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A BOUNDARY-LAYER CALCULATION ON SHIP STERN WAKE FIELD
AND VISCOUS RESISTANCE INCLUDING VORTEX RESISTANCE‘
by
Yoji Himeno

Department of Naval Architecture
The University of Osaka Prefecture
Mozu-Umemachi, Sakai
Osaka 591

ABSTRACT

A simple integral-type boundary-layer calculation method is applied to
the prediction of ship-stern flow field. A calculation method for the vortex
resistance due to the separated bilge vortex at the ship stern is evaluated
from the energy-lass concept using the crossfliow quantities in the stern
boundary layer. The ship viscous resistance thus consists both of the
streamwise momentum loss and the crossflow energy loss. A regression analysis
of the resistance shows a fairly good agreement between the theory and the
experiment. The local development of the viscous resistance near the stern is
discussed in terms of the boundary-layer quantities.

Calculations of nominal wake distributions at the propeller-disk plane
are also made. Although numerically correct wake values are not obtained, the
wake contour and the circulation density per unit vertical length, calculated
at a slightly upstream section, show tendencies similar to those of the

experiment.

1. INTRODUCTION

It is well known that the results of the usual first-order boundary-layer
calculations often deviate from measured values near the ship-stern region.
It is not entirely impossible, however, to apply those simple calculations to
ship design for obtaining some information about ship-hydrodynamic
performance; For instance, boundary-layer calculations in the stern region
from SS 3 to SS 1 is still useful and would give general features of the stern
flow and an approximate value for the viscous resistance. Calculation would
even be possible downstream of SS 1 if we use a simple integral-type
calculation method with the small crossflow assumption, and adopt safe



streamlines which do not go through the divergence region near the waterline
level. Furthermore, we could somehow make calculations in the lower part at
the stern, including the propeller disk.

These calculations will be helpful for analyzing the relative changes of
the ship viscous resistance and the stern flow field, including the propeller
disk, due to variations of the stern form. The present report is an example
of this kind of analysis and tries to show the usefulness of boundary-layer
calculations for ship~design purposes. In determining the viscous resistance,
a new approach to evaluate the vortex-resistance component due to the energy
loss of the crossflow in the boundary layer is attempted besides the usual
momentum-10ss resistance component.

2. OUTLINE OF ANALYSIS

First the calculated potential-flow solution should be utilized for the
present analysis. Since the outer potential flow determines the inner
boundary-layer characteristics in first-order theory, it should yield terms
affecting the stern flow field, so that we can obtain some information about
the relationship between the ship form and the stern flow by making a
potential-flow calculation as a first step.

It is important, however, to find which terms contribute significantly to
the development of the stern flow. For this purpose it is helpful to use the
approximate boundary-layer equations by Tanaka and Himeno [1]. According to
their theory, the rate of change of the streamwise momentum thickness 8 is
mainly determined by a combination between the streamline convergence K; and
e s the external velocity and s the
streamline coordinate), that is, by the term K1 - (H+2) aUe/as/Ue. Neglecting
the effect of the variation of the shape factor H, and assuming H = 1.3 for
instance, the term K, - 3.3 aUe/as/Ue should roughly be proportional to the

1 . .
growth rate of the momentum thickness. The pressure-gradient term

the pressure gradient term aUe/as (v

- aUe/as/Ue mainly contributes to the change of H. The wall crossflow
angle 8, (positive upwards) varies mainly according to the term Ky(H+l), so
that the streamline curvature Ko causes change of B The potential streamline
itself gives important information for the stern flow. These quantities,
obtained in the potential-flow calculation, can be considered to be essential
factors for the stern-flow analysis.



The second step is the boundary-layer calculation which gives direct
information on the viscous stern flow. In particular, the boundary layer
characteristics in the region from SS 3 to SS 1 will almost determine the
viscous resistance increase from the flat-plate value. The momentum thickness
6 and the displacement thickness 6* can be regarded as measures for the stern
viscous layer, or the viscous wake flow. Applying Squire and Young's formula
[2] and extending it to three-dimensional boundary-layer flow, we obtain the

form,

U
o =0 (D) (49172 g

where 9_ represents the far-downstream value of 8 along a streamline extending
to the wake region, and q» the uniform velocity at infinity, that is, the ship
speed. The right hand side of Eq. (1) represents a density of the resistance
along a streamline and can be calculated at the hull. The integration of Eq.
(1) over the girth of a cross section therefore gives the resistance due to
the momentum Joss which is accumulated in the upstream portion of the body.
The value is usually determined by taking the maximum in the stern sections.

