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Virtual photon structure functions and positivity constraints
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We study the three positivity constraints on the eight virtual photon structure functions, derived from the
Cauchy-Schwarz inequality and which are, hence, model independent. The photon structure functions obtained
from the simple parton model show quite different behaviors in a massive or a massless quark case, but they
satisfy, in both cases, the three positivity constraints. We then discuss an inequality which holds among the
unpolarized and polarized photon structure functionsF1

g , g1
g , and WTT

t , in the kinematic regionL2!P2

!Q2, where2Q2(2P2) is the mass squared of the probe~target! photon, and we examine whether this
inequality is satisfied by the perturbative QCD results.

DOI: 10.1103/PhysRevD.66.034014 PACS number~s!: 12.38.Bx, 13.60.Hb, 13.88.1e
el

ss
se
o
or
e
to
e
-
nd

-

ion

ur

, a
ay
ur
ff
p
le

th

l-
to
this

nc-

el-
the

nts
he
l
at-
in-
ed

on

n-
ch

s
se

sts
-

es for
the
the
h

e

are
to
I. INTRODUCTION

The investigation of the photon structure is an active fi
of research both theoretically and experimentally@1#. Struc-
ture functions of unpolarized real and virtual photonsF2

g and

Feff
g* have been measured through the two-photon proce

in e1e2 collisions as well as the resolved photon proces
in the ep collider. From these data the unpolarized part
distributions in the photon were extracted in the framew
of perturbative QCD~PQCD! @2#. On the other hand, ther
has been growing interest in the study of polarized pho
structure functions@3,4#. Especially the first moment of th
spin-dependent structure functiong1

g has attracted much at
tention in connection with its relevance to the QED a
QCD axial anomaly. The next-to-leading order~NLO! QCD
analysis ofg1

g was performed@5,6,7# and, recently, the sec
ond spin-dependent structure functiong2

g of virtual photon
has been studied in conjunction with the twist-3 contribut
@8#. For the real photon structure functionsg1

g andF1
g there

exists a positivity boundug1
gu<F1

g . This bound has been
analyzed recently in detail in Ref.@7#.

Now we note that there appear, in total, eight struct
functions in the case of a virtual photon target@9,10,11,12#,
most of which have not been measured yet and, therefore
unknown. In such a situation, positivity bounds would pl
an important role in constraining these unknown struct
functions. It is well known in deep inelastic scattering o
nucleon that various bounds have been obtained for the s
dependent observables and parton distributions in a nuc
by means of positivity conditions@13#. In our previous paper
@14# we have derived three positivity bounds, among
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eight virtual photon structure functions, which hold mode
independently. The number of positivity bounds reduces
one in the real photon case, and we have checked that
remaining bound is indeed satisfied by the structure fu
tions obtained in the simple parton model~PM!. We also
presented a positivity bound for the quark distributions r
evant for the spin-dependent semi-inclusive process in
two-photon reaction.

In this paper we examine the three positivity constrai
on the virtual photon structure functions. By evaluating t
box ~a quark-loop! diagrams, we first obtain the eight virtua
photon structure functions in the PM and check if they s
isfy the positivity constraints or not. We then discuss an
equality which holds among the unpolarized and polariz
structure functions,F1

g , g1
g , andWTT

t , and we examine the
PQCD results.

In the next section we discuss the eight virtual phot
structure functions which were introduced by Budnevet al.
@9# to describe the absorptive part of the virtual photo
photon forward scattering. The positivity constraints, whi
were derived in our previous paper@14# for the eight inde-
pendents-channel helicity amplitudes, are rewritten in term
of these structure functions. In Sec. III we calculate the
eight structure functions in the PM. We find that there exi
a clear difference, both in thex dependence and in the mag
nitude, between the massive and the massless quark cas
the PM predictions. But for both cases, it turns out that
three positivity constraints are indeed satisfied for all
allowed x region. In Sec. IV we study an inequality whic
holds amongF1

g , g1
g , andWTT

t in the kinematic regionL2

!P2!Q2, where 2Q2(2P2) is the mass squared of th
probe ~target! photon. Since the NLO QCD results forF1

g

andg1
g and the leading order~LO! result forWTT

t are already
known, we will examine whether these PQCD results
consistent with this inequality. The last section is devoted
the conclusion.
©2002 The American Physical Society14-1
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II. PHOTON STRUCTURE FUNCTIONS AND POSITIVITY
CONSTRAINTS

