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Milgram (2 & 5530220 SF BLO F/O OERPH, FEME—T 74TV -V 3>
(CokJ)y = (F/0); — (BSO),
DT 7 AN=IZDNT
(CokJ)y ~ K(Z/2,6) xggpse K(Z/2,8) x

MEPND, Thbh | 6 KILD Kervaire 8 Kg € H8(F/0,Z/2) I22WT, S¢2Sq' (i*Ks) =
0 A3 Y L2, Madsen, May, Milgram 512 & 550422 F/O @ Pontrjagin3R H.(F/O,Z/2)
EFDERTOREHMT AL | F/O TIEER

Sq?S¢*Ks + Sq*'Sq?Sq Ky =0

D) EDVTHh o770
B, COMREPRL T, MBI 1<i<j DL E 22 -2 KILD Kervaire & 27 — 2
RILD Kervaire ORI

S¢* ' S¢*  Kyi_a + Sq7 T SqY T S¢¥ T S¢* T Ky =0

BRI DT EDEEHTE 2, INEHWT, (4k+ 1) RICEKE LD HH % invo-
lution % 307 A K512, Kervaire BRI % R 2 EFEF T 5 2 LI X o TH O N2 ERHNE .
TLOBKE & R FMHT W & f)‘T’eLé o
Kervaire 31D 72 T RN E 15 A 7201218 . TOWFETHW 25 EOMIZ . Kervaire %
2RIFED Y —VEHFIC L IR déx_ I EIZEY | BREFEEOMA T Adams
ARG N VRHND OGRS FENH 5o TOHKEIED SREDO I RET T — DFEHM
WAEBTAMMNNZAETHY ., BRATRLZESICIECOMEORRELN b v —T 1k
BAE5N B2, indeterminacy DB R PERT 5 2 LI HICTAEL LB D 2V,



2 AMREOAE

Kervaire 28 mod 2 Steenrod {UE % 25 L U 72 #KT0 n DFLIERS &3
R=Y8¢"Sq" - Sq" Ky (i1+ia+ - +i,+2 —2=n)

EEXD, TDEE, RD2EMIFETH 5,

(1) R=0

(2) Vue Ha(F/O,Z/2), (R, u)=0

& Z AT, Kervaire #il3 primitive THAH I EPHNTVEDT, (2) D u &L TUIERK
TG w(a, ag, -y am), (M > 2,as11 < as < 2a541) KR TI WV, 22T u(ag, a9, am),

(m>2)dBARR HEE SF - F/OI2X5
QUQ™---Q[1] x[1—2"] € H.(SF,Z/2)
DBETHbH, ZDOE X,

<Ra U(al, A2,y am)) = E<K2f~21 Sq}: T S(J?SQ?U((LL, Az, a’m))

L% %o PO Steenrod fEMIFE L Dyer-Lashof fEHI % Q" 122V TOMH ORI
ki 1=k \ ikrta
WL L
Sqir -+ Sq2Sq uar, ag, -+ am) = Y ulbi, by, -+, bin)

EEITBH, Madsen H5DFERDPS . m#A2 DE X (Kyi_g,ulby, by, -, b)) =0 DT,
HOPH m=2I1CRoThw, Thbb ERD (2) 1

(3) <R1 u(a’lva'?)) = 0) (0 <ap<a; < 2&2)
EAETH S, THERIEFEMRICERT AL
(R: u(a1’a2)> = Z(KQJ'—Z»U(bl, b2)>

ERBD (Kyoulby, b)) BIEOE B BDIE by =25 —1,b; +by =2 — 2 DEAITES
ZEBFH 0T D, 0Ty ay, a3 AL JIT (Ru(ar, a0)) BEHETE S,
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1. n KTCOBIER R = Sq' Ky (275U, I = (if,4,---,4,) 1& admissible), & %&
u(ay, ) (1< ay<a; <2ay,a,+ay=mn) D pairing (R,u(a;,as)) £KD 5B, Zh
LOF =y 2 fTHE RTREB LKLY, W{2DD REMRIZHBDT, HWILE
DELbbDOEEY KDL, ZOBMELENKIEDSIEXITI) o TOFNRIZLY .
Kervaire S ORI OEENSHON 5, |

2. n REDEBROF T, (n—1) XLETORBEANLEPNLED, Thbb (n—1)
KICLA T DRI Steenrod EHFZEZ EH S €2 DR BRET 50 TR 72 BIRAN
BER 2R TH ) . bhbhOHBETH 5,

CITHEEITREZEE, B R=9¢'Ky_, 12BICE DL ) a4 . 52 A L\
IHTHb, COMEFENBELTLVE | BROIEONTHEREIANOE» O AT KN %
RBLAEDITIZ W DE R, — IR TFRELTAILPREELE 25, WD2DDHK
%I, BEHRLUTERTNEMNIE I OEE r V80 L 0, RIZjEREIVBDEELCLT
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(A) dim=9  (Sq(4 2 1))K2 + (Sq(2 1))K6 = 0

(A) dim=16 (Sq(8 4 2))K2 + (Sq(7 3)+Sq(8 2))K6 = 0
(A) dim=17 (Sq(8 2 1))K6 + (Sq(2 1))K14
+
+

=0
(A) dim=19 (Sq(8 4 1))K6 + (Sq(4 1))K14 = 0
(A) dim=20 (Sq(8 4 2))K6 + (Sq(4 2))K14 = 0

(B) dim=32 (Sq(16 8 2))K6 + (Sq(15 3)+Sq(16 2))K14 = 0

(A) dim=33 (Sq(16 2 1))K14 + (Sq(2 1))K30 = 0

(B) dim=34 (Sq(16 8 4))K6 + (Sq(14 6)+Sq(15 5)+5q(16 4))K14 = 0
(A) dim=35 (Sq(16 4 1))K14 + (Sq(4 1))K30 = 0

(A) dim=36 (Sq(16 4 2))K14 + (Sq(4 2))K30 = 0

(A) dim=39 (Sq(16 8 1))K14 + (Sq(8 1))K30 = 0

(A) dim=40 (Sq(16 8 2))K14 + (Sq(8 2))K30 = 0

(A) dim=42 (Sq(16 8 4))K14 + (Sq(8 4))K30 = 0

(B) dim=64 (Sq(32 16 2))K14 + (Sq(31 3)+Sq(32 2))K30 = 0
(A) dim=65 (Sq(32 2 1))K30 + (Sq(2 1))K62 = 0
(B) dim=66 (Sq(32 16 4))K14 + (Sq(30 6)+Sq(31 5)+Sq(32 4))K30 = 0
(A) dim=67 (Sq(32 4 1))K30 + (Sq(4 1))K62 =0
(A) dim=68 (Sq(32 4 2))K30 + (Sq(4 2))K62 = 0
(B) dim=70 (Sq(32 16 8))K14 +
Sq(28 12)+5q(30 10)+Sq(31 9)+Sq(32 8))K30 = 0

(A) dim=71 (Sq(32 8 1))K30 + (Sq(8 1))K62 = 0
(A) dim=72 (Sq(32 8 2))K30 + (Sq(8 2))K62 = 0
(A) dim=74 (Sq(32 8 4))K30 + (Sq(8 4))K62 = 0

(&) dim=79 (Sq(32 16 1))K30
(A) dim=80 (Sq(32 16 2))K30
(A) dim=82 (Sq(32 16 4))K30
(A) dim=86 (Sq(32 16 8))K30 + (Sq(16 8))K62 =
(B) dim=128 (Sq(64 32 2))K30 + (Sq(63 3)+Sq(64 2))K62 = 0
(A) dim=129 (Sq(64 2 1))K62 + (Sq(2 1))K126 = 0
(B) dim=130 (Sq(64 32 4))K30 + (Sq(62 6)+Sq(63 5)+Sq(64 4))K62 = O
(A) dim=131 (Sq(64 4 1))K62 + (Sq(4 1))K126 = 0
(A) dim=132 (Sq(64 4 2))K62 + (Sq(4 2))K126 = 0
(B) dim=134 (Sq(64 32 8))K30 +

(8q(60 12)+8q(62 10)+Sq(63 9)+Sq(64 8))K62 = 0

(Sq(16 1))K62
(Sq(16 2))K62
(5q(16 4))K62 =

+ + + + o+
i
o o o o

(A) dim=135.(Sq(64 8 1))K62 + (Sq(8 1))K126 = 0
(4) dim=136 (Sq(64 8 2))K62 + (Sq(8 2))K126 = 0
(4) dim=138 (8q(64 8 4))K62 + (Sq(8 4))K126 = 0

(B) dim=142 (Sq(64 32 16))K30 +
(Sq(56 24)+Sq(60 20)+Sq(62 18)+Sq(63 17)+Sq(64 16))K62 = 0
(A) dim=143 (Sq(64 16 1))K62 + (Sq(16 1))K126 = 0

9



(1)
()
€y
()
()
(1)
(3)
(4

dim=144
dim=146
dim=150
dim=159
dim=160
dim=162
dim=166
dim=174

(Sq(64
(Sq(64
(Sq(64
(Sq(64
(8q(64
(Sq(64
(Sq(64
(Sq(64

16
16
16
32
32
32
32
32

2))K62
4))K62
8) K62
1))K62
2) K62
4))K62
8))K62

16))K62 + (Sq(32 16))K126

+ + + + + o+ o+

(sq(16
(Sq(16
(Sq(16
(Sq(32
(8q(32
(8q(32
(8q(32

2))K126
4))K126
8))K126
1))K126
2))K126
4))K126
8))K126
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4 FMEEEA

HIEIDFHERE RS S . KD 2 DDRFIOBHEASFRIN 5,

(A) Sq¢*Sq°Kgar1_g + Sq°SqPSq°Koa_y =0 (a>b>c>0)

b-1
(B) <Sq20+15q2b +3° quaH'ziqub”i) Koas1_o + 8¢ 5¢°5¢° Kpa_y =0 (a>b>0)
i=0

(A) IOV TIIEEIRETLTEY, 1994 7 AEL VT (AF L a) il BT HERR
ETEHEL . BIE Topology and its applications Il PTH A, FEAHIE 2 2 L 7-
2HEBBOEGEHTEMBEIATIDDOTH 5,

(B) DB E: b=a—1 DBFAII OV TIFIEINL (A) OFEEW X W ETH Y| BLiC
ETLTWA, (B) D—EOBEIZOVWTYE (A) OBEICHEML -HERICHE —DDH
Bl Thh ., &I (A) EFEKCHNITE 2 DL Bb b,
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RELATIONS OF SMOOTH KERVAIRE CLASSES
OVER THE MOD 2 STEENROD ALGEBRA

YASUHIKO KITADA

In memory of Professor Katsuo Kawakubo

ABSTRACT. In the surgery theory of smooth smooth manifolds, it is of-
ten difficult to determine the existence or the non-existence of a smooth
normal map with nontrivial surgery obstructions. We present and prove
a simple relation over the mod 2 Steenrod algebra between two smooth
Kervaire classes in different dimensions. This formula enables us to
compute the Kervaire surgery invariants for various manifolds.

1. INTRODUCTION AND RESULT

Let M™ be a smooth closed manifold. Then a normal cobordism class of
a normal map with target M can be represented by a map

f:M"— F/O

where
F/O — BSO — BSF

is a fibration of infinite loop spaces. Here BSO is the classifying space of the
oriented stable orthogonal vector bundles and BSF is the classifying space
of stable oriented spherical fibrations.

Under these circumstances, the Kervaire obstruction of the surgery datum
f is given by .

c(f) = (V(M)?Y_ f* Koy, [M]2),
i>2

where V(M) is the total Wu class of M™, Ky _, is the smooth Kervaire class
which lies in H2 ~2(F/0;z/2), and [M]2 is the mod 2 homology fundamental
class of M. ‘

When we study the Kervaire obstruction map for a given manifold M™,
it is important to know whether the the Kervaire obstruction map

c: [M"F/O]—2z/2

is trivial or not. The most difficult case is when M is a sphere; the so-called
Kervaire invariant conjecture is still an open question in dimensions 2* — 2.
In some cases of manifolds, the answers are known. When M™ is the real
projective spaces of dimension 4k+2, the Kervaire obstruction map is always

1991 Mathematics Subject Classification. 55R55,55R67,57510,57512.
Key words and phrases. surgery, Kervaire class.
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nontrivial([1]). When M™ (n = 4k + 2) is a product of an odd-dimensional
sphere S?*land an odd-dimensional real projective space RP21t! (p < q),
the Kervaire surgery obstruction map is trivial unless n + 2 is a power of 2.
This result was obtained by making use of a relation between two Kervaire
classes:

Sq¥ T SgY T 8 T S T Kpsg = Sq¥ T Sq* Kor_s, (r>s>2).

As a geometric application of this result, we were able to prove that the
connected sum of a real projective space RP**1 with a Kervaire homotopy
sphere that bounds a framed manifold with Kervaire invariant one is not
diffeomorphic to the original projective space ([2]). This relation, however,
can be deduced from the following stronger but simpler new formula:

Theorem 1.1. For the smooth Kervaire classes we have a relation
Sq¥ S¢% S¢* Kor_o = Sq*" Sq* Kori1_,.

where r, s and t are integers that satisfy r > s >t > 0.

2. PRELIMINARIES

Before we go into the details of proofs, we present the machineries which
will be used in the proofs. In this paper all homologies and cohomologies
are in coefficients mod 2 and will be omitted from the notation.

The mod 2 homology and cohomology of the classifying space of surgery
F/O were studied by Milgram [5] and others. The notation we adopt in
this paper is contained in [4]. The mod 2 Steenrod squaring operations on
the cohomology group H*(F/O) is not directly calculable. However, when
we consider its dual H,(F/O), using the infinite loop space structure of the
classifying spaces, we know its algebra generators as follows.

Let I = (41,142, ,i,) be a finite sequence of non-negative integers. We
shall write Q! to be the composite of mod 2 Dyer-Lashof homology opera-
tions Q1Q"2 - - - Q. We say that I or Q! is allowable if i5 < 24541 holds for
all j,1<j<n-—1. Define its length {(I) = n and its excess e(I) by

n—1
e(I) = (ij — 2ij11) +in =1 — G2 — +* — ip.
j=1
The Pontrjagin ring of SF is known as follows.
Theorem 2.1 (Madsen-Milgram).
H(SF) = E{Q"[1] x [-1]}i 2 1} ® P{Q'Q'[1]  [-3]|i = 1}
® P{Q"[1] * [1 — 2™||I : allowable, () = n > 2, e(I) > 1,i, > 1}

Here the Dyer-Lashof operation Q° s is based on infinite loop structure
of %8 and not the H-space structure of SF induced by composition of
maps, and H.(SF) is considered as a subalgebra of H,(2*°S5%). There is
another choice of generators; one can take elements of the form

Qn Q™ ... Qin-2(Qi1 Q™ [1] + [-3))
2



as alternative generators as well, where Q' is based on the composition prod-
uct on SF. However, this choice of generators does not affect the arguments
that follow.

