
The Ambiguity Premium vs. the Risk Premium

under Limited Market Participation∗

Takashi Ui

Faculty of Economics

Yokohama National University

First Draft: January 2008

This version: April 2010

Abstract

This paper considers a stock market with ambiguity-averse informed investors
under the CARA-normal setting, and studies the relationship between limited mar-
ket participation and the equity premium which is decomposed into the risk premium
and the ambiguity premium. In a rational expectations equilibrium, limited market
participation arises if the largest deviation of investors’ ambiguity increases suffi-
ciently or if the variance of the stock return decreases sufficiently. In each case, a
change in the risk premium and a change in the ambiguity premium may have oppo-
site signs. This paper identifies conditions under which a change with the plus sign
dominates and thus the equity premium increases when fewer investors participate
in the stock market.
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1 Introduction

It is well documented that a large fraction of households do not participate in the stock
market even in developed countries. Mankiw and Zeldes (1991) report that only one-
fourth of U.S. families own stocks, and demonstrate that limited market participation
might help explain the equity premium puzzle raised by Mehra and Prescott (1985).
The equity premium puzzle refers to the findings that an observed equity premium is
too large to be explained by the standard asset pricing models.1 The source of the puz-
zle is that aggregate consumption growth covaries too little with stock returns to justify
the large observed equity premium. Mankiw and Zeldes (1991) examine the differences
between the consumption patterns of stockholders and non-stockholders, and find that
stockholder consumption covaries more strongly with stock returns than does total con-
sumption,2 suggesting that the distinction between stockholders and non-stockholders
might help explain the equity premium puzzle. Basak and Cuoco (1998) study a the-
oretical model of limited market participation3 which has properties in agreement with
the empirical findings of Mankiw and Zeldes (1991). Their model is a continuous-time
pure-exchange economy populated by two types of investors, one of which are prevented
from investing in the stock market. Using the model, Basak and Cuoco (1998) show that
the equity premium increases when fewer investors participate in the stock market.

Cao et al. (2005) and Easley and O’Hara (2009) attribute limited market participation
to investors’ ambiguity aversion building on the work of Dow and Werlang (1992).4

In their model of a stock market, investors have maxmin expected utility preferences
axiomatized by Gilboa and Schmeidler (1989); that is, investors have multiple priors
for a stock return because they do not have precise information about its probability
distribution, and maximize the minimum of expected utility by considering the worst
case, where the minimum is taken over the set of priors. More specifically, the stock
return is normally distributed with a mean unknown to an investor, and an investor has
a CARA utility index function with a set of priors for the stock return, which consists of
all normal distributions with means in some fixed interval. Since an investor considers
the worst case, the difference between the true mean and the minimum of the interval

1See Mehra and Prescott (2003) for a survey of the equity premium puzzle.
2For related empirical results, see Attanasio et al. (2002), Brav et al. (2002), and Vissing-Jorgensen

(2002).
3Other theoretical studies of limited market participation include Merten (1987), Balasko et al. (1990,

1995), Cuny (1993), Allen and Gale (1994), and Shapiro (2002) among others.
4Since Dow and Werlang (1992) and Epstein and Wang (1994), financial markets under ambiguity

have been studied by a growing number of papers, including Epstein and Miao (2003), Uppal and Wang

(2003), Liu et al. (2003), Maenhout (2004), and Liu et al. (2005) among others.
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represents a degree of investor’s ambiguity. This may vary across investors and investors
with the lower minimum are deemed confronting higher ambiguity. Cao et al. (2005) and
Easley and O’Hara (2009) show that if investors’ ambiguity is sufficiently dispersed, then
investors with relatively high ambiguity choose not to participate in the stock market,
which gives rise to limited market participation. Furthermore, they show that the equity
premium under limited market participation can be smaller than that under full market
participation, which is opposite to the prediction of Basak and Cuoco (1998) that limited
market participation leads to the larger equity premium.

As pointed out by Chen and Epstein (2002) and Cao et al. (2005), the equity pre-
mium under ambiguity can be decomposed into two components: the risk premium and
the ambiguity premium.5 The risk premium corresponds to the equity premium obtained
in the standard expected utility models. The ambiguity premium comes from investors’
ambiguity aversion and depends upon the average of investors’ ambiguity. Cao et al.
(2005) argue that, when limited market participation arises, the risk premium increases
because fewer investors have to bear all the market risk and demand the larger risk pre-
mium, whereas the ambiguity premium decreases because only investors with relatively
low ambiguity remain in the stock market and accept the smaller ambiguity premium.
In the set-ups of Cao et al. (2005) and Easley and O’Hara (2009), a decrease in the
ambiguity premium dominates an increase in the risk premium, which results in a de-
crease in the equity premium. This result, however, depends upon their specific set-ups:
there exist a continuum of uninformed investors and investors’ ambiguity is uniformly
distributed in Cao et al. (2005) and binominally distributed in Easley and O’Hara (2009).