We consider the virtual photon-photon forward scatter
amplitude forg(q)1g(p)→g(q)1g(p) illustrated in Fig.
1:

Tmnrt~p,q!5 i E d4xd4yd4zeiq•x

3eip•~y2z!^0uT@Jm~x!Jn~0!Jr~y!Jt~z!#u0&,

~2.1!

whereJ is the electromagnetic current, andq and p are the
four-momenta of the probe and target photon, respectiv
The s-channel helicity amplitudes are related to its abso
tive part as follows:

W~abua8b8!5em* ~a!er* ~b!Wmnrten~a8!et~b8!, ~2.2!

where

Wmnrt~p,q!5
1

p
Im Tmnrt~p,q!, ~2.3!

andem(a) represents the photon polarization vector with h
licity a, and a50, 61. Similarly for the other polarization
vectors we havea8, b, b850, 61. Due to angular momen
tum conservation, parity conservation, and time reversal
variance@15#, we have in total eight independents-channel
helicity amplitudes, which we may take as

W~1,1u1,1!, W~1,21u1,21!, W~1,0u1,0!, W~0,1u0,1!,

W~0,0u0,0!, W~1,1u21,21!, W~1,1u0,0!, ~2.4!

W~1,0u0,21!.

The first five amplitudes are helicity-nonflip and the la
three are helicity-flip. It is noted that thes-channel helicity-
nonflip amplitudes are semipositive, but not the helicity-fl
ones.

In our previous work@14#, we have applied the Cauchy
Schwarz inequality@16,17# to the above photon helicity am
plitudes and have derived a positivity bound:

uW~a,bua8,b8!u<AW~a,bua,b!W~a8,b8ua8,b8!.
~2.5!

FIG. 1. Virtual photon-photon forward scattering with momen
q(p) and helicitiesa(b) anda8(b8).
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Writing down explicitly, we obtain the following three pos
tivity constraints:

uW~1,1u21,21!u<W~1,1u1,1!, ~2.6!

uW~1,1u0,0!u<AW~1,1u1,1!W~0,0u0,0!, ~2.7!

uW~1,0u0,21!u<AW~1,0u1,0!W~0,1u0,1!. ~2.8!

The photon-photon scattering phenomenology is of
discussed in terms of the photon structure functions inst
of the s-channel helicity amplitudes. Budnev, Chernyak, a
Ginzburg~BCG! @9# introduced the following eight indepen
dent structure functions, in terms of which the absorpt
part of virtual photon-photon forward scattering,Wmnrt, is
written as

Wmnrt~p,q!5~PTT!mnrtWTT1~PTT
a !mnrtWTT

a

1~PTT
t !mnrtWTT

t 1~PST!
mnrtWST

1~PTS!
mnrtWTS1~PSS!

mnrtWSS

2~PTS
t !mnrtWTS

t 2~PTS
ta !mnrtWTS

ta ,

~2.9!

wherePi ’s are the following projectors:

~PTT!mnrt5RmnRrt,

~PTT
a !mnrt5RmrRnt2RmtRnr,

~PTT
t !mnrt5 1

2 @RmrRnt1RmtRnr2RmnRrt#,

~PST!
mnrt5k1

mk1
nRrt,

~2.10!
~PTS!

mnrt5Rmnk2
rk2

t ,

~PSS!
mnrt5k1

mk1
nk2

rk2
t ,

~PTS
t !mnrt5Rmrk1

nk2
t1Rmtk1

nk2
r1k1

mk2
rRnt1k1

mk2
tRnr,

~PTS
ta !mnrt5Rmrk1

nk2
t2Rmtk1

nk2
r1k1

mk2
rRnt2k1

mk2
tRnr,

with

Rmn52gmn1
1

X
@w~qmpn1pmqn!2q2pmpn2p2qmqn#,

k1
m5A2q2

X S pm2
w

q2 qmD , ~2.11!

