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ABSTRACT

　Flow血a　cro舘一且ow　wa敏億b血e　is　more雌…cult　to

calculatethanthatofother＄ha長剛mmeなy囲owtype旗b短es，

because甑e且owinthenmer，thaten応ers紅ongsy㎜e出cany

飾omanozzle，捻u憾eadyevenitisobserredon甑e箪e漉ve

coor血atesystem・A隠d血e和ee面ce血the㎜飯a塾omakes

血eanalysisd温c賦lnthiss加dy，血e且ow蝋he㎜nerand

勧ozz塾e　is　solved　s㎞識1伽eously　on　丘』e　bas蛤　　of　abso1ロ紀

coor曲atesy醜㎝．This飢owisas甜medtobeロnstcadyEuleピs

one，and　is　analysed蚕y　MAC　me費10d。Tke　time　marc1血g　is

madeu前ng㎞phcitme血odofC疑mk。Nicholsonandanew

methodofboun伽yco曲丘ononwaHsisdeveloped，

INTROD｛∫CTION

　　Flow　across　the　㎜er　of　cmss。flow　turbine　is

approx㎞ated　to　a　two－d㎞ensiona1烈ow　beca題se　of　its　shape．

A勲d　it　is　d甑cult　to　ob臨血e猛ow　using血eτela亘ve　cooτd血ate

system　becau舘血e　qow　has飾ee曲ces　and　is　not頗s

symme留．It　d醗τs　f七〇m　other　water　t宙bines血which　water加

the㎜er　flows　axia1－symmet践caUy。

　Tinnow，the㎞e田owof癒e㎜瞭erhasbee益treatedas

on昏dime戚onamowassumingonerepresentat量ve甜eamli鵬

伽e・fpdmecau鈴ofhy士a面cl・おat血emaximume伍ciency

pointisdisch訂ge1・ssat極e㎜erexitwhic虹occ皿bylarge

ta“gentialve1・city紅o面theo縫ternozzle磁oltd・esn・t

ap圏励e　ca舘ofo癒e岡㎜eセica田ow膿㎞b血es，
There拓爬，巌』ee伍ci㎝cyc㎜・tbepτedictedpreciselyby

on昏d㎞ensionalcalcula丘o孔Ontheotherhand，calcula亘oが1》has

be㎝pe血熈磁on．each蝕eaof血e・㎜凱se四重edto

calculate，1mdertheas㎜P廿onofin血itenumberofvanes．

However，these　methods　a憲e　not　s腿itable　fbr　pτacticaI　use．

Because　results　wi甑su伍cie匹t　accu職cy餅e　not　obta血ed　by　the

愈》mer　me血od　and　tぬe　latter蛤too　comI》1ex．

　Moreoveちit　can　be　thou帥t血at　the囲u㎝ce　ofpress鵬

dis垣bu丘on　arou蕊d廿1e　e醜髄ce　to　the　rumer　upon血e　upsヒ』eam・

飢owinthenoz齪eis髭㎎ebecause甑e鼠owisnotaxis－

sy㎜e雌caLTherefb罫e，themetぬodco面de血gthemu姻

i1血ue職ce　of　the　㎜eT　a雄d　t塾e　nozzle　had　been　　des血、ed．

However，Panamlysisme血odconside血9血einnu㎝ceofnozz1e

sぬapeぬ農d　not　been　per食》】［med鍾U　now，

　㎞t短s　paper，the　f1ow　across　the　nozzle　and　theτ㎜ner　is

…malyzed越s血g　an　abso1越te　coordinate　system．Unsteady　Euleずs

equa近ons　are　solved　by　using　the　MAC　method，To　obta垣

P∬es町eeasily，tぬe膿血・d・f㎞iねt磁c・mpfes戯・nisら 肋eα
Moreover，fbr　quick　calculation，㎞plicit　method　of　Crank－

