l < (k + 1)Q as

x̂
(q)
k (l′) =

Ks−1∑
n=0

x̃k+Ks
2

−n g
(q)

l′−(Ks
2

−n)Q
for k = 0, 1, · · · , N − Ks

2
− 1. (5.17)

Note that x̃n with the negative indices, i.e.,
{
x̃−1, x̃−2, · · · , x̃−(Ks

2
−1)

}
, should be ap-

propriately defined in the above expression. Furthermore, the last time-domain sam-

ples corresponding to
(
N − Ks

2

)
Q ≤ l < NQ cannot be controlled by x̃ of length N in
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the above process.

Memory Extension

We incorporate the past Ks−1 candidate symbols into each trellis section defined by

the convolutional code. In the framework of TS, this can be achieved by introducing

multiple external memories as described in [TO09a]. Specifically, if vk is the kth output

of the convolutional encoder defined by, e.g., Gs = [1+D3, 1+D2+D3], the past output

vk−m is generated by DmGs = [Dm +D3+m, Dm +D2+m +D3+m] where 1 ≤ m < Ks.

In general, for the convolutional code with the number of memory elements ν, the

number of states with extended memories is given by 2ν+m. By choosing m = Ks − 1,

the decoder can take into account the past Ks − 1 output symbols upon evaluating the

kth output symbol.

Branch Metric Descriptions

For our branch metric calculation, we consider the moment method [TO09a] defined

as

µk =

Q−1∑
l′=0

∣∣pk(l′)− pref
∣∣β (5.18)

where pk(l
′) =

∣∣∣x̂(q)k (l′)
∣∣∣2, β is a positive real value, and pref is a reference threshold

power. Alternatively, one may focus only on the middle point of the Nyquist interval

and metric increases only if the signal exceeds the threshold, which leads to

µ+
k =

∣∣∣∣pk (Q

2

)
− pref

∣∣∣∣β . (5.19)

In both the above equations, the optimal threshold pref depends on the parameters such

as modulations and target instantaneous power, and should be determined empirically

by simulation in practice due to the difficulty of theoretical analysis.

In the case of M -QAM, the following metric is proposed in [TO09b] targeting the

reduction of both peak-to-average power ratio and average power:

µ×
k =

C∞, pk

(
Q
2

)
> ppeak,

|pk
(
Q
2

)
− pref|, otherwise,

(5.20)
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where C∞ is a constant set large enough compared to |p − pref|, and thus ppeak is the

maximum peak value that the SC-FDMA signal will take.

5.3.3 Conventional TS Algorithm

The conventional TS can be described as follows. Define the trellis diagram accord-

ing to Gs and its memory extension such that it has 2ν+Ks−1 states. Assume that we

have u = [u0,u1, · · · ,uN−1] and s̃ = [s̃0, s̃1, · · · , s̃N−1] from the source. Each branch

of the trellis is thus associated with zn = s̃n + vn which should be mapped onto the

candidate QAM symbol x̃n.

1. Initialization: We set x̃n = 0, where −Ks + 1 ≤ n ≤ −1, and append it to x̃ that

is to be determined by this algorithm. We also append Ks − 1 zeros at the end of

the sequence. The resulting sequence is

x̃′ = [0, 0, · · · , 0︸ ︷︷ ︸
Ks−1

x̃0, x̃1, · · · , x̃N−1, 0, 0, · · · , 0︸ ︷︷ ︸
Ks
2

]. (5.21)

2. Do the following for k = 0, 1, · · · , N − 1:

(a) Partial signal generation: For each trellis section with the candidate MSBs

specified by zk, generate x̃k and calculate x̂
(q)
k (l′) according to (5.17).

(b) Branch metric calculation: Calculate the corresponding branch metric µk.

(c) Viterbi decoding: Perform the ACS (add-compare-select) operation of the

Viterbi Algorithm to determine the survivor branch for each trellis section.

3. Trace back: When k = N − 1, trace back the path with the minimum metric to

determine the sequence x.

5.3.4 Major Issue in Application of TS to SC-FDMA

We demonstrate the major problem of the above approach based on the conventional

TS for SC-FDMA by simulation. The parameters used in this simulation are listed in

Table 5.1, and the resulting sample signal instantaneous power is plotted in Fig. 5.3.