The natural map SF — F/O in the sequence of fibrations

SO — SF — F/O — BSO — BSF,
allows us to identify H,(F/O) with the subalgebra of H,(SF') :
H,(F/O) = PAQ'Q'1] «[-3][i > 1}
® P{QT[1] * [L —2™)|I : allowable,I(I) = n > 2, e(I) > 1,i, > 1}.
As to the homology operation, we have Adem relation

QQ =3 (’ e l)Q“*b‘iQi for a>2b

- 21— a
1

and Nishida relation [6]

5¢;Q" =3 ( ' ) Q"isq,,
~\a—2
where Sq' denotes the dual of the Steenrod squaring operation Sq*.

In what follows, given a sequence I = (1,42, - ,i,) (not necessarily
allowable), we shall also write w(iy,49,- - ,%,) to represent the element
QT[1] % [1 — 27] either in H,(SF) or H.(F/O).

As to the characterization of the cohomology smooth Kervaire classes, we
have the following theorem.

Theorem 2.2. Forl = (i1,i9, - ,in), (Kogt1_9, u(iy, i2, - ,in)) is nonzero
if and only if n =2, i1+iy = 2971 =2 and iy = 25— 1 for some k, 0 < k < q.

All the binomial coeflicients in this paper are considered mod 2. In the
proof of our main theorem, we shall encounter many binomial coefficients.
The following is the most fundamental criterion for determining the modulo
2 value of the binomial coeffcient ([7], 1.2.6. LEMMA).

a=Zai 2i, b:Zbi 2t
i>0 i>0
be 2-adic expansions of non-negative integers a and b, where a; and b;’s are
0 or 1. Then the binomial coefficient (}) is O if and only if there exists an i

such that a; =0 and b; = 1.

Lemma 2.1. Let

For a, b not satisfying a > b > 0, we use the convention (3) = 0.
From Lemma 2.1 we have two lemmas below:

Lemma 2.2. The mod 2 binomial coefficient (}) (a > b > 0) is character-
ized by the following properties:
1) (5)=1ib=0.
2) (}) =0 ifa is even and b is odd.
3



3) else () = (g,') where a' = [a/2] and V' = [b/2], where [z] denotes the
largest integer not exceeding x.

Lemma 2.3. Leta = c* 2" + d and b < 2", where c is a positive integer
and d satisfies 0 < d < 2". Then we have ($) = (§).

The following lemmas will be frequently useful in the proofs. All the
proofs are performed by inductions.

Lemma 2.4. Leta >0. (5, 1}) is nonzero if and only if i = 2° — 1.

Proof. We use induction on a. The case a = 0 is easy. Let a > 0 and assume
the conclusion is true for a — 1. We assume that (;L’) # 0. If ¢ is even, then
we have (2 17) = 0 by Lemma 2.1. Hence i should be odd. Put i = 2j + 1.

2i+1
Then we have @ZL’) = (2(1‘1;?3; 1) = (2;;:1”

have j = 27! — 1. Therefore we have i = 2% — 1. O

Lemma 2.5. Leta > 0. (2“22”) is nonzero if and only if i = 20 —2F (0 <
k<a)ori=2°

Proof. The result is true for a = 0. Assume that a > 0 and the conclusion
holds fora—1. . I ’

Case 1 = 2j: (202':") = (2:;2’) = * 2j+J)' This is nonzero if and only if
j=20"1_2l(0<i<a-1)orj=2%"1 Thatisi=2*—2%(1<k<a)
or i = 2%, ' . L

Case i = 2j + 1: (22‘1.'") =(* z;;i]QH) = (223._'_‘{7). By the previous lemma, we
have j = 2071 — 1. Therefore i = 2* — 1 = 2% — 20, O

Lemma 2.6. Let a > 0. (QGTHH") is nonzero if and only if i = 2 — 2k
(0<k<a).

Proof. Induction on a : For a = 0, the assetion is clear. Suppose that the
assertion holds below a with a > 1.
Case 1 =2j : We have (Qa_41j+2j) = (2a_12;1+j) which is nonzero if and only
if j =20=1 -2 for some I, 0 < I < a— 1 by the inductive assumption. That
isi=20—-2F (1<k<a). ‘
Case i=2j+1: We have (Qa_i;iéﬁl)) = (2(;;_1*_*1'3 ) which is nonzero if and
only if j = 24~1 — 1 by Lemma 2.4. That isi=2%—1. 0
Lemma 2.7. Let a > 0. (2;—5”) is nonzero if and only if i = 2% — 2k
(1<k<a).

). By inductive assumption, we

Proof. Induction on a : The case a = 0 is clear. Let a > 1, then (202;3”) is

2“—l+i) _ (2“—1+’2j) _ (2“_1—1+j)
2i+1 /T 47+1 - 27 ’
which is nonzero if and only if j = 247! — 2! with 0 <! < a — 1, by Lemma

zero for 1 odd. Put i = 27, then we have (

2.6. Thatisi =2° —2F (1< k <a). O
Lemma 2.8. Leta > b > 0. (Qa;;ibl+i) is nonzero if and only if 1 = (2% —

28) 428 —1 (b+1<k<a)ori=2%+20—1.
4



Proof. Inductionon b: When b = 0, ¢ should be even. So we may put ¢ = 27.
a ; a—=1_4

We have (2 4“;{:;2]) = (2 2j+J) which is nonzero if and only if j = 2071 — 2!

(0<1<a-1)orj=2%"1byLemma2.5. Thatisi=2°-2F(1<k<a)or

i = 2% So the result holds for b = 0. Let b > 1. If 7 is even, (Qa;iblﬁ) is zero.

So we may put i = 25 + 1. We have (20+Z;i§j“) = (2(1—12??:1_1“), which is
nonzero if and only if j = (2071 —2)) 4 20=1 — 1 or j = 2071 4 20=1 1 by
the inductive assumption. That is 1 =22 —2¥ +2° — 1 (b+1 <k < a) or
i=20+2°-1. O
Lemma 2.9. Leta > b > 0. (2a2_iibl+i) is nonzero if and only if i = (2% —
28y 42 —1 (b+1<k<a).

Proof. Induction on b : The case when b = 0 is Lemma 2.7. Let b > 1 and

since (QGQ_iib;’i) is zero for i even, we put i = 2§ + 1. We have (" _Z;j_'? =
a—1 b1 4

(* 2311 *7), which is nonzero if and only if j = (2271 — 2!) + 26=1 — 1

(b <1< a—1) by the inductive assumption. That is i = (20 — 2%) 420 — 1

(b+1<k<a) ' O

Lemma 2.10. Leta > b > 0. (2a_22ib+i) is nonzero if and only if 1 =
(20 —25)+ (22 -2 (b+1<k<a,0<1<b) ori=2%—2b
Proof. When b = 0, the result follows from Lemma 2.6. Let b > 1.

Case i = 2j : We have (Qa‘ij.“j) = (za—l’;jb—l”"j) which is nonzero if and
onlyif j = (2071 —2P) 4 (20-1-29) where b < p < a—1, 0 < g < b—1 by the
inductive assumption. That is i = (2¢ — 2%) + (2® — 2!) where b+1 < k < a,
1<i<b—-1. ,
a ; a—1_ob~1, 5

Case i = 2j + 1 : We have (? _zjigﬁl) = (? 2_311 *7), which is nonzero if
and only if j = (2071 —2P) + 251 — 1 (b < p < a — 1) by Lemma 2.9. That
isi=20—2F420 1 (b+1<k<a). g

Lemma 2.11. Leta > b > 0. (2a+22b;1+i) is nonzero if and only if 1 =
(20 — 2Ky + (20— 21, i =20 4+ (22— 2Y) or i = 2% — 2° whereb+ 1 < k < a,
0<I<b.

Proof. Induction on b: When b = 0, (2;:") is nonzero if and only if ¢ =
2¢ — 2% (0 < k < a) or i = 2% by Lemma 2.5. Let b > 1.

Case i = 2j : We have (2a+21;1+2]) = (20_1”2:._1‘”]), which is nonzero if
and only if j = 2071 —-20-1, j=20=1_9p4 95-1_90 or j = 2a-14 (201 _29)
where b <p <a-1,0< g <b—1 by the inductive assumption. That is
i=20-20 =20 _92k 1 90 _olori=20420_2 whereb+1<k<a,
1<

. . a_ ob : a—1 b—1_ . . .
Case i = 2j+1 : We have (2 If;gzj) = 2?3—1 *7), which is nonzero if and
only if j = 2071 425-1—Jor j= (2071 —2P) + 2*"1 — 1 whereb< p<a-—1
by Lemma 2.8. That is i = 2¢ +2° — 1 or i = (2% — 2%) 4+ 20 — 1 where
b+1<k<a. O
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Lemma 2.12. Leta > b > 0. (2a+22i:_11+i) is nonzero if and only if i =
20 — 20 = (20 —2K) 4 (26 —2!) or i =20 4 (26 — 2}) where b+ 1 < k < a,

1<1<b.

Proof. Induction on b : The assertion holds for b = 0 by Lemma 2.4. We
let b > 1, then we have only to consider the case when ¢ is even. Putting

. i ayob_1404 a=140b=1_114 L .
i = 2§, we have (* +ij+;+23) = (? +24j 1+J) | which is nonzero if and only

if j=20"1 2071 j=92a-1_92p 4 2b=1 20 op j= 24714 20=1 _ 29 where
b<p<a-1and 0 < q < b-1 by the inductive assumption. That is
i=20-2b j=20_9k 1 ob_ ol orj=20490_9l where b+1<k < a and
1<1<h. O
Lemma 2.13. Leta > b > 0. (2a_2;."1+1) s nonzero if and only if 1 =
(20 =28y £ (2 =2 ori=(22—2™) + 2 forb+1<k<a, 0<1<b,
b+2<m<a.

Proof. Induction on b : If b = 0 the result follows from Lemma 2.10. Let
b>1.

Case 1 = 2j : We have ('ZG_QZ;HQJ') - (2(‘_1_%§;1~1+j), which is nonzero if
and only if 1 = 2071 — 22 4 261 _ 20 (h < p<a—-1,0<qg<b-1)or
=20t ok ol (h4 1 < p<a—1). Thatiss = 20— 2k 420 2!
(b+1<k<a,1<I<b)or20—-2"+2(b+2<m<a).

Case 1 = 2j + 1 : We have (QGZJ.Q_QL*I'QJ') = (2“_1‘22;_1”), which is nonzero, by
Lemma 2.9, if and only if j = 20=1 —2P +20-1 1, Thatisi=20—2F 4201
where b+ 1 <k <a. O
Lemma 2.14. Leta > b > ¢ > 0. (Qa+22;;126+i) is nonzero if and only if
i =20-20420 1 4= (20—2K) 4 (20—20)42°—1 ori =204 (20 —2))+2¢ -1
where b+ 1<k<gandc+1<[<b.

Proof. Induction on ¢: The result for ¢ = 0 is immediate from Lemma, 2.12.
So we let ¢ > 1. We have only to consider the case when ¢ is odd and put i =

2j+1. Then we have (2a+2b£;ﬁ:;2j+l) = (QG_IHZ;LI?_IH), which is nonzero
if and only if j = 20-1—2b-1p2¢-1 1 4 =9a-1_9p 4 ob=1_9q4 9c=1 1 o
jg=20"1420-1 9ol 9¢-1_ 1 whereb<p<a-—1landc<q<b—1bythe
inductive assumption. That is 4 = 20 —2042¢—1,4=20-2F 42092l 0c_]
ori=20420-2 492 _ 1 whereb+1<k<aandc+1<1<b. 0O

Lemma 2.15. Leta > b > ¢ > 0. (2u+2';;26+i) is nonzero if and only
if o= (2% — 2K) + (20 — 28 4 (26 — 2™), i = 22 + (20 — 2%) 4 (2¢ — 2™),
i =20 —20 4 (26 —2m), = (20— 2K) + 20— 2¢ or § = 2% 4+ 20 — 2¢ yhere
b+1<k<a,c+1<I<bh0<m<e

Proof. Induction on ¢ : The result for ¢ = 0 follows from Lemma 2.11. We
consider the case ¢ > 1.
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. . a b_oc ; a—149b—1_9c—1 4 4 . .
Case i = 2j : We have (*'*2 4].2 Ty = (22 iy 2741y By the inductive

assumption this is nonzero if and only if

2a—1 —9P 4 2b—1 — 20 4 2c—1 — ou
2(1.—1 + 21)—1 — 20 4 20—1 — oK

j= ga—1 _ 9b—1 + 2c—1 _ ou

2a—1 4 2b—1 _ 20——1

2(1—1 —92P 2b—l _ 2(;-1

whereb<p<a—-1,c<g<b—land 0 < u<c—1. Thatis

(00 ok 4. 9b 9l 4 o¢_gm
20 420 9l 4 9c_gm
i=420—2b42¢_9om

20 4 90 _gc

20 — 2k 4 2b_gc

where b+ 1<k <a,c+1<I<bandl1<m<ec
a [ . a—1 ab— ne—1 .
Case i = 2j + 1 : We have (* +2b4_].3_;21+1) = (? +2;j4:2 *7). By Lemma
2.14, this is nonzero if and only if
2a~1 . 2b—1 + 2(:—1 -1
j= 2a—1_2p+2b~1_2q+2c—1_1
2(1—1 + 2b—1 — 21 + 20—1 -1

where b < p<a—1landec<qg<b-1 Thatisi=2%—204+2°6-1,
=202k b ol yoc _1ori=20420_92lpoc_ 1, O

Lemma 2.16. Leta > b > c > 0. (2a+2b"2i26_1+i) is nmonzero if and only
if i = (2% —2F) 4 (26 — 21 4+ (2° — 2™), i = 20 + (2% — 2}) + (2¢ —2™),
i=20— 204 (20 -2M), 4 =20 —20 4 2° = (20— 2F) + (25 — 29) 4+ 2¢ or
i =204 (22— 29) +2° whereb+1<k<a,c+1<1<b0<m<cand
c+2<q<h.

