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Real photon structure functions in the massive parton model in next-to-leading order
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We investigate the one-gluon-exchange (a«;) corrections to the real photon structure functions Wyr,
Wy r, W§, and W7, in the massive parton model. We employ a technique based on the Cutkosky rules and
the reduction of Feynman integrals to master integrals. We show that a positivity constraint, which is
derived from the Cauchy-Schwarz inequality, is satisfied among the unpolarized and polarized structure
functions Wyr, W§, and W7, calculated up to the next-to-leading order in QCD.
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L. INTRODUCTION

Although a Higgs particle has been discovered at the
CERN Large Hadron Collider (LHC) [1], we need to
examine all of its properties with great accuracy to verify
its full identity. For that purpose, the construction of a new
eTe” collider machine called the International Linear
Collider (ILC) [2] is much anticipated. Even in the experi-
ments at the ILC, a detailed knowledge of the standard
model at high energies, especially based on QCD, is still
important.

It is well known that, in high energy e*e™ collision
experiments, the cross section of the two-photon processes
ete” — ete” + hadrons dominates over other processes
such as the annihilation process e*e™ — y* — hadrons.
The two-photon processes at high energies provide a good
testing ground for studying the predictions of QCD. In
particular, the two-photon process in which one of the
virtual photons is very far off-shell (large Q> = —g?), while
the other is close to the mass shell (small P> = — p?), can be
viewed as a deep-inelastic electron-photon scattering
where the target is a photon rather than a nucleon [3].
In this deep-inelastic scattering of a photon target, we can
study the photon structure functions, which are the analogs
of the nucleon structure functions. When polarized beams
are used in e" e~ collision experiments, we can get infor-
mation on the spin structure of the photon.

For a real photon (P? = 0) target, there appear four
structure functions: three unpolarized structure functions
F)(x, 0%), F}(x,0?) and WI(x,Q?), and one spin-
dependent structure function g7 (x, 0?), where x =
0?/(2p - q). The analysis of F] and F} was first made in
the parton model (PM) [4] and then investigated in pertur-
bative QCD (pQCD). The leading order (LO) QCD con-
tributions to F] and F} were derived by Witten [5] and a
few years later the next-to-leading order (NLO) corrections
were calculated [6]. The structure function F2y has been
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analyzed up to the next-to-next-to-leading order (NNLO)
[7]. The QCD analysis of the polarized structure function
g7 (x, Q%) was performed in the LO [8] and in the NLO
[9,10]. For more information on the theoretical and experi-
mental investigation of both unpolarized and polarized pho-
ton structure, see Ref. [11]. The photon structure functions
of a virtual photon target (P> # 0) have also been analyzed
in pQCD. For more information on the study of the virtual
photon structure functions F} (x, Q% P?), F} (x, Q°, P?) and
gl (x, Q% P?), see, for example, Ref. [12].

So far in most of the QCD analyses of the photon
structure functions, all the active quarks have been treated
as massless. At high energies the heavy charm and bottom
quarks also contribute to the photon structure functions and
their mass effects may not be neglected. In fact, the NLO
QCD corrections due to heavy quarks have been calculated
for the unpolarized photon structure functions ) and F}
[13]. The heavy quark mass effects on the polarized photon
structure function g] were analysed at NLO in QCD in
Ref. [10] by using the LO result of the massive PM.
Recently, we have investigated the heavy quark mass
effects on g} in the massive PM at NLO in QCD and
have found numerically that the first moment of g
vanishes up to the NLO [14].

In this paper we investigate the four real photon structure
functions Wyr, Wy, Wi, and Wi, in the massive PM at
NLO in QCD, and examine whether a positivity constraint
[15] is satisfied among the unpolarized and polarized
structure functions Wy, Wi, and W7 at NLO. The photon
structure functions are defined in the lowest order of the
QED coupling constant &« = e?/44r and, in this paper, they
are of order a.

In the next section we discuss the photon structure func-
tions. In Sec. III we explain the method which we employed
to calculate these structure functions in the massive PM at
NLO. In Sec. IV the NLO results for Wry, W, 7, W4, and
W7, are given as a function of x for both cases of charm and
bottom quarks. We find that the positivity constraint among
Wrr, Wi and W7 is indeed satisfied for all the allowed x
region. The final section is devoted to the conclusion. In the
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Appendix the resummation formulas for the structure
functions are given.