The purpose of this paper is to elucidate the relationship between the ambiguity
premium and the risk premium under limited market participation, and to identify
conditions under which limited market participation attributed to investors’ ambigu-
ity aversion is compatible with the larger equity premium. Building on the work of Cao
et al. (2005), Easley and O’Hara (2009), and Grossman (1976), we consider a model of
a stock market under both ambiguity and asymmetric information with a finite number
of ambiguity-averse informed investors whose ambiguity profile is arbitrary. By consid-
ering arbitrary ambiguity profiles, we can study general situations resulting in limited
market participation. By considering informed investors, we can take into account of
the following effect of investors’ private signals on the risk premium. When an informed
investor exits from the stock market, information revealed by private signals diminishes,

5Epstein and Schneider (2008) theoretically study the relationship between the ambiguity premium

and information quality. For empirical studies on the ambiguity premium, seeAnderson et al. (2009) and

Erabas and Mirakhor (2007).
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and the conditional variance held by participating investors becomes larger. This leads
to a larger increase in the risk premium than that when an uninformed investor exits
from the stock market. In this paper, we introduce a model and an equilibrium con-
cept capturing the above idea and identify conditions under which the equity premium
increases when fewer investors participate in the stock market.

A rational expectations equilibrium is a natural candidate for our equilibrium con-
cept, but the equilibrium price reflects private signals of non-participating investors.6

On the other hand, we are interested in a situation where more participating investors
bring more information to the market. Hence, we introduce a rational expectations equi-
librium with endogenous participation as our equilibrium concept. This is defined as a
rational expectations equilibrium restricted to a maximal set of investors satisfying the
following conditions: each investor in this set, called a participating investor, receives a
private signal and trades non-zero units of the stock; each investor not in this set, called
a non-participating investor, does not receive a private signal and trades no stock given
the equilibrium price. The maximality of the set implies that even if a non-participating
investor received a private signal, he would trade no stock in the rational expectations
equilibrium.

We derive the equilibrium in a closed form, where the set of participating investors is
uniquely obtained as a solution to some optimization problem. The special case without
private signals coincides with the competitive equilibrium studied by Cao et al. (2005)
and Easley and O’Hara (2009), and the special case without ambiguity coincides with the
rational expectations equilibrium studied by Grossman (1976). We then restrict atten-
tion to limited market participation induced by changes in parameters on knowledge or
information, and show that limited market participation arises if the largest deviation of
investors’ ambiguity increases sufficiently, or if the variance of the stock return decreases
sufficiently. The former case includes the cases studied by Cao et al. (2005) and Easley
and O’Hara (2009). For each case, we derive a necessary and sufficient condition under
which the equity premium increases when limited market participation arises.

Our findings show that the equity premium under limited market participation can
be larger than that under full market participation provided that the difference between
the average ambiguity of participating investors under limited participation and that
under full participation is larger than some threshold even without any private signals.
Hence, the presence of private signals is not necessary but makes for a more compelling
case in favor of a larger equity premium under limited market participation.

6This type of problem in the notion of rational expectations equilibrium has been pointed out and

studied by Kreps (1977) among others.
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More precisely, when limited market participation arises by an increase in the largest
deviation of investors’ ambiguity, the equity premium increases if and only if the dif-
ference between the average ambiguity of participating investors under limited market
participation and that under full market participation satisfies one of the following con-
ditions: the difference is larger than some threshold, or the difference is larger than
another smaller threshold and the variance of private signals is small enough. This re-
sult has two simple but important corollaries for the case without private signals. One
corollary shows that if the average ambiguity of all investors does not increase when
limited market participation arises, then the equity premium decreases. The models of
Cao et al. (2005) and Easley and O’Hara (2009) satisfy this condition, explaining why
the equity premium decreases in their models. The other corollary shows that if the
average ambiguity of investors continuing to participate does not decrease when limited
market participation arises, then the equity premium increases. In this case, limited
market participation, the larger equity premium, and increased ambiguity coexist.