The crossflow in the boundary layer can be regarded as a measure of the
strength of the so-called longitudinal vortex. To evaluate the circulation of
the vortex in terms of the boundary-layer quantities, the velocity profiles
are here assumed to obey a power law and Mager's model,

(H-l)/Z (2)

[
"

Ug (z/8)

<
i

utan g (1-z/8) (3)

~where u and v represent streamwise and crossflow velocities, § the boundary-
layer thickness, and ¢ the normal to the hull. Consider the streamwise
vorticity ms(= - 3v/3c) only outside the point g = g, where we = 0 near the
wall.

The integral AT (= «v(go), positive for the bilge-vortex rotation) of
the vorticity wg from the paint T, to &, represents a circulation density per
approximately unit girth length due to the crossflow in the layer, and it can
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be regarded as a measure of a component of the longitudinal vortex created in
the viscous layer. The other component Arnx comes from the outer potential
flow velocity projected in a cross section near the stern which is denoted as
Ve
is approximately parallel to the girth line. Therefore the x-wise circulation

The suffix "n" represents the direction of the equipotential line which
density per unit girth length takes the form.

AT = AT AT - (4)
The first term in Eq. (4) can be obtained from the potential-flow calculation

and the second by the boundary-layer calculation. Assuming Mager's model, the
expression for AFS is obtained as follows:

Arnx = Vn
ar. = -kU, tan g (5)
16 H-1, (H-1)/2
k= (F3)
(H+3)2 H+3

The results of the assumption of a more detailed two-parameter model for the
crossflow would not differ much from those in (5) since AFS is an integrated
form of crossflow vortex over the Tlayer. According to the first-order
boundary-layer assumption, only the second vortex Afs is transported
downstream, and the first term AT by is a locally prescribed quantity.
Therefore aT ¢ is related to the vortex resistance component. The analysis of
these circulations will give information about the distribution, location and

strength of the longitudinal vortex near the ship stern.

The next discussion is on the viscous resistance. It is assumed that the
viscous resistance Rv consis;s of two components, the momentum-loss resistance
Ry obtained by the. integration of Eq. (1) over the whole girth length and the
crossflow energy-loss resistance RZ due to the shedding of a longtitudinal
vortex,

R =R, +R (6)



) Ue (H+5)/2

SRR dn (7)

The vortex resistance Ro is assumed to be caused by the crossflow
vortex AFS, as stated before. However, bounéary—]ayer theory does not imply
resistance due to a crossflow vortex with the axis 1in the streamwise
direction. Furthermore, a simple application of boundary layer theory to the
wake region shows that AFS decreases in the wake and vanishes at infinity.
This 1is clearly a defect of the 3-dimensional boundary layer assumptions.
Therefore another assumption is made here that the maximum value of the energy
loss due to AFS, which occurs in the after sections, is shed downstream. This
assumption is very similar to Bessho's method [3], in which the crossflow
energy loss is due to Jones' slender body assumption. The differences lie on
the use of the term AFS and the detailed calculation of the energy loss in the
present analysis. Further, assuming the location of the shedding vortex to be
on the frame line of the cross section, and neglecting the mirror image inside
the hull section, the vortex resistance Ry, can be obtained by the crossflow .
enerqy formulation in the Trefftz plane considered,

5T +‘{r

= 0. Wl ! Z-Z z 11
R2 = {<e{3] y(z)y(z') 1In ECERY Cres d1' dl (8)

In Eq. (8) the circulation density v is replaced by Ars in the present case.
The term z represents the complex coordinates of the section and z its
conjugte. We have thus divided the viscous resistance into two components
which are to be calculated separately by using boundary-layer quantities. The
actual applications, however, will require a sort of regression analysis in
which unknown coefficients are introduced and determined by experiments.

Finally, let us consider the wake distribution in the propeller-disk
plane. As mentioned before, the ordinary- boundary-layer calculation breaks
down in the part above the propeller-disk area. An appropriate selection of
streamlines in the lower part will avoid the break-down and will enable the
integration to march fufther downstream to the stern. To obtain wake
contours, we can assume the power-law streamwise velocity profile and neglect

the contribution of the crossflow. This gives the form,



¢ =6 {(1-w) —Uui} 2/ (H-1) (9)
e

in which the wake value w is assumed to be merely 1-u/U_. In Eq. (9), the ¢
value represents the normal distance from the hull corresponding to the
prescribed wake value w. Since the calculation is still not possible in the
exact propeller-disk plane, the value just in front of the propeller section,
SS 1/2 for instance,. should be adopted. The circulation densities AFS and
Arnx given in the preceeding correspond here to the downward velocity near
the central vertical axis and to the upward velocity at the outer edge of the
viscous wake contour. These quantities are thus related to the crossplane
velocity vectors or the vortex distribution at the propeller-disk plane.