II. PHOTON STRUCTURE FUNCTIONS

Let us consider the photon-photon forward scattering

amplitude, y(q, a) + y(p, b) — y(q, a’) + v(p, b'), illus-
trated in Fig. 1,

TEPT(p, q) = i[d4xd4yd4zei‘1‘xeiﬂ'(y*z)

XAOIT(THX)T(O)T*(MIT(@)0), (1)

where g and p are four momenta of the probe and target
photon, respectively, and J* is the electromagnetic cur-
rent. Its absorptive part is related to the structure tensor
WHYPT as [16]

WHrPT — ZL ImTH"o", )
w

The s-channel helicity amplitudes are given by
W(d'b'lab) = €, (a')e, (b YWH"?T€,(a)e, (b),  (3)

where €, (a) represents the photon polarization vector, and
a,a’ =0, *1,and b, b’ = *1. Note that the target photon
is real and has no longitudinal mode. Due to the angular
momentum conservation, parity conservation, and time
reversal invariance, we have in total four independent
s-channel helicity amplitudes [17], which we may take as

W(lr 1|1! 1): W(Oy llor 1)) (4)
w(, —1|1, —1), w1, 1] -1, -1).

The first three amplitudes are helicity-nonflip and the last
one is helicity-flip.

For the real photon target, there appear four photon
structure functions, Wrr, Wir, Wi, and W7, which are
functions of Q*(= —¢?) and x = Q?/(2p - q). They also
depend on the active quark masses. The subscripts 7" and
L correspond to the transverse and longitudinal photon,
respectively. The superscript “a” of W§, refers to uv
antisymmetric part of W*”P7 while the superscript “7”°
of Wi, refers to transition with spin-flip for each of the

FIG. 1. Photon-photon forward scattering with momenta g(p)
and helicities a(b) and a/(b’).
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photons. These structure functions are related to the
s-channel helicity amplitudes as follows:

Wrp = %[W(l, 1, D) +w@, —1]1, -1 (5a)
Wr = W(0, 10, 1), (5b)
W, = %[W(l, 11,1) —w(@, —1]1, =], (5¢)
Wi, =W, 1| —1,—1), (5d)

where Wrr, Wy and W7, are called as the unpolarized
structure functions since they are measured, for example,
through the two-photon processes in unpolarized e e™
collision experiments. When polarized e* and ¢~ beams
are used, we can get information on the polarized structure
function W4,. Other definitions of the photon structure
functions are often used, which are F), F}, g7 and W]
and are related to W;’s as follows:

F) = 2x[Wrr + Wir), F] = 2xW,r,
1 (6)
g1 = 2Wip, Wy = EW%T'

There exist positivity constraints on the structure
functions, which are derived from the Cauchy-Schwarz
inequality [15]. For the case of real photon, we obtain
one positivity constraint as follows:

Wil = [Wrr + WL @)

We will confirm positivity constraint at NLO.

III. CALCULATION

We calculate the cross sections for the two-photon
annihilation to the heavy quark gy gy pairs

Y (@) +v(p) = qu + qu ®)

with one-loop gluon corrections and to the gluon brems-
strahlung processes

Y (@) +v(p)— qu + qu + g 9)

We employ the technique which is based on the Cutkosky
rules [18] and the reduction of Feynman integrals to master
integrals. First, following the Cutkosky rules [19], the delta
functions which appear in the phase space integrals are
replaced with differences of two propagators,

1 1

27id(rt — m?) — - ,
( ) P2—m2+i0 P —-—m?-i0

(10)

where m is the quark mass. Then the cross sections for the
virtual corrections to the processes (8) and for the brems-
strahlung processes (9) are described by the two-loop
diagrams shown in Figs. 2 and 3, respectively, where a
cut propagator should be understood as the right-hand side
of Eq. (10).
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We regularize the amplitudes in dimensional regulariza-
tion D =4 — 2¢. The absorptive part of the relevant
photon-photon scattering amplitude, W#”P7, can be written
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We introduce the following D-dimensional projection
operators,