When the variance of the stock return decreases, the equity premium increases if
and only if the variance of private signals is small enough. This is true not only when
limited market participation arises but also when it does not. In other words, the smaller
variance of the stock return results in the larger equity premium if the variance of private
signals is small enough (even when limited market participation does not arise).7 This
result is in clear contrast to the case without either ambiguity or private signals, where
the smaller variance of the stock return results in the smaller equity premium.8

Our findings might help understand the role of ambiguity or uncertainty in the mar-
ket turmoil in the summer of 2007 spread from the US sub-prime mortgage market,
which some economists point out. Bernanke (2007) argues:9 “subprime mortgage losses
that triggered uncertainty about structured products more generally have reverberated
in broader financial markets” and “the resulting global financial losses have far exceeded
even the most pessimistic estimates of the credit losses on these loans.” Bernanke (2008)
also argues: “part of the explanation for the far-reaching financial impact of the sub-
prime shock is that it has contributed to a considerable increase in investor uncertainty
about the appropriate valuations of a broader range of financial assets, not just sub-
prime mortgages.” For example, on July 19 in 2007, the Dow Jones Industrial Average

7This result is consistent with the result of Caskey (2009) because, in both results, more information

or knowledge results in the larger equity premium.
8Easley and O’Hara (2004), Hughes et al. (2007), and Lambert et al. (2006) show that the equity

premium decreases in response to increases in the average precision of investors’ posteriors.
9Roubini (2007) also points out the role of ambiguity or uncertainty in the sub-prime mortgage

financial crisis.
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closed above 14,000 for the first time, but by August 15, it had dropped below 13,000.
Similar drops occurred in virtually every equity market in the world. The associated
flight to quality contributed to surges in the demand for short-dated Treasury bills and
pushed their rates down sharply, implying fewer investors’ participation in risky asset
markets. Our findings theoretically explain the coexistence of these anecdotal evidences
of increased uncertainty, flight to quality,10 and sharply declining risky asset prices.

Financial markets under both ambiguity and asymmetric information11 have been
studied in the context of the no trade theorem (Milgrom and Stokey, 1982) by Dow et
al. (1990), Ma (2001), Wakai (2002), Halevy (2004), and Kajii and Ui (2009) among
others. Recently, studies on rational expectations equilibria in such markets started.
Tallon (1998) considers a two-agent, two-state economy with asymmetric information
and demonstrates that an ambiguity-averse uninformed agent might be willing to pay
to acquire a piece of information which is already contained in the equilibrium price.
Ozsoylev and Werner (2006) introduce an ambiguity-averse uninformed investor into
the model of Grossman and Stiglitz (1980). Condie and Ganguli (2008) consider a
general model and demonstrate that a rational expectations equilibrium can be partially
revealing over a set of parameters with positive Lebesgue measure. Caskey (2009) adopts
the smooth ambiguity aversion model of Klibanoff et al. (2005) and demonstrates that,
under a rational expectations equilibrium, the equity premium with a non-sufficient
statistic can be smaller than that with a sufficient statistic.

The organization of this paper is as follows. Section 2 introduces the model and
the equilibrium concept. Section 3 derives the equilibrium in a closed form. Section 4
provides the main results. Section 5 concludes the paper.

2 The model

We consider a market with two assets: a riskless asset and a risky asset. The riskless
asset is a numeraire, and a price of the risky asset is denoted by p̃. The total endowment
of the risky asset is z > 0.12 For each unit purchased, the riskless asset yields a constant
return 1, and the risky asset yields a stochastic return ṽ,13 which is normally distributed

10Caballero and Krishnamurthy (2008) and Routledge and Zin (2009) study flight to quality induced

by investor’s ambiguity aversion.
11For other general models with multiple agents under both ambiguity and asymmetric information,

see Epstein and Wang (1996), Ahn (2007), and Kajii and Ui (2005).
12In order to simplify our analysis, we do not assume a noisy supply of the risky asset. See Remark 4

to Proposition 2.
13Throughout this paper, a letter with a tilde refers to a random variable. An equation including

random variables is understood in the sense with “almost everywhere” if not otherwise specified.

6



with mean θ and variance 1/α. The inverse of the variance α is called the precision of ṽ.
We assume that investors have a precise estimate of the variance of ṽ, but do not know
exactly the mean of ṽ, following Cao et al. (2005). This assumption is motivated by
the analytical tractability, the empirical evidence on the predictability of the volatility
of stock returns (Bollerslev et al., 1992), and the difficulty in estimating precisely the
expected stock returns.