Nicolsonisut漉edandanohginalmethodis毎edtoachieve

sHp　wall　cond辻ion．The臨eoretica1discharge玉oss　can　be

calcu1ated丘omthec込angeinang曲mome加monthe㎜㎝

pe亘pheσ　ob臨ed　by廿1e　above　me廿10d．丁益us血e　per薮）rmallce

can　be　predicted．

　nea曲・rshaveakeadydesigゑeda騨tables飯ape・fa

modclt斑bineexpe面en毎Uy‘η。lnthisrepo鵡theaccuracyof

this　ana1ysis　is　verifled　sumcie且t　by　comparison　between　the

calculatedlesultsandtheexper㎞en楓results．

NO棚NCIATURE

α Sonic§peed　ofwater
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Vector component into normal direction on 

awali 

Pressure 

Flow velocity on a wall 

Velocity component into tan.'ential direction 

alon*' wall 

Velocity component to x (horizontal) direction 

Velocity component to nonnal direction of a wall 

Velocity componen-t to y (vertical) direction 

Value on a free surface: 

Component of horizontal direction 

Component of vertical direction 

calculus about pressure. 

Pressure is obtained by repeating above calculati.ons and 

the following at the same time step, until the pressure difference 

between left hand and right hand bccomes zeroc') 

[
 
= 

 

au av 
n~1 + * C
 p'+1 +p '+1 ax ay 

(
3
 
)
 

Here, m is the nurnber of repeated calculations needed in the 

same time step k. 

ln the compressible unsteady continuity equation, the vaj:ue 

of C can be predicted from sonic velocity a. Hox~'ever, to 

increase the stability of the calculation, the sonic velocit.v is set 

to be around 5 tirnes of maxi:num velocity of flow in the solved 

area, which is a much smaller value than that of real fluid. The 

influence of this value ceases when the resuit conver*'es. 

ANALYSIS METHOD 

FDM and calculation crrids 

Unsteady Eule~s equations are used for this calculation. 

The MAC method is used with staggered square ,:grids, which is 

adopted in order to prevent divergence of the results. The 

Crank-Nicolson:s inplicit method is used in calculating the 

unsteady phenomenon in order to irnpro ve the converg ence of 

the results and .to increase calculational speed. These equations 

are transformed for FDM, then the velocity u in the x direction 

att~l+1 time step is : 

B 
uA~i = 

 

l I a~e A
 At+~ ax = 1) 
[
 
-
$
 
J
 

1 1 au au I ap B=u At ~ 

Similariy, the velocity v in the y direction is : 

B' 
vi+ I = 

' 
l I av A

 = t+~ ay [
 
-
a
 
j
 

B'=v I I av u av I ap g 
At ~ 

(2) 

where, g, k and t denote acceleration due to gravity, time step 

number and tirne interval of one time step respeetively. All 

variables without subscript indicate values at k time step. 

Upwind difference scheme of flfst order approximation is used 

for the differential calculus concenting flow velocity. Central 

difference method of first approximation is used for differential 

Calculation rocess 

In this analysis, the markers represent particles moving 

with the velocity of liquid phase flow and are used here to 

distiilguish a liquid phase from an air phase. Velocity of the 

marker is obtained by frst approximate interpolation betl;~'een 

the velocities at four sides of the grid having the marker. 

To avoid the existence of liquid phase celb without the 

markers, more than two generatin." points of the markers per cell 

are installed on the entrance of the flow area. Moreover, the 

markers are generated at time intervals of about l/5 of the 

period taken by the marker to go tbrou."h one cell. If 8 cells 

surrounding the center cell havin.･ no marker include markers, a 

marker is generated at the center of a cell, because a cause of 

the occurrence is that the markers become tbin due to the 

decrease in density. 

Markers which go out of calclllated area are eliminated to 

save the computer memory. When the above-mentioned FDM 

equations are applied to liquid phase, velocity and pressure are 

obtained However, there are the cells whose phases change 

from liquid to air. In this air phase case, the pressure i-> reset to 

a constant value (atrnospheric pressure) and moreover the flow 

velocity is assumed to be zero, at every time step. 