3D -8
16 Pyp)HrPT = Trp)HreT
aS[ ] ( TT) 2D(D_2)(D_3)( TT)
WHYPT = (T HVPTVY, + (T HVPTVY D —4
(Trr) rr + (Tyr) LT i (TE v, (14a)
+ (T%T)MVPTW%T + (T%T),U,VpTW%T, (11) D(D - 2)(D - 3)
1
where (Ppp)krer = ﬁ(TLT)MVpT» (14b)
1
Typ)HPPT = RHVRPT, 12a P4, wrPT = T4 )HPPT, 14
(Trr) (12a) ( TT) 2(D-2)(D-3)( TT) (14¢)
(Tpp)»rPT = K\ kYRPT, (12b) D—4
(T, = REPRY — RATR™, a2e)  FET = =y T
1 2
T7)#7PT = —(R*PRY™ + R*"R"P — R*VRPT), (12d
(T7r) 5 ( ), (12d) +—LKL)__3)(1;T)MVPK (14d)
with such that each structure function, Wyr, Wy, W%, and
2 W7, can be extracted by means of the property
RMP = _g‘u,p + q/‘pP + qpp/* _ q P"‘p;, (PT;{MV'DT(T]')#VPT _ 5[}
P4 (p-q) We apply the above projection operators to the two-loop
_2 . (13)  diagrams given in Figs. 2 and 3. The contributions to each
k,U« — q 7 P q “ . . . . .
I P 2 4 ) structure function are expressed in a linear combination of
(p-q) q :
two-loop scalar integrals of the form
|
A(r) = A( ) d°k  dPl 1
v;) = A(Vi, Vigs Vi Yipar Vi Vigr Vips Vipor Vid) = o > )
R ke B P V1 Vi Vv S J @ @ D DI, DI, DI, DY Dy DI, D)y D g
(15)

where

Dp =p2 _m2’

D,o=p* (16)
Note that 1/D;_;, corresponds to a gluon propagator. The
coefficients of these scalar integrals are written as func-
tions of x, Q%, m? and D. Actually A(v;) has seven propa-
gators at most and at least two v;’s are zero. We choose the
loop integration variables k and [/, such that momentum
assignment of the cut propagators corresponds to 1/D; and
1/Dy_,_, for the diagrams in Fig. 2 and 1/D,, 1/D;_,_,
and 1/D;_,;, for the diagrams in Fig. 3. If »;’s of the cut
propagators are 0 or negative integer, those integrals do not
contribute to structure functions due to the Cutkosky rule.

ANEENN LNEINY
q q
| e |
~ g | §>} |
7 | I
N Y N =
(a) b

Thus we only pick up A(v;)’s which are in the
form A(1, vy, Vips 1, ¥4 Vigs Vips Vipg Via) in Fig. 2 and
A(vy, Vg Vipr Lb 1, Vigs Vips Vipgs 1) in Fig. 3. The other
scalar integrals are discarded.

There are still a large number of scalar integrals. Next,
we apply the reduction procedure [20] and rewrite the
scalar integrals in terms of fewer number of master inte-
grals. This procedure is based on the method of integration
by parts [21] and the use of the Lorentz invariance of scalar
integrals [22]. We make use of FIRE [23], a public reduc-
tion code powered by MATHEMATICA, and express the
relevant A(v;)s as a linear combination of the master
integrals, which are denoted as

N N

NN

FIG. 2. Two-loop diagrams with virtual corrections. Graphs with virtual corrections to the right of the cut lines and graphs with
(g, m) and (p, p) interchanged are added. Graphs with the external quark self-energies are not shown in the figure, but should be

included in the calculation.
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N N

FIG. 3. Two-loop diagrams with a real gluon emission. Similar graphs corresponding to (e) and (f) are included. Also graphs with

(¢, m) and (p, p) interchanged are added.

M(Vi) = M(Vk’ qu: Vkp; Vkpq» vy, qu) le» leq) Vkl)) (17)

in the same way as the notation of A(»;)s in Eq. (15).
Again the master integrals in the form of M(1, Vig» Vips
L, v, ¥y, Vs Vipgs Vig) are only relevant for the virtual-
correction diagrams in Fig. 2 and those in the form of
M(v,, Vg Vi L L, Vigs Vips Vipgs 1) are relevant for the
real-gluon-emission diagrams in Fig. 2.