k2
m5A2p2

X S qm2
w

p2 pmD
and w5p•q and X5(p•q)22p2q2. Note thatRmn is the
metric tensor of the subspace which is orthogonal toq andp,
and thusk1

mRmn5k2
mRmn50. Some useful properties of th

projectors are given in Appendix A. The virtual photon stru
ture functionsWi are functions of three invariants, i.e.,w,
4-2
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q2(52Q2), andp2(52P2), and have no kinematical sin
gularities. The subscripts ‘‘T’’ and ‘‘ S’’ refer to the transverse
and longitudinal photon, respectively. The structure functio
with the superscript ‘‘t’’ correspond to transitions with spin
flip for each of the photons with total helicity conservatio
while those with the superscript ‘‘a’’ correspond to themn
antisymmetric part ofWmnrt and are measured, for exampl
through the two-photon processes in polarizede1e2 colli-
sion experiments. These eight structure functions are rel
to thes-channel helicity amplitudes as follows@9#:

WTT5
1

2
@W~1,1u1,1!1W~1,21u1,21!#,

WST5W~0,1u0,1!,

WTS5W~1,0u1,0!, WSS5W~0,0u0,0!,

WTT
a 5

1

2
@W~1,1u1,1!2W~1,21u1,21!#, ~2.12!

WTT
t 5W~1,1u21,21!,

WTS
t 5

1

2
@W~1,1u0,0!2W~1,0u0,21!#,

WTS
ta5

1

2
@W~1,1u0,0!1W~1,0u0,21!#.

Since the helicity-nonflip amplitudes are non-negative,
first four structure functions are positive definite and the l
four are not. Due to the fact that the absorptive p
Wmnrt(p,q) is symmetric under the simultaneous inte
change of$q,m,n%↔$p,r,t%, all the virtual photon structure
functions, exceptWST andWTS, are symmetric under inter
change ofp↔q, while WST(w,q2,p2)5WTS(w,p2,q2). In
terms of these structure functions, the positivity constra
~2.6!–~2.8! are rewritten as

uWTT
t u<~WTT1WTT

a !, ~2.13!

uWTS
t 1WTS

ta u<A~WTT1WTT
a !WSS,

~2.14!

uWTS
t 2WTS

ta u<AWTSWST. ~2.15!

In fact, the following bounds,

uWTT
t u<2WTT , 2~WTS

t !2<2WSSWTT1WTSWST
~2.16!

were derived, some time ago, from the positiveness of thegg
cross section for arbitrary photon polarization@18#. Note that
the constraints~2.13!–~2.15! which we have obtained ar
more stringent than the above ones@Eq. ~2.16!#.

III. PARTON MODEL RESULTS

For the real photon target,P250, the number of indepen
dent structure functions or helicity amplitudes reduces
03401
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four. They areWTT , WST, WTT
t , andWTT

a , which are often
referred to as

WTT5W1
g , WST5

1

2x
FL

g , WTT
t 52W3

g ,

WTT
a 5W4

g , ~3.1!

and we have only one positivity constraint~2.13!. In our
previous paper@14# we have examined this constraint in th
simple PM. Up to now most of our attention has been
cused on the study of these four functions. In the case of
virtual photon target,P2Þ0, there appear four additiona
structure functions and we have derived three positivity c
straints. But since we do not have much knowledge on
new photon structure functions, it is worthwhile, first, to i
vestigate these functions in the simple PM and then to
amine whether the three positivity constraints~2.13!–~2.15!
actually hold.

We evaluate the box~massive quark-loop with a quar
massm! diagrams shown in Fig. 2. By applying the proje
tors, which were given in Eq.~2.10!, to the box diagram
contributions, we obtain the PM predictions for the eig
virtual photon structure functions,WTTuPM, WTT

a uPM,
WTT

t uPM, WSTuPM, WTSuPM, WSSuPM, WTS
t uPM, andWTS

ta uPM.
Their explicit expressions for the casemÞ0 andP2Þ0 are
given in Appendix B 2. The results are consistent with t
cross sections for thegg→e1e2(m1m2) process obtained
by Budnevet al. @10# except forWTS

ta uPM.1 Also the expres-
sions ofWTTuPM, WSTuPM, andWSSuPM are, respectively, in
accord with those ofFTT , FLT , andFSS given in Ref.@19#.

We plot, in Figs. 3~a! and 3~b!, these PM results for
the eight photon structure functions as functions ofx
5Q2/(2p•q). The vertical axes are in units2 of (a/2p)dg ,
where dg53( i

Nfei
4, with Nf the number of active flavors

We have takenP2/Q251/30 andm2/Q251/100. The al-
lowed x region is 0<x<xmax with

1In the expression oftTS
a , the last one in Eq.~E1! of Ref. @10#

which corresponds to ourWTS
ta uPM , the factor @L1(q1q2)Dt/T#

should read as@L2(q1q2)Dt/T#.
2Our definition of Wmnrt and therefore of the photon structur

functions, is such that they are proportional toa5e2/4p, and not to
a2, in conformity with the nucleon case.