A inconvenient situation may occur that the pressure in tr,e 

cell on the boundary between the liquid phase and air ph~:s-' 

Thi~ 
becomes high, when the velocity on the boundary is zero. 

su.'*'ests the necessity to accelerate the fluid in the celi 

contacting with a free surface. Therefore, the flow velocity on 

l e on 
tl:he free surface side of the cell is exchanged with the va 

~
1
i
L
h
 the opposite side, in ord~r that the flow in the cell moves 
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Fig. I Slip condition on a wall 

equal speed. 

The calculation of the three equations of FEM for va:iables 

u, v and p is repeated to satisfy continuity equation at the sa:ne 

time step- Then~ each value at the next time step is calculated 

step by step. Time interval of one step is chosen around 1/zo-

l/40 of the time which the flow takes to go through one cell, 

considering the calculation stability and the speed of the 

solution. 

Fig .2 Method obtaining position of moving walls 

176 

I Untt : mm 

Rt25 

(a) Nozzle and 

runner 

R8 a . A 

Bounda condition 

Slip condition is set on solid walls such as the nozzle wau. 

The following method is applied to active this condition. 

It is necessary to compose the walls by setting the value of 

u and v on each side of the ceu, because the square grids which 

do not fit correctly with the real wall shape are used. The real 

wau shown by a slanted line is expressed by dotted line on cell 

side for calculation such as Fig. I . If the flow velocities U* and 

Uy near the wall aie obtained by calculation at this point then 

norrnal direction velocity components Vx and V* to the wall are 

obtained from normal direction vector n_ The data of vector n 

are provided beforehand from real wall shape. In the calculation 

of the next step, the velocity Ux on the point where x-direction 

velocity is se~ is replaced with Ux' =Ux- Vx. 

in the case of y direotion velocity Ux on the free su:face, 

the velocity is replaced with U* '= Uy-V*. Therefore, the normal 

direction component of the velocity can be corrected without 

changin.･ the parallel direction component to the wall in order 

that the water does not leak out from the wall. As a resul~ the 

smooth wall condition is obtained although the square cell is 

used. However, the velocity on point (a), which is passage side 

of the cell is use(~ beoause the velocity U* is not set at this 

point. ' * 
In the case of movin.･ walls such as runner vanes, the 

xnodified relative velocities Ux' and Uy' are estimated from 

~
~
.
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Fig.4 C alculated area and shape of so lid wau 

relative velocity vector, which is obtained by subtracting 

peripheral velocity from the calculated absolute velocity vector. 

The modifiled absolute velocities used for variables of FDM 

calculation are obtained by adding the peripheral velocity to 

these velocities. It is very difficult to provide the positional 

coordinate data of moving walh for a computer prograrn because 

the positions change at every time step. The moving walls at an 
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arbitrary moment are expressed by rows of points which line up 

in a shorter interval than cell size such as in Fig.2. The moving 

positions of these points at each time step are obtained easily 

because they can bc determined by using Peripheral velocity of 

each radius. The cell sides forming moving wau at each time 

step are decided by connecting the comers of the cells which are 

closest to the*-e points. 

APPLICATION OF TEE METHOD TO CROSS FLOW 

TURBINE 

Fig.3 shows the shape of a model cross flow turbine which 

is used in this analysis. Twenty six cirQular arc vanes are 

installed in the runner whose diameter is 250mm. Equations in 

this analysis are solved in a rectangular area consisting the cells 

whose size is 2.66mm X2.66mm square such as Fi.･.4. The 

markers are generated over the whole ran*"e of the nozzle 

entrance. The runner vanes are assumed to bc thin, and are 

represented by 72 points on the camber line. Then the moving 

vanes fonn the cell boundaries of walis as explained above 

paragraph. T･he pressure at the rumer exit is assumed to be 

atmospheric pressure. It corresponds to conditions of the 

caleulation that the guide vane is full open and the efficiency is 

maxirnum ~~ith a net head of H=2.97m. 

As a calculated result Fig.4 shows the liquid phase region 

in which the markers exist at each time step. Flow conditions 

are shohm in Fi*･s.5(a) to (d) at each time step of 0.06 seconds 

interval afier the moment when water be.'ins to enter the nozzle. 

In real flows, such undisturbed inlet flow is not realized. 