Finally, we perform the phase space integrations by
taking discontinuities of the master integrals with cut
propagators. For the two-cut and three-cut master integrals,
we evaluate

Disc®M(L, viy, vip, 1, v1, Vigs Vips Vipgr Vi)
= f 4K 0 m)s 2 = m) (25
@2m)P
1 dPl

X((p+q—kP—m)——
p q Dk]quk]\—Pp (27T)D

1

X DVIDVIq DV/p DV/M DYu
I Zl=q™1=-p~l-p—q™~k—10

, (18)

and

Disc®M(v,, Vig Vi L L, Vigs Vi, Vipg, 1)
dPk dll
= || == [ == @ms* (k- DP)2m)s*
575 [Gmpeme - pem
X (P =m*)(2ms*((p + g —k)?*—m?)
1

X
Vi yVkq Vip Vig Yip Vipq
D, Dk_qu_le_qDl_le_p_q

: 19)

respectively, and M’s are master integrals which remained
after applying a reduction algorithm. Note that at least
two v;’s are zero in both (18) and (19). The choice of a
set of master integrals is not unique and we are at liberty

to replace a master integral with one of the other scalar
integrals. We choose a set of master integrals such that the
coefficients of master integrals are finite in the limit D — 4
[24]. With this choice of the set, the phase space integra-
tions for master integrals need only be evaluated up to the
finite terms in the series expansion in €.

The ultraviolet (UV) singularities appear in graphs (b),
(c), and (d) of Fig. 2, while the infrared (IR) singularities
emerge from graph (a) of Fig. 2 and from the real gluon
emission graphs (a), (b), (c), and (d) of Fig. 3. Both the
UV and IR singularities are regularized by dimensional
regularization. The UV singularities are removed by renor-
malization. We adopt the on-shell scheme both for the
wave function renormalization of the external quark and
for the mass renormalization. For the latter, we replace the
bare mass in the Born cross section by the renormalized
mass m,

Miare — m[l + ai(:) CFSE<,':—2)€{—% - 4}], (20)

where a,(u) = g%/(4m) is the QCD running coupling
constant, Cr = 4/3 is the Casimir factor and S¢ =
(47r)€e” €t with Euler constant y; and u is the arbitrary
reference scale of dimensional regularization. The renor-
malization of the QCD gauge coupling constant is not
necessary at this order. The IR singularities cancel when
both contributions from the virtual correction graphs and
the real gluon emission graphs are added. Actually the IR
singularities reside in the two-cut master integrals in the
form M(1, vy, v4p, 1, 1, vy, vy, 1, 1) and the three-cut
master integrals M(vy, Vg Vi L L, V1o Vi 1) with
v+ vy = 2.

Vipg

IV. NUMERICAL RESULTS

We plot in Figs. 4 and 5 the real photon structure
functions Wyp(x, 0?), Wip(x, %), Wir(x, 0?) and

034022-4
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The charm quark effects on the real photon structure functions (a) Wy, (b) Wy 7, (c) W§,, and (d) W7, in the

PM for Q% =30 GeV?, m, = 1.3 GeV and e, = $ with a, = 0.21. The vertical axes are in unit of (3ae?/(27)). We plot the LO
results (red dotted line) and the results up to the NLO (blue solid line).

Wir(x, 0%) predicted by the massive PM up to the
NLO for the case of Q% = 30 GeV2. We choose charm
and bottom quark as a heavy quark for Figs. 4 and 5,
respectively. For the running coupling constant, we take
a, = 0.21 choosing u?> = Q>. We take m, = 1.3 GeV,
m, =45GeV, e. =3 and ¢, = —1. We show two
curves for each structure function: the LO result and the

J

2

Wi20, 0% = o, {3 (1n] T ON(B - 517 208~ 3+ B3+ BB - 9 208~ I+ B2 - )

WH9( 0% = 8,201~ x{(ng ﬁ)(ﬁz n+28}

WELO (x, 02) = (Sq{(ln1

1 t'[;)@x 1)+ B(—dat 3)},

Wi (x, Q%) =

where
4m>x ’1 B %
— = 2
0%*(1 — x) 1—x 23)
and
3a
6q = ﬁe‘,} 24)