FIG. 2. The box diagrams in the parton model calculation.
4-3
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xmax51Y S 11
P2

Q2 1
4m2

Q2 D . ~3.2!

From Figs. 3~a! and 3~b!, we see that the photon structur
functions can be classified into three groups according
their magnitude:WTTuPM and WTT

a uPM are the first group,
WSTuPM, WTT

t uPM, WTSuPM, andWTS
t uPM are the second one

and WSSuPM and WTS
ta uPM are the third one. By compariso

with WTTuPM and WTT
a uPM in the first group,WSSuPM and

WTS
ta uPM are extremely small in magnitude. Also we see th

the helicity-flip structure functionsWTT
t uPM and WTS

t uPM are
smaller in magnitude than the helicity-nonflip onesWTTuPM
andWTSuPM, respectively. We expect that these characte
tics of the PM results will persist in the actual photon stru
ture functions which would be obtained from future expe
ments.

The graphs in Figs. 3~a! and 3~b! show that all photon
stucture functions tend to vanish asx→xmax and this is the
consequence of the kinematical constraint. Forx→0,

FIG. 3. The PM predictions versusx for the eight virtual photon
structure functions in units of (a/2p)dg for P2/Q251/30 and
m2/Q251/100.~a! WTTuPM ~solid line!, WTT

a uPM ~dash-dotted line!,
WSTuPM ~long-dashed line!, and WTT

t uPM ~short-dashed line!; ~b!
WTSuPM ~solid line!, WTS

t uPM ~dash-dotted line!, WTS
ta uPM ~long-

dashed line!, andWSSuPM ~short-dashed line!.
03401
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WTTuPM andWTT
a uPM both diverge. The former diverges posi

tively, and the later negatively. However, the sum remai
finite since (WTTuPM1WTT

a uPM)/((a/2p)dg) as x→0 @see
Fig. 5~a! below#. The other structure functions vanish atx
50.

It is interesting to note the clear difference, in the PM
predictions for the photon structure functions, between t
massive and the massless quark cases. We plot in Figs.~a!
and 4~b! the results for the massless quark case,m50, with
P2/Q251/30. Now three structure functions,WTTuPM,
WTT

a uPM, andWTT
t uPM, do not vanish asx→xmax and remain

finite. Forx→0, WTTuPM andWTT
a uPM both diverge again, but

the sum tends to zero@see Fig. 6~a! below#.
From the symmetry argument on the absorptive pa

Wmnrt(p,q), we know thatWST and WTS switch into one
another under the interchange ofp↔q, namely,
WST(w,q2,p2)5WTS(w,p2,q2). But this does not mean
WST5WTS. Indeed according to the PM results in the ma

FIG. 4. The PM predictions versusx for the eight virtual photon
structure functions in units of (a/2p)dg for massless quark,m
50, and P2/Q251/30. ~a! WTTuPM ~solid line!, WTT

a uPM ~dash-
dotted line!, WSTuPM ~long-dashed line!, andWTT

t uPM ~short-dashed
line!; ~b! WTSuPM ~solid line!, WTS

t uPM ~dash-dotted line!, WTS
ta uPM

~long-dashed line!, and WSSuPM ~short-dashed line!. Note that
WSTuPM in ~a! coincides withWTSuPM in ~b!, as they should form
50.
4-4
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sive quark case shown in Figs. 3~a! and 3~b!, WSTuPM and
WTSuPM are different in magnitude and also have differenx
dependences. However, we have found that in the limim
50, WSTuPM coincides withWTSuPM irrespectively to the val-
ues ofP2 andQ2, which we believe is not a trivial result.