Let N = {1, . . . , n} denote the set of investors. Each investor either participates in
the market or not. If investor i ∈ N participates, he receives a private signal s̃i ≡ ṽ + ε̃i,
where ε̃i is normally distributed with mean 0 and variance 1/β, and random variables
ṽ, ε̃1, . . . , ε̃n are independent. Investor i then allocates his initial wealth w0i between the
riskless asset and the risky asset. When investor i purchases di units of the risky asset
at a price p̃, his portfolio yields the return w̃1i ≡ w0i + (ṽ − p̃)di. If investor i does not
participate, he does not receive a private signal and continues to hold his initial wealth
w0i. Since each investor observes a price p̃, investor i’s information is Ĩi = (s̃i, p̃) if he
participates and Ĩi = p̃ otherwise.

Investor i ∈ N has a CARA utility index function ui(w̃1i) = − exp(−w̃1i/γi) with
γi > 0, which induces maxmin expected utility preferences à la Gilboa and Schmeidler
(1989) as described below. Investor i does not know θ, but he believes that θ is contained
in an interval Θi ≡ [θi, θi]. On the other hand, investor i knows α and β. Thus, investor
i knows the way θ determines the joint distribution of Ĩi and ṽ, and uses the conditional
expectations operator Eθ′ [·|Ĩi] for each θ′ ∈ Θi to evaluate his portfolio. Investor i is
ambiguity averse and evaluates his portfolio in terms of the minimum of expected utility
where the minimum is taken over Θi; that is, the demand for the risky asset of investor
i with information Ĩi is

di(p̃|Ĩi) ∈ arg max
di

min
θ′∈Θi

Eθ′ [ui(w0i + (ṽ − p̃)di)|Ĩi].

In the above description of preferences, it is assumed that investor i ∈ N updates each
prior in his set of priors {N(θ′, 1/α)}θ′∈Θi

conditional on his information Ĩi to obtain his
set of posteriors {N(Eθ′ [ṽ|Ĩi], Vθ′ [ṽ|Ĩi])}θ′∈Θi

, by which he evaluates his portfolio. This
type of updating multiple priors and maxmin expected utility preferences is called the full
Bayesian updating.14 One of the issues in the full Bayesian updating is a lack of dynamic
consistency.15 Epstein and Schneider (2003) and Wakai (2002) show that an agent is

14For papers suggesting, deriving, or characterizing the full Bayesian updating in various settings,

see Fagin and Halpern (1990), Wasserman and Kadane (1990), Jaffray (1992), Sarin and Wakker (1998),

Pires (2002), Epstein and Schneider (2003), Wang (2003), and Siniscalchi (2006), and Horie (2007) among

others.
15See Epstein and Le Breton (1993) and Eichberger and Kelsey (1996).
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dynamically consistent if his set of priors satisfies a condition called rectangularity.16

Kajii and Ui (2009) show that an agent is dynamically consistent if his initial endowment
of the risky asset is zero. Our model satisfies the latter condition and thus investors are
dynamically consistent.

Concerning the collection of intervals {Θi}i∈N , we assume that
∩

i∈N Θi 6= ∅. This
assumption is a multiple-priors version of the common prior assumption,17 by which we
can exclude the possibility of speculative trade.18

Note that if every investor knows θ, i.e., Θi = {θ} for each i ∈ N , then our model
reduces to that of Grossman (1976). Note also that if there is no private signal, i.e.,
β = 0, then our model reduces to that of Cao et al. (2005) and Easley and O’Hara
(2009) with a finite set of investors: Cao et al. (2005) assume a continuum of investors
with uniformly distributed θi and Easley and O’Hara (2009) assume a continuum of
investors with binominally distributed θi. In section 4, simplified finite-investor versions
of the models of Easley and O’Hara (2009) and Cao et al. (2005) will be discussed as
examples.

Let M ∈ 2N\{∅} be a set of participating investors. A price function for M is a
function pM : RM → R which assigns a price of the risky asset to each realization of
a private signal profile of investors in M , s̃M ≡ (s̃i)i∈M . The following definition of a
rational expectations equilibrium is standard.

Definition 1 A rational expectations equilibrium for M ∈ 2N\{∅} is a price function
pM for M such that p̃ = pM (s̃M ) is a market clearing price; that is,∑

i∈M

di(p̃|Ĩi) = z where Ĩi = (s̃i, p̃).

We need an equilibrium concept which determines M endogenously. If there is no
private signal, there is no need for it: choose M = N , find investors who trade non-zero
units of the risky asset, and regard them as participating. This is an idea of Cao et al.
(2005) and Easley and O’Hara (2009). But if there are private signals, it is not always
appropriate to choose M = N for the purpose of this paper because the equilibrium
price reflects private signals of non-participating investors. In the following equilibrium
concept, we require that an investor receiving a private signal should trade non-zero
units of the risky asset and that an investor not receiving a private signal should trade
no risky asset, by which market participation is endogenously determined.