It is observed that high peak power is observed at both the edges of the SC-FDMA

block. This stems from the fact that the partial signal in the range of kQ ≤ l < (k+1)Q

is determined by xk+Ks
2

as well as its past Ks − 1 symbols, and some of them are
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Table 5.1: Simulation Specification

Modulation Type 16-QAM and PSK (Gray mapping)

DFT / IDFT size N=64, Q=8

Symbol Length Data (N ) = 64, CP = 16

Partial Wave Symbol Length Ks = 8

Metric Calculation Method (5.19) for PSK with β = 2, (5.20) for QAM

Generator Polynomial (Gs) [1 +D3 1 +D2 +D3]

Syndrome Former (HT
s ) [1 +D2 +D3 1 +D3]

Inverse Syndrome Former (H−1
s ) [D 1 +D]

Figure 5.3: Edge peak power over entire 16-PSK SC-FDMA time-domain signal.

not determined a priori in these regions of the SC-FDMA signals, due to their periodic

nature. Consequently, the region at the head of Ks
2 symbols as well the last Ks

2 symbols

are uncontrollable in our framework as illustrated in Fig. 5.3.

In Fig. 5.4, the CCDF of the instantaneous power for the SC-FDMA signals are com-

pared, where the CCDF of TS is divided into the two parts, controllable region and uncon-

trollable region as discussed above, and they are separately evaluated. As a reference, the

single-carrier systems pulse shaped by the square-root raised cosine filter with a roll-

off factor of α = 0.0 (i.e., sinc(t) = sin(t)/t) with the conventional TS are also compared

where the symbol is truncated by wm(Ks) with Ks = 8 for partial signal generation of

TS and wm(K) with K = 8 for actual signal generation to evaluate CCDF. From this

figure, it is apparent that while the CCDF of the controllable region is similar to that

of the conventional single carrier systems, that of the uncontrollable region exhibits

considerable increase of instantaneous power, thus resulting in the total CCDF that is

considerably worse than that of the conventional single-carrier systems. In the next sec-

tion, we propose a novel approach that significantly improves the CCDF performance

of SC-FDMA signals.
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Figure 5.4: CCDF performances of TS applied SC-FDMA signal.

5.4 A New TS Approach for SC-FDMA

In this section, we describe a new TS approach that is adjusted to SC-FDMA signals.

The previous section has demonstrated the major problem that one may face upon di-

rect application of the conventional TS to SC-FDMA; it fails to reduce the peak power of

the waveform in the edge region. This is due to the fact that TS cannot take into account

the continuity of the waveform between the head and tail of the SC-FDMA symbols.

In our previous work [LO12], we tackle with this problem based on the repetitive ap-

plication of TS. Even though good peak power control at the edge can be achieved,

the computational complexity turns out to be substantial. This has motivated us to in-

troduce a low complexity TS algorithm that can effectively control the peak power of

SC-FDMA signals at these edge regions.

Recall that for the transmit QAM sequence x to be determined by TS, each QAM

symbol xn is formed by zn and un, where the former consists of ns bits and used for

shaping (MSBs), and the latter consists of nu bits as non-shaping (LSBs). Once an infor-

mation sequence is given from the source, the TS determines z (or equivalently, v for

given s), whereas u is determined a priori.

1. Appending prefix: We first append the prefix symbols of length Ks − 1, at the

head of the candidate sequence x̃ similar to (5.21). They are expressed as x̃h =
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[x̃h,−Ks+1, · · · , x̃h,−2, x̃h,−1]. Let zh,n and uh,n denote that MSBs and LSBs of x̃h,n,

respectively. The MSBs zh,n are set as zeros, whereas its LSBs are chosen such that

uh,−n = uN−n for n = 1, 2, · · · ,Ks − 1.

2. Do the following for k = 0, 1, · · · ,Kmax − 1, where Kmax ≥ Ks:

(a) Partial signal generation: For each trellis section with the candidate MSB

given by zk, generate xk and calculate x̂
(q)
k (l′) according to (5.17).

(b) Branch metric calculation: Calculate the corresponding branch metric µk.

(c) Viterbi decoding: Perform the ACS operation of the Viterbi Algorithm to

determine the survivor branch for each trellis section. This process is neces-

sary only when the number of the trellis states is smaller than 2Kmax .

3. First trace back: When k = Kmax − 1, trace back the path with the minimum

metric to determine the first Kmax symbols of x̃.

4. Appending post-fix: Append the obtained sequence to the tail of x as the post-fix

such that

x̃′ = [x̃0, x̃1, · · · , x̃N−1, x̃t,0, x̃t,1, · · · , x̃t,Kmax−1︸ ︷︷ ︸
Kmax

], (5.22)

where x̃t,n = x̃n for n = 0, 1, · · · ,Kmax.