We plot in Fig. 5~a! the PM predictions versusx of
(WTT1WTT

a ) and uWTT
t u, in Fig. 5~b! those of

A(WTT1WTT
a )WSS and uWTS

t 1WTS
ta u, and in Fig. 5~c! those

of AWTSWST and uWTS
t 2WTS

ta u, for the caseP2/Q251/30

FIG. 5. The positivity constraints and the PM predictions ver
x for P2/Q251/30 andm2/Q251/100. The vertical axes are i
units of (a/2p)dg . ~a! (WTT1WTT

a ) ~solid line! and uWTT
t u ~short-

dashed line!; ~b! A(WTT1WTT
a )WSS ~solid line! and uWTS

t 1WTS
ta u

~short-dashed line!; and ~c! AWTSWST ~solid line! and uWTS
t

2WTS
ta u ~short-dashed line!.
03401
and m2/Q251/100. For massless quarkm50, with P2/Q2

51/30, similar plots are shown in Figs. 6~a!–6~c!. In both
cases we can see that the three positivity constraints~2.13!–
~2.15! are indeed satisfied for all the allowedx region. How-
ever, as we have already mentioned above, the behavio
the sum (WTT1WTT

a )PM show a clear difference between th
massive and the massless quark cases@see Figs. 5~a! and
6~a!#. For a massive quark, the sum reach
23((a/2p)dg) asx→0 and the positivity constraint~2.13!
is satisfied for all the allowedx region with a wide margin.
On the other hand, for a massless quark, it vanishes ax
→0 and the difference between (WTT1WTT

a )PM and
uWTT

t uPM reduces to zero. The fact that the sum (WTT

s FIG. 6. Same as Fig. 5 for massless quark,m50 and P2/Q2

51/30.
4-5
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1WTT
a )PM vanishes atx50 in the case of the massless qua

is explained as follows. The sum is related to as-channel
helicity amplitude of g-g scattering, WTT1WTT

a

5W(1,1u1,1). Now the limiting procedurex5Q2/2p•q→0
with the ratioP2/Q2 fixed is equivalent of takingP2→0 and
Q2→0 and keeping 2p•q finite. So the situation atx50 is
the same as if we were dealing with the tworeal photon
scattering process,g1g→q1q̄. Since chirality coincides
with helicity for the massless quark and the electromagn
interaction preserves the quark chirality, it is known that
amplitude for the two real photons with the same helic
annihilating into a massless quark pair vanishes identic
@20#.

IV. PERTURBATIVE QCD

Now we switch on the QCD coupling. The photon stru
ture functions have been studied by PQCD for many ye
@2#. Especially, in the kinematic region,

L2!P2!Q2 ~4.1!

where the mass squared of the target photon (P2) is much
larger than the QCD scale parameter (L2), some of the pho-
ton structure functions are predictable in PQCD entirely
to the NLO. This is due to the fact that, in this kinematic
region, the hadronic components of the photon~in other
words, the photon matrix elements of hadronic operato!
can be calculated perturbatively. Indeed, the virtual pho
structure functions, such as unpolarizedF2

g(x,Q2,P2) and
FL

g(x,Q2,P2) @21# and polarizedg1
g(x,Q2,P2) @6#, were

studied up to the NLO in the above kinematic region. He
the virtual photon structure functionsF2

g , FL
g , and g1

g are
related to the ones introduced by BCG in Eq.~2.9! as
follows:3

F1
g~x,Q2,P2!52FWTT2

1

2
WTSG ,

F2
g~x,Q2,P2!5

2x

b̃2
FWTT1WST2

1

2
WSS2

1

2
WTSG ,

~4.2!
FL

g~x,Q2,P2!5F2
g2xF1

g ,

g1
g~x,Q2,P2!5

2

b̃2
FWTT

a 2
~P2Q2!1/2

w
WTS

ta G ,

with b̃5(12P2Q2/w2)1/2.
Since the tensorWmnrt(p,q) in Eq. ~2.9! is regular as

p2→0, while the projectorsPTS and PTS
ta are singular asp2

→0 and behave as 1/p2 and 1/A2p2, respectively, we ex-
pectWTS}P2/Q2 andWTS

ta}AP2/Q2. Then, in the kinematic

3We follow Nisius@22# for the definition ofF1
g , F2

g , andFL
g apart

from F1
g being different from the one of Nisius by a factor of 2. F

other definitions ofF1
g , F2

g , andFL
g , see Refs.@7,23#.
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region ~4.1!, b̃'1, and we can neglect the contributions
WTS andWTS

ta as compared withWTT andWTT
a , respectively.

As a result we have

WTT~x,Q2,P2!'
1

2
F1

g~x,Q2,P2!

