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It is shown inthe framework of operator product expansion andthe renormalization group method that the

twist13 part offlavor nonsinglet spin structure function g2(I,Q2) obeys
a simple Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi equationinthe large Nc limit even in the case of massive quarks (Nc is the number of colors)I
There are four different types of twist-3 operators which contribute to g2 , including quark-mass-dependent

operatorsandthe ones proportionaltothe equation of motion･ They are notal1 independent, but are constrained

by oⅢe relatioⅢ･ A new choice of the independent operator bases leads to a simple f也n of the evol血on

equation for g2 at large Nc. [SO55612821(98)0151917]
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Ⅰ.mTRODUCTION

In experiments of polarized deep inelastic leptoproduc-

tion, we canobtain information onthe spln Structures Ofthe

nucleon, which are described bythe two functions gl(x,Q2)
and g2(X,Q2). ne QCD effects on gland g2 have

been

extensively studied [1]since earlier papers [2-4].Increas-

1ngly accurate measurements of gl have been performed at

SLAC, CERN,and DESY [5],Iwhilethe g2 meaSurementS

s也llhave limited statistical precision [6].
Inthe language of operator product expansion (OPE),the

twist12 operators contribute to gl inthe leading order of

1/Q2･Asforthe structure function g2.,.Onthe other hand,

bothtwist12and twist-3 operators partlCIPate inthe leading

order. Moreover,the number of partlCIPatlng twist-3 opera-

tors grows withspin (moment of g2)･ Becau!e of the in-
crease of血e number of operators and也e mxlng among

these operators,theanalysis of the twist-3 part of g2 ttmS

out to be rather complicated [7-14].In other words,the Q2

evolution equation forthe moments of the twist-3 part of g2

cannot be written in a simple form, but in a sum of terms,the

number of which increases wi也spln.

For血e case of血e twist-3且avor nonslnglet g2, it has

been observed by All, Braun,and Hiller (ABH) [15]thatin

the large Nclimit, g2 Obeys a simple Dokshitzer-Gribov-

Lipatov-Altarelli-Parisi (DGLAP) equation [16]･htheir for-

malism of working directly withthe nonlocaloperator con-

tributing tothe twist13 part of g2,they showedthat local

operators involv血g gluons effectively decouplefrom evolu-

tion equation for large Nc. In facttheiranalysis has been

made withmassless quarks.

Inthis paper, I reanalyzethe Q2 evolution of g2,the
且avor nonslnglet twist-3 part of g2, intheframework of the

standard OPEandthe renormalization group (RG) withmas-

sive quarks. Actually,the OPEanalysis of g2 has been per-

formedalreadyandtheanomalous dimensions of the rel-

evant twist-3 operators have been calculated [8,9,11,17,18].
However, tothe best of myknowledge,the large Nc limit of

g2 has not beenthorough1y studied so farin OPEand RG･
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nlereare four differenttypes of twist-3 operators which con-

tribute to g2 , including quark-mass-dependent operatorsand

the ones proportionaltothe equation of motion･ ney訂e not

all independent, but are constrained by one relation･ It was

pointed out recently by Kodaira, Uematsu,and Yasui [17]
出at any choice of血e independent operator bases leads to a

unique Prediction forthe moments･ Taking a new basis of the

independent operators, I will showthatthe Q2 evolution of

g2 Obeys a simpl早DGLAP equation inthe Nc-∞ 1imitand

thusthe ABH result on g2 1S reproduced even withmassive

quarks･

In血e next section, we choose a new basis fbr血e inde-

pendent operators which con血bute to g2and derive a formal

expression forthe moments of g2 inthe formalism of OPE

and RG. In See. III we obmintheanomalous dimensions for

出is new set of也e independent operators and sbow血at in

the large Nc limit,the Q2 evolution of g2 Obeys a simple

DGLAP equation even in'the case of massive quarks･ Sec-

tionrvis devoted to summaryand discussion.

H. THE OPE ANALYSIS OF g2

Tbe岳pln StruCture function g2 receives contributions from

bothtwis仁2and twist13 Ioperators. However,the twist-2 part

of g2 Canb-e e丈血ted once gl is measured [19]:

gt2W,2(x,Q2)--gl(x,Q2)+

Thusthe difference

gl(y,Q2)

g-,(x,Q2)-g2(x,Q2)-g;w･2(I,Q2)

dy. (i)

(2)

containsthe twist-3 contributions only.