However, these resul.ts are shown in order to evaluate the 

calculation of unsteady flow. 

The line pattems seen in this frgure are formed by the rows 

of markers from several generating points, that is streak lines_ 

The pictures of the flow across the nozzle, entering the runner 

and discharging from the rumer are well expressed. 

Water region and velocity vector diagram afier 0.36 

seconds are shown in Fig.6(a) and (b). The dots which can bc 

seen thinly in the vicinity of the runner are water drops caused 

by the vanes. These fall *･radually because of gravity. The results 

are cont"mned to correspond well with than that of afier 0.51 

seconds as shown in Fi*･ .6(c), if small disorder due to rotating 

vanes are i*･nored. Therefore it can be inferred that these flow 

phenomena have reached steady operating condition. 

Turbulences on the free suface in the downstream of the nozzle 

are caused by the vanes passing across the water. Fi.･.6(d) shows Fig.5 
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a picture of fiow pattem in a experirnental model turbine, 

which is the same in both the shape and the size with the 

calculation, under the same operating condition. The general 

appearanc~ also mostly agrees with the calculated results. 

Now, theoritical shaft power ;V given to the runuer can be 

c alculated from the angular momentum chan."e throu*'h 

following equation. 

r
 W= p u2R Jv.Vsd e (4) 

Here, the cyclic integration is performed ' along the rumer 

periphery. V, and V, are velocity components in radial and 

tangential direction on the runner periphery respectively. Data 

from 6 time steps between 0.36 seconds and 0.51 seconds are 

averaged To do so, velocities in the area where the water phase 

period is less than half of whole ~iod are assumed to be zero. 

Direction of the radial velccity V, is defmed as plus sign when 

the fiow is entering the runner. Direction of the tan.'ential 

velocity Ve is defined as plus sign ¥rihen it refers to the 

direction of the rumer rotation. 

Theoretical hy(kaulic ei~lciency considering only diseharge 

loss is 79:60/0, and is obtained from dividing the valuet of shaft 

power by p g_OH. This result is reasonable because it is about 

5 o/o higher than the experitnental value . This difference can be 

attri'buted to leakage loss, _friction loss and collision loss. 

Moreover, the change of the fiow by the difference of the 

rotating speed is also examined. Fig.7(a) shows the area of 

liquid phase and velocity vectors after I .2 seconds in the case of 

rotational an.'ular velocity 1 5rad/s of the runner. It can be 

confinned, as weu as shown in the experimental results, that the 

flow angles in the entrance to the vane-lcss area of the center 

and in the exit of the runner are close to the vane outiet angle, 

because the rotational speed is slow. Fig.7(b) shows the 

experimental result at the same rotational speed. The flow is 

separated in the runne:r, that is dirferent from calculation, 

because a shaft is installed in the center of a real runner. But an 

overall tendency of the flow angle is almost the same with the 

caiculation. -
In additior~ the result for .the case of 45rad/s is shown in 

Fig.8(a). The opposite tendency to the case of 15rad/s can be 

ob~rved in this result owin.' to large influence of the rotatin-

speed. Fi**.8(b) of an expedmental flow pattem shows that the 

jet width becomes thin as such as calculational result The 

turbulence of free suiface is larger than that of the calculation. 

CONCLUSION 

The fiow in the nozzle and the runner of the cross flor~' 

turbine is analyzed by the MAC method, and the perforr~anc ' 
' e Is 

predicted from the angular momentum change. 

(1) The flow across the runner and the nozzle couid bc analysed 

irrlespective of the difficulties caused by free surf:ace, the 

non-axial symmetry and the flow unsteadiness olvin*' to vane 

rotation. It has bcen confrrned that the results obtained here can 

simulate important aspects of actual flow. 

(2) The power received the runner is calcuiated from the angular 

momentum di~lerence between the entrance and the exit of the 

runner. Then analyzed unsteady results are averaged over several 

time steps. Theoretical performance is obtained by considering 

dischaxge loss. The value thus obtained is reasonable. 

Consequentiy, the present method is usefui for the prediction of 

hydraulic ef~lciency at the design sta."e of similar machineries. 
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