5. Do the following for k = Kmax,Kmax + 1, · · · , N − 1:

(a) Partial signal generation: For each trellis section with the candidate MSB

given by zk, generate x̃k and calculate x̂
(q)
k (l′) according to (5.17).

(b) Branch metric calculation: Calculate the corresponding branch metric µk.

(c) Viterbi decoding: If necessary, perform the ACS operation to determine the

survivor branch for each trellis section.

6. Branch extension: Extend the branch of the trellis by Kmax symbols according to

the appended post-fix. Since the symbols in these branches have been uniquely

determined, the ACS operation may not be required. Only the metrics of the

corresponding paths should be updated.

7. Second trace back: When k = N − 1 +Kmax, trace back the path corresponding

to the trellis of x̃′ with the minimum metric to determine the entire symbols x to

be transmitted through the SC-FDMA encoder.
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00

01

10

11

First Traceback Second Traceback

0 0

Figure 5.5: An example trellis of the proposed approach for N = 6, Ks = 2, and Kmax = 2
with ν = 1 (four-state trellis).

It is not necessarily guaranteed that the tail symbols in the extended region x̃′ agree

with those at the beginning of the selected symbols in x after the second trace back. We

have found that if they match each other, it results in the better peak power reduction

performance.

As an example case, TS with N = 6, Ks = 2, Kmax = 2, and four-state trellis is

illustrated in Fig. 5.5.

5.5 Peak Power Reduction Performance Optimization

In this section, we numerically optimize the peak power reduction performance of

the SC-FDMA system with the proposed TS described in the previous section, through

the selection of the threshold parameters required for metric calculation.

5.5.1 Reference and Peak Power Levels for TS

In our branch metric calculation of 16-PSK signals, the metrics in (5.18) and (5.19)

will be employed, where a proper setting of reference level pref is critical for effec-

tive reduction of peak power. Furthermore, in the case of QAM based on the metric

(5.20), both pref and ppeak should be carefully selected for effective reduction of average

power as well as peak-to-average power ratio. In what follows, we define the peak-

to-average power ratio (PAPR) as the threshold level of the normalized instantaneous

power where the CCDF is 10−3. The parameters of TS considered in the rest of this

work are summarized in Table 5.1.

Through extensive computer simulations, we evaluate the PAPR as a function of pref

for 16-PSK and the result is shown as the dashed curve in Fig. 5.6. It is observed that
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Figure 5.6: Relationship between the peak-to-average power ratio and average power for
given parameters pref and ppeak.

there is an optimal value of pref (which is 1.10 in this case) that minimizes the PAPR in

the case of 16-PSK.

In the case of 16-QAM, it is necessary to jointly optimize the parameter pair pref and

ppeak. By changing ppeak from 1.0 to 2.0, we have evaluated the resulting average power

and PAPR as a function of pref and the results are shown as the corresponding curves

in Fig. 5.6. We observe that when ppeak is low, peak power can be reduced but the

average power is also reduced, thus resulting in relatively high PAPR. On the other

hand, as ppeak increases, PAPR is reduced but the average power is also increased, thus

less shaping gain can be expected from the average power reduction. A reasonable

selection of ppeak will be around 1.6, while changing pref offers a trade-off relationship

between the PAPR and average power.

5.5.2 Peak Power Reduction Performance

Figure 5.7 shows each CCDF results of conventional and proposed TS methods. All

results of TS has the partial wave symbol length of eight. We observe that our proposed

method improves peak power reduction performance of 0.5 dB for 16-PSK and 1 dB for

16-QAM compared to conventional TS at the probability of 10−5.
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Figure 5.7: CCDF performances of our proposed TS method. It outperforms conventional
TS as 0.5 dB and 1.0 dB for 16-PSK and QAM at target CCDF of 10−5, respectively.

5.6 System Level Simulation Results

5.6.1 Effect of PA Nonlinearity

As we investigated in above section, TS is also valid in SC-FDMA signal as well. In

this section, we investigate the performance of the proposed TS with the specification

shown in Table 5.1.