Proof. Induction on ¢ : The result for ¢ = 0 follows from Lemma 2.15and
we consider the case ¢ > 1.

i = 2j : We have (2a+2b_42;‘1+2j) = (2a_l+2b_12;26—1*1+j) which is, by the
inductive assumption, nonzero if and only if
(2071 — 2 4 2b=1 _ 98 4 ge-1 90
2(1—1 + 2b~1 _ 2,[3 +2c—1 _ 26
2a—1 _ 2b—1 + 20~1 _ 2(5
2a-1 _ 2()——1 + 2c—l
2a—1 _ox 2b—1 —27 4+ 20—1
\2(1—1 + 2b——1 -2 4 26—1
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whereb<a<a—-1,c<pB<b-1,0<d<c—1landec+1<y<b-1.
That is

20 — 2k 4 ob_ ol 4 9c_om

20 426 _ ol 4 9c_9m

2a_26+24:_2m

2a_2b+2c '

20 — 2k 4 2b_ 994 oc

20 4. 2b 29 4 9¢

where b+ 1<k <a,c+1<iI<bhl1<m<candc+2<g<h

Case i = 25 + 1 : We have (2a+24;;22c+2j) = (2a_1+2;;;12c_1+j). By Lemma
2.14, this is nonzero if and only if j = 201 — 20=1 y 9e=1 _ 1 5 = ga-1 _
20 4 9b=1 _ 9B L gc=1 ] 9a-1 4 9b-1_ 9B L 9¢-1_ ] whereb<a<a-—1
andc< B<b—1 Thatisi=20—20426—1,¢§=20_-2kp2b_9ol4oc_
andi=204+20 -2 4 2¢_ 1 whereb+1<k<aandc+1<1<h. O

3. PrROOFS OF THEOREMS

We begin with the proof of Theorem 2.2.

Let I = (43,12, - ,in), (in > 0) and consider uy = u(iy, 42, ,%,). When
I is allowable, then we already know that the pairing (Kyq+1_9, us) is nonzero
if and only if n = 2 and i) = iy = 29 — 1, ([3],[2]). Suppose that I is not
allowable. Then we can use the Adem relation and express u; as a sum
of allowable terms uj. Since the Adem relation preserves the length of the
indices, (Kqq+1_o,ur) is zero if I(I) # 2. Let I = (41,42) be non-allowable.
In this case, by the Adem relation we have

u(il, ig) — Z (.7 -1y — 1>u(2q+1 -9 —],])

2j—1

J

The pairing (Koq+1_o, u(i1, i2)) is nonzero if and only if the binomial coeffi-
cient (7,271 is nonzero for j = 29—1. Then we have (J_”"l) = (2('“’2"2) =

2j—11 2j—11 i2
29—49—2\ __ 2q~1_1+(2q~1_12_.1) < .
(5095 2) = ( 220 —ip—1) ). By Lemma 2.6, this is nonzero if and only

if 2971 — 4y —1 = 2971 — 2% for some k < ¢ — 1, i.e. iy = 28 — 1. This
completes the proof. ‘

The term of the form w(29+t! — 2% — 1,2% — 1) that appeared in the above
proof will be called a Kervaire dual in this paper.

The proof of Theorem 1.1 is much more complicated. We shall make a
few observations. The statement

Sq¥ Sq¥ Sq% Kor_g = S¢¥ Sq* Kprir_y
is equivalent to the statement that
(Sq” Sq* Sq* Kr_a,u) = (Sq* Sq* Kyr1_,1)
holds for any u € Hor+1,9s 0t _o(F/O).
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We may assume that the homology class u is non-decomposable since the
Kervaire classes are primitive and the Steenrod squaring operation maps
primitives to primitives. Thus the above statement is equivalent to

(Kor—2,8q2 Sq¥ Sq u) = (Kyre1_9, Sq2 Sq up),

where Sqi’s are the dual operations on homology and wuy is the generator of
the polynomial algebra H,(F/O). By the Nishida relation, we see that Sqt
preserves the length of u; and therefore we may assume that the length of
I is two.

Let I = (a,b) be allowable i.e. 0 < b<a <2 anda+b= 2"t 4
25 42 — 2. We have to count the occurrences of Kervaire duals of the form
w(2" — 2™ —1,2™ — 1) in S¢%SqZ Sq¥ u(a,b) and u(2'+! — 2k —1,2F — 1)
in S¢2' Sq u(a, b) and show that the occurrences in both cases coincide for
all u(a, b).

Letr >s>t>0and a+b= 2" +254+2"—2 with allowability condition
0<b<a<2b

First, repeated use of the Nishida relation shows that

SqftSqfsSqfru(a,b) = Z ABCDEFu(c,d)
1,5,k

a—2"\ (2425420 —-2-)
o —92i) o — 2 ’

where

a—2"=2°+i\ (20428 -2—(b—1i)
B 25 — 25 ’

Q=20 =2 =2 4+i+j) _ 2" —2—(b—i—j3)
2t — 2k ’

2" —2° 24 iti+k d=b—i-j—k

We count the occurrences of u(c,d) with d = 2™ — 1, (m < r —1). From
3b>a+b=2"114+25420 2 wehave 3(2m —14i+j+k) > X1 42542t 2
that is,

B(i+j+k)>2H 425420 1 - (2™ 4 2m), (3.1)
9



If F #0, then we have 0 <k < 2™ — 1. If A # 0, then we have i < 2771, If
C # 0, then we have j < 2571, Combining these, we have from (3.1),

3(27“-1 + 28—1 + 2m . 1) 2 27‘+1 + 28 + 2t +1-— (2m+1 + 2m)
Therefore we get
2m+2 + 2m+1 + 25—1 > 27‘—1 + 2t + 4.
This inequality is impossible if m < r — 5. Thus we may limit the range of
masr—4<m<r-—1.
Lemma 3.1. If r > t + 3, there are no occurrences of Kervaire duals with
m =17 —4.
Proof. Let r > t+ 3 and m =r — 4. From (3.1) we have
3(7,+j+k) 2 2r+l+2s+2t+1_(2r—3+2r—4) — 2T+2'I’—1+2T—2+2T—4+2S+2t+1‘
On the other hand, we have
3(2 +] + k) S 3(27‘—1 + 28—1 + 2t—1) — 21‘ + 27‘—1 + 98 + 25—1 + 2t + 2t-—1'
From these two inequalities we have
or +2r—1 + 98 + 23—1 +2t + 2t—l > or + 27‘—1 +2r—2 + 21"—4 + 98 + 2t + 17
that is ‘
28—1 + 2t—1 Z 2’!‘—2 + 27’——4 + 1.
However this is impossible since
23—1 + 2t-1 < 2’!‘~2 + 27’—4'
O

We shall count the occurrences of Kervaire duals in three different cases.
First we begin with the case when r > s + 2.

Lemma 3.2. Letr > s+ 2. Then a Kervaire dual appears for m =r —1 if
and only if
(2N 425 —1,2" + 2t — 1)
(a,b) = (20 +2542tFL —2% _9v 1 27 — 2t 4 2% 4 2V 1)
(t+1<z<s—-1,0<y<t).

Proof. We look for the condition for ABCDEF # 0. F # 0 if and only if
0<k<2r-1-1 E= (2r;t1:21k_k) is nonzero for k = 0.
Case t =0 : F is nonzero if and only if £ = 0.

Case t > 1 : We see by Lemma 2.13 that
B 21’—1 _ 2t—l — 1+ (2t—l _ k)
B 2(2t71 — k)
is nonzero if and only if
2z»1_k={(2r"1—2")+2t‘1 t+1<pu<r-1)

(2r—1_2n)+(2t—1_21) t<k<r—1,0<I1<r-1).
10



Hence k = 0 or k = 2! (0 <1< t-1). Next we consider the condition
for D = (Zr_ljkbl) to be nonzero. When k = 0, D # 0 if and only if
0<j<271—-1 Whenk =2 (0<1<t-1), D #0 if and only if
0 < j < 2! — 1 since we may assume that j < 257! in view of C. To find the

condition for C # 0, we must consider several cases.
Case k=0and 0 < j <271 —1:

oo 2r—l+2t_1_j
25 — 29
J .
_ 2r—1_23—1+2t_1+(2s—1_j)
2(2571 =)

_ 2r~2+2,._3+_“+2s—1_|_2t._1_|_(25"1——j) '
= 2(2571 - 4)

and by Lemma 2.3

(22 g2t -1+ (27 =)
- 2(2271 = j) ‘

C vanishes for 7 = 0, so we may assume j > 0. Since 2° — 25 < 2°, we see by

9s—1 t_ s—1_4 . . . .
Lemma 2.11, that C = (* +§(251T£§) ’)) is nonzero if and only if j = 2t
or j=2%4+2Y -2 wheret+1<zr<s—-land0<y<t
C%ek:ﬂ(0515t~1,ogjgzt-uzW@hmecz(T”ﬁtg‘“n
which is zero for j = 0 and we only consider 7 > 0. Then we have

o 2r-l 5=l ot ol 14 (2571 — )
2(2571 =) '

Subcase when s > t + 2 : We have j < 21 <2t-1 -1 <253 -1 and
25=1 — j > 25724 2573 1 1 Therefore by Lemma 2.3, we have

o <2r—2+2r—3+...+23‘1+2t——2l—1+(2S’1_j)>

2(2571 — )
_(T—L+?~2R—L+@*l—ﬁ>__G“+@“—?—1*j»
B 2(2071) - ) Lo -a )

Since j < 2'—1, we have 2t—2!—1—5 > 2¢—2!*1 > (. Thus by Lemma 2.3, we

have C' = (Qt;fl_;ﬂ) If C is nonzero, we should have 25—2j < 2t —2! —1—3.

But this is impossible because j > 2° — 2/ 4+ 2 4+ 1 > 25 — 2t > 2 contradicts
j<2b—1.

Subcase s =t 4+ 1: By Lemma 2.13, C = (2T—1_22(l2:1’1"£2j;~1_j)) is nonzero if

and only if j = 2571 — 2! or j = 2571 — (2! — 2") where 0 < X < [. This

is impossible since j < 2/ — 1. Summing up, we have C # 0 if and only if

k=0and j =2" or j = 2% 42V — 2t where 0 <y <tandt+1<z<s-—1.
11



We want the condition for B to be nonzero. When k = 0 and j = 2¢,

r—1, ot __ . . . . .
we have B = (2 *172 1) which is nonzero if either 0 < i < 2 — 1 or

2r-1 <§ <2771 42t — 1. When k =0 and j = 2% 4+ 2¢¥ — 2¢, we shoud have

or-lyor oy ot
B=< + +z >¢o. (3.2)

Finally we consider the coefficient A.

Case k = 0, 7 = 28 and 0 < 7 < 28 — 1: This case conflicts with the
allowability condition (3.1).

Case k=0, j =2t and 277! < i <2771 4 28 — 1: Clearly we have A # 0 if
and only if 1 = 271

Case k =0, =2°+2V -~ 2 where 0 <y <tandt+1<z<s—1
with condition (3.2): Let A = (23+2t+1_5:2_31;:%;,(2%1_0) be nonzero. From
25 42041 2% v — 1 4+ (2771 — ) > 2(277! —4), we have i > 2771 —
254 (22 42y — 2t — 1) — 2 + 2. Since 2* +2¥ — 2! — 1 > 2! we have
i > 2771 — 2542 > 2%+ 2 But for such 4, (3.2) does not hold unless
i = 2"~1. Thus we have proven that a Kervaire dual appears if and only
if k=0,4=2""! and either j = 2! (a,b) = (2" +25—1,2" 42!~ 1) or
J=02T 4202 (a,b) = (2 425+ 21 0T _ Qv _] oT _2t4 2T 4oV 1),
wheret+1<2<s—-1,0<y<t O

Lemma 3.3. Letr > s+ 2. There are no occurrences of Kervaire duals for
m=r—2.

Proof. Suppose that there exists an occurrence of a Kervaire dual. Then
wehave b—i—j—k=2""2-1. F= (2r_,:_1) is nonzero for all k with
0< k<2 ~2_-1. We next consider E = (27_22::22;1_16). Whent=0,E #0
if and only if kK = 0 since r —2 > 0. When t > 1, E is also nonzero for k = 0.
Hereafter we assume that £ > 0. Then we have

e <2r-1 +2rm2 gt (21— k))

2(2t-1 — k)
B 2r—1 + 2r—3 + 27‘—4‘_'_ cee 2t—1 . (2t#1 _ k:)
- 2(2t-1 — k) ‘

We can remove higher 2-powers by Lemma 2.3 since 2¢ > 2(2¢~! — k) and

obtain E = (2t_12_(21i(121;;_k)). This is nonzero if and only if k¥ = 2! where
0 <1 <t—1. Thus we have shown that E # 0 if and only if k = 0 or k = 2!
(0 <1 <t—1). It is easy to see that D = (QT_Z;Lk_l) is nonzero if and only if
0<j<22_1lwhenk=0and0<j<2—lor22<j<2242 1

(0<1<t—1) when k =2'. We next consider C = (QT“I"LT;:fg;_l_j"k).
12



Case k=0,0<j <272 —-1: When j = 0, C is nonzero only if s = r — 2.
Hereafter we assume that j > 0. Then by 2.3, we have

O 27‘—-1 + 21‘—2 _ 23—1 + 2t _ 1 + (25—1 _ ])
2(271 = j)

_ 2T—1+27‘—3+...+28—1+2t_1+(2$—1_j)
- 2(21 = )

B 23—1 + 2t -1+ (23—1 _7)
) 2(271 - j) |

28_1+(2s—1_j)

9(25~1—5) ) is nonzero if and only if j = 2571 = 2¢

Subcase s =t+1: C = (
by Lemma 2.6.

Subcase s > t+2: By Lemma 2.12, C is nonzero if and only if either j = 2,
j=2¢— (2t —2)) wheret+1<pu<s—1,0<A<torj=0 (only when
r=s+2).

Casek =2, (0<1<t-1),0<j<2-1: WehaveC = (¥ +7+2-2-1))
which is nonzero for j = 0 if and only if r = s + 2. Assuming j > 0 and by
Lemma, 2.3, we have

oo 2r—1+2r—2+,“+23—1+2t_2l_1+(28—1_j)
2(2¢71 - j)

sttt 12l —g)\ (24 2t-2t -1

Since 1 < j < 2 — 1, we have 25 < 28 42t — 2+l <95y ot ol 1 ;.

Therefore by Lemma 2.3, we have C' = (zt;fl_;;_j ), which is nonzero only if

2t 92l —1—j>25—2j, ie j>2%5—2 42+ 1. This is incompatible with
1 < j <2'—1. Thus we have shown that C is nonzero if and only if k = 2!
0<i<t—1),j=0andr=s+2.
Case k=2 (0<1<t—1)and 272 <5 <272 4+2 —1: This case is
incompatible with 0 < j < 2571 and is discarded.

So far we have shown that CDEF is nonzero if and only if either

2t
k=0, j={20— (2t =2 (t+1<p<s—10<A<E)
0 (only when s = r — 2)

or
k=2 (0<1<t—1), j=0 (only whens=r—2).

We turn to B. There are four cases:
Case k=0,j=0, r=s+2: Wehave B = (*;") which is nonzero for all
iwith0<i<29—-1=92""2_1.
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Case k=0, j =2': We have B = (QT_ZJ;Qt“l) which is nonzero for 0 < i <
20— 1lor22<i<2m2 420 1.
Casek=0,j=2°4+2V-2" (t+1<z2z<s-1,0<y<t): Weshould

have
T2 9r 4oyt ]
B= (2 + +Z ) £0 (3.3)

—2., 0l
27 -;—2 1)

Case k = 2!, j = 0 (only when r = s+2) : We have nonzero B = (
ifandonly if 0 <i <2 —lor2r2<i<2r242 1.

