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IT@ IS@ FREQUENTLY@ ASSERTED@ that@ mean-va Ⅱ     ance@ criterion@ is@ a@ valid 

effici   ncy@c Ⅰ     teTon@@@   and@only@if@distributions@are@normal@or@utility@ functions@ are 

quadrati   ・ For@example,@the@propoStion@of@ the@suffici   ncy@appears@in@Fama@and 

Miller@ ⅠⅠ   Chap ・ 6;@ the@ propoSti   n@ of@ the@ necessity@ appears@ in@ Tobin@ [18. 

Samue Ⅰ   on@ Ⅱ   ]@ and@ Kr0l@ et@ al ・ L   ];@ furthermore,@ Hakansson@ [3],@ Levy@ and 

Markowitz@ Ⅰ   ]@ cl3m@ the@ equiva Ⅰ   nce ・ However,@ these@ authers@ did@ not@ give 

the@ rigorous@ proof@ and,@ as@ far@ as@ I@ know,@ it@ does@ not@ exist ・ 

The@ purpose@ of@ this@ paper@ is@ to@ show@ that@ the@ sufficiency@ @@   correct,@ but 

the@ necesSty@ is@ not@ correct ， 

It@ @@   assumed@ throughout@ that@ any@ utility@ function@ u{x}@ is@ of@ the@ von 

Neumann-Morgenstern@type,@nondecreasing@and@concave ， The@ risks@considered 

are@ random@ variab Ⅰ   s@ X@ with@ given@ probabiliy@ di   tributi   ns@ F{x) ， 

M ean-variuance  cm mtenion 五       cal Ⅰ   d valid if it can achieve consistency with 

the@von@Neumann-Morgenstern@postu Ⅰ   tes;@increaSng@variance@a2@(or@F)@decreases 
(or@ （ increases)@ the@ expected@ utility@ E@X)@ for@ a@ given@ expected@ return@ @@ (or 
。 ' Ⅰ・ 

Of@ course,@ we@ must@ assume@ that@ the@ditributi   n@ functi   ns@ are@ comp Ⅰ   tely 
determi   ed@by@the@two@first@ moments@ y-.@ o2;@ otherwise,@ mean-variance@ criterion 

wwould@ not@ necessarily@ be@ valid ・ 

THEOREM@ 1.@ If@ the@ utility@ functi   ns@ are@ quadratic,@ then@mean-var Ⅰ   nce 

criterion@ is@ valid ・ 

P Ⅰ o が :  ConsideF  the  quadratic  utlhty  function 
u(x) 二の十 み ヱ一Ⅰ ヱ 2 

where@ b@>@0.@ c@>@0.@ and@ a:@ is@ constr3nted@ to@amounts@ Ⅰ   ss@than@52c ・ Admit ・ 

tedly,@ the@ domain@ of@f{x)        also  an  interval  ( 一 ㏄ ，あ 72c). 

Then@ we@ get 

E ぴ (X)  二三 Ⅰ f/22f ヱ一㏄ ( は 日 + み て -@  Ⅰ ヱ 2 Ⅰ ア て て ) ぱ 
二乙十 みが 一 c レ 2 千 p2). 

If@ p ・ and@ ff2@ show@ a                                                     the result is re8ly trivial by the 

quadrat@@   form@ of@ u{x} ・ Therefore,@ we@ assume@ that@ [z@ and@ a2@ are@ independ- 

ent@ variables ， 

Taki   g@ derivatives@ we@ find 

aE ㎡Ⅹ )     桟 Co く 0, 9Eu{X) 二あ ー 2%  ノ 0  . 
9a @ 

Q.E.D. 
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Before@ proceedi   g@ to@ the@ next@ theorem,@ we@ need@ the@ fol Ⅰ   wi   g@ prCimi ， 
naries@ (Hammond@ [4])@: 

LEMMA@ (Hammond) ・ Suppose@ that 
(a)@ the@ probabiliy@ distFbuti   n@ functions@ of@ random@ va Ⅱ     ables@ X@ and@Y@cross 

at@ most@ once 

(b)@ EW@E{Y) 
(c) as 四ニ ncreases from --- ㏄ フ FY(W Ⅰ一 % 百トⅩ ( 辿 Ⅰ is                           

(d)@ a@ utility@ function@ @@   nondecreasing@ and@ concave 
Then@ Eu(X)@<@Eu{Y) Eu(X}・ } ・ ・ 

THEOREM@ 2.@ If@ the@ 4stributions@ are@ normal,@ then@ mean-vari   nce@ cri- 

teFon@ is@ vai   . 

Proof:@ Suppose@ that@ X@ and@ Y@ are@ independent,@ norm3@   AN(0.@ o ， i2)@ and 

N((0.  a22), <712 コ ン 0,22  respectlvely.  Then,  we  get   
    Ⅰ てひ 2 

    2 口 22   
Therefore,  the  sign  of  values  of  (4dW) に y(W) 一あ (W)]  changes  from  コ 
through  十 ， to  Ⅰ Then  we  can  show  that,  by  Fy( 一 ㏄ ) 一 %( 一 ㏄ )  =  0  and 
Fy( ㏄ ) 一あ ( ㏄ )  =  0 ， X  and  y  sahsfy  the  cond ㎡ ons  (a)  and  (c)  of  the  Ham- 
mond ， s@ lemma ・ 

Therefore, (QEu(X)}/W 材 ) く 0. 
Next,@ suppose@ that@ X@and@ Y@ are@ independent,@ norm3@ N@l,@a2 ） 

円ノが 2.  Clearly,  Fx(W) く F パ %)  for  all  %.  Therefore, 

EX¥ ぴ (wU)] 一 E Ⅰ ぴ ㏄の ] 三 一 Ⅰ " -" [FX(wU) 一 Fy ㏄の ] ガ (W)dW ノ 0 ・ Q.E.D. 
THEOREM@ 3.@ A@val@@   mean-variance@criteri   n@does@not@necessarily@ental 

the@ normal@ distributions@ or@ the@ quadrat@@   utility@ functions ・ 
Proof:@ We@ shall@ give@ the@ following@ counter-example ・ The lognormal 

distributi   n@ defines@ a@ two-parameter@ family 

fw=                 

where@ m@ @@   the@ expected@ value@ of@ logX@ and@ s2@ @@   the@ variance@ of@ logX. 

There@exists@a@one-to ・ one@mapping@between@a@m-s2@pair@and the correspondi   g 

momentS of X, が 一の 2 pal 丁 : 
が 二名 Tm+s2/2, 02 二 ( せ Tm+s2/2)2( が ' 一 

Ⅰ ). 
NoVy  we  assume  that  the  utility  function  is  卸 「 )=  loe  ヱ ・ After some com- 

putations,  we  have  (Feldstein  [2]) 

  

Since  aE ぴ (x)7a 口 く 0  and  aE ぴ (X)/a が ノ 0 ， mean.va 丘 iance  c Ⅰ れ e て ion        va は d  wh Ⅱ e 

the@d@tribution@is@not@normal@and@the@utility@ function@ @@   not@ quadrati   ・ Q ・ E ・ D. 
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