For x — xp, B goes to zero and thus structure functions
vanish at xy in LO.

o5 (inp B )8 Dx = 1B + 3= B2+ 1)+ BB~ 3 2087~ i+ 42— 1)

result up to the NLO. The allowed x regionis 0 = x = x,
with

1

xXg = —" 4Ql22. (21)
The LO results are already known [16] such as
(22a)
(22b)
(22¢)
(224d)

We observe that the radiative corrections in NLO are
noticeable. In the graphs (a), (c), and (d) of Figs. 4 and 5 we
find that the radiative corrections to Wy, Wi, and W7, are
large near the threshold (near xp). Indeed those NLO
curves do not vanish at xp. This is due to the Coulomb
singularity, which appears when the Coulomb gluon is
exchanged between the quark and antiquark pair near
threshold. The diagram in Fig. 2(a) is responsible for this
threshold behavior. The virtual correction to the left of the
cut line in Fig. 2(a) gives rise to a factor 1/ 8 while a factor
B comes out from the phase space integration. They are

034022-5
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The bottom quark effects on the real photon structure functions (a) Wrr, (b) Wy r, (¢c) W, and (d) W7, in the

PM for Q% = 30 GeV?, m;, = 4.5 GeV and ¢, = —§ with a, = 0.21. The vertical axes are in unit of (3aej}/(27)). We plot the LO
results (red dotted line) and the results up to the NLO (blue solid line).

combined and yield a finite but nonzero result at x,.
On the other hand, the radiative corrections to W;r
shown in Figs. 4(b) and 5(b) evade the Coulomb singularity
and vanish at threshold. This is because the structure of
Coulomb enhancement is given by WN© ~ (WLO) x
a,/B and WL behaves as B° for g — 0. Thus WO
vanishes as 32 near the threshold.

The jump size of Coulomb enhancement for each struc-
ture function is calculable in another way. It is well known
that the contributions of Coulomb gluons can be summed
up to all orders. The result of all order resummation is
given by the Sommerfeld factor. Using Taylor expansion of
the Sommerfeld factor in strong coupling constant «,
leading Coulomb singularity can be reproduced to all
orders in ;. Combining the LO photon structure function
WLO with the Sommerfeld factor, we can predict that the
jump of the structure function is given by a derivative of
LO structure function at the threshold multiplied by
Cra,m/2. That is given by

WNLO(x, 02) B;U(B[dgl_g)]ﬁ_o) X (CFZC;SW) + 0(p),

(25)

where the part in the first parentheses corresponds to phase
space integration of heavy quark pair and squared LO
amplitude and the second is the Coulomb singularity.
This formula is assured by the factorization of hard cor-
rection and the Coulomb singularities near the heavy quark

threshold. Our NLO results are consistent with (25) near
the threshold. The formula also predicts that the NNLO
calculation in the massive PM suffers from a divergence,
B X (Cra,/(28))?, near threshold due to double Coulomb
gluon exchange. Therefore fixed order calculation near
threshold becomes ill defined and we need to resort to
the method of resummation of the Coulomb singularities.
Resummation formulas for the structure functions are
given in the Appendix.

For x — 0, the NLO contributions to Wry and W4, both
diverge. The sum (Wyr + W4;) remains finite in LO but
diverges in the NLO as x — O [see Figs. 6(a) and 6(b)].
This is due to the collinear divergence. The limiting pro-

Sf; — 0 with fixed Q? is equivalent of taking
s — o0. Thus the situation at x = 0 is the same as if we are
dealing with massless quarks. When a gluon is emitted
from a massless quark, a collinear divergence appears.
We also see in Fig. 4(b) the rise of the NLO contributions
to Wy near x = 0, which is again due to the collinear
divergence. On the contrary, the LO and NLO contribu-
tions to W7, vanish at x = 0. A collinear divergence does
not occur for the helicity-flip amplitude W7;.

We plot the PM predictions of (Wyy + W4,) and [W7,|
for the case of the charm quark in Fig. 6(a) and for the
bottom case in Fig. 6(b). In both cases we observe that the
positivity constraint (7) for a real photon target is satisfied
up to the NLO for all the allowed x region with a wide
margin except at the threshold x,. At the threshold, we can

find the following relation:

cedure x =

034022-6
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FIG. 6 (color online).