Finally we consider A = (21‘—1+2T—2+228_"'221.t"1_i_j 5.
Caser =s+2, k=4=0,0<i<2~2-1. This contradicts the allowability
condition (3.1).
Casek=0,j=2¢0<i<2—1: In this case we have i+ j+k = 20+ -1 <
272 _ 1. This does not satisfy allowability either.
Case k =0, =2, 272<i< 22420 -1: Wehavei+j+k <
272 4 2t+1 _ 1. By allowability (3.1), we have

32242 ) >G4 k) > 24272425 420 4 1.

This yields
2t+2 +2t 2 27‘—1 + 23 + 4 Z 2t+2 + 2t+1 + 4,

which is impossible.

Case k =0, =2°+2Y -2 (t+1<xz<s—1and 0 <y <t) together
with (3.3) : From (3.3), we have i < 2772 + 2% + 2¥ — 2! — 1 and we have
i+ + k<22 outl 4 outl 9t 1 From (3.1) we have

(272 4 9mHl povt] _olfl 1y > or 4 or=24 95 4 ot L.
This reduces to v
92+2 | gzl | ou+2 | outl 5 or—1 4 95 L ot+2 L ot+l | ot Ly
This inequality together with
95+l 98 4 ot+2 | ot+] > got2 4 gz+l 4 gut2 | gyt

yields the inequality 25+! > 271 4+ 2¢ 44 which is impossible since r > s+ 2.
Case k=2 (0<1<t—-1),j=0,s=r—-2:If0<i<2 -1, we
have i +j + k < 271 —1 < 28 — 1. This contradicts (3.1). Therefore
we may assume that 2772 < i < 2772 + 2t — 1. Also by (3.1), we have
3(2r2 428 — 1) > 2" + 272 425 + 2t 4 1. This inequality is equivalent to
2t+1 > or=1 4 95 4 4 which is a contradiction.

Thus we have shown that the composition of coefficients ABCDEF of
Kervaire duals always vanish. O

Lemma 3.4. IF r > s+ 2, there are no occurrences of Kervaire duals with
m=r—3.
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Proof. Let m = r — 3. By allowability (3.1), we have
3(i+j+k)>20 42 p2rTd Lo 4o 4 1.
From the condition F # 0, we have 0 < k < 2773 — 1. From the condition
r—3 ;
C # 0 we have j < 2°71. B = (? _i1+3+k) is nonzero only if
i S 27‘—3 -1 + (27‘—-3 _ 1) + 23—-1 — 21”~2 -9 + 23—-1.
Therefore we have
i+j+k‘ S (2r—2 _ 2+2s—1) + (2r—3 _ 1) +2s——1 — 2r~'2 +2r—3+23 —3.
From allowability (3.1),
3(2r—2 + 21"—-3 + 25 — 3) > 2+ 21‘—1 + 2r~3 L 2t +1.

This gives 2571 > 271 4 2¢ 4 10, which is impossible. O

We have obtained the possible Kervaire dual occurrences in

SqZ SqZ Sg¥ u(a,b)
for r > s 4+ 2. The result is as follows:
Lemma 3.5. Letr > s+2, then a Kervaire dual of dimension 2" —2 occurs
in Sqft SqZ° Sq? u(a,b) if and only if
(2" + 25— 1,27 +2t —1)
(a,b) =< (2r +25 420+ — 28 —2¥ — 1, 27 — 20 4 2T 4+ 2V — 1)
t+1<z<s—1,0<y<t)

Next we consider the Kervaire dual occurrences when r = s 4+ 1 and

s>t+ 2.

Lemma 3.6. Whenr =s+1 and s > t+2, a Kervaire dual form=r—1
occurs if and only if

(2m4+25—1, 27 42t —1)
B (2r+2r—~1+2t+1+2t_2l_1, 2r—1+2s_2t+1+2l_1)
@42t -2t 1,27 42— 1)

(2r 2542ttt v gV 1 27 -2t 1 9% 42 1)
where 0 <I1<t—1,0<y<t,ond t+1<z<s-1.

(a,b)

Proof. F#0ifandonly if 0 < k<271 —-1. E= (QY;tI_',;k,_k) is nonzero for
k = 0. When t = 0, F is nonzero only if £k = 0. Hereafter we assume that
t > 0. Clearly we should have k < 2t~! and we see that

B 2r—l _ 2t-1 -1+ (2t—-1 _ k‘)
- 2(2t-1 — k)
is nonzero if and only if £k = 0 or k = 2 (0<1<t—1) by Lemma 2.13. We
shall study D under the condition EF # 0. If k = 0 we have D = (2T—;_1)

which is nonzero for any j with 0 < j7 < 27! — 1. When k = 2, then
15



D= (2“1;2!”1) is nonzero if either 0 < j < 2 —1lor27-1 < j<2r-1420 1,
We next consider C = (¥ +¥ 71798 1 C £ 0, then we have j < 2571,

25 -2
Case k =0 and 0 < j < 25°!: We have C = (23_]+22(t2§1ﬂ2;)%1_j)) which is
nonzero if and only if
2t
J=40

20— (2-2¥) (t+1<z<s—1,0<y<t).

by Lemma 2.12.
s ! :

Casek=2',0<j<2 -1 (0<I<t-1):C= (2 +2;s’_22;1_]) is nonzero
for j=0. For 1 <j <2 —1,since 25+ 2¢ —2/ — 1 —j > 2% and by Lemma

1 .
2.3, we have C = (thf_;ﬁ). C is nonzero only if 2t — 20 — 1 — j > 25 — 25,
which means j > 2% — 2t + 2/ + 1. This is impossible since j < 2! — 1. Thus
we have shown that CDE # 0 if and only if either

2t

k=0, =<0
2% 4V -2t (t+1<z2<s-1,0<y<t)

or

k=20 (0<1<t—-1), j=0.
We turn to
r—1 _ :
B=<2 1i+j+k> nd

PR e R R R AN P e e R A
- 2" — 2 - ¥t — 2 |

The allowability condition (3.1) is
3(i+j+k)>2 425+ 2041 (3.4)

Case k=0, =2": B#O0ifandonlyif 0 <i<2—1or2 ! <i<
2r—l 49t — 1. If § < 2t — 1, then we have i + j + k < 27! — 1 and this
contradicts (3.4). So we may asuume that 277! <i < 277! + 2t — 1 and by
considering A, we have i = 271,

Case k=0,j=0:B = (QT—;"I) is nonzero for ¢ < 2771 — 1= 25— 1. For
A we have

A (2S+1+2t—1—i) 3 (23+2t—1+(23—i)>

2s+1 _ 24 2(25 — i)

which is, by Lemma 2.11, nonzero if and only if i = 2!, 4 = 0 or i =

2° +2Y — 2t where t+ 1<z <5 0<y<t Ifi=20ori=0, (3.4) is not

satisfied. The allowability condition (3.4) for ¢ = 2% 4+ 2¥ — 2! is given by
16



o+l or 4 oytl 4 9y > 9s+1 4 9t+2 4 1. This is possible only for x = s and
we should have 1 = 25 — 28 4+ 2¥ (0 < y <t — 1). Remark that we removed
I=tsincei <25—1.
Casek=0,7=2"4+2Y -2 wheret+1 <2 <s—1,0<y<t: Weassume
that B = (2T_1+2”i'2y_2t~1) and A are nonzero. Then we have i = 27! or
0<i<242V—2—1. When 0 <14 <2%+2Y—2t—1, from (3.4) we have
22+2 4 gxtl 4 oy+2 4 gyl > 9s+l 4 ot+2 4 ot+l | ot 4 4 which is satisfied
only if z = s — 1. So we divide this case into two subcases:
(a) k=0, j=25"14+2v -2 0<i<257 142201 (0<y<t)
(b) k=0,j=2"4+2-2" (t+1<x<s-1,0<y<t), 1=2"1=25

Subcase (a) : If A = (23+25—12t3i112;2y_1"i) # 0, we have 25+2°57142t+1 2V —

1—i> 2%+ — 2 je i > 2 L2 L4 1 I B= (27 221 2,
we have 1 < 2571 — 20 4+ 2 — 1. From these two inequalities, we have
2t -2V 41 <2571 4 <2+l _9v 1 « 2571 By Lemma 2.3 we have

A= (2t+1_§(y2:1ﬂ2i;_1~i)). Therefore by Lemma 2.13, we have either i =

25— (2t _9¥) — ¥ or i =25"1 — (21— 2#) — (2¥ —21), where y+2 <
v<t+1,y+1<pu<t+1,0< A<y Ifi=2"1— (241 —2¥) — 2V, then
we find that B = (282_81_ j;ﬁtﬁz:,f_l?y) vanishes by watching the 2¥ components
of B. Only the case i = 2571 — 2¢+1 4 91 _ 2¥ 1 22 remains. If y = ¢ then
p=t+1andi=25"1-2042* If A = ¢, this is impossible for then we have
i = 25~1, Therefore we have i =251 —2¢ 420 (0<I<t—-1). Ify<t—1,
again by considering the 2¥ components of B, we should have A = y. Hence
we have 1 = 2571 — 20+ 1 2/ where y +1 < pu < t+ 1. However p =t + 1 is
impossible since i < 2571, Similarly for B to be nonzero, the only possible
value of p1 is p = t. Thus we get 1 = 2571 — 2%,

Subcase (b) : For all values of k =0, i = 2%, j = 2+ 2V — 2!, ABCDEF is
nonzero. This case may be summarized as follows:

k=0, j=21 j=2"1_2t49!

k=0, j=2"142 -2t =25"1-2f

k=0, j=2"4+2V—2 §=2"1=2s
where 0 <1l <t—1, t+1<z<s—land0<y <t
Case k=2 (0<1<t—1),j=0: Wehave B= (¥ +2-1) Ifi<o—1
then allowability (3.4) is not satisfied. Hence ¢ = 2° is the only value for 3.

Here is a summary result of the possible values for ABCDEF # 0 in this
proof.

(k, J, 1) (a,b)

(0,2%,27=1) (27 +2° 1,27 + 28— 1)

(0,0,2% — 2t 4 24 (2r +28 42041 -2t 1,27 — 2t 1 20 1)
(0,251,251 — 9t 4 9l (2r +25 42041 ol 1 9r —2t 4 2l 1)

(0’23—1 +2l_25’23—1_2t) (2r+2s+2t+1+2t__2l_1,2r_2t+1+2l_1)
(0,27 4-2¥ — 2t 27— 1) (27 +25 42041 — 2% 2V 1,27 2% L 2V — 2t 1)
(24,0,271) (20 +28 428 -2t — 1,27 + 2L — 1)
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(0O<I<t-1,t+1<z<s—1 0<y<t)
Table 1

Remark that the admissible (a,b) for second and the third line in Table
1 coincide. This shows that the two occurrences of the Kervaire duals in for
pairs (a, b) cancel out. U

Lemma 3.7. Suppose thatr =s+1ands>t+2 and m =r—2. Then a
Kervaire dual occurs if and only if

(. (2r+25 42t -2 —1, 2 42— 1)
a, =
(2r+23+2t+1+2t_2l_1, 27’_2t+l+21_1)

where 0 <1 <t—1.
Proof. Note that the allowability condition in the present case is
| 3(i+j+k) =2t 425 425 2t 41

F is nonzero if and only if 0 < k < 272 —1. If k£ = 0 we have E # 0.

or=14 or—2_ _ot—1_ t—1_ t—1_ ol—1_
When k& > 0, B = (¥ 12 2(2%_1_13)“2 My = (2 2(21:[(12_,6) *)) and by

Lemma 2.6, we have k = 20 (0 <1 <t — 1). Therefore EF # 0 if and

only if k = 0 or k = 2! where 0 <1 <t—1. We have D = (ZPZ;Hk) and

C= (27‘—1+2r;:f22;_1‘j_k). We study the condition for CDEF # 0.
Case k= 0:1f 5 =0, C is nonzero. We assume that j > 0. Then we have
C= (23_14;3;;1_7.) = (zt:?;(_z::]l)_])), and by Lamma 2.6, C' is nonzero if and
only if j = 2571420 -2t (0 <[ <t —1). Here we removed [ = ¢t since
j<2m— 1.

Case k=2 (0<1<t—1): Wehave

s—-1 { s s—1 t l ;
D- (2 +'2 —1>’ Co (2 4+ 257142 —2 —1—9).
J 25 —2j
This shows that j must satisfy 0 < j < 28 —1 or j = 257!, Remark that
0<75< 2! — 1 is not a sufficient condition for C # 0.
Finally we want the condition for ABCDEF # 0.
Case k=0, =21 42 —~2' where 0 <1< t—1: We have

s _ ot l_ ] t+1_21_ s _ 2
B 2 2—'1—2 1 A= 2542 1.+(2 i) .
i 2(28 — 1)

By Lemma 2.16, if A # 0, we have

((1) 9o _ (gt+1 _ 26) — (2! - 25)
) 0
§ = (3) ot+1 _ (21 _ 26)
(4) ot+1 _ 21
k(5) 20 _ (2t+l _ 27) Y

18



wheret+2<a<sl+1<<t+1,0<6<,I4+2<v<t+1. Weshall
check each of the five cases closely.

First note that if 4 < 2571, then the allowability condition is not satisfied.
Therefore cases (2),(3) and (4) should be removed and in cases (1) and (5)
we should limit the value of @ as o = s.

(1) : We can easily see that B vanishes unless 6 = [ by Lemma 2.1. Then we

also see that B = (ggigffﬁgé) is zero unless 3 = t. These observations show
that i = 2° — 2¢. The allowability condition is satisfied only for 7 = 2% — 2.
Cases (2), (3) and (4) do not satisfy allowability and should be eliminated.
(5) : We have i = 25 — 2!+ 4 27 — 2! where [ + 2 <y < ¢t + 1. In this case
we have B = 0. Thus we have shown that in this case ABCDEF # 0 if and
onlyifk=0,7=2"14+2 -2t and i =25 — 2.

Case k=2!, j =21 where 0 <1 <t—1: We have

s 1ol _ s t __ ol _ s _ s
B= 2+% 1 A= 254+ 2" -2 1.+(2 i) ‘
i 2(2% — 1)

If0 < i < 2 —1 the allowability condition is not satisfied. Therefore
ABCDEF # 0 if and only if i = 2%, We summarize the result of the proof.

(k, j, 1) _ (a, b)
(0,25~ 420 — 2t 95 —9f) (27 25 2tFT 42t — ol 7 or —2t+1 4 ol )
(24, 25-1,29) (2r+2542t -2t —1,27 + 20 - 1)
0<i<t-1)
Table 2

O

Lemma 3.8. Ifr =s+1,s>t+2 and m = r—3, there are no occurrences
of Kervaire duals.