The twist-3 operators which enterthe OPE fortheflavor

nonsingletg-2 arethe following (I followthe notationand

conventions of Refs. [17,18]and omittheflavor matrices

^i):
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[(n-1,Qγ5γqD･pl･･･DPn-.}Q一岩Q-pLD{qDPl･-DPL-1DVL･1･-DUN-1,Q]
-(haces,, (3,

RE"1'-Vn-.-去(vl-Vn-1-L･Ul･Un-1-,),
(l-1,.-

,n-2),

RoVl'‥ILn-1 - in-2ms'串γ5γqDPl･-DVn-2γFLn-1 Q- (traces),m

REOVl---in-2n-1
2JI S'[¢γ5γqDFLl-DFLn-2γFLn-1(ib-m) ¢+ i(ib- m)γ5γqDFLl･

･

･DFLn-2γFLn-IQ]
-

(traces),

(6)

where ( ) m?ans complete symmebization overthe Lorentz indicesand m representsthe quark mass･ ne symbol S′ denotes

symmetrizahon onthe indices pl亡2-Fin-1andantisymmetrization
on ovz･ ･ The operators in Eq･ (4)containthe gluonfield

l

strengthGFLVand its dualtensor GFLV-す8FL]WβGαβandtheyare glVen by

Vl-
-ingS'¢γ5DPl･-G叩E･ ･･DFLn-2γFLn-1¢-(traces),

ul- in~ lgs'QDFLl･-eOVt･ -DFLn-2γJLn-1Q-(traces),

where g isthe QCD coupling constant. nle OPeratOr R; in

Eq. (6) is proportionaltothe equation of motion (EOM op-

erator)･The above twist-3 operatorsar.e not all independent,

butthey are constrained bythe followlng relation [7,12]:

RFqPl-･Vn-1一竺ユRoVl･-ルー1n
m

n-2

+ ∑ (n-1-1)R,qPll''Vn-1+REOyl'''Pn-1
J-1

(9)

Thus in totalthereare n independent operators conbibuting

tothe (n- 1)thmoment ofg2. But we will see laterthat in

the Nc-∞limit,the (n I
1 )thmoment is expressed in terms

of one operator RFO'vl'''Vn-
1

Inalltheanalyses ofg2 Performed so farintheframe-

work of OPEand RG, operators Rl,Rm ,RE Of
Eqs. (4)-(6)

have been taken asindependent bases. In this paper I choose

RF,Rt
,RE aSindependent operators, replacing Rm withRF

of Eq. (3).The advantage of this choice of operator basis is
thatthe coefBcientfunctions take simple forms atthe tree-

1evel. In fact we have [17]

E芸(tree)-1,ET(tree)-0 for I-1,-,n-2, (10)

sincetheantlSymmetric part of the short distance expansion

forthe product of two electromagnetic currents canbe writ-

ten at the tree level as

汁d4xeiq 'xT[Jp(x)Jy(0)]lamtisymetric

ニーie〝γ入qdn=?3,...(;)nqpl-qvn_1
×〈RqoVl'''Pn~1+RFOVl'''Pn-1)+-,

where dots
･ ･ ･

stands for nonleading termsand

R叩1'‥Vn11 - in-1 ¢γ5γ(qDFLl･-DPnll)¢- (traces)q

(ll)

(12)

are twist-2 operators which contribute to gland g12W･2･ It is

truethat due tothe relation, Eq･ (9),R芸pl'"Vn-1canbe ex-

pressed in terms of other operators.When eliminatlng R;,
we obtain a different set of coefacientfunctions. h other

words,the (tree-level)coefacientfunctions are dependent

upon血e choice of也e independent operators [17].
The renormalization constants for this new set of indepen-

dent operators are written inthe matrix form as

二

β)

乃
b
.
乃
ー
■

れE

F
k
:

Q(

E< )

l
N
e
t
N
5
f
N

g

-
N
I
-
N
=
O

‰
l
N
5
o

p爪)

E
:
L
L
.
E
:
･
ノ
E
:
g

A;

n(

月

(i,j-1,..
,n-2),

(13)

wherethe sufax R(B) denotes renormalized (bare)quanti-
ties.