5
1

2x
$F2

g~x,Q2,P2!2FL
g~x,Q2,P2!%,

~4.3!
WTT

a ~x,Q2,P2!'
1

2
g1

g~x,Q2,P2!.

The positivity constraint~2.13! is now rewritten as

uWTT
t ~x,Q2,P2!u&

1

2
@F1

g~x,Q2,P2!1g1
g~x,Q2,P2!#, ~4.4!

and it is interesting to see if this inequality is satisfied by t
PQCD results. ForF2

g(x,Q2,P2) andFL
g(x,Q2,P2), we can

take the results from Ref.@21# and forg1
g(x,Q2,P2) we use

Ref. @6#. Actually the PQCD results forF1
g andg1

g are given
in the form of Mellin moments, and we need to perform t
inverse Mellin transformation in order to express them
functions ofx. The formula for thenth moment ofF1

g up to
the NLO is summarized in Appendix C. After the invers
Mellin transformation,1

2 (F1
g1g1

g) is expressed in the form
as

1

2
~F1

g1g1
g!5

a

2p
dgFa~x!ln

Q2

L2 1b~x!1O@as~Q2!#G ,
~4.5!

whereL2 is the QCD scale andas(Q
2) is the QCD running

coupling constant.
The virtual photon structure functionWTT

t (x,Q2,P2)
(52W3

g) is expected to be given by the same expression
the PM result up toO@1/ln(Q2/L2)#, since there exist no
twist-2 quark operators contributing toWTT

t . So we take, in
the leading order~LO! @24,25#,

WTT
t ~x,Q2,P2!5

a

2p
dg$~22x2!1O@as~Q2!#%, ~4.6!

where the first term is derived fromWTT
t uPM given in Eq.

~B5!, ignoring the power corrections ofm2/Q2 andP2/Q2.
Now we plot, in Fig. 7, the NLO PQCD result of12 (F1

g

1g1
g) and the LO result ofuWTT

t u as functions ofx for the
case P2/Q251/30 with the number of active flavors,Nf
53. We find that the inequality~4.4! is satisfied for almost
all the allowed x region except nearxmax5Q2/(Q21P2)
~'0.968 for P2/Q251/30!. The violation of the inequality
nearxmax is explained as follows. We observe that the gra
of 1

2 (F1
g1g1

g) falls rapidly asx→xmax. In the language of
the QCD improved parton model, this is due to total mome
tum conservation of all partons in the photon. In fact, t
moments of bothF1

g andg1
g in the LO behave as 1/(n ln n)

for large n and thus inx space they vanish like21/ln(1
2x) asx→1. The NLO QCD corrections further suppressF1

g

4-6
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andg1
g at largex. On the other hand, the LO QCD predictio

of WTT
t is the same as the massless quark PM result, with

power corrections ofP2/Q2 being neglected. ThusuWTT
t u in

Fig. 7 increases monotonically as a function ofx2 and the
violation of the inequality~4.4! occurred nearxmax.

However, thephysical WTT
t should vanish asx→xmax due

to kinematical constraints. The momentum conservation
partons is not applicable here since quark partons in the p
ton do not contribute toWTT

t in the LO, in other words, there
exist no twist-2 quark operators relevant toWTT

t @24#. This
urges the necessity of introducing the quark mass effect
the calculation of the photon coefficient function.~Remem-
ber thatWTT

t uPM in the massive PM vanishes asx→xmax.!
Except for large and smallx, we find that the PQCD pre

diction for 1
2 (F1

g1g1
g) appears to be similar to the massle

quark PM result for (WTT1WTT
a ). In fact, for moderatex,

0.2<x<0.7, the graph1
2 (F1

g1g1
g) resembles closely the

massless quark result (WTT1WTT
a )PM in Fig. 6~a! in shape

and magnitude. Asx→0, we find that the sum1
2 (F1

g1g1
g)

starts to increase.

V. CONCLUSION

To summarize we have investigated the three positiv
constraints for the virtual photon structure functions wh
could be studied in futureepande1e2 colliders. In particu-
lar the virtual photon structure can be measured from
double-taggede1e2 reactions and also from the dijet even
in deep inelasticep collisions.