The positivity constraint and the PM prediction up to the NLO for Q> = 30 GeV? and a, = 0.21. (a) Case of

charm quark with m, = 1.3 GeV and e, = % (b) Case of bottom quark with m;, = 4.5 GeV and ¢, = — % The vertical axes are in
unit of (3 oze‘g /(2r)). The result up to the NLO (LO) for (Wyy + W4;) is depicted in the red solid (red dashed) line. The result up to the
NLO (LO) for |W7;| is depicted in the blue solid (blue dashed) line.

(Wi (xg, 02 = Wrr(xg, Q%) + Wip(xg, 0.

At the threshold, we find the following relation (26) from
our numerical analysis. This is also checked analytically
using the resummation formula given in the Appendix.

(26)

V. SUMMARY

In this paper, we have investigated heavy quark mass
effects for the real photon structure functions in the mas-
sive PM in the NLO in QCD. There are four structure
functions Wy, Wy, WS, and W7, for the real photon
target. We have found that the radiative corrections to Wy,
W4 and W7, are large near the threshold. This is due to the
Coulomb singularity, which appears when the Coulomb
gluon is exchanged between the quark and antiquark pair
near threshold. On the other hand, the radiative corrections
to W,y evade the Coulomb singularity and vanish at
threshold. We also have found that although the sum
(Wrr + W) remains finite in LO but diverges in the
NLO as x — 0. This is due to the collinear divergence.

- f;z — 0 with fixed Q? is
equivalent of taking the high energy limit s — oo. In other
words, the situation at x = 0 corresponds to the massless
quark limit. A collinear divergence appears when a gluon is
emitted from a massless quark. We also see the collinear
divergence in the NLO contributions to Wy near x = 0.
Finally we have shown from the numerical plots of the PM
predictions of (Wyy + W%,) and |[W7;| and the positivity
constraint (7) for a real photon target is satisfied for all the
allowed x region.

The limiting procedure x =

APPENDIX: THRESHOLD RESUMMATION FOR
STRUCTURE FUNCTIONS

The Green function sums up leading Coulomb singular-
ity for photon-photon forward scattering amplitude. The
contribution to the structure function is given by the imagi-
nary part of the Green function,

2 Crasm
ImG(B) =7 f L B 0(B)
— e B

+ %T 3 a3s(p + aﬁ)], (A1)
n=1

with a, = Cra,/(2n). The terms with & function are
due to Coulomb bound states, which can have nonzero
contribution to the structure functions for s < 4m? because
B = ivJ4m?/s — 1 becomes pure imaginary.

We combine the LO photon structure function W-© and
the Coulomb Green function G(8) [25,26] in the following
form:

Wi(x, %) = WiO(x, 01)S(x) + C:T(x),  (A2)
where S encodes the Coulomb singularity and 7 is the
contribution due to boundstate poles. They are defined by

(1)
Cra,m% =

S(x) = O(xp —x), (A3)
1- exp{—CpaS'n' %:;)}
& dmaixp(l — xp) (xo(1 + a?)
T(x) = —x) (A4
(x) Z (1 + azxp)? ( 1+ aixg x) (AD)

n=1

The matching factors are calculable for each structure
function as

Ci ={Crr, Cpp, Cpry =11, 1, =28 (AS5)

o
The resummation formula for structure function can be
applied for the cases Wy, W¢, and W7,. Near threshold
W, is order of B3 at LO, which is suppressed by B2
compared to the S-wave case. Therefore its Coulomb
singularity at NLO is suppressed by 32 and the resumma-
tion effect becomes moderate.

034022-7



NORIHISA WATANABE, YUICHIRO KIYO, AND KEN SASAKI

(1]
(2]
(3]

(4]

(5]
(6]

http://lhc.web.cern.ch/lhc/.
http://www.linearcollider.org/cms/.

T.F. Walsh, Phys. Lett. 36B, 121 (1971); S.J. Brodsky,
T. Kinoshita, and H. Terazawa, Phys. Rev. Lett. 27, 280
(1971).