Proof. We see that £ = (25+1—2%i—22k—1—k) is nonzero for k = 0if s > t+3 and

is zero if s = t+2 by checking the 2! components of E. For k > 0, by Lemma

2.3, we have E = (26—2](;(_2::2;'“)) Hence E # 0 if and only if k =2 (0< [ <

t—1). D= (23_2;1+k) is nonzero only if j < 252 —1+k < 25724201 _ 1,

and B = (28‘2_11‘”*'“) is nonzero only if i <2572~ 1+j+k <257 142t -2
Therefore we have i + 7 + k < 2571 42572 4 2!+ _ 3 which is incompatible
with the allowability. O

We here summarize the result for r = s+1 and s > ¢+ 2 by Lemmas 3.6,3.7
and 3.8:

Lemma 3.9. Ifr =s+1 and s > t4+2, a Kervaire dual of dimension 2" — 2
occurs in Sq2' Sq2 SqZ u(a,b) if and only if
(a.b) = (2r+2°—1,2r +2t - 1)
’ (2r +25 4ot 2% 9y _ 1 2" 2t 427 4 2V 1)

wheret+1<zx<s—-1,0<y<t.
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Finally we deal with the case when r = s +1 and s = ¢t + 1. Although
this case is a special case of the result of {2], we shall give its proof here.

Lemma 3.10. If r = s+ 1 and s = t + 1, a Kervaire dual occurs in
SqftSqfsSqfru(a, b) form =r — 1, if and only if

(ab) = (27 2% — 1,27 4+ 2t — 1)
’ (2r+25+2t 201,27 +20-1)  (0<I<t-1).

Proof. First we note that the allowability condition is 3(i +j + k) > 25t 4
25-1 4 1. Considering F' = (2?1), we have 0 < k < 2% — 1. Next consider
the case when s = 1, and we have E # 0 if and only if £ = 0. If s > 2, we

have £ = (28_1+2;(—225i%f;(38~2_k)) . It k=0, we have E # 0. For k > 0 we

have k = 2! where 0 <[ <t—1=s-2. Hence EF # 0 if and only if either
k=0ork=2 whereOSlSs:?.
Asto D,if k=0, then D = (2 J—l) is nonzero if and only if 0 < j < 25—1.

If k = 2! then D = (23+;.Zl_1) is nonzero if and only if 0 < [ < 2! — 1 or
29 <j <2542 1.

Next we go to C = (2'+2) ' 1=1k)

2525

Case k=0,0<7<2°—1:Wehave C = (23_2(1;;(_2::;)_1)) and C is nonzero

if and only if j =0 and j = 257!,
Case k=2,0<j<2~1 (0<1<s5-2): Wehave C = (¥ 4514 ")
and by Lemma-2.13, we find that C is nonzero if and only if j = 0.

We shall check the non-vanishing condition for

(2 -1+j4+k sl 15—k
B—( ; > and A—< 9+l _ 9 .

Case k =0,7=0:1f B #0, then 0 <i < 2°—1 holds. From A =
(28+23;(12:1_'§)(23_j)), we have i = 2571 i =0 or i = 2* where 0 < A < s — 1.
However in each case, the allowability condition fails.

Case k=0,j=2"1:B= (23+2:~1_1) is nonzero only if 0 <4 <2571 —1
ori=2% A= (28_2}24;(—2:)—,')) is nonzero if and only if =2 for 0 < k < s. If
0<4<2%1 -1 then we have i = 2! for 0 < [ < s—2. This does not satisfy
the allowability. Thus there is no choice for ¢ but ¢ = 25. In this case, k = 0,
=251 4=2%and (a,b) = (2" +2° - 1,2 + 2! — 1).

Case k=2, =0(0<1<s—2): Wehave B= (**¥}). Ifo<i<2 -1,
then the allowability condition is not satisfied. Thus we have ¢ = 2%, and the
corresponding (a, b) is (2" +25+2t—20—1,27+ 2! —1) where 0 < | < s—2. [

Lemma 3.11. Suppose that 7 = s+ 1 and s = t + 1. Then a Kervaire
dual occurs in Sq Sq¥ Sq% u(a,b) for m = r — 2, if and only if (a,b) =
(2r +25 428 — 20— 1,27 + 20 — 1) where 0 <1 <t —1.
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Proof. The allowability condition is 3(i + j + k) > 2°%2 + 1. From F # 0,

we have 0 < k < 2571 — 1. If s = 1, we find that £ = (; _zklc) is always

9s 1 .
zero. So we may assume that s > 1. Since B = (¥, 5,7%) is zero

for k = 0, we assume that k > 1. Then E is nonzero if and only if k = 2!

(0<1<s~-2). Wehave D = (23_1;21_1), which is nonzero for 0 < j < 2 —1
or2s7l <j<257149l 1. C = (25+12:E’2—J,1“j) is nonzero for j = 0, but 7 =0
does not satisfy the allowability. Let j > 0, then by removing the higher
g1 l_ s—1_ .
2-powers, we see that C' = (* —22(2—3£41r£2]) 9
j=2a—(21—2)‘) where [+2<f8<s—1,l+1<a<s—1land0< A<
All these values do not satisfy j < 2! — 1 and should be dismissed. The only
3 !
(2 +2!-1

) is nonzero for j = 28 — 9t or

remaining case is j = 2°71. B = ) is nonzero for 0 < ¢ < 2 —1or
i=2°% But 0 < i< 2 —1 does not satlsfy the allowability. Therefore we

have 7 = 2% and we get the assertion. O

Lemma 3.12. Ifr = s+ 1 and s =t + 1, then there are no occurrences of
Kervaire duals for m = r — 3.

Proof. The allowability condition is 3(i + j -+ k) > 2572 4 25-1 4 25=2 4 1,
From F # 0, we have 0 < k < 2572 — 1. By Lemma 2.3 we have

I 284257 — 14 (272 —k)\ (27l -14 (252 —k)
B 2(25-2 — k) N 2(25-2 — k) ’

and E # 0 only for k = 0 since k <2°72 —~1. Then D = (23771) is nonzero

for 0 <j<22—1.If B= (> ;177 #0, we have i < 2°"1 — 2. These

3

conditions do not satisfy the allowability. O

Lemma 3.13. Ifr=s+1 and s =t + 1, then there are no occurrences of
Kervaire duals for m = r — 4.

Proof. Considering F we have k < 2°73—1. From FE = (2S ’ (21:'(23 : k)) #0
we have k = 0 or k = 2573 + 2% where 0 < o < s — 3. This is 1mp0551ble
since k < 2573, O

We summarize the case whenr=s+1and s=t+4 1.

Lemma 3.14. Ifr =s+1and s =t+ 1, a Kervaire dual of dimension
2" —2 occurs in 8¢ Sq?° Sq2 u(a, b) if and only if i = (274+25—1,27 42t —1).

The results of Lemmas 3.5, 3.9 and 3.14 show

Lemma 3.15. Letr > s >t > 0 and 0 < b < a < 2b, then a Kervaire
dual of dimension 2" —2 occurs in Sq% Sq¢2’ Sq? u(a, b) if and only if (a,b) =
(27 +2°—1,27 428 —1) or (27 425+ 2041 25 2V 1 27 — 2! 4 2% 1 2V 1)
(t+1<2<s-1,0<y<t).
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We now go to the right hand side of our main theorm. Let 0 < b < a < 2b
and consider

Se¥Sq¥ u(a,b) =Y A'B'C'D'u(c,d), (3.5)
,J

— 28 b—i
A= -
() e ()
a—25—2t41 b—i—3j
C' = 4 , D = . ,

/

d=a—-2"—2 4 i+, d=b—i—j

where

We look for the condition for (a,b) when Kervaire duals with d’ = 2% — 1
occur. That is, we want to find (a,b) such that A’B’C’'D’ is nonzero for
some k < r.

Lemma 3.16. Letr > s >t >0 and 0 < b < a < 2b. Then a Kervaire
dual of dimension 2! — 2 occurs in Sq2 Sq? u(a, b) if and only if

(a,b) = (2" + 25 —1,2" + 2t — 1)
T (@22 2T gy 197 -2 2% oV 1),

wheret+ 1< <s—1, 0<y<t.

Proof. We note that when d' =b—14 — j = 2F -1 (k <), we have

a— (o2 _ Lyt ok 1 i3
Co\2s -2/ 28 — 24

B (b1 2 —1+j
I i

o - 27'+1__2_(b__2') _ 2T+1_2k_1_j
N 2t — 25 N 2t — 25

D — 2k —1
J

with allowability condition 3(i + 7) > 271 4 25 4 2t — (2k+1 4 2k) 41,

First note that if k& = r, the allowability condition is always satisfied.
However if k < 7 — 1, A’/C’ # 0 implies i + j < 257! 4 2!=! which fails to
satisfy the allowability. Therefore we have only to consider the case k = r.
Then we have b— 7 — j = 2" — 1 and from D’ # 0, we have 0 < j < 2" — 1.
Thus we get ' = (%,57). Ift = 0, C' # 0 if and only if j = 0. If

2t—27
’ 2r_2t—1__1+(2t—1_j)
t > 1, then we have C' = ( 2(2t=1-4)

j=0orj= 2! where 0 <1 < t — 1. We next consider B’ = (QT"iHj) and

A= (0

) and by Lemma 2.13 we have
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Case j = 0:From B’ # O wehave0 <7< 2"—land A’ = (27‘”23_12&2;__11:523_l_i)).

If i = 0, then we have A’ = 0. So we may assume that ¢ > 0. Then by

deleting higher 2-powers we obtain A’ = (23_1+22(t2_5£1+£2i;—1_i)). Ifs>t+2,

we have, by Lemma 2.11, 1 = 2  or 1 = 2%+ 2Y — 2t where t+1 <z <s-1,

0 < y < t. On the other hand, if s =t + 1, from A’ = (25_2z;(_2:::)_i)) #0

we have i = 2571 = 2t, o
Case j =2 where 0 <1 <t—1: IfA' = (2 +225:22i_1_’) is nonzero, we have

i < 257! and i # 0. Therefore B’ = (2”’?1_1) is nonzero for 0 < i < 2! — 1.
25— lpot ol 14 (2871 i)
2(28-1-4)

have the following possibilities for 4:

From the expression A" = ( ) and by Lemma 2.16, we

20 — (2t — 2Py — (2! — 29)
2t — (28 —29)

2t . 2l

9o _ (2t _ 26) _ 21

where t+1<a<s—1,1+1<0<t,0<6<], [+2<e<t Allcases
contradicts ¢ < 2! — 1. Thus the case j = 2' should be deleted. And the
proof is completed. O

Proof of Theorem 1.1:

Lemma 3.15 shows that a Kervaire dual of dimension 2" — 2 occurs in
SqftSq*SSqftu(a,b) if and only if (a,b) = (2" +2° —1,2" + 2" — 1) or (2" +
2542041 97 9y 1,27 2042742V —1) wheret+1 <z <s-1,0<y <t
Of course the latter case should be removed if s = t+1. According to Lemma
3.16, this coincides with the case when a Kervaire dual of dimension 271 —2
occurs in Sq?° qutu(a, b). Thus the proof of our main theorem is completed.
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;3 Calculation of Kervaire classes
;5 (C) 2000, Yasuhiko Kitada

;; Yokohama National University

1

; ; (require-library "compat.ss")
(define (1d) (load "sqdl.scm"))
(require ’sort)
;3 constants
(define **max-dim** 200)
(define **adem-max-dim#** 100)
(define **orig-heapsize** 5000)
(define *derived-zero-functionsx*
(make-vector (+ *¥max-dimx* 1) #£f))
(define *zero-functions*
(make-vector (+ **max-dim** 1) #f))
(define *generating-zero-functions#
(make-vector (+ *¥max—dim*x 1) #f))
(define *sq-tablex

(make-vector (+ **max-dim** 1) #t))

(do ((1 0 (+1i 1N
(¢>1i8))
(vector-set! *zero-functions* i ’())
(vector-set! *derived-zero-functions* i ’())
(vector-set! *generating-zero-functions* i ’()))
;; (vector-set! *zero-functions* 9 ’(((6 (2 1)) (2 (4 2 1))
;3 Misc

1)

;; Ex. (pop-push (1 2 3) ’(a b)) => (321 ab)
(define (pop-push a b)
(if (null? a)
b



(pop-push (cdr a) (cons (car a) b))))

;3 Ex. (delete-nth 0 (1 2 3)) => (2 3)
5 (delete-nth 3 °(1 2 3)) => (1 2 3)
(define (delete-nth n 1lst)
(define (iter stk k rem)
(if (null? rem)
1st
(if (zero? k)
(pop-push stk (cdr rem))
(iter (cons (car rem) stk)
(- k1)
(cdr rem)))))
(iter ’() n 1st))

;3 Ex. (replace-nth 1 ’(1 2 3) ’a) => (1 a 3)
HH (replace-nth 3 ’(a b c) ’x) => (a b c)
(define (replace-nth n lst new-obj)
(define (iter stk k rem)
(if (zero? k)
(pop-push stk (cons new-obj (cdr rem)))
(iter (coms (car rem) stk) (- k 1) (cdr rem))))
(if (>= n (length 1lst))
1st
(iter ’() n 1st)))

(define (remove-if pred? 1st)
(define (iter rem res)
(if (null? rem)
(reverse res)
(if (pred? (car rem))
(iter (cdr rem) res)
(iter (cdr rem) (cons (car rem) res)))))
(iter 1st O

(define (preserve-if pred? 1lst)
(define (iter rem res)
(if (null? rem)
(reverse res)

(if (pred? (car rem))



(iter (cdr rem) (cons (car rem) res))
(iter (cdr rem) res))))
(iter 1st Q)

(define (max-list-length 1stlst)
(define (iter rem m)
(if (null? rem)
m
(let ((m1 (length (car rem))))
(iter (cdr rem)
(if (> ml m)
ml
m)))))
(iter 1stlst 0))

(define (sorted-member obj 1lst leq?)
(cond ((null? 1st) #£)
((equal? obj (car 1st)) 1st)
((leq? (car 1st) obj)
(sorted-member obj (cdr 1lst) leq?))
(else #f£)))

(define (2power-minus-one? n)
(sorted-member n (1 3 7 15 31 63 127 255 511 1023 2047) <=))

;7 Binomial coefficient reduced modulo 2
(define (binom2 n m)
(cond ((or (< n 0) (<m 0) (<nm) 0)
((or (zero? m) (= nm)) 1)
((and (even? n) (odd? m)) 0)
(else (binom2 (quotient n 2) (quotient m 2)))))

;; global variables for heap sort

(define *orig-heapsize* **xorig-heapsize*x)
(define *heapsize* *orig-heapsizex)

(define *heap* (make-vector (+ xheapsizex 1)))
(define *cnt* 0)

(define *heavier?* <)