By evaluating the quark box-diagrams, we obtained
eight virtual photon structure functions in the PM both for
massive and a massless quark. It has turned out that t

FIG. 7. The positivity constraint and the PQCD predictio
1
2 (F1

g1g1
g) ~solid line! and uWTT

t u ~short-dashed line! in units of
(a/2p)dg , for Q2530 GeV2, P251 GeV2 with L50.2 GeV and
Nf53.
03401
e

f
o-

to

y

e

e

ere

exists a clear difference both inx-dependence and in magn
tude between the massive and massless quark PM pre
tions. We have found that the three constraints indeed h
for the PM computation of both massive and massless qu
cases. In the kinematic region,L2!P2!Q2, the NLO QCD
results forF1

g andg1
g and the LO result forWTT

t satisfy the
constraint among these three structure functions for mos
the allowedx region except for the region very nearxmax.

We expect that these bounds will provide useful co
straints for studying the yet unknown polarized and unpo
ized virtual photon structure functions.
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APPENDIX A: PROJECTORS FOR THE VIRTUAL
PHOTON STRUCTURE FUNCTIONS

The projectorsPi ’s are defined in Eq.~2.10!. (PTT
a )mnrt

and (PTS
ta)mnrt are antisymmetric under the interchange

m↔n andr↔t, while other projectors are symmetric. Sinc
Rmn , k1 , andk2 have the following properties:

Rmnqm50, Rmnpm50, RmrRn
r52Rmn , RmnRmn52,

~A1!
k1

mRmn50, k2
mRmn50, k1

25k2
251,

we find

~Pi !
mnrt~Pj !mnrt50 for iÞ j ,

~PTT!mnrt~PTT!mnrt54, ~PTT
a !mnrt~PTT

a !mnrt54,

~PTT
t !mnrt~PTT

t !mnrt52, ~PST!
mnrt~PST!mnrt52,

~A2!

~PTS!
mnrt~PTS!mnrt52, ~PSS!

mnrt~PSS!mnrt51,

~PTS
t !mnrt~PTS

t !mnrt58, ~PTS
ta !mnrt~PTS

ta !mnrt58.

APPENDIX B: VIRTUAL PHOTON STRUCTURE
FUNCTIONS IN PARTON MODEL

1. Parameters

x5
Q2

2p•q
, dg53(

i 51

Nf

ei
4,

b̃5A12
P2Q2

~p•q!2, b5A12
4m2

~p1q!2, ~B1!

L5 ln
11bb̃

12bb̃
,

whereNf is the number of the active flavors andm is the
quark mass.
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2. Structure functions in PM

WTTuPM5
a

2p
dgFLH 2

8x2

b̃

m4

Q4 1
b̃22~122x!2

b̃3

m2

Q21
1

8b̃5
@~12b̃2!~ b̃413!28x$b̃422b̃213%#

P2

Q2

1
1

4b̃5
@2b̃61~2x224x17!b̃41~8x211!b̃213~2x224x13!#J 1

b

12b2b̃2H 216x2
m4

Q4

1
2@~122x!21~4x21!b̃2#

b̃2

m2

Q21
1

4b̃4
@~12b̃2!~ b̃412b2b̃223!18x$b2b̃422~b211!b̃213%#

P2

Q2

1
1

2b̃4
@~2b211!b̃61$2x214b2x26b225%b̃41$4b2x228~b211!x16b2111%b̃223~2x224x13!#J G,

~B2!

WTT
a uPM5

a

2p
dgF L

1

b̃3
H 2x

P2

Q2
1~ b̃212x22!J 1

b

12b2b̃2 H 8x
m2

Q2
1

2x$~b211!b̃222%

b̃2

P2

Q2

1
~ b̃212x22!$~b211!b̃222%

b̃2 J G , ~B3!

WTT
t uPM5

a

2p
dgF2LH 2

4x2

b̃

m4

Q4
1

b̃424x~x11!b̃22~122x!2

2b̃3

m2

Q2

1
12b̃2

16b̃5
@~12b̃2!~31b̃2!18x~ b̃223!#

P2

Q2
1

12b̃2

8b̃5
@3b̃412~x212x24!b̃213~2x224x13!#J

1
2b

12b2b̃2 H 28x2
m4

Q4
1

~12b̃2!@~122x!22b̃2#

b̃2

m2

Q2
2

12b̃2

8b̃4
@b̃422~b211!b̃213

18x$~2b211!b̃223%#
P2

Q2
1

1

4b̃4
@~4b211!b̃62$2x224~2b211!x110b219%b̃4

1$4~b211!x228~b212!x16b2117%b̃223~2x224x13!#J G, ~B4!