T.F. Walsh and P. M. Zerwas, Phys. Lett. 44B, 195 (1973);
R.L. Kingsley, Nucl. Phys. 60, 45 (1973).

E. Witten, Nucl. Phys. B120, 189 (1977).

W.A. Bardeen and A.J. Buras, Phys. Rev. D 20, 166
(1979); 21, 2041(E) (1980); R.J. DeWitt, L. M. Jones,
J.D. Sullivan, D.E. Willen, and H. W. Wyld, Jr., Phys.
Rev. D 19, 2046 (1979); 20, 1751(E) (1979); M. Gliick and
E. Reya, Phys. Rev. D 28, 2749 (1983).

S. Moch, J. A.M. Vermaseren, and A. Vogt, Nucl. Phys.
B621, 413 (2002); A. Vogt, S. Moch, and J.A.M.
Vermaseren, Acta Phys.Polon. B 37, 683 (2006); arXiv:
hep-ph/0511112.

K. Sasaki, Phys. Rev. D 22, 2143 (1980); Prog. Theor.
Phys. Suppl. 77, 197 (1983).

M. Stratmann and W. Vogelsang, Phys. Lett. B 386, 370
(1996).

M. Gliick, E. Reya, and C. Sieg, Phys. Lett. B 503, 285
(2001); Eur. Phys. J. C 20, 271 (2001).

M. Krawczyk, PHOTON 2000: International Conference
on the Structure and Interactions of the Photon, AIP
Conference Proceedings No. 571 (AIP, New York,
2001), and references therein; M. Krawczyk, A.
Zembrzuski, and M. Staszel, Phys. Rep. 345, 265
(2001); R. Nisius, Phys. Rep. 332, 165 (2000); arXiv:
hep-ex/0110078; M. Klasen, Rev. Mod. Phys. 74, 1221
(2002); 1. Schienbein, Ann. Phys. (Amsterdam) 301, 128

[12]

(13]

034022-8

PHYSICAL REVIEW D 88, 034022 (2013)

(2002); R.M. Godbole, Nucl. Phys. B, Proc. Suppl. 126,
414 (2004).

T. Ueda, K. Sasaki, and T. Uematsu, Phys. Rev. D 75,
114009 (2007).

E. Laenen, S. Riemersma, J. Smith, and W.L. van
Neerven, Phys. Rev. D 49, 5753 (1994); W. Beenakker,
H. Kuijf, W.L. van Neerven, and J. Smith, Phys. Rev. D
40, 54 (1989).

N. Watanabe, Y. Kiyo, and K. Sasaki, Phys. Lett. B 707,
146 (2012); 724, 360(E) (2013).

K. Sasaki, J. Soffer, and T. Uematsu, Phys. Lett. B 522, 22
(2001); Phys. Rev. D 66, 034014 (2002).

V.M. Budnev, V.L. Chernyak, and I.F. Ginzburg, Nucl.
Phys. B34, 470 (1971).

C. Bourrely, E. Leader, and J. Soffer, Phys. Rep. 59, 95
(1980).

C. Anastasiou and K. Melnikov, Nucl. Phys. B646, 220
(2002).

R.E. Cutkosky, J. Math. Phys. (N.Y.) 1, 429 (1960).

S. Laporta, Int. J. Mod. Phys. A 15, 5087 (2000).

F. V. Tkachov, Phys. Lett. 100B, 65 (1981); K.G.
Chetyrkin and F. V. Tkachov, Nucl. Phys. B192, 159 (1981).
T. Gehrmann and E. Remiddi, Nucl. Phys. B580, 485
(2000).