Now we proceed to也e moment sum mle fわrg2. De丘ne

the matrix elements of composite operators between nucleon

states withmomentum pand spln S by
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〃-1
(p･sIR,qPll''似1lp,s)ニーrrdn(sqpPl-sPIpq)pV2･･･pVn-1

(p,sIRIOVl'''Vnlllp,s)ニーfニ(sqpvl-sPIpq)pP2･-pun-1,

(p,sIREOIPl‥●Pn~1lp,s)-o･

Normalization is suchthat for free quark target, we have

dn- land f乙-a(g2).It is recalledthat physicalmatrix el-
ements of血e 巴OM operators vanish [20].Using Eqs. (14)-

(16),we canwrite downthe moment sumru1e for g12 aS

Mn= I.Idxxn- 1g-2(x,Q2)

n-l _
1
n-2

■l′ ▲

て㌃dnE;(Q2)'妄言fiET(Q2)･
(17)

The coefAcientfunctions E芸(Q2)and ET(Q2) satisfythe
followlng renOrmalization group equation:

(p孟.β(g,孟-γm(g,-£)Ez･-7jiE)･

for i,j-F,1"..,n-2, (18)

where β(g)and γm(g) arethe QCD βfunctionandthe

anomalous dimension of mass operator, respectively･ Tもe

anomalous dimension mabix γij Ofthe composite operators

R;andR? withl-1,･･"n-2 isdefinedas

ラij-[z-lp;]ij
for
l,j-F,1,...,n-2. (19)

Notethattheanomalous dimension matrix which appears in

Eq. (18) is a transposed one･ nis comes from our conven-

tion of defining renormalization constants andanomalous di-

mensions of血e operators in Eqs. (13)皿d (19).
Inthe leading-logaritlmic approximation,the solutions of

the RG equations in Eq. (18)aregiven as follows [21]:

ET(Q2,- [exp(i;1n(謡))L.
for i-F,1,...,n-2,

(20)

Xtj= CG
(j+1)(j+2)

(I+1)(i+2)(i-j)
+(2C∫-CG) (-1)トり

β(g)--βog3'o(g5), βo-存評

where a(Q2) isthe QCDruming coupling constant, P.and

ラ(o)mare,respectively, one-loop coefficients of the βfunc-
tionandanomalous dimension matrix,

ハ′､ n ,.,_/i､ ^

1 llNc-2nf

(21)

%･(g)
-

%9)ng2+a(g4), (22)

withnf beingthe number offlavors,and we have usedthe

factthat E芸(FL2)-land ET(FL2)-o (fori-1,…,n-2) at

血e lowest-order.

ⅡI. MOMENT SUM RULE FOR g2

IN THE LARGE Nc LIMIT

Now we needthe information ontheanomalous dimen-

sions (ラ(o)A)Fi(fori-F,1,...,n-2). We canget it without
embarking on a new calculation of the relevant Feynman

diagrams. We uti1izethe existlng results ontheanomalous

dimension matrix forthe operators Rt,Rmand
RE. Inthe

case of the conventionalchoice of Rl,Rmand RE aS inde-

pehdent operators, -the renormalization constant ma由x takes

a triangular form

Zlj Ztm ZIE

0 Zmm 0

0 0 ZEE RR;i)R

(i,j-1,...,n-2).

(23)

Intheminimalsubtraction (MS) renormalization scheme, Zi).
is expressed as

zij-6,･j-&xi)･
'i,j-1,･･･,n-2,m,E', '24'

where 8-(4-d)/2 withdthe space-time dimension,and

the
copponents

Xij have been calculated [8,9,ll,18]･The
following isthe result on Xij taken from Ref･ [18]:

n-2C)I-1(n-1+I-j).
2(-1)J

n_2Cl_I
(n-1)(I-j) 'l(I+1)(i+2)

x"-cG(‡一占一志-よ-sl-Sn-I-1)I(2CF-CG,(よ･
+CF(3-2SL-2Sn_I_I),

094007-3
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Xlj= CG

Xlm-

(n-llj)(n-j)

(n-1-I)(n-i)(j-i)

4CF

nl(i+1)(I+2)I

+(2CF-CG)

Xmm-14CFSn_1.