WSTuPM5
a

2p
dgFLH 2

b̃41~4x214x22!b̃21~122x!2

b̃3

m2

Q2
1

12b̃2

4b̃5
@~12b̃2!~31b̃2!224x#

P2

Q2

2
12b̃2

2b̃5
@b̃422~x222!b̃223~2x224x13!#J 1

b

12b2b̃2 H 2~12b̃2!@~122x!22b̃2#

b̃2

m2

Q2

1
12b̃2

2b̃4
@~12b̃2!$~2b221!b̃223%28x~2b2b̃223!#

P2

Q2
1

1

b̃4
@b2b̃62$2x224~b211!x

17b214%b̃41$4~b211!x224~2b213!x16b2113%b̃223~2x224x13!#J G, ~B5!
034014-8
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WTSuPM5
a

2p
dgFL~12b̃2!H 2

4x224x1b̃211

b̃3

m2

Q21
1

4b̃5
@~12b̃2!~31b̃2!224x#

P2

Q2

2
1

2b̃5
@b̃422~x222!b̃223~2x224x13!#J 1

b

12b2b̃2 H 2~12b̃2!@~122x!22b̃2#

b̃2

m2

Q2

1
1

2b̃4
@2~12b̃2!$b̃422~b211!b̃213%18x$~b211!b̃42~2b213!b̃213%#

P2

Q2

2
12b̃2

b̃4
@b2b̃422$~2b221!x224b2x13b212%b̃213~2x224x13!#J G, ~B6!

WSSuPM5
a

2p
dgF L

~12b̃2!~32b̃2!

2b̃5
2

b~12b̃2!$32~2b211!b̃2%

~12b2b̃2!b̃4 G H @~12b̃2!28x#
P2

Q2
12~2x224x132b̃2!J ,

~B7!

WTS
t uPM52

a

2p
dgFL A12b̃2

b̃5
H b̃2@b̃22~122x!2#

m2

Q2
1F1

4
~12b̃2!~32b̃2!12x~2b̃223!G P2

Q2

1
1

2
@b̃422~x224x15!b̃213~2x224x13!#J 1

bA12b̃2

b̃4~12b2b̃2!
H 2b̃2~2x21!~2x211b̃2!

m2

Q2

1F1

2
~12b̃2!$~2b211!b̃223%1x$~3b211!b̃428~b211!b̃2112%G P2

Q2

1~3b2x25b21x22!b̃412$~2b211!x224~b211!x13b215%b̃223~2x224x13!J G, ~B8!

WTS
ta uPM5

a

2p
dg

~12b̃2!3/2

b̃3 FL2
2bb̃

12b2b̃2G H 12x2x
P2

Q2J . ~B9!

APPENDIX C: THE nth MOMENT OF F 1
g IN PQCD

The PQCD prediction for thenth moment ofF1
g up to NLO is summarized as follows:

E
0

1

dxxn21F1
g~x,Q2,P2!5E

0

1

dxxn22~F2
g2FL

g!5
a

4p

1

2b0
F (

i 51,2,NS
P̃i

n 1

11l i
n/2b0

4p

as~Q2!
H 12S as~Q2!

as~P2! D
l i

n/2b011J
1 (

i 51,2,NS
Ai

nH 12S as~Q2!

as~P2! D
l i

n/2b0J 1 (
i 51,2,NS

S Bi
n2

P̃i
~L !,n

11l i
n/2b0

D
3H 12S as~Q2!

as~P2! D
l i

n/2b011J 1Cg
n22b0dgBg,L

n G , ~C1!
c-
u
-

-

whereb0(51122Nf /3) is the one-loop QCDb function and
as(Q

2) is the QCD running coupling constant. All the ne
essary information on the parameters in the above form
can be obtained from Ref.@21#. The eigenvalues of the one
loop anomalous dimensions,l i

n( i 51,2,NS), are given in

Appendix A. The parametersP̃i
n , Ai

n , Bi
n , andCg

n , which
03401
la

are relevant to the structure functionF2
g , are given in Ap-

pendix B. Finally the parametersP̃i
(L),n andBg,L

n relevant to
the longitudinal structure functionFL

g are given in Appendix
C.

Thenth moment ofg1
g up to NLO is expressed in a simi

lar form as above and is given in Eq.~3.16! of Ref. @6#.
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