A. V. Smirnov, J. High Energy Phys. 10 (2008) 107.

K. G. Chetyrkin, M. Faisst, C. Sturm, and M. Tentyukov,
Nucl. Phys. B742, 208 (2006).

K. Hagiwara, Y. Sumino, and H. Yokoya, Phys. Lett. B
666, 71 (2008).

Y. Kiyo, J.H. Kiihn, S. Moch, M. Steinhauser, and
P. Uwer, Eur. Phys. J. C 60, 375 (2009).


http://lhc.web.cern.ch/lhc/
http://www.linearcollider.org/cms/
http://dx.doi.org/10.1016/0370-2693(71)90124-9
http://dx.doi.org/10.1103/PhysRevLett.27.280
http://dx.doi.org/10.1103/PhysRevLett.27.280
http://dx.doi.org/10.1016/0370-2693(73)90520-0
http://dx.doi.org/10.1016/0550-3213(73)90168-5
http://dx.doi.org/10.1016/0550-3213(77)90038-4
http://dx.doi.org/10.1103/PhysRevD.20.166
http://dx.doi.org/10.1103/PhysRevD.20.166
http://dx.doi.org/10.1103/PhysRevD.21.2041
http://dx.doi.org/10.1103/PhysRevD.19.2046
http://dx.doi.org/10.1103/PhysRevD.19.2046
http://dx.doi.org/10.1103/PhysRevD.20.1751
http://dx.doi.org/10.1103/PhysRevD.28.2749
http://dx.doi.org/10.1016/S0550-3213(01)00572-7
http://dx.doi.org/10.1016/S0550-3213(01)00572-7
http://arXiv.org/abs/hep-ph/0511112
http://arXiv.org/abs/hep-ph/0511112
http://dx.doi.org/10.1103/PhysRevD.22.2143
http://dx.doi.org/10.1143/PTPS.77.197
http://dx.doi.org/10.1143/PTPS.77.197
http://dx.doi.org/10.1016/0370-2693(96)00934-3
http://dx.doi.org/10.1016/0370-2693(96)00934-3
http://dx.doi.org/10.1016/S0370-2693(01)00234-9
http://dx.doi.org/10.1016/S0370-2693(01)00234-9
http://dx.doi.org/10.1007/s100520100677
http://dx.doi.org/10.1016/S0370-1573(00)00105-8
http://dx.doi.org/10.1016/S0370-1573(00)00105-8
http://dx.doi.org/10.1016/S0370-1573(99)00115-5
http://arXiv.org/abs/hep-ex/0110078
http://arXiv.org/abs/hep-ex/0110078
http://dx.doi.org/10.1103/RevModPhys.74.1221
http://dx.doi.org/10.1103/RevModPhys.74.1221
http://dx.doi.org/10.1016/S0920-5632(03)02364-8
http://dx.doi.org/10.1016/S0920-5632(03)02364-8
http://dx.doi.org/10.1103/PhysRevD.75.114009
http://dx.doi.org/10.1103/PhysRevD.75.114009
http://dx.doi.org/10.1103/PhysRevD.49.5753
http://dx.doi.org/10.1103/PhysRevD.40.54
http://dx.doi.org/10.1103/PhysRevD.40.54
http://dx.doi.org/10.1016/j.physletb.2011.12.036
http://dx.doi.org/10.1016/j.physletb.2011.12.036
http://dx.doi.org/10.1016/j.physletb.2013.06.011
http://dx.doi.org/10.1016/S0370-2693(01)01279-5
http://dx.doi.org/10.1016/S0370-2693(01)01279-5
http://dx.doi.org/10.1103/PhysRevD.66.034014
http://dx.doi.org/10.1016/0550-3213(71)90340-3
http://dx.doi.org/10.1016/0550-3213(71)90340-3
http://dx.doi.org/10.1016/0370-1573(80)90017-4
http://dx.doi.org/10.1016/0370-1573(80)90017-4
http://dx.doi.org/10.1016/S0550-3213(02)00837-4
http://dx.doi.org/10.1016/S0550-3213(02)00837-4
http://dx.doi.org/10.1063/1.1703676
http://dx.doi.org/10.1016/S0217-751X(00)00215-7
http://dx.doi.org/10.1016/0370-2693(81)90288-4
http://dx.doi.org/10.1016/0550-3213(81)90199-1
http://dx.doi.org/10.1016/S0550-3213(00)00223-6
http://dx.doi.org/10.1016/S0550-3213(00)00223-6
http://dx.doi.org/10.1088/1126-6708/2008/10/107
http://dx.doi.org/10.1016/j.nuclphysb.2006.02.030
http://dx.doi.org/10.1016/j.physletb.2008.07.006
http://dx.doi.org/10.1016/j.physletb.2008.07.006
http://dx.doi.org/10.1140/epjc/s10052-009-0892-7