16Based upon Epstein and Schneider (2003), Epstein and Schneider (2007, 2008) study a general model

of learning under ambiguity and its applications to financial markets.
17See Billot et al. (2000) and Rigotti et al. (2008).
18If

T

i∈N Θi 6= ∅, then the no trade theorem (Milgrom and Stokey, 1982) holds as shown by Kajii and

Ui (2009).
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Definition 2 For each M ∈ 2N\{∅}, let pM be a rational expectations equilibrium for
M . A rational expectations equilibrium with endogenous participation given {pM}M∈2N\{∅}

is pN∗ ∈ {pM}M∈2N\{∅} satisfying the following conditions:

1. If i ∈ N∗ and Ĩi = (s̃i, p̃) with p̃ = pN∗(s̃N∗), then di(p̃|Ĩi) 6= 0.

2. If i 6∈ N∗ and Ĩi = p̃ with p̃ = pN∗(s̃N∗), then di(p̃|Ĩi) = 0.

3. For any M ∈ 2N\{∅} with N∗ ( M , if i ∈ M\N∗and Ĩi = (s̃i, p̃) with p̃ = pM (s̃M ),
then di(p̃|Ĩi) = 0.

Investor i ∈ N is participating if i ∈ N∗ and non-participating otherwise.

We call the case with N∗ ( N limited market participation and that with N∗ = N

full market participation.
By the first condition, each participating investor trades non-zero units of the risky

asset and the equilibrium price pN∗(s̃N∗) reflects solely such investors’ private signals.
By the second condition, the equilibrium price is a market clearing price for all investors
when participating investors receive private signals and non-participating investors do
not. By the third condition, even if a non-participating investor received a private
signal, he would trade no risky asset in the rational expectations equilibrium, by which
he cannot be a participating investor in the above sense. To justify these conditions, we
assume that if an investor is indifferent between an outcome with a private signal and
one without a private signal, then he chooses the latter;19 that is, if an investor does not
expect a strictly positive gain, he does not try to obtain a private signal. The condition
that a non-participating investor does not receive a private signal is indispensable for the
existence of a market clearing price that depends solely upon private signals of investors
trading non-zero units of the risky asset. See Remark 3 to Proposition 2.

It should be noted that if there is no private signal (β = 0), the third condition
does not matter at all. In this case, a rational expectations equilibrium with endogenous
participation is reduced to a competitive equilibrium in the standard sense.

We can interpret pN∗ as a Nash equilibrium of the following game. A strategy set of
each investor consists of “to participate” and “not to participate.” If an investor chooses
to participate, then he receives a private signal, and his payoff is the maxmin expected
utility under the rational expectations equilibrium for the set of investors choosing to
participate. If an investor chooses not to participate, then he does not receive a private
signal, and his payoff is the utility of holding his initial wealth. Suppose that N∗ is the

19Otherwise, people try to obtain all information even if it is useless.
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set of investors choosing to participate. Consider investor i ∈ N∗. His payoff is strictly
greater than that of holding his initial wealth because he trades non-zero units of the
risky asset by the first condition in Definition 2. Thus, investor i ∈ N∗ strictly prefers
“to participate.” Consider investor i 6∈ N∗. His payoff is equal to that of holding his
initial wealth, and even if he chooses to participate, his payoff is equal to that of holding
his initial wealth because he trades no risky asset by the third condition in Definition
2. Therefore, pN∗ can be interpreted as a Nash equilibrium of the above game. In this
game, a player affects the price, but if we consider a continuum of players, he does not.20

3 The equilibrium in a closed form

In this section, we first obtain a rational expectations equilibrium for each M ∈ 2N\{∅},
and then obtain a rational expectations equilibrium with endogenous participation given
the collection of the rational expectations equilibria. In so doing, the following function
Φ : 2N\{∅} → R plays an important role: for each M ∈ 2N\{∅},

Φ(M) ≡ z

α
∑

i∈M γi
+
∑

i∈M γi(θ − θi)∑
i∈M γi

=
z

α
∑

i∈M γi
+
∑

i∈M γiφi∑
i∈M γi

, (1)

where φi ≡ θ − θi. Note that φi represents a degree of investor i’s ambiguity.

Proposition 1 Fix M ∈ 2N\{∅} with m = |M |. The following price function pM for
M is a rational expectations equilibrium for M :

pM (s̃M ) = Eθ[ṽ|s̃M ] − α

α + mβ
min

M ′⊆M
Φ(M ′), (2)

where
Eθ[ṽ|s̃M ] =

α

α + mβ
θ +

mβ

α + mβ

∑
i∈M s̃i

m
. (3)

Let M∗ = {i ∈ M : φi < minM ′⊆M Φ(M ′)}. Then, di(p̃|Ĩi) > 0 for each i ∈ M∗ and
di(p̃|Ĩi) = 0 for each i ∈ M\M∗, where Ĩi = (s̃i, p̃) and p̃ = pM (s̃M ).