3. SHIP FORMS AND NUMERICAL PROCEDURE

The present analysis is applied to six ship forms, called Model A through
Model F, which were designed in the SR-183 committee, Japan Shipbuilding
Research Association. These models are all of shallow-draft wide-beam form
and have a stern bulb, except for Model A, the parent form. Model B has the.
same Cp—curve as ModeI A and has a small stern bulb. Model C has a larger
bulb, twice the size of Model B. Models D, E and F are variations of Models B
and C in bulb size and/or in stern form. All models have the same bow form.

The Hess and Smith method is used for the potential-flow calculation, in
which one wetted side of the hull is divided into about 300 panels. For the
boundary-layer calculation, Okuno's method [4] is used. This assumes small
crossflow, entrainment, a two-parameter crossflow profile, a crosswise moment
~of momentum equation, Ludwieg and Tillmann's skin-friction law, and so on.
The integral-type equations are solved along a streamline, by marching
downstream using the Runge-Kutta-Gill method. In the present analysis,
additional subroutines for. the vortex resistance and the momentum-1o0ss
resistance are put into the original program; The logarithmic singularity in
Eq. (8) 1is avoided by carrying out an analytical integration only near the
singular point. ‘

The Reynolds number Rh is taken to be 2.046 x 10°, corresponding to the
experiments ‘with 2-meter models carried out by the Sasebo Shipbuilding Company



(SSK). The initial station for the calculations is taken at midship, where
the initial values are assumed to be the flat-plate values and Bw = 0.

4. CALCULATION RESULTS AND DISCUSSIONS

The results of the potential-flow <calculation should firstly be
mentioned. Fig. 1 shows the comparisons of the framelines of Models A to F
and of the streamlines which emerge from the same points in the midship
section. In the fiqure, the streamlines of Models B and C go lower than of
Model A near the stern bulb. The streamline of Model D goes upward in the
side'part compared to Model C, Model £ has the most upward streamline, and so
on. These features represent well the difference of the design aspect for
each model.

Fig. 2 represents the vertical distribution of the pressure-curvature

parameter K,- 3.3 aUe/as/Ue which roughly corresponds to the logarithmic

1
variation of the streamwise momentum thickness. For all models, larger values
appear just above the turn of the bilge. Although differences due to various
ship forms are not clear, the values for Model E, in particular, are smaller,

which will result in a smaller resistance, as will be seen later.

The streamline curvature K, is shown in Fig. 3. This is defined
as aUe/an/Ue in streamline coordinates, which implies a girthwise pressure
difference along the hull. The greater the K, value, the greater is By and
then the larger is the longitudinal vortex in the layer. The figure shows the
existence of a large bilge vortex near the shaft center, an adverse vortex at
the bottom, and another adverse vortex inside the layer near the water surface
in Model E. Fig. 4, which corresponds to the girthwise potential-flow
velocity Vn (= Arnx), shows a part of a bilge vortex in the lower part and an
adverse vortex near water level. Although the differences due to ship-form
variation are again smaf], it can be seen that Model A, with the ordinary

stern form, has a small bilge vortex.

Next, the results of the boundary-layer calculation at station SS 1 are
shown in Figs. 5 to 9. It is evident that the boundary layer thickness for
all models becomes large at a location near the water level through which
streamline No. 17 passes. This seems to be caused by the presence of a strong
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pressure gradient and convergence from the turn of the bilge to the water
‘level along the streamline. It is known that other experiments have also
shown similar tendencies. The location of the rapid growth of the thickness
correspond to the point in Fig. 7 where the crossflow angle By changes
rapidly, representing a feature of an open attachment line. The boundary
layer calculation encounters numerical divergence near and downstream of this
location. As for the differences among models, Model E has a smaller
thickness and a smaller crossflow angle in general. A minimum value pf
thickness of Model D appears in the side portion which corresponds to the
minimum of the potential quantity Kl -~ 3.3 aUe/as/Ue in Fig. 2 and which is
further related to the small variation of the frame line near there. The
minimum of the thickness in Model D also gives a minimum of the crossflow in
Fig. 7 for the reason stated before. However, this minimum thickness
compensates for another growth near the water level in Model D, so that the
resistance does not become smaller. More detailed differences among the
models can be observed when we Tlook at the figures carefully, but further
discussion is omitted here.