;; Heap sort
(define (upward-check! i)
(let ({up (quotient i 2))
(curr (vector-ref *heap* i)))
(if (> 1 1) ;; not root
(if (#heavier?x*-
(vector-ref *heap* up)
curr)
(begin
(vector-set! xheap*
i
(vector-ref *heap* up))
(vector-set! *heap* up curr)
(upward-check! up))))))

(define (downward-check! i)
(let ((left (* i 2))
(right (+ (* 1 2) 1))
(curr (vector-ref *heap* i)))
(cond ((<= right *cnt*)
(if (*heavier?* (vector-ref *heap* right)
(vector-ref xheap* left))
(if (xheavier?* curr
(vector-ref *heap* left))
(begin
(vector-set! xheap*
i
(vector-ref xheap* left))
(vector-set! xheap* left curr)
(downward-check! left)))
(if (*heavier?* curr
(vector-ref xheap* right))
(begin ‘
(vector-set! xheap*
i
(vector-ref xheap* right))
(vector-set! xheap* right curr)
(downward-check! right)))))
((= *cnt* left)
(if (*heavier?* curr (vector-ref *heap* left))

(begin



(vector4éet! *heap*

i

(vector-ref *heap* left))
(vector-set! *heap* left curr)))))))

(define (push-heap obj)
(if (<= *heapsize* *cnt*)
(begin
(let* ((new-heapsize (* *heapsize* 2))
(new-heap (make-vector (+ new-heapsize 1))))
(do ((1 0 (+ 1 1)))
((> i *heapsize*))
(vector-set! new-heap
i
(vector-ref *heap* i)))
(set! *heapsize* new-heapsize)
(set! xheap* new-heap))))
(set! *cnt* (+ *cnt* 1))
(vector-set! xheap* *cnt* obj)

(upward-check! *cnt*))

(define (pop-heap)
(if (> *cnt* 0)
(let ((lightest (vector-ref *heapx 1)))
(vector-set! *heap*
1
(vector-ref *heap* *cnt*))
(set! *cnt* (- *cnt* 1))
(downward-check! 1)
lightest)
?*empty-heapx))

(define (push-list-to-heap 1lst)
(do ((rem 1st (cdr rem)))
((null? rem))
(push-heap (car rem))))

(define (full-pop-heap)
(do ((res () (cons (pop-heap) res)))
((zero? *cnt*)
(begin (set! *cnt* 0)
res))))

(define (full-pop-heap-mod2)



(define (iter res)
(cond ((zero? xcnt*) res)
((null? res)
(iter (cons (pop-heap) res}))
(else (let ((top (pop-heap)))
(if (equal? top (car res))
(iter (cdr res))
(iter (cons top res)))))))
(iter 2 0))

;; Global table for adem2
(define *adem-max-dim* **adem-max-dim#**)
(define *adem-tablex
(make-vector (+ *adem-max-dim* 1)))
(do ((i 1 (+1i 1)
((> i *adem-max-dim*))

(vector-set! *adem-table* i (make-vector (* 2 i) #£)))

;; Adem relations in Steenrod algebra : Sq operations
;5 Sq monomial = list of integers e.g. (8 3 1) for
3 Sq°8 Sq”3 Sq”1

;5 Sq expressions = list of Sq monomials

3y e.g. ((12)(11 1)(8 3 1)) for

M 859712 + Sq”11 Sq~1 + Sq°8 Sq~3 Sq~1

(define xdebug* #t)

;; If the same two items appear in the list
;; they are removed. If the same item appears
;; even times, they are all removed, whereas
;; if it appears odd times, only one item remains.
;; e.g (remove-same-pairs (113213221 3)) =>(23)
(define (remove-same-pairs lis)
(define (iter res rem)
(if (or (null? rem) (null? (cdr rem)))
(pop-push res rem)
(let ((i (find-pos (car rem) (cdr rem))))
(if (null? i)



(iter (cons (car rem) res)
(cdr rem))
(iter res
(delete-nth i (cdr rem)))))))
(if (null? 1lis)
lis
(iter 7 () 1is)))

;5 Get the position of the item in the list

;; (comparison by "equal?")

;5 Ex. (find-pos ’b ’(a b c d)) => 1
5 (find-pos ’x ’(a b c d)) => O
(define (find-pos item lst)
(define (iter i inp)
(if (null? inp)
0
(if (equal? item (car inp))
i
(iter (+ i 1) (cdr inp)))))
(iter 0 1lst))

(define (sqm>7 a b)
(define (same-length-iter aa bb)
(cond ((null? aa) #f)
((< (car aa) (car bb)) #t)
((> (car aa) (car bb)) #f)
(else (same-length-iter (cdr aa) (cdr bb)))))
(let ((la (length a)) (1b (length b)))
(cond ((> la 1b) #t)
((< 1la 1b) #f)
(else (same-length-iter a b)))))

;3 Ex. (adem2 4 4) => ((6 2) (7 1))
;5 5974 Sq74 = sq76 Sq&2 + Sq°7 Sq~1

)y

(define (adem2-aux a b)
(define (iter stk i)
Gf G (x i 2) a)
(reverse stk)
(if (zero? (binom2 (- b 1 i) (- a (* i 2))))



_(iter stk (+ i 1))

(if (zero? i)

(iter

(cons (list (+ a b)) stk)
(+ 1 1))

(iter

(cons (list (- (+ a b) i) i) stk)
11NN
(if (>= a (+ b b))
(list (list a b))
(reverse (iter () 0))))

(define (adem2 a b)
“(cond ((>= a (+ b b)) (list (list a b)))
((zero? a) (list (1list b)))
((zero? b) (list (1list a)))
((and (<= b *adem-max-dimx*)
(<= a (+ b b))
(let ((val (vector-ref
(vector-ref *adem-table*x b)
a)))
(if val
val
(let ((res (adem2-aux a b)))
(vector-set!
(vector-ref *adem-tablex b)
a
res)
res))))
~ (else (adem2-aux a b))))

(define (add-asqe asqel asqe2)
(define (iter reml rem2 stk)
(cond ((null? reml) (pop-push stk rem2))
((null? rem2) (pop-push stk reml))
((sqm>? (car reml) (car rem2))
(iter (cdr reml) rem2 (cons (car reml) stk)))
((sqm>? (car rem2) (car reml))
(iter reml (cdr rem2) (cons (car rem2) stk)))
(else
(iter (cdr reml) (cdr rem2) stk))))
(cond ((null? asqel) asqe2)
((null? asqe2) asqel)
(else (iter asgel asqe2 ’()))))



(define (add-asqe-list asqe-list)
(define (iter rem res)
(if (null? rem)
res
(iter (cdr rem)
(add-asqe (car rem) res))))
(iter asqe-list ’()))

;; cal-stack is a list of calculation status:

;; a calculation status is

;; (<rhead> <tail>) where <tail> is an admissible
;5 sq monomial and <rhead> is reversed head part.
;; acc is a binary tree of sqgm’s.

3

(set! *heavier?* sqm>?)

(set! *cnt*x 0)

(define (sq-adem cal-stack)
(cond ((null? cal-stack)
(full-pop-heap-mod2))
((null? (caar cal-stack))
(push-heap (cadar cal-stack))
(sq-adem (cdr cal-stack)))
(else
(let ((rhd (caar cal-stack))
(t1 (cadar cal-stack)))
(if (or (null? tl1)
(>= (éar rhd) (x 2 (car t1))))
(sq-adem (cons (list (cdr rhd)
(cons (car rhd) tl1))
(cdr cal-stack)))
(let ((res (adem2 (car rhd) (car tl1))))
(if (aull? res)

(sg-adem (cdr cal-stack))

(sq-adem
(append
(map
(lambda (x)
(list (pop-push x (cdr rhd))
(cdr t1)))
res)

(cdr cal-stack))))))))))



;; compatibility with previous version
(define (adem-monom monom)
(sq-adem (list (list (reverse monom) ’()))))
;3 "Sq less or equal"
;3 Ordering of Sq monomials
;3 First priority is length
3 (42 <= (@321
;; Second priority is lexical reverse order
HH (431)<=(1422)
(define (sqleq a b)
(let ((la (length a)) (1b (length b)))
(cond ((null? a) #t)
((null? b) #f)
((> la 1b) #t)
((< 1a 1b) #f)
((< (car a) (car b)) #t)
((> (car a) (car b)) #f)
(else (sqleq (cdr a) (cdr b))))))

(define sq
(lambda x (sq-adem (list (list (reverse x) (0)))))

(define sqadd add-asqe)

(define (sqmulmonos sqml sqm2)

(sq-adem (list (list (reverse (append sqml sqm2)) *()))))

(define (sqmulone sqm sqe)
(let ((rh (reverse sqm)))
(sq-adem
(map (lambda (x) (list rh x)) sqe))))

(define (sqmul sqel sqe2)
(define (iter rem res)
(if (null? rem)
res
(let ((rhd (reverse (car rem))))
(iter
(cdr rem)

(add-asqe

10



(sq-adem
(map (lambda (tl1)
(list rhd t1))
sqe2))
res)))))
(iter sqel > ()))

(define (sgbra sqel sqe2)
(sqadd (sqmul sqel sqe2) (sqmul sqe2 sqel)))

222222 3333 PN NI DNDIIDNNIIINDIIDINDNIDNDIDNIIIIDNIDNDIDY Y
1)

;; Dyer-Lashof operations

23N 22T I I NI TN NN NI NI IIIDNIDNDNYY

(define (dl-adem2 a b)
(define (iter stk i)
(if > i (-ab 1))
(reverse stk)
(if (zero? (binom2 (- i b 1) (- (* i 2) a)))
(iter stk (+ i 1))
(iter (cons (list (- (+ a b) i) 1) stk)
(+1i 1))
(cond ((< ab) >’0) ; zero
((<=a (* b 2))
(list a b))
(else
(iter ’() (quotient (+ a 1) 2)))))

(define (dl-find-place dlmon)
(define (search-iter head curr tail)
(cond ({null? tail) (list dlmon ’((Q)) *(0)))
((> curr (* 2 (car tail)))
(list (reverse head)
(list curr (car tail))
(cdr tail)))
(else
(search-iter (cons curr head)
(car tail)
(cdr tail)))))
(if (null? dlmon)
(1ist 7O () ")

11



(search-iter ’() (car dlmon) (cdr dlmon))))

(define (dl-apply-adem parts)
(if (and (pair? (cadr parts))
(not (null? (caadr parts))))
(list (car parts)
(dl-adem? (caadr parts) (cadadr parts))
(caddr parts))
parts))

(define (dl-adem-monom dlmonom)
(define (iter res rem)
(if (null? rem)
(remove-same-pairs (reverse res))
(let ((parts (dl-find-place (car rem))))
(if (null? (caadr parts))
(iter (cons (car parts) res)
(cdr rem))
(let ((exp (dl-apply-adem parts)))
(iter res
(append
(develop-second
(dl-apply-adem parts))
(cdr rem))))))))
(iter ’() (list dlmonom)))

(define (dlleq a b)
(let ((la (length a)) (Ib (length b)))
(cond ((null? a) #t)
((null? b) #£f)
((< la 1b) #t)
((> 1la 1b) #f)
((> (car a) (car b)) #t)
((< (car a) (car b)) #f)
(else (dlleq (cdr a) (cdr b))))))
(define dl
(lambda dlmonom

(sqsort (dl-adem-monom dlmonom))))

(define (dlsort monoms)

(sort monoms dlleq))

(define dladd

(lambda exprs

12



(dlsort (remove-same-pairs (apply append exprs)))))

(define (dl-normalize dlmlist)
(define (iter res rem)
(if (null? rem)
(remove-same-pairs res)
(iter (append
(apply d1 (car rem))
res)
(cdr rem))))
(iter ’() dlmlist))

;5 Action of the Steenrod algebra on Dyer-Lashof operations
;3 ( Nishida relations )
(define (sqdl2 sqi d1j)
;; sqi, dlj are integers
;5 (sqdl2 i k) means Sq~i Q°k
;; result is ((a_1 b_1) ... (a_n b_n))
;; meaning sum of Q"{a_1} Sq~{b_1}, ... , Q°{a_n} Sq~{b_n}
(define (iter res k)
(if (> (* k 2) sqi)
(reverse res)
(if (zero? (binom2 (- dlj sqi) (- sqi (* 2 k))))
(iter res (+ k 1))
(iter (comns (list (+ (- dlj sqi) k) k) res)
+k 1)))))
(if (> sqi d1j)
220
(iter 7() 0)))

(define (sqdl-subi sqirevdlm dli)
;; dlsqi is
;5 (sqi dli-n ... dli-1)
;3 input: (i j.on ... j_1), k
i3 meaning : Q°{j_1}...Q {j_n} Sq"i * Qk
;; output: list of (ba j_n ... j_1)
;; meaning: \sum (Q"{j_1}...Q@"{j_n} Q"a Sq"b)
(let ((x (sqdl2 (car sqirevdlm) di1i)))
(if (aull? x
* () ; Zero

(map (lambda (y) (pop-push y (cdr sqirevdlm))) x))))

13



(define (sqdl-sub2 sqirevdlmlist dli)
;3 input : list of (i j.n ... j.1), k
;5 meaning: \sum( Q"{j_1}...Q°{j.n} Sq"1i ) , Q7k
;; output: list of (b a j_n ... j_1)
;; meaning: \sum (Q°{j_1}...Q°{j_n} Q"a Sq"b)
(define (iter res rem)
(if (null? rem)
res
(let ((newresult (sqdl-subl (car rem) dli)))
(iter (append newresult res)
(cdr rem)))))

(iter '() sqirevdlmlist))

(define (sqdl-sub3 sqirevdlmlist dlm)

;; input : list of (i j.n ... j.1) , (k.1 ... k_m)
;5 meaning: \sum(Q"{j_1}...Q {j_n} Sq~i), Q°{k_1}...Q {k_m}
;; output: list of (b am ... al jon ... j_1)

;; meaning: \sum (Q~{j_1}...Q°{j_n}Q~{a_1}...Q"{a_m} Sq~b)
(if (null? dlm)
sqirevdlmlist ‘
(let ((x (sqdl-sub2 sqirevdlmlist (car dlm))))
(sqdl-sub3 x (cdr dlm)))))

(define (sqidlm sqi dlm)
;5 dmput ¢ i, (j_1 ... j_m)
;; meaning: Sq~i Q°{j_1}...Q {j_m}
;3 output: list of (j k.m ... k_1)

;3 meaning: \sum (Q°{k_1}...Q"{k_m} Sq~j)
(let ((x (sqdl-sub3 (list (list sqi)) dlm)))
(map (lambda (y) (1list (reverse (cdr y))

(car y)))
x)))

(define (sqi-dlm-sqm sqi dlm sqm)