In order to investigate nonlinear distortion caused by PA, we adopt PA model as

solid state power amplifier (SSPA) known as Rapp model [Rap91] given by

gPA(r) =
r

(1 + (r/Amax)2p)
1
2p

, (5.23)

where Amax denotes maximum output envelope level of r and p is smoothness factor

from linear to saturation region. Note that p is chosen by the kind of target PA. Gen-

erally, p = 3 is suitable for high power amplifier (HPA) whereas p = 2 corresponds

to moderate PA (see [Och13] and references therein). In this work, we adopt p = 2 to

investigate performances in severe nonlinear distortion with no phase distortion (AM-

PM).
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Figure 5.8: Power efficiency of SC-FDMA with and without TS for class-A and B PA.

The input back-off (IBO) of the PA is generally defined as a ratio of saturation power

Psat = (Amax)
2 to input signal average power Pavg as

IBO =
Psat

Pavg
=

(Amax)
2

E

{∣∣∣x̃(q)m

∣∣∣2} , (5.24)

where E{·} denotes mean value. The lower IBO has an advantage of higher PA effi-

ciency, but it may cause severe nonlinear distortion unless PAPR is reduced accord-

ingly.

5.6.2 Power Efficiency

The power efficiency is generally defined by direct current (DC) power supplied to

PA and the RF signal power converted by the PA as [Och13]

η = PRF/PDC. (5.25)

In other words, since PDC is constant, power efficiency totally depends on the amplified

output signal power PRF. For example, the signal bearing high PAPR such as OFDM

signal should be amplified around the region well below saturation in order to avoid
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Table 5.2: Corresponding IBO value for SDR = 30 dB.

16-PSK 16-QAM

Non-shaped Trellis-shaped Non-shaped Trellis-shaped

4.5 dB 0.5 dB 5.5 dB 3.5 dB

nonlinear amplification by reducing input signal power. Consequently, the achievable

PA efficiency is significantly decreased. The power efficiency of class A and B can be

derived by (see [Och13] and references therein)

ηav,A =
1

2
M2(rmax) and ηav,B =

π

4

M2(rmax)

M1(rmax)
(5.26)

where Mn(·) denotes the normalized nth non-central moment. By using (5.26),together

with the CCDF curves obtained in Fig. 5.7, the power amplifier efficiency of both

classes can be derived.

The signal-to-distortion power ratio (SDR) is a good measure for distorted signal. In

[Och13], SDR can be obtained by PA characteristic and CCDF of PA input signal given

by

SDRdesign =
|ρs|2

1− |ρs|2
, (5.27)

where ρs denotes cross-correlation coefficient between PA input and output signal.

Figure 5.8 shows power efficiency results against SDR for amplified transmit SC-

FDMA signal. As we expected, since trellis-shaped signal takes less nonlinear distor-

tion than that of non-shaped one, the power efficiency is considerably improved. For

example, in the case of 16-PSK SC-FDMA signal at 30 dB SDR, TS can improve the

power efficiency increase as approximately 18 percent for both class-A and B PA, re-

spectively. On the other hand, in the case of 16-QAM, we obtain the power efficiency

increase as about 6 percents for both PAs. This is due to the peak power reduction

performance as shown in Fig. 5.4.

For the consideration of trade-off relationship between power efficiency and signal

quality, it is essential to investigate performance variation in terms of PSD for out-of-

band and SER for inband quality. In following subsections, we further investigate them

to verify validation of TS with above example for SDR = 30 dB. It should be noted that

even transmit signals have same SDR, its IBOs vary depending on peak-to-average

power ratio. In our example case, the corresponding IBOs are summarized in Table 5.2.
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(a) (b)

Figure 5.9: Power spectral density for (a) 16-PSK and (b) 16-QAM.

Similar to power efficiency result, we observed that TS can significantly reduce IBO as

4 dB for 16-PSK, and 2 dB for 16-QAM.

5.6.3 Out-of-band Spectral Emission

Figure 5.9 shows the power spectral density results. All results are normalized by in-

band average power. It is noted that we adopt LTE spectral emission mask to compare

the results. In case of 16-PSK, all the transmit signals with corresponding IBO listed

in Table 5.2 are satisfied with spectral emission mask of LTE standard. However, once

the IBO of non-shaped signal is set to same value with that of trellis-shaped, it under-

goes severe nonlinear distortion so that its PSD exceeds the spectral emission mask.

Similarly, TS significantly improves out-of-band spectral emission for 16-QAM signal.