Proposition 2 For each M ∈ 2N\{∅}, let pM be the rational expectations equilibrium
for M given in Proposition 1. Let N∗ = {i ∈ N : φi < minN ′⊆N Φ(N ′)}. Then,
pN∗ is the unique rational expectations equilibrium with endogenous participation given
{pM}M∈2N\{∅}.

The following lemma characterizes M∗ and N∗.
20We do not consider a continuum of investors to avoid a measurability issue of Θi’s and simplify our

analysis.
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Lemma 1 For each M ∈ 2N\{∅}, M∗ = {i ∈ M : φi < minM ′⊆M Φ(M ′)} if and only
if M∗ is a minimal set contained in arg minM ′⊆M Φ(M ′). Also, M∗ = {i ∈ M : φi <

minM ′⊆M Φ(M ′)} if and only if M∗ = {i ∈ M : φi < Φ(M∗)}.

Proofs of the above results are relegated to the appendix.

Remark 1 If β = 0, then pN∗ is the competitive equilibrium studied by Cao et al.
(2005) and Easley and O’Hara (2009). If Θi = {θ} for each i ∈ N , then φi = 0 and
Φ(M) = z/(α

∑
i∈M γi), which implies that N∗ = N . In this case, pN∗ is the rational

expectations equilibrium obtained by Grossman (1976).

Remark 2 Note that investor i does not update Θi after observing the prices. This is
because we assume the full Bayesian updating of maxmin expected utility preferences.
For justification of the full Bayesian updating, see papers in footnote 14. Concerning
this issue, we also assume that investor i does not know Θj with j 6= i, by which we
exclude the contradictory case where investor i does not know θ (i.e. Θi 6= {θ}) but
he knows Θj = {θ}. This assumption is necessary in most models with heterogeneous
ambiguity profiles. For example, in the models of Easley and O’Hara (2009) and Condie
and Ganguli (2008), there are two groups of investors: investors in one group know the
true prior and investors in the other group do not, and this difference does not change
by observing the prices, which implies that the latter investors cannot know what the
former investors know.

Remark 3 If investor j 6∈ N∗ receives a private signal s̃j , then p̃ = pN∗(s̃N∗) is not a
market clearing price. In this case, investor j’s information is Ĩj = (s̃j , p̃), where p̃ does
not reflect s̃j . If s̃j conveys very good news compared to p̃, then investor j wants to
purchase the risky asset. This event occurs with a positive probability, when p̃ is not
a market clearing price. If investor j 6∈ N∗ receiving very good news tries to purchase
the risky asset, then the price rises reflecting his private signal, but he does not want
to purchase the risky asset at the higher market clearing price; that is, this market
clearing price reflects a private signal of an investor who does not trade the risky asset at
all. Therefore, the condition that a non-participating investor does not receive a private
signal is indispensable for the existence of a market clearing price that depends solely
upon private signals of investors trading non-zero units of the risky asset.

Remark 4 When s̃N∗ is available,
∑

i∈N∗ s̃i is sufficient for ṽ. Since
∑

i∈N∗ s̃i can be
written as a linear function of p̃ = pN∗(s̃N∗), p̃ is also sufficient for ṽ. Thus, pN∗ is
fully revealing or informationally efficient in the sense that Eθ[ṽ|Ĩi] = Eθ[ṽ|s̃N∗ ] for each
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i ∈ N∗ where Ĩi = (s̃i, p̃). It is well known that informational efficiency raises the
conceptual problem of the Grossman-Stiglitz paradox (Grossman and Stiglitz, 1980).
The notion of noisy rational expectations equilibrium has been developed to address this
problem. But if we adopt a noisy rational expectations equilibrium in this paper, our
analysis of the premiums would be far more complicated due to the following reason.
If the supply of the risky asset is noisy, then each private signal contains information
not reflected in a price. Thus, an investor trades the risky asset if his private signal
conveys very good news or very bad news compared to the price, and he does not
trade it otherwise. This implies that a set of participating investors may depend upon
the realization of private signals. Furthermore, by the same reason as that discussed in
Remark 3, there may be no market clearing price that depends solely upon private signals
of investors trading non-zero units of the risky asset. Thus, it is not straightforward to
extend our model to the model with a noisy supply of the risky asset, where a more
elaborate equilibrium concept might be necessary. In order to simplify our analysis of
the premiums, we sidestep the Grossman-Stiglitz paradox. Ozsoylev and Werner (2006)
consider a noisy rational expectations equilibrium with an ambiguity-averse investor
and avoid the above kind of difficulties by assuming that an ambiguity-averse investor
does not have a private signal. We also mention recent papers by Muendler (2007) and
Krebs (2007) who consider models which reconcile the Grossman-Stiglitz paradox and
informationally efficient rational expectations equilibria.