(-1)トり +(-1)n-)

PHYSICAL REVIEW D 58 094007

n12Cj(n-1-i+j).
,

…_in-2-1Cn-21j

n_2CE(n-1)(j-I)

＼ ~′

n-I

If we impose也at血e renomalized皿d bare operators,

respectively, satisfythe constmint Eq. (9),wefindfrom Eqs.

(13)and (23) that Z-'sare related tothe conventionalZ's as

fわllows :

n-2

zFF-Zmm+岩l;1(n-1-i)ZLm･ (29)

n-2

z-,i--(n-1-j)i,,+∑ (n-1-1)Zt],
J-1

(30)

乃

ZIF=
㌃7Zlm

, (3l.)

n

zEj=Zt)･-
㌃7(n-

1
-j)ZLm, (32)

where I,j- 1,...,n-2. Using MS schemerule, 1/e-1n /▲2,
we obtain,from Eqs. (19)and (22),

n-2

-8q2貯-x-m･岩l;l
(n-111)XE-, (33)

8q2holn-4CF(Sn_1- ;+

(∫+1≦ノ≦〝-2), (27)

(28)

-8打2%0)A)n--(n-
1
1j)

n

Xmm+
㌃｢

n-2

×∑ (n-1-I)XEmJ-1

n-2

+∑ (n-1-i)X,)A,
J-1

n

187,2碓'n-㌃7XLm
,

n

-8q2%9'n-xlj-㌃7(n-
1
-j)Xtm,

(34)

(35)

(36)

It is straightforward to calculatethe above 7f,9)nuslngthe
expressions Xij in Eqs･ (25)-(28)･Especially, we obtain

(37)

8q2W,I,n--(2CF-CG,[(n-j,(2Sn-1-Sj-Sn-j-l･1･三)
j-1

+∑ (n-トl)J-1

+(n-1-j)

(-1)l'j n-2Cj(n-1-1+j).
,

.1nl,･n-21tCn-2-j+(-1)nl)
A_2Ct (n-1)(j-i)

1 2(-1)∫

n-1 I j(j+1)(j+2)

n-2

+∑ (n-1-I)
∫-メ+1

(-1)t')I

forj-1,...,n-2･

-

I

,fjJ:-::
n-2Cj-I(n-1+i-j).

2(-1))

n_2Cl_1
(n-1)(I-j) 'l(i+1)(I+2)

094007
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Now we seethat the mixlnganOmalous dimension %O])A
turns out to be proportionalto (2CF- CG)･ Since

N2c- 1

cF=布~, CG=Nc, (39)

we have 2CF-CGandthus %0)A)n-ointhe Nc-∞ limit･

Then Eq. (20) gives

E;'Q2'-(謡);Loin/2Po,
(40,

ET(Q2)-o for l-1,…,n12. (41)

Retuming to Eq. (17),wefindthat, at Nc going to infimity,

the moment sumru1e for g2 takes..a simple formas follows:

I.1dxxn-lg-,(x,Q2'-Zdn(謡)舶(42,
wi仙

hoin 2Nc(Snll- 1/4+1/2n)

2Po (1/3)(llNc-2nf)
(43)

In other words, at large Nc,the operators R｢Pl'''Pn-1
in-

volvingthegluonfields
decouplefromthe evolution equa-

tion of g2andthe whole contribution is represented by one

type of operators RFOVl'-'Pn11･ withthe substitution CF

-Nc/2and n -j+ 1,theanomalous dimension 8q2%01nco-
incides withEq. (18) of Ref, [15].Ths completesthe repro-
duction, intheframework ofOPEand RG, of the ABH result

Ong2･

IV. SUh4h4ARY ANDDISCUSSION

It should be emphasized that we have reproducedthe

ABH result without assuming maSSless quarks･ A question

expected to come up Immediately isthatthe replacement of

the mass-dependent operator R: withR; may
be equivalent

to working withmassless quarks. Theanswer is no･ Indeed it

canbe shownthat even when we includethe mass-dependent

operator R:amongthe independent operator bases, we reach
the same conclusion. Let us take, foranexample, RnF, Rア
(withl-2,...,n-2), R:and R; as independent operators

replacing one quark-gluon operator RT= l WithR芸･
Withthis

choice of new operator bases,the moment sumrule for g2 1S

written in terms of the coefficientfunctions郎(Q2),
ET(Q2)

withl-2,…,n12,and Eニ(Q2).The renormalization con-

stants forthese operatorsare written as

乃
h
.
乃
-
1

E:

m

E
:
L
i
l

a(

Q(

Q(

Q(

PHYSICAL REVIEW D 58 094007

Lq

<N

e
･
N
5
o
<
z
E

㍍
㍍
㍍
o

<ち<N

l
h
o

o

･N

E
<
N
5
o

o

れ
L
z
I
E
:
･
ノ
乃
刑
乃
g

a(

Q(

Q(

E<

E爪

(I,j-2,."n-2). (44)