;5 input @ i, (§_1 ... jom), (k.1 ... k_r)
;; meaning: Sq”i Q°{j_1}...0°{j_m} Sq {k_1}...Sq {k_r}
;; output: list of ((Am ... 1. Dk k1 ... k_1r))

;5 meaning: \sum (Q"{1_1}...Q°{l_m} Sq"k Sq~{k_1} ... Sq~{k_r})
(let ((x (sqidlm sqi dlm)))
(map (lambda (y)
(list (cdr y)
(if (zero? (car y))
sqm

(cons (car y) sqm))))

14



x)))

(define (sqi-dlsge sqi dlsgmlist)

;3 input : i, list of ( (j_1 ... j_m) (k_1 ... k_r) )
;; meaning: Sq~i \sum( @ {j_1}...Q {j_1} Sq {k_1}...8q {k_r} )
;; output: '

(let ((x (map (lambda (y)
(sqi-dlm-sqm sqi (car y) (cadr y)))
dlsgmlist)))
(display x)

(remove-same-pairs x)))

(define (sqidlm sqi dlm)

;3 input : i, (3.t ... j_m)
;3 meaning: Sq”i Q°{j_1} ... Q" {j_m}
;; output: list of ((k_1 ... k_m) b)

;; meaning: \sum (Q~{k_1} ... Q"{k_m} Sq"b)
(let ((x (sqdl-sub3 (list (list sqi)) dlm)))
(map (lambda (y) (list (reverse (cdr y))

(car y)))
x)))

(define sqi 3)
(define dlsgmlist ’(((20 18) (8 3))))

(define (take-zero-dim dlmsqilist)
(define (iter res rem)
(if (null? rem)
(reverse res)
(if (zero? (cadar rem))
(iter (cons (caar rem) res)
(cdr rem))
(iter res (cdr rem)))))
(iter () dlmsqilist))

(define (sqidle sqgi dle)
(define (iter res rem)
(if (null? rem)
(remove~same~pairs res)
(let ((newresult
(sqidlm sqi (car rem))))
(iter (pop-push
(take-zero-dim newresult)

res)

15



(cdr rem)))))
(iter ’() dle))

(define (sgmdle sqm dle)

(if (null? sqm)
(remove-same-pairs dle)
(sqmdle (cdr sqm)

(sqidle (car sqm)
dle))))

(define (sqmdlm sqm dlm)
(sqmdle sgm (list dlm)))

;3 Sq generators
(define (sqm-excess sqm)
(if (> (length sgm) 1)
(apply - sqm)
(car sqm)))

(define (sqm-dim sqm)
(apply + sqm))

;;(define *sq-table-save* (make-vector (+ **max-dim** 1) #t))
;; (1f (defined? ’*sqg-tablex)

HB (set! *sqg-table-save* *sg-tablex))

;3 (define *sq-tablex (make-vector (+ **max-dim** 1) #t))

;; (set! xsq-tablex *sq-table-savex)

; ;(define *sq-table-savex #f)
(define sq-leq sqleq)

(define (make-e-seq-once etop deg len res)
(let ((weight (- (expt 2 len) 1)))
(if (> (* weight etop) deg)
res
(let ((lower (make-e-seq-len O
(- deg (* weight etop))
(- len 1))
(make-e-seq-once
(+ etop 1)
deg

len

16



(append (map (lambda (x) (cons etop x)) lower)
res))))))

(define (make-e-seq-len etop deg len)
(cond ((= len 1) (list (list deg)))
(else

(make-e-seq-once etop deg len ’()))))

(define (make-e-seq deg)
(define (log2 n)
(if (< n 2)
0
(+ (log2 (quotient n 2)) 1)))
(define (iter res len)
(if (zero? len)
res
(let ((newres (make-e-seq-len 1 deg len)))
(iter (append newres res) (- lemn 1)))))
(iter ’() (log2 (+ deg 1))))

(define (expn-to-expr expn)
(define (iter res rem iold)
(if (null? rem)
res
(let ((inew (+ iold iold (car rem))))
(iter (cons inew res) (cdr rem) inew))))
(iter () expn 0))

(define (make-gen-sq deg)
(sgsort (map expn-to-expr (make-e-seq deg))))

(define (make-sq-table-at deg)
(if (pair? (vector-ref *sq-tablex deg))
(vector-ref *sq-table* deg)
(begin
(vector-set! *sq-tablex
deg
(make-gen-sq deg)))))

(define (make-sq-table stopdeg)
(define (iter k)
(if (> k stopdeg)
(vector-ref *sq-table* stopdeg)

17



(begin
(make-sq-table-at k)
(iter (+ k 1)))))
(iter 1))

(define sq-table make-sq-table)

;; d1 generators (type (i,j) only)

; (define *dl-tablex (make-vector 100))

(define (dl-excess dlm)
(if (= (length dlm) 1)
(car dim)
(apply - dlm)))

(define (dl2-table dim)
(define (iter res k)
(if (> (- dim k) (* k 2))
res
(iter (cons (list (- dim k) k) res)
(- k 1))
(let ((i (quotient dim 2)))
(iter > 1)) '

)
;5 sqm - dlm test in a dimension

)

(define (sqm-dlmlist-test sqm dlmlist)
(define (iter rem)
(if (null? rem)
#t
(begin
(display " Q : ")
(display (car rem))
(display " => ")
(display
(if *debugx
(dl-normalize (sqmdlm sgm (car rem)))
(filter-kervaire
(dl-normalize (sqmdlm sqm (car rem))))))

(newline)
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(iter (cdr rem)))))
(display "Sq ")
(display sqm)
(display " maps")
(newline)
(iter dlmlist))

(define (sqm-dlm-test sqdim dldim)
(let ((sqm-list (sq-table sqdim))
(dlm-1list (dl2-table dldim)))
(map (lambda (sqm) (sgm-dlmlist-test sqm dlm-1list))
sqm-1ist)))

(define (sqm-dlm-test-aux sqmlist dlmlist)
(map (lambda (sqm) (sqm-dlmlist-test
sqm
dlmlist))
sqmlist))

H
;; make cohomology classes including kervaire classes

L)

(define (make-kervaire-cohomology-kdim dim kervdim)
(define (iter res rem)
(if (null? rem)
(reverse res)
(if (> (sqm-excess (car rem)) kervdim)
(iter res (cdr rem))
(iter (cons (car rem) res)
(cdr rem)))))
(iter ’() (sq-table (- dim kervdim))))

(define (make-kervaire-cohomology dim)
(define (iter res kdim)
(if (>= kdim dim)
res
(let ((new-result
(make-kervaire-cohomology-kdim dim kdim)))
(iter (append res new-result)
(+ (x kdim 2) 2)))))
(iter 70 2))
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(define (sqdl-test dim)
(let ((sqmlist (make-kervaire-cohomology dim))
(dlmlist (d12-table dim))) '
(sqm-dlm-test-aux sqmlist dlmlist)))

(define (filter-kervaire dlmlist)
(define (iter res rem)
(if (qull? rem)
(reverse res)
(if (= (caar rem) (cadar rem))
(iter (cons (car rem) res) (cdr rem))
(iter res (cdr rem)))))
(iter ’() dlmlist))

;; (define (st dim)
;3 (filter-kervaire (sqdl-test dim)))
(define st sqdl-test)

(define (minimum-sgm right leftdim)
(if (>= leftdim (* 6 (car right)))
(let ((x (if (null? right)
1
(* 2 (car right)))))
(minimum-sqm (cons x right)
(- leftdim x)))
(if (>= leftdim (* 2 (car right)))
(cons leftdim right)
#£)))

(define (next-sqm sqm)
(define (right-iter leftdim right)
(if (null? right)
(list leftdim)
(if (>= leftdim (+ 3 (* 2 (car right))))
(minimum-sqm
(cons (+ 1 (car right))
(cdr right))
(- leftdim 1))
(right-iter (+ leftdim (car right)) (cdr right)))))
(if (null? (cdr sqm))
#f

20



(right-iter 0 sqm)))

;;  ideal test
(define (sqm-ideal sqm plusdeg)
(define (iter rem)
(if (null? rem)
#t
(begin
(display " ™)
(display (car rem))
(display " : ")
(display (sqmul (list sqm) (1list (car rem))))
(newline)
(iter (cdr rem)))))

(iter (sq-table plusdeg)))
;5 ksqm @ (6 (4 2))
(define (ksqm-leq? ksqml ksqm2)
(cond ((> (car ksqml) (car ksqm2)) #t)
((< (car ksqml) (car ksqm2)) #f)
(else (sqleq (cadr ksqml) (cadr ksqm2)))))

(define (ksgm-geq? ksqml ksqm2)
(cond ((> (car ksqm2) (car ksqml)) #t)
((< (car ksqm2) (car ksqml)) #f)
(else (sqgeq (cadr ksqml) (cadr ksqm2)))))

;5 ksqe : list of ksqm
(define (normalize-ksqe ksqe)
(sort ksge ksqm-leq?))
(define (add-ksqe ksqel ksqe2)
(define (iter reml rem2 stk)
(cond ((null? reml) (pop-push stk rem2))
((null? rem2) (pop-push stk remi))
((equal? (car reml) (car rem2))
(iter (cdr reml) (cdr rem2) stk))
((ksqm-leq? (car reml) (car rem?2))

(iter (cdr reml) rem2 (cons (car reml) stk)))
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((ksqm-leq? (car rem2) (car reml))
(iter reml (cdr rem2) (cons (car rem2) stk)))
(else
(iter (cdr reml) (cdr rem2) stk))))
(iter ksqel ksqe2 ’()))

(define (make-kervaire-cohomology-with-kdim dim)
(define (iter res kdim)
(if (>= kdim dim)
res
(let ((newres (make-kervaire-cohomology-kdim dim kdim)))
(iter (append res
(map (lambda (x) (list kdim X)) newres))
(+ (* kdim 2) 2)))))
(iter () 2))

(define (sgsort sqgmonoms)

(sort sqmonoms sqm>?))

3
;5 Sweeping

)

; ; (require-library "compat.ss")
;s (require-library "macro.ss")
;; (define (1ds) (load "sweep.scm"))

L

(define (kerv-sqm-leq? ksqml ksqm2)
(cond ((< (car ksqml) (car ksqm2)) #t)
((> (car ksqml) (car ksqm2)) #f)
((equal? (cadr ksqml) (cadr ksqm2)) #t)
(else (sqleq (cadr ksqml) (cadr ksgm2)))))

(define (kerv-sqm-geq? ksqml ksqm2)
(cond ((< (car ksqm2) (car ksqml)) #t)
((> (car ksqm2) (car ksqml)) #f)
((equal? (cadr ksqml) (cadr ksqm2)) #t)
(else (sqgeq (cadr ksqml) (cadr ksqm2)))))

(define (kerv-sqe-leq? ksqel ksge2)

22



(cond

(define

(cond

(define

((eq? ksqel ksqe2) #t)

((null? ksqel) #t)

((null? ksqe2) #f£)

((equal? (car ksqel) (car ksqe2))
(kerv-sqe-leq? (cdr ksqel) (cdr ksqe2)))
((kerv-sqm-leq? (car ksqel) (car ksqe2)) #t)
(else #£)))

(kerv-sqe-geq? ksqel ksqe2)

((eq? ksqe2 ksqel) #t)

((null? ksqe2) #t)

((null? ksqel) #f)

((equal? (car ksqel) (car ksqe2))
(kerv-sqe-geq? (cdr ksqel) (cdr ksqe2)))

((kerv-sqm-geq? (car ksqel) (car ksqe2)) #t)

(else #f)))

(kerv-sqe-add ksqel ksqe2)

(define (iter reml rem?2 stk)

(cond ((null? reml) (pop-push stk rem2))

((null? rem2) (pop-push stk reml))
((equal? (car reml) (car rem2))

(iter (cdr reml) (cdr rem2) stk))
((kerv-sqm-leq? (car reml) (car rem2))

(iter (cdr reml) rem2 (cons (car reml) stk)))

(else (iter reml (cdr rem2) (cons (car rem2) stk)))))

(iter ksqel ksqe2 ’()))

(define relation-leq? kerv-sqe-leq?)

(define relation-geq? kerv-sqe-geq?)

(]

;3 raw-data

32

(define

(build-raw-data-list dim)

(let ((sqmlist (make-kervaire-cohomology dim)) ;; Sq"I Kerv

(dlmlist (dl2-table dim))) ;3 DL op of len=2

(define (iter result rem)

(if (null? rem)

(reverse result)
(let* ((new (map (lambda (x)
(sqmdle (car rem) (list x)))
dlmlist))
(fun (1ist (- dim (apply + (car rem)))

(car rem))))
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(iter (cons (list fun new)
result)
(cdr rem)))))
(iter ’ () sqmlist)))

(define (dle->mumber dle)
(define (iter res rem)
(if (null? rem)
res
(cond ((null? (car rem)) (iter res (cdr rem)))
{((and (>= (caar rem) (cadar rem))
(2power-minus-one? (cadar rem)))
(iter (- 1 res) (cdr rem))) ;; toggle 0 <-> 1 in res
(else (iter res (cdr rem))))))
(iter 0 dle))

(define (build-raw-data dim)
(let ((data-1st (build-raw-data-list dim)))
(map (lambda (x)
(list (list (car x))
(list->vector
(map dle->number (cadr x)))))
data-1st)))

(define (add-vec-mod2 vecl vec2)
(let* ((len (vector-length vecl))
(v (make-vector len)))
(do ((1 0 (+ 1 1)))
((= i len) v)
(vector-set! v
i
(remainder (+ (vector-ref vecl i)

(vector-ref vec2 i))

2)))))

(define (add-row-data row-datal row-data2)
(let ((ksq (kerv-sqe-add (car row-datal)
(car row-data2)))
(v (add-vec-mod2 (cadr row-datal)
(cadr row-data?2))))
(1ist ksq v)))

L)

;3 Sweep to obtain zero functions
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;; search nronzero element vertically
;; starting from start-row at column j
(define (search-monzero-vertical tab-data start-row j)
;; start-row is pointer
(define (iter cur-row)
(if (wt (zero? (vector-ref (cadar cur-row) j)))
cur-row
(if (pull? (cdr cur-row))
#f
(iter (cdr cur-row)))))

(iter start-row))

(define (swveep-by-one-row tab-data pivot-row j)
(define (iter stk rem)
(cond ((null? rem) (reverse stk))
((eq? rem pivot-row) ;; plvot is not necessary
(iter stk (cdr rem))) ;; for zero functions
((zero? (vector-ref (cadar rem) j))
(iter (coms (car rem) stk) (cdr rem)))
(else
(let ((new-row-data
(add-row-data (car pivot-row)
(car rem))))
(iter (cons new-row-data stk)
(cdr rem))))))
(iter ’() tab-data))

(define (sveep-column tab-data col)
(let ((row (search-nonzero-vertical tab-data tab-data col)))
(if rov
(sveep-by-one-row tab-data row col)

tab-data))) ;; when all vertical elements are 0

(define (sveep-out tab-data)
(define (iter i vlen res)
(if (or (= i vlen)
(pull? res))

Tes

(iter (+ 1 1)
vlen
(sweep-column res i))))

(if (null? tab-data)
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70
(let ((veclen (vector-length (cadar tab-data))))
(iter 0 veclen tab-data))))

(define (build-zero-functions dim)
(if (not (vector-ref *zero-functions* dim))
(vector-set! *zero-functions*
dim
(sort (map (lambda (x)
(sort x kerv-sqm-leq?))
(map car
(sweep-out
(build-raw-data dim))))
kerv-sqe-leq?)))