Remark 5 A rational expectations equilibrium is not necessarily unique in multiple
priors models. In fact, Condie and Ganguli (2008) consider multiple priors models pos-
sessing both a fully revealing rational expectations equilibrium and a partially revealing
one. This is in clear contrast to the single prior model of Grossman (1976) because the
fully revealing rational expectations equilibrium is the unique rational expectations equi-
librium as shown by DeMarzo and Skiadas (1998). Using the idea of Condie and Ganguli
(2008), we could construct a partially revealing rational expectations equilibrium in our
model. However, a partially revealing rational expectations equilibrium is not unique,
and it is not linear in private signals, which would make the analysis complicated. In
order to make our analysis tractable, we restrict attention to a linear and fully revealing
rational expectations equilibrium.

Remark 6 The equilibrium price pN∗ is written in terms of θi’s. But it is not necessarily
the same as a rational expectations equilibrium of a model in which investor i has a single
prior N(θi, 1/α) for each i ∈ N , unless θi = θj for all i, j ∈ N . In this single prior model,
all investors trade non-zero units of the risky asset (generically), and some investors
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may sell the risky asset short. In fact, it can be verified that the rational expectations
equilibrium of the single prior model is

p(s̃N ) ≡ Eθ[ṽ|s̃N ] − α

α + nβ
Φ(N),

and investor i 6∈ N∗ sells the risky asset short. Note that p(s̃N ) ≤ pN (s̃N ), which can be
explained by the fact that investor i 6∈ N∗ trades no risky asset in our multiple priors
model. As is well known, if investors have different single priors, then they have an
incentive for speculation both in the ex ante stage and in the interim stage (Aumann,
1976; Milgrom and Stokey, 1982). This is the reason why there is a short sale in the
above single prior model. In our multiple priors model, on the other hand, investor i has
a set of priors {N(θ′, 1/α)}θ′∈Θi

for each i ∈ N with
∩

i∈N Θi 6= ∅; that is, investors may
have different sets of priors but there exists at least one common prior. If this is the case,
investors have no incentive for speculation both in the ex ante stage (Billot et al., 2000;
Rigotti et al., 2008) and in the interim stage (Kajii and Ui, 2009). This is the reason
why there is no short sale in our multiple priors model. The assumption

∩
i∈N Θi 6= ∅ is

used in the proofs of the above propositions.

4 Comparative statics under limited participation

Let pN∗ be the rational expectation equilibrium with endogenous participation given in
Proposition 2. We define Eθ[ṽ|s̃N∗ ] − pN∗(s̃N∗) to be the equity premium in our model,
and investigate comparative statics of the equity premium with respect to α, β, and
φ ≡ (φi)i∈N , which are parameters of investors’ knowledge or information. Recall that α

is the precision of the stock return ṽ, β is the conditional precision of a private signal s̃i,
and φi = θ − θi represents investor i’s ambiguity. In the following, we write Φ(M |α, φ)
for Φ(M) given by (1), which depends upon α and φ but not upon β. Let N∗(α, φ) =
{i ∈ N : φi < minN ′⊆N Φ(N ′|α, φ)}, which is the set of participating investors by
Proposition 2. We write n∗(α, φ) = |N∗(α, φ)| and Φ∗(α, φ) = minN ′⊆N Φ(N ′|α, φ) =
Φ(N∗(α, φ)|α, φ), where the last equality holds by Lemma 1. Then, by Proposition 1
and Proposition 2, the equity premium is

EP (α, β, φ) = Eθ[ṽ|s̃N∗ ] − pN∗(s̃N∗) =
αΦ∗(α, φ)

α + n∗(α, φ)β
= RP (α, β, φ) + AP (α, β, φ),

13



where

RP (α, β, φ) =
z

(α + n∗(α, φ)β)
∑

i∈N∗(α,φ) γi
,

AP (α, β, φ) =
α
∑

i∈N∗(α,φ) γiφi

(α + n∗(α, φ)β)
∑

i∈N∗(α,φ) γi
.