Again imposlngthat the renormalizedand bare operators,

respectively, satisfythe constraint Eq. (9),wefindthat 2's

are related to conventionalZ's as follows:

n12

2FF-言≒
,E
(n-111)Z‖,

n12

2,i--(n-1-j)2F,+∑ (n-1-i)Zt],
J-1

n-2
n-1 ^ n-1

(45)

(j-2,...,n-2), (46)

rB i

zF-･-一ニナ2FF'rrZm-'∑
(n-1-I)ZLm･ (47)

J-1

Then itis easy to obtainthe followlng One-loop coefacients

of the relevantanomalous dimensions

8二2酢4CF-(sn-11左.去)
+terms proportionalto (2CF-CG), (48)

8･w2M])n-(2CF-CG)for j-2,- ,n-2, (49)

8
･7T2脱ncE(2CF-CG).

(50)

InsertlngtheseanOmalous dimensions tothe solutions of the

RG equations forthe coefBcientfunctions E芸(Q2),ET(Q2)

(i-2,...,n-2)and A:(Q2),

E?(Q2,-(exp[Gln(謡)])Fi
for i-F,2,...,n-2,m, (51)

we obtain inthe large Nc limit

E;'Q2'-(謡);kolnnpo-E;'Q2,,
(52,

ET(Q2)-o for i-2,…
,n-2,

(53)

i:(Q2)-o.

094007-5
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Thus we reachthe same conclusion Eq. (42) even when we
include血e mass-dependent operators among血e indepen-

dent operator bases.

A few commentsare in order. Firstly,the twist-3 quark-

gluon operators R? decouplefromthe evolution equation for

g2 at large Nc ･ T山s might be explained byanargument on

quark condensate [7].A hint isthatthe mixinganomalous
dimensions %0,･)nturnout to be proportionalto (2CF
-

CG). Ⅵ-ere are two types inthe products ofcolor matrices

entenng lntOthe calculation of anomalous dimensions forthe

navor
nonslngletg2 :

･bTTb-(cF一言cG)Ta-一完ra,
(55,

･bTbTa-CFTa-;(Nc-;)Ta･
(56,

It is argued in Ref. [7]thatthe quark condensate containsall

colorsand at large Nc ,the condensate polarization
becomes

smallandthatthe combination TbT2Tb is connected with

condensate polarization effects.

Secondly, we have chosen particular sets of the indepen-

dent operatorsand reached a simple formforthe moments of

g2 inthe large Nc limit. However,arbitrariness inthe choice

of the operator bases should not enter into physicalquantities

[17].A different choice of the operator bases leads to differ-
ent forms fortheanomalous dimension matrixandthe coef-

ficient functions. Recallthatthe constmint, Eq. (9),gives a

PHYSICAL REVIEW D 58 094007

relation Ⅲnongthe tree-level coefBcientfunctionsandalso a

relationamongthe matrix elements of the operators. After

diagonalizing血e皿Omalous dimension ma由x皿d uslng

these relations, we canarrive atthe same conclusion forthe

moments of g2 in血e 〃c-∞ 1imit･ What we did in血is

paper isthat we chose particular sets of basesfromthe be-

glnmng Which include an operator血at represents血e whole

contribution to g2 for large Nc ･

Final1y,the nucleon has other twist13 distributions,

namely, chiral-odd distributions hL(x,Q2)and e(x, Q2) [22].
Just likethe g12 Case,the Q2 evolutions offlavor nonsinglet

hL(x,Q2)and e(x,Q2) turnout to
be quite complicated due

to mixlng Withquark-gluon operators,the number of which

increases wi血spin. However, ithas been proved [23]血atin
the large Nc limit,these twist13 distributionsalso obey a

simple DGLAP equation. The proof holds true only when we

work withmassless quarks.
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