In this case, non-shaped signal with IBO = 3.5 dB which is corresponding one for TS

nearly approaches spectral emission mask. From these results, we see that TS can sig-

nificantly improve adjacent channel interference. Note that the PSD shape of in-band

for SC-FDMA with TS does not coincide with the conventional SC-FDMA. This is due

to the correlation between successive symbols introduced by the TS.Since the TS im-

poses correlation to the data symbol sequence such that the peak power is reduced, the



Chapter 5. A Trellis Shaping Approach for Peak Power Reduction of SC-FDMA
Signals 89

Figure 5.10: Symbol error rate for 16-PSK over AWGN and Rayleigh fading channel

Figure 5.11: Symbol error rate for 16-QAM over AWGN and Rayleigh fading channel

resulting PSD shape will not be flat as observed in the corresponding results in Fig. 5.9

(a) and (b).
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5.6.4 Symbol Error Rate

We evaluate the SER performance of the proposed TS over AWGN and a two-path

frequency selective Rayleigh fading channels. For the latter channel, we use a MMSE

equalizer as described in section 5.2, and perfect channel state information is assumed

at the receiver in our work.

Figures 5.10 and 5.11 show the SER results of uncoded 16-PSK and QAM SC-FDMA

system over AWGN and frequency selective fading channels, respectively. Since TS

imposes the correlation between symbols to reduce peak power as mentioned before,

and thus, a single error introduces burst errors. As a result, the SER performances of

trellis-shaped PSK signal is slightly worse than those of one without TS in both fading

and AWGN channels. On the other hand, such gap can be mitigated in the case of 16-

QAM due to average power reduction. In the circumstance of same IBO, the average

power of the transmit signal from the output of PA is increased by the factor of αp so

that expression (5.24) can be rewritten by

IBO =
(Amax)

2

E

{
αp

∣∣∣x̃(q)m

∣∣∣2} . (5.28)

Consequently, the transmit signal has higher power against channel noise power by

recalling (5.12) as

x̄(q)m =
1√
QN

QN−1∑
n=0

T (q)
n Υ(q)

n


√
αpx

(q)
n +

QN−1∑
l=0
l ̸=n

√
αpx

(q)
l e

j2πm
(l−n)
QN +

QN−1∑
k=0

w̃ke
j2πm

(k−n)
QN

 .

(5.29)

In our system model, TS uses one bit redundancy so that the bit energy is reduced by

the factor of 3
4 ≈ −1.25dB. However, we obtain average power gain of 1 dB, and thus,

the gap can be cancelled out.

Also, the proposed TS system outperforms that of without TS as we decrease IBO

such that the nonlinear distortion caused by PA dominates. For example, when IBO is

set as 0.5 dB for 16-PSK, non-shaped signal severely suffers from nonlinear distortion

so that error floor is occurred around 10−4 of SER for both AWGN and fading channel.

However, trellis-shaped signal can avoid such severe nonlinear distortion although its

performance is slightly degraded. This is due to the fact that severe nonlinear distortion
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results in non-negligible inband distortion whereas that is not the case for the proposed

TS system. In the case of 16-QAM, the SER performance of non-shaped signal with IBO

= 3.5 dB also has error floor around 10−5 of SER. We can also obtain better performance

in Rayleigh fading channel.

5.7 Conclusion

In this chapter, we have proposed a new approach for applying TS to SC-FDMA sys-

tems. It has been shown that significant performance improvement in terms of power

efficiency can be achieved at the cost of transmitter complexity. With the proposed ap-

proach, it is expected that the power consumption of PA in user terminals is mitigated

and thus their battery life is prolonged.





Chapter 6

Conclusions

In this dissertation, we have addressed the peak-to-average power ratio problem

associated with OFDM and SC-FDMA. The PAPR statistics are studied and the effect

of power amplifier nonlinearities as a function of power backoff is evaluated by com-

puter simulation and experiments with real PA. It is shown that the amount of backoff

required to reduce spectral growth and associated performance degradation are signif-

icant. Large backoff is an undesirable solution for battery-powered systems since PA

efficiency is low.

With the clipping and filtering as a simple peak power reduction technique, the spec-

tral regrowth can be suppressed even with insufficient backoff. However, it dramati-

cally degrades the inband signal quality. By applying the CAF to IEEE 802.11g, we

verified that the CAF may not necessarily improve the performance under severe non-

linear conditions.