We now proceed to the viscous resistance. Fig. 10 shows the longitudinal
variation of the resistance Ry which represents the streamwise momentum l0ss
upstream of the station. Since the calculation fails downstream of SS 1, and
the results for Rl are erratic there, the value of Rl is determined at SS 1.
Model E has a particularly small nondimensional value of Ry. This is caused
by the thinner boundary layer and by the smaller wetted surface than the other
models. Fig. 11 represents the variation of R, which corresponds to the
crossflow energy loss due to the circulation AFS in the section. The value of
R2 due to V,, which corresponds to Bessho's method, is also shown in Fig. 11
for comparison. The Rp due to Vn reaches a maximum around SS 1.25, and then
the crossflow grows in the boundary layer, resulting in a maximum of R, due to

Ars. The value of Ry for each model is taken as the maximum, as shpwn by the
arrows in the figure. Fig. 12 represents comparisons of these resistance
combonents among the ship forms, including the experimental result of SSK. It
was indicated earlier that Model £ has the Jowest resistance in both Ry and
RZ' As for Rz, the values due to APS and due to Vn are of the same order of
magnitude, and differ from Ry by only a few percent. However, R, should not



be neglected because it plays an important role in considering the combination
of the resistance components. For instance, the reason why the total
resistances of Models A and B are about the same should be due to the
compensation of the decrease of Ry and the increase of R, for Model B. Fig.
12 also shows the result of a régressicn analysis using the calculated values
of Ry and Ry, and the experimental values. The case when Ry due to arg is
used shows better correlation with experiment than the one due to V,. Then
the viscous resistance coefficient C, is expressed in-the form,

C, = 0.914 Cpy + 1.399 Cp (10)

2
This gives excellent agreement with experiment in this case, and the values of
these regression constants do not seem to be unreasonable. We can thus
understand that this kind of- analysis is valid and will be useful. This
analysis indicates that, in designing a low-resistance hull form, it is
necessary to reduce both R1 and RZ’ and that, for reducing Rl’ a thin boundary
layer with small pressure gradient and small convergence is desirable. Also,
for the reduction of Rz, a small value of K2, or the separation of K2 into
small positive and negative values, is advantageous. This concept of small K,
and small pressure gradient is related to Bessho's idea of a free-streamline
flow in the ultimate limit. We can also expect from the present analysis that
a relative comparison among ship forms may be possible by means of potential-
flow calculations alone.

Finally we proceed to the wake distribution in the propeller plane. Fig.
13 shows the wake contours w = 0.3 and 0.5 measured at SSK, while the
corresponding calculation results at SS 1/2 are shown in Fig. 14. Comparison
between Figs. 13 and 14 shows a reasonable resemblance in the lower part,
although the differences of the boundary layer thickness do not exist there.
The shape of the wake contour mainly.depends on the frameline configuration in
the lower part of the propeller disk. In the upper part, on the contrary,.the
correlation between calculation and experiment is not so clear. One can see,
however, that the calculation predicts a wide contour for Model A and the
narrowest for Model E. The Ars-in the propeller disk is shown in Fig. 15,

where the measured value is taken as the downward velocity near the center.
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Reasonable correlation can be seen, in that the upward velocities in the lower
part are greater for Models C and D and smaller for Model A, and that the
downward velocities in the upper part are greater for Models C and D and
smaller for Model A. Fig. 16 represents Arnx(=vn) in which the experimental
values are taken as the upward velocity around the wake edge (w = 0.1). The
correlation is not clear in the figure. It might have been better to plot the
potential flow results at the propelier-disk section. MNevertheless, it can be
said that the correlations of wake contour and the crossflows in the propeller
plane between experiment and calculation are apparent to some degree.  We can
expect that there is at least a possibility that this can be refined for
practical usage.

5. CONCLUSIONS

The discussions about the viscous resistance, the stern flow and the wake
distributions in the propeller-disk plane have been-made on the basis of the
potential-flow and boundary-layer calculations for six ship forms with shallow
draft and wide beam. The following conclusions can be stated.

1) Considering the vortex resistance, a good agreement of the viscous
resistance between experiment and calculation is obtained.