(vector-ref *zero-functions* dim))

(define bzf build-zero-functions)

;35 Build database from known relations in lower dimensions
(define (over-excess? ksqm)
(if (> (length (cadr ksqm)) 1)
(> (apply - (cadr ksqm)) (car ksqm))

(> (caadr ksgm) (car ksqm))))

(define (derive-relation-by-sqm orig-rel sqm)
(define (iter rem res)
(if (null? rem)
res
(let ((new-sqe
(sort (sqmulmonos sqm (cadar rem)) sqleq)))
(iter (cdr rem)
(kerv-sqe-add
res
(map (lambda (x)
(list (caar rem) x))
nev-sqe))))))
(remove-if over-excess?

(iter orig-rel *())))
(define (derive-relation-list-by-sqm orig-rel-list sqm)
(define (iter res rem)

(if (null? rem)
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(sweep-relations
(reverse res))
(let ((rel (derive-relation-by-sgm (car rem) sgm)))
(if (null? rel)
(iter res (cdr rem))
(iter (cons rel res) (cdr rem))))))
(remove-if null?

(iter () orig-rel-list)))

;31 the most time consuming function
(define (derived-relations dim)
(define (iter res k)
(if (< (- dim k) 9)
res
(let ((rels (derive-relation-list-by-sqm
(build-zero-functions (- dim k))
(list k)) ))
(iter (append rels res) (+ k k)))))
(if (not (vector-ref *derived-zero-functions* dim))
(let ((dzfs (iter ’() 1)))
(vector-set! *derived-zero-functions*
dim
(sweep-relations dzfs))))

(vector-ref *derived-zero-functions* dim))

(define (generating-relations dim)
(if (not (vector-ref *generating-zero-functions* dim))
(let ((genrels
(sweep-relations-with-relation-db
(derived-relations dim)
(build-zero-functions dim))))
(vector-set! *generating-zero-functions* dim genrels)))

(vector-ref *generating-zero-functions* dim))

(define gr generating-relations)
(define (unique-relatiomns relation-list)
(define (iter rem stk)
(if (null? rem)
(reverse stk)
(if (equal? (car rem) (car stk))
(iter (cdr rem) stk)

(iter (cdr rem) (cons (car rem) stk)))))
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(if (null? relation-list)
relation-list
(iter (cdr relation-list)
(list (car relation-list)))))

(define (sort-relations relation-list)
(unique-relations

(sort relation-list relation-leq?)))

(define (reverse-sort-relations relation-list)
(unique-relations

(sort relation-list relation-geq?)))

(define (derive-relation-by-dim-raw orig-rel dim-diff)
(let ((sqmlist (sq-table dim-diff)))

(remove-if
null?

(sort-relations

(map (lambda (sqm)

(derive-relation-by-sqm orig-rel sqm))
sqmlist)))))

(define (derive-relation-list-raw rel-list sqm)
(sort-relations
(remoﬁe—if
null?
(map (lambda (rel)
(derive-relation-by-sqm rel sqm))
rel-list))))

(define (derive-relation-from-below rels-vec dim)
(define (derive-iter res k)
(if (< (-~ dim k) 9)
res
(let ((newrels
(derive-relation-list-raw
(vector-ref rels-vec (- dim k))
(list %)) ))
(derive-iter (append newrels res) (x 2 k)))))
(let ((rels-raw (derive-iter () 1)))
(if (null? rels-raw)
rels-raw
(sweep-relations
(derive-iter () 1)))))
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(define (derive-raw-from-rel-list rel-list target-dim)
(define (iter rem res)
(if (null? rem)
res
(let ((dim-diff (- target-dim
(+ (caaar rem)
(apply + (cadaar rem))))))
(cond ((zero? dim~diff)
(iter (cdr rem)
(cons (car rem) res)))
((> dim-diff 0)
(iter (cdr rem)
(append
(derive-relation-by-dim-raw (car rem)
dim-diff)
res)))
(else (error))))))
(sort-relations
(remove-if null? (iter rel-list ’()))))

(define (sweep-relation-by-pivot pivot-rel relation-list)
(define (iter rem stk)
(if (null? rem)
(remove-if null?
(reverse stk))
(if (sorted-member (car pivot-rel)
(car rem)
kerv-sqm-leq?)
(let ((new-rel (kerv-sqe-add pivot-rel
(car rem))))
(if (null? new-rel)
(iter (cdr rem) stk)
(iter (cdr rem)
(cons new-rel stk))))
(iter (cdr rem)
(cons (car rem) stk)))))
(sort-relations
(iter relation-list ’())))

(define (sweep-relations-with-relation-db db-list rel-list)
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(define (car-assoc obj 1lst)
(if (null? 1st)
#f
(if (equal? obj (caar 1lst))
1st
(car-assoc obj (cdr 1st)))))
(define (iter-forward rem stk)
(if (null? rem)
stk
(if (null? (car rem))
(iter-forward (cdr rem) stk)
(et ((rel (car-assoc (caar rem) db-list)))
(if rel
(iter-forward (cons
(kerv-sqe-add (car rel) (car rem))
(cdr rem))
stk)
(iter-forward (cdr rem)
(cons (car rem) stk)))))))
(sweep-relations
(iter-forward rel-list >())))

(define (sweep-relations-forward relation-list)
(define (iter rem stk)
(if (or (null? rem) (null? (cdr rem)))
(pop-push stk rem)
(let ((one-step-result
(remove-if null?
(sort-relations
(sweep-relation-by-pivot (car rem)
(cdr rem))) ) ))
(iter one-step-result (cons (car rem) stk)))))
(iter relation-list ’()))

(define (sweep-relations-backward relation-list)
(define (iter rem stk)
(if (null? (cdr rem))
(pop-push stk rem)
(let ((one-step-result

(remove-if null?
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(reverse
(sort-relations
(sweep-relation-by-pivot (car rem)
(cdr rem)))))))
(iter one-step-result (cons (car rem) stk)))))
(reverse

(iter (reverse relation-list) ’())))

(define (sweep-relations relations)
(if (null? relatioms)
relations
(sort-relations
(sweep-relations-backward
(sweep-relations-forward relations)))))
(define (derive-relation-by-dim orig-rel diff-dim)
(sort-relations
(sweep-relations

(derive-relation-by-dim-raw orig-rel diff-dim))))

(define (derive-relation-db orig-rellist target-dim)
(sort-relations
{sweep-relations

(derive-raw-from-rel-list orig-rellist target-dim))))

(define drdbr derive-relation-by-dim-raw)
(define dxdb derive-relation-db)
;; Determine if new relations can be deduced
;5 by know relations
(define (simplify-new-relation rel-db new-rel)

(define (check-db-rel rem res)

(if (or (null? rem) (null? res))
res

(let ((head (member (caar rem) res)))

(if head
(check-db-rel
(cdr rem)

(kerv-sqe-add res (car rem)))
(check-db-rel
(cdr rem)

res)))))
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(check~db-rel rel-db new-rel))

(define (simplify-new-relation-list rel-db new-rel-list)
(define (iter rem stk)
(if (null? rem)
(reverse stk)
(let ((one-result
(simplify-new-relation rel-db (car rem))))
(if (null? one-result)

(iter (cdr rem) stk)
(iter (cdr rem) (cons one-result stk))))))

(iter new-rel-list ’()))

(define snrl simplify-new-relation-list)
{(define (tst rdb dim)
(let ((new-rels (bzf dim)))
(if (null? new-rels)
new-rels
(snrl (drdb rdb dim) new-rels))))

(define (proceed dim)
(let ((rel-db
(derive-relation-from-below *relsvec* dim))
(new-rels (bzf dim))) '
(if (null? new-rels)
(vector-set! *relsvec* dim rel-db)
(let ((simplified-rels
(simplify-new-relation-list rel-db new-rels)))
(vector-set! xrelsvecx
dim
(sort-relations
(append simplified-rels
rel-db)))

(vector-ref *relsvec* dim)))))

;; database of relations

(define *relsvec* (make-vector (+ ¥*max-dim** 1) #f))
(define r-9 *(((6 (2 1))(2 (4 2 1)))))

(vector-set! *relsvec* 9 r-9)

(define r-16 *(((6 (8 2)) (6 (7 3)) (2 (8 4 2)))))
(define r-17 *(((14 (2 1)) (2 (8 4 2 1)))))

(define r-19 ’(((14 (4 1)) (6 (8 4 1)))))
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(define
L

(define

(define
L

(define

(define
(define
(define
(define
(define
S

(define

(define
..!!

(define

(define
(define
.. ! !

(define

(define
(define
(define
(define
(define
(define

(define

(define
(define
(define
(define
(define
(define
(define

(define

r-20

r-32

r-33

r-34

r-35
r-36
r-39
r-40
r-42

r-64

r-65

r-66

r-67
r-68

r-70

r-71
r-72
r-74
r-79
r-80
r-82
r-86

rdb9

rdb16
rdb17
rdb19
rdb20
rdb32
rdb33
rdb34

7(((14 (4 2)) (6 (84 2)))))

*(((14 (16 2)) (14 (15 3))
(6 (16 7 3)) (2 (16 8 4 2)))))
7(((30 (2 1)) (2 (16 8 4 2 1)))))

*(((14 (16 4))
(14 (15 5)) (14 (14 6)) (6 (16 8 4)))))
7(((30 (4 1)) (6 (16 8 4 1)))))
7(((30 (4 2)) (6 (16 8 4 2)))))
»(((30 (8 1))(14 (16 8 1)))))
2(((30 (8 2)) (14 (16 8 2)1))
*(((30 (8 4)) (14 (16 8 4)))))

7(((30 (32 2)) (30 (31 3))
(14 (30 15 5)) (6 (32 16 7 3))
(2 (32 16 8 4 2)))))

2(((62 (2 1)) (2 (3216 84 2 1N

»(((30 (32 4)) (30 (31 5)) (30 (30 6))
(14 (32 15 5)) (14 (32 14 6))
(6 (32 16 8 4)))))

7(((62 (4 1)) (6 (3216 84 1)N))

P(((62 (4 2)) (6 (32 16 8 4 2)))))

»(((30 (32 8))

(30 (31 9)) (30 (30 10))

(30 (28 12)) (14 (32 16 8)1))
1(((62 (8 1)) (14 (32 16 8 1)))))
P (((62 (8 2)) (14 (32 16 8 2)))))
7(((62 (8 4)) (14 (32 16 8 4)))))
7(((62 (16 1)) (30 (32 16 1)))))
2(((62 (16 2)) (30 (32 16 2)))))
»(((62 (16 4)) (30 (32 16 4)))))
7(((62 (16 8)) (30 (32 16 8)))))

r-9)

(append r-16 rdb9))

(append r-17 rdb16))
(append r-19 rdbi7))
(append r-20 rdb19))
(append r-32 rdb20))
(append r-33 rdb32))
(append r-34 rdb33))
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(define rdb35 (append r-35 rdb34))
(define rdb36 (append r-36 rdb35))
(define rdb39 (append r-39 rdb36))
(define rdb40 (append r-40 rdb39))
(define rdb42 (append r-42 rdb40))
(define rdb64 (append r-64 rdb42))
(define rdb65 (append r-65 rdb64))
(define rdb66 (append r-66 rdb65))
(define rdb67 (append r-67 rdb66))
(define rdb68 (append r-68 rdb67))
(define rdb70 (append r-70 rdb68))
(define rdb71 (append r-71 rdb70))
(define rdb72 (append r-72 rdb71))
(define rdb74 (append r-74 rdb72))
(define rdb79 (append r-79 rdb74))
(define rdb80 (append r-80 rdb79))
(define rdb82 (append r-82 rdb80))
(define rdb86 (append r-86 rdb82))
;; database valid upto dim 111

(define rdb rdb86)

(define (prt-sqm sgm)
(display "Sq")
(display sqm))

(define (prt-rel rel)
(define (dispkerv kdim)
(if (> kdim 0)
(begin
(display ")K")
(display kdim))))
(define (iter rem prev-kdim)
(if (null? rem)
(dispkerv prev-kdim)
(let ((kdim (caar rem)))
(if (= kdim prev-kdim)
(begin
(display "+")
(prt-sqm (cadar rem))
(iter (cdr rem) kdim))
(begin
(dispkerv prev-kdim)
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(if (> prev-kdim 0)
(display " + "))
(display " (")
(prt-sqm (cadar rem))
(iter (cdr rem) kdim))))))
(if (null? rel)
(display "O")
(iter rel 0))

(newline))

(define (prt-rel-list rel-list)
(define (iter rem)
(if (not (null? rem))
(begin
(prt-rel (car rem))
(iter (cdr rem)))))
(iter rel-list))

(define (extend-rdb orig-rdb start-dim end-dim)
(define (iter dim rdb)
(if (> dim end-dim)
rdb
(let ((new-rels (tst rdb dim)))
(display dim)
(if (bound? ’*heapsizex)
(begin
(display " heap size=")
(display *heapsizex*)))
(newline)
i (display new-rels) (newline)
(prt-rel-list new-rels)
(iter (+ dim 1) (append new-rels rdb)))))
(iter start-dim orig-rdb))

(define (values ksge)
(letx ({dim (+ (caar ksqe)
(apply + (cadar ksqe))))
(dimlist (d12-table dim)))
(define (iterl result rem-dle)
(if (null? rem-dle)
(revefse result)
(let ((dlm-result
(iter2 (car rem-dle) ksqe '())))

(iter1l (cons dlm-result result)

35



(cdr rem-dle)))))
(define (iter2 dlm ksqe-rem res)
(if (null? ksqe-rem)
res
(et ((resksgm
(sqmdle (cadar ksqe-rem) (list dlm))))
(iter2 dlm
(cdr ksqe-rem)
(sqadd resksgm res)))))
(map dle->number (iter?l ’() dlmlist))))

(define (si~ideal sqe dim)
(let ((dim-diff (- dim (apply + (car sqe)))))
(map (lambda (y) (sqmul (list y) sqe))
(sg-table dim-diff))))

(define (gn dim-low dim-high)
(do ((i tim-low (+ i 1)))
({>i dim-high))
(let ((x (generating-relations 1)))
(digplay "dim=") (display i)
(if (null? x)
(newline)
(begin
(display " ")
(prt-rel-list x))))))
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