Since there is a critical problem of the lack of frequency resource in recent wireless

communication systems, the adjacent channel interference caused by nonlinear dis-

tortion in PA should be suppressed. For this reason, the spectral regrowth should be

analyzed in the process of system design. In order to obtain exact estimation, the anal-

ysis requires accurate curve fitting of PA characteristic, and higher order calculation

process in the conventional method. On the other hand, we proposed a new method

only with the third-order nonlinear term. In addition, since our proposed method does

not require curve fitting, the estimation can be performed by simple calculation with-

out sacrificing the accuracy compared with the conventional approach. The results are

verified through both simulation and experiment with real PA.

Even though the peak-to-average power ratio of SC-FDMA signal is much lower

than that of OFDM, it is required to achieve even lower peak power due to the fact that
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SC-FDMA is adopted in user equipment of LTE-Advanced. The user equipment is op-

erated by battery so that it is essential to reduce peak power in order to improve battery

life. Our propose method starts from the fact that SC-FDMA is inherited from single-

carrier, and thus, the peak power reduction method for single-carrier may be applied

to SC-FDMA. The trellis shaping leads to good performance in single-carrier system,

but it requires modification upon its application to SC-FDMA due to the structural

problem, namely circular convolution. By judicious arrangement of dummy symbols

upon Viterbi algorithm, we have succeeded in effective reduction of the peak power of

SC-FDMA signals.

Remaining issues that should be addressed in future include the followings.

• Extension of theoretical analysis of power spectral density to SC-FDMA which

does not follow Gaussian distribution.

• Investigation of channel coding with trellis shaping.



Appendix A

Derivation of Nonlinear Coefficient

Cn for Ideal PA

We define the regularized Gamma function as follow:

Q(a, z) ≜ Γ(a, z)

Γ(a)
. (A.1)

Then (4.23) can be rewritten by

Cn =
1

(n+ 1)

∣∣∣∣∣
n∑

k=0

(
n+ 1

k + 1

)
(−1)k

k!
Γ(k + 2)

{
1−Q(k + 2, γ2) +

γΓ
(
3
2 + k, γ2

)
Γ(k + 2)

}∣∣∣∣∣
2

.

(A.2)

Since Γ(a) = (a− 1)Γ(a− 1), the last term of (4.23) can be rewritten by

Γ
(
3
2 + k, γ2

)
Γ(k + 2)

=
Γ
(
3
2 + k, γ2

)
Γ
(
3
2 + k

) ·
Γ
(
3
2 + k

)
Γ(2 + k)

= Q

(
3

2
+ k, γ2

)
(k + 1

2)Γ(k + 1
2)

(k + 1)!

=
√
πQ

(
3

2
+ k, γ2

) k∏
l=0

2l + 1

2l + 2
. (A.3)
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By substituting (A.3) into (A.2), then we can rewrite (A.2) as

Cn =
1

(n+ 1)

∣∣∣∣ n∑
k=0

(
n+ 1

k + 1

)
(−1)k(k + 1)!

{
1−Q(k + 2, γ2) + γ

√
πQ

(
3

2
+ k, γ2

) k∏
l=0

2l + 1

2l + 2

}∣∣∣∣2
=

1

(n+ 1)

∣∣∣∣ n∑
k=0

(
n+ 1

k + 1

)
(−1)k(k + 1)!

×

{
1− e−γ2

(
k+1∑
l=0

γ2l

l!

)
+

k∏
l=0

2l + 1

2l + 2

[
√
πγerfc(γ) + e−γ2

{
k+1∑
l=1

γ2l

(12)l

}]} ∣∣∣∣2
=

1

(n+ 1)

∣∣∣∣ n∑
k=0

(
n+ 1

k + 1

)
(−1)k(k + 1)!

×

{
1−

(
1 +

k+1∑
l=1

[
1

l!
− Fk

(12)l

]
γ2l

)
e−γ2

+ Fk

√
πγerfc(γ)

}∣∣∣∣2
(A.4)

where (a)k is Pochhammer symbol given by

(a)k =
Γ(a+ k)

Γ(a)
= a(a+ 1)(a+ 2) · · · (a+ k − 1) =

k−1∏
l=0

(a+ l), (A.5)

and therefore, we can define Fk as

Fk ≜
k∏

m=0

2m+ 1

2m+ 2
. (A.6)



Appendix B

Description of Experimental Process

In this Appendix, we describe the demodulation and estimation methods for ex-

perimental analysis of distortion for nonlinearly amplified OFDM in Chapter 3 and

Chapter 4.