2) The resistance can be related to the boundary-layer quantities in the
stern region.

3) These are further related to the potential-flow quantities like
pressure gradient, streamiine convergence and curvature.

4) The trend of the calculated wake contours at SS 1/2 are similar to
some degree to the measured wake distribution in the propeller disk plane.

The present results indicate. the validity of applying boundary-layer
theory to the practical design of ship-stern hull forms. Work is continuing
- to improve the present methods.

REFERENCES

1. 1. Tanaka and Y. Himeno (1975) “First Order Approximation to Three-
Dimensional Turbulent Boundary Layer and Its Application to Model-Ship

- Macial Anc~h danan Vnl 138.



2.

H. Schlichting (1962) "Boundary Layer Theory", p. 620, 4th ed., McGraw-
Hi1l Book Co. Inc.

M. Besshe (1967) “Study into Frame Line Configuration", Jour. Soc. Naval
Arch. dJapan, Vol. 122.

T. Okuno (1976) "Distribution of Wall Shear. Stress and Cross Flow in
Three-Dimensional Turbulent Boundary Layer on Ship Hull", Jour. Soc. Naval
Arch. Jdapan, Vol. 139.



MARK HMODEL

Fig.1l

r 0.10

Comparison of streamline and frameline




COUO W

HMARK MODEL

(OR<Js RoT % I

XKeel

ﬂ..aaxMMWw|Ixaa

\\

0.1l0

Pressure gradient and streamline canvergence

Fig.2



—
@

Y
d 2
= BT ILTN:C TN, o
g Pl . m o 0 U0 W) by
4 SRS H
) . > /./ . 3
4 Jsﬁmm.mw%mﬂw%muadn%l:i —e ~n %
0 ] :
g ..‘.I/merlul . M.OAOOX.
—
~N
£
/ [
Va 3
B8]
T
>
N
el
3]
@
[+
pe
—~f
5
~
g 4
o~ §s )
A wn
w
~, F S
) ~
[ y nm,
. [

- o -




Ao N
et .
02 M\\ ‘
; J
\ \ A
0.2 i\ﬁi
A MARK HODEL
| 2
0.1+ | i
1
I
' 1'( s 28
o0 0.10 3 Keell ‘pp
-0.1 -
T\
b
- p \
o.zQ/ _g
¢ x

W.L e
r Keel
z
ol T
v
MARK MODEL
. Q A
= A 8
3.2 a c
Q o]
bs >
e 3
Fig.5 tomentum thickness at 5.5. 1
Fig.d Circulation densicy Afax due to

upward inviscid velocity Vn



1.6 - MARK MODEL

Mo Ow»

Fig.6 Shape factor at $.S. 1

10° -

-10°

MARK MODEL

-20° A

0O DO
mMMoONw

-30°

-40°

~-50°

Fig.7 Wall cross-flow at S$.S. 1

—T77—



i0 7 T
{ 3
i e MARK MODEL
. i 9 &
o a 3
,‘F g c
30 il o
| 2| £ =
26° .03 | \ e F
T %10 Iéﬁ
pp ’«.1\
R
20 B
10
r
Q
[
W.L.
Fig.s8 Displacement thickness at S.S. 1
20 7 ge, 825
| 8_= 9(6—) 2
-]
28,
%10
L?P

Fig.?9 Distribution of momentum—-drag component

78 —



1OBEL

TR NOG >

MARK HOODEL
o

~mMON®»

1

aOm

7.0
MARK
Q
Q
=]
8.0 )
o F &
Wi .
5.0
2R
; xLO"]
PSU_ 4.0
values determined
at §.S.
3.0
@ 4 3 2 L AP
5.5.
Fig.lo Momencum resiscance Rl
3
3
R
2 xlo‘
sul
7%= 2 R, due to 4ls
L
M
rmmmanse St
a
L]
3 R due to Va r’/o\\
2 x}.O" /,’—-‘\\ =,
su M& g
2 = ~ 3 ©
m\
| \
a 3 3 1
5.5.
Fig.ll Yortex cesiscance R2



3 Momentum~LOos3 Resistance

x10”3 Viscous Resistance
5.3 ~

e g

——O—— :Experiment
Y, . ;Cvz 0.914 Cq,+ 1.399 Cg, (275)

4-9 1 e} :Cy=0.901 Cq, * 1.458 Ca, ( Va)
4.8 -
- T . T T 1
A 8 C s} g 13
Model
Fig.l2 Comparison of Resistance Components
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