The data used for generating input OFDM signals is chosen to be exactly the same

as those used in the simulation process for the fair comparison. The complex base-

band OFDM signal is thus generated by a computer and then up-converted to the RF

signal by the vector signal generator (VSG). The number of the OFDM symbols gen-

erated for measurement is 576 000. The RF modulated signal by VSG is then power

amplified by the actual PA, and then is fed, after attenuation of the signal power, to the

oscilloscope where the power amplified signal is captured and down-converted to the

baseband OFDM signals. Finally, the captured data is analyzed in computer in terms

of the resulting PSD and EVM. Throughout the experiment, we have maintained the

temperature on the surface of the PA package such that the electrical memory effect is

stable [VR01].

IBO IBOIBO IBO IBO IBO IBOIBONull

Data FrameTraining Sequence

Figure B.1: A frame composition of transmit data

B.0.1 Transmitter Side

In order to detect and analyze signal through practical evaluation, the transmit signal

is required to be composed of appropriate format. The entire frame format illustrated

in Fig.B.1 is largely categorized into the following three parts: null symbols, training
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sequence and data frame. Null symbols play a role to detect the beginning of the frame.

The training sequence is used for coarse channel estimation. It is composed by the one

similar to IEEE 802.11a standard [Ieeb]. The difference is that we expand the number

of subcarriers from N = 64 to 256 in this research. It consists of 60 consecutive and 196

null subcarriers. Consecutive subcarriers are modulated by binary phase shift keying

(BPSK) given by

XTr,k =

Zi : k = 4 ∗ i+ 8,

0 : otherwise
(B.1)

where i = {0, 1, 2, · · · , 59} and

Zi = {1, 1,−1,−1, 1, 1,−1, 1,−1, 1, 1,−1, 1, 1, 1,−1, 1, 1, 1, 1, 1,−1,−1, 1,−1, 1,−1,−1, 1, 1, 1,

−1,−1,−1,−1,−1, 1,−1, 1, 1, 1,−1,−1, 1, 1, 1, 1, 1,−1,−1,−1, 1,−1,−1,−1,−1,−1, 1,−1, 1}

(B.2)

The training sequence is generated by N -point FFT with XTr,k given by

s(t) =
1√
N

N−1∑
k=0

XTr,ke
j2πkt/N (B.3)

As a result, the training sequence s(t) has a periodicity of N/4, and its peak-to-average

power ratio is extremely low (i.e., approximately 1.5 dB). In order to perform more

precise estimation, it is required to prolong the training signal. From this fact, we

compose the training signal with three copies of s(t), such that it has a periodicity

of twelve as shown in Fig. B.1.

Followed by training sequence, the average power adjusted transmit signal data is

allocated in order with IBO difference. From this allocation, we can obtain the exact

data against even fast time varying channel (wired connection between vector signal

generator (VSG) and PA or PA and spectrum analyzer (SPA)). The data frame is com-

posed of a set of five different IBO valued transmit signal, and its length is 5 × NF

where NF is the number of frame. There are 16 pilots in each OFDM symbol, and DC

subcarrier is set as null. Figure B.2 shows the actual transmit signal wave captured in

oscilloscope.
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Training Sequence Data Sequence

Figure B.2: Actual transmit signal wave captured in oscilloscope.

B.0.2 Receiver Side

Data Acquisition

The amplified signal from PA is acquired by oscilloscope or spectrum analyzer. Since

we set the bandwidth of transmit data as 12.5 MHz bandwidth, and the carrier fre-

quency as 800 MHz, sampling frequency of fs = 2500 MHz is sufficient to capture the

RF signals.

Signal Detection

Since we insert null symbols at the head of transmit frame as shown in Fig. B.2,

we can detect the transmit signal if we recognize null signal. Since null signal has ex-

tremely low power in comparison with transmit signal, and therefore it can be detected

by calculating its signal power.
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Carrier Suppression

The carrier frequency fc can be simply removed by using trigonometric identity. We

assume that v[n] is complex passband signal given by

v[n] = s(nTs)e
jwπfcnTs = vRE[n] cos(2πfcnTs) + jvIM[n] sin(2πfcnTs) (B.4)

where vRE[n] and vIM[n] denote real and imaginary components of passband signal v[n].

The frequency components fc are simply suppressed by multiplying exactly the same

frequency f ′
c to v[n] given by

ṽ[n] = v[n]e−j2πf ′
cnTs = s(nTs)ej2π(fc−f ′

cnTs). (B.5)

Finally, the lowpass filter ejects the baseband signal as

r[n] =

K−1∑
k=0

h[k]ṽ[n+ k], (B.6)

where h[k] is filter impulse response of raised cosine given by

h[k] = sinc(πkTs)
cos(παkTs)

1− (2αkTs)2
, (B.7)

and α is rolloff factor with sinc(x) = sin(x)
x .

Synchronization

In synchronization process, we use the preamble signal due to the fact that it is

known signal at the receiver, and therefore the synchronization can be achieved by

investigating cross correlation between transmitted and received signals. The received

signal is oversampled by OSC as a factor of Ov = JB
fs

. We define the received preamble

signal rp[nc] = r[nc], where nc = {0, 1, · · · , Nc × Ov − 1}, and Nc denotes the number

of preamble data. In this work, we use three permutations of one OFDM preamble,

thus Nc = JN × 3 = 2 × 256 × 3 = 1536. Subsequently, the cross correlation ρ can be

calculated by

ρ[nc] =

JN−1∑
n=0

xp[n]rp[Ov × n+ nc], (B.8)

where synchronization point is nc that has the maximum value of ρ[nc]. In what fol-

lows, we reset the data index nc as zero.
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B.0.3 Compensation

The received signal is compensated by initial phase error θ and carrier frequency

offet f∆f
to data signal rd as follows:

r̃d[nd] = rd[nd]e
−j2πf∆f

∗nd/fs−θ (B.9)

Sampling Timing Error

In order to demodulate OFDM symbol successfully, the exact synchronization is re-

quired. In particular, the sampling timing error may lead to synchronization error,

and thus it has a critical effect on signal quality. In this work, we simply solve the

problem to interpolate the received signal by low pass filtering. Since the training

signal is known, we can determine the synchronization timing by obtaining the cross-

correlation ρ<r,x>(t) between the received and interpolated signal r(t) and the transmit

signal x(t) [Cou01; SC97] as

ρ<r,x>(t) =

∫ ∞

−∞
r(τ)x(t− τ)dτ. (B.10)

We assume the exact sampling timing point when ρ<r,x>(t) has the maximum value.

Initial Phase Error

The received signal which has an initial phase error can be expressed by

r[n] = x[n]ejθ. (B.11)

In consideration of the periodicity of preamble signal, initial phase error can be simply

compensated by using preamble signal as follows:

θ = arctan

{
r[n]x∗[n]

|x[n]|2

}
, (B.12)

where r∗[·] denotes the complex conjugate of r[·].
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Frequency Offset

In order to investigate the frequency offset, we use preamble signal and its period-

icity. As mentioned earlier, since the preamble signal has three permutations of one

OFDM frame, we can estimate the frequency offset by comparing the signal of permu-

tations. Assuming that fTX and fRX are carrier frequency of VSG and local oscillator

frequency of OSC, respectively, then the baseband signal can be expressed by

r[nf ] = xp[nf ]e
j2π(fTX−fRX)nfTs (B.13)

where nf = {integer : 0, 1, · · · , Nc×Ov−1}. We can obtain the frequency f∆f
= fTX−fRX

by multiplying r∗[nf +Nc ×Ov − 1] to (B.13) given by

r[nf ]r
∗[nf +Nc ×Ov] = xp[nf ]e

j2πf∆f
nfTsxp[nf +Nc ×Ov]e

−j2πf∆f
(nf+Nc×Ov)Ts

(B.14)

= |xp[nf ]|2e
−j2πf∆f

Nc×OvTs (B.15)

and thus, its phase is

arg{r[nf ]r
∗[nf +Nc ×Ov]} = −2πf∆f

Nc ×OvTs (B.16)

Consequently, we can obtain the frequency offset given by

f∆f
=

arg{r[nf ]r
∗[nf +Nc ×Ov]}

−2πNc ×OvTs
(B.17)

Pilot Compensation in Data Frame

The frequency components X̃k include pilot subcarrier X̃p
l . We use pilot symbols

to estimate signal attenuation and phase distortion. The estimation is performed by

averaging all pilot symbols given by signal attenuation:

α =

√
E{|X̃p

l |2}, (B.18)

phase distortion:

θp = arg{E{
√
|X̃p

l |2}}, (B.19)
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where l = {8, 24, 40, 56, 72, 88, 104, 120, 136, 152, 168, 184, 200, 216, 232, 248}. Subsequently,

the frequency components are compensated and normalized by α and θp as

X̂k =
1

α
X̃ke

jθp . (B.20)
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