We call RP (α, β, φ) the risk premium and call AP (α, β, φ) the ambiguity premium.
The risk premium is equal to the equity premium if Θi = {θ} for all i ∈ N . The
ambiguity premium comes from investors’ ambiguity aversion and depends upon the
weighted average of investors’ ambiguity. Note that EP (α, β, φ) is decreasing in β and
that N∗(α, φ) is independent of β. Thus, in the remainder of this section, we restrict
attention to a change in α or φ which induces limited market participation.

We consider pairs of parameters (α, φ), (α′, φ), and (α, φ′) such that N∗(α, φ) = N ,
N∗(α′, φ) ( N , and N∗(α, φ′) ( N , and study the signs of EP (α′, β, φ)−EP (α, β, φ) and
EP (α, β, φ′) − EP (α, β, φ). By Lemma 1, N∗(α, φ) = N if and only if φi < Φ(N |α, φ)
for all i ∈ N , or equivalently,

α

(
max

j
φj −

∑
i∈N γiφi∑
i∈N γi

)
<

z∑
i∈N γi

.

This immediately implies the following lemma.

Lemma 2 For α and φ, assume that N∗(α, φ) = N . If N∗(α′, φ) ( N , then α < α′. If
N∗(α, φ′) ( N , then maxj φ′

j −
∑

i∈N γiφ
′
i/(
∑

i∈N γi) > maxj φj −
∑

i∈N γiφi/(
∑

i∈N γi).

This lemma says the following. When limited market participation arises by a change
in the precision of the stock return, the precision must increase. When limited market
participation arises by a change in investors’ ambiguity, the largest deviation of investors’
ambiguity must increase.

In the remainder of this section, we assume that α > 0 and β ≥ 0. We allow β = 0
in order to consider the case without private signals. In the appendix, we consider the
equity premium under the standard rational expectations equilibrium and examine the
robustness of the results in the subsequent subsections.21

4.1 Limited market participation induced by a change in ambiguity

We first consider limited market participation induced by a change in investors’ ambi-
guity. Note that, for N ′ ( N with n′ = |N ′|,

z

(α + nβ)
∑

i∈N γi
<

z

(α + n′β)
∑

i∈N ′ γi
.

21I thank the referee for suggesting this.
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This implies that the risk premium increases when limited market participation arises.
On the other hand, the ambiguity premium may decrease as the following examples
demonstrate. The first two examples are simplified versions of the model of Easley and
O’Hara (2009) and that of Cao et al. (2005) respectively.

Example 1 Assume that α = 1, β = 0, and γi = 1 for all i ∈ N . Let φ and φ′ be
such that φi, φ

′
i ∈ {0, r} for all i ∈ N , where r > 0. Assume the following: φi = 0 for

i ∈ {1, . . . , m}; φi = r for i ∈ {m + 1, . . . , n}; φ′
i = 0 for i ∈ {1, . . . , m′}; φ′

i = r for
i ∈ {m′ + 1, . . . , n}; 1 < m < z/r < m′ < n. Then, for j ≥ m + 1 and j′ ≥ m′ + 1,

φj −
∑

i∈N γiφi∑
i∈N γi

=
mr

n
<

z

n
=

z∑
i∈N γi

<
m′r

n
= φ′

j′ −
∑

i∈N γiφ
′
i∑

i∈N γi
.

Thus, N∗(1, φ′) = {1, . . . , m′} ( N = N∗(1, φ), and

RP (1, 0, φ′) − RP (1, 0, φ) =
z

m′ −
z

n
> 0,

AP (1, 0, φ′) − AP (1, 0, φ) = 0 − (n − m)r
n

< 0,

EP (1, 0, φ′) − EP (1, 0, φ) =
z

m′ −
z

n
− (n − m)r

n

<
z

m′ −
z

n
− (n − m′)r

n
=

n − m′

n

( z

m′ − r
)

< 0.

Therefore, by the occurrence of limited market participation, the risk premium in-
creases, the ambiguity premium decreases, and the equity premium decreases. This
result is obtained by Easley and O’Hara (2009) for a continuum of investors. Note that∑

i∈N γiφi = (n − m)r > (n − m′)r =
∑

i∈N γiφ
′
i, which will turn out to be essential for

this result.

Example 2 Assume that α = 1, β = 0, and γi = 1 for all i ∈ N . Let φ and φ′ be such
that φi ∈ {r − d, r + d} and φ′

i ∈ {r − d′, r + d′} for all i ∈ N , where r > d′ > d > 0.
Assume the following: φi = r − d and φ′

i = r − d′ for i ∈ {1, . . . , m}; φi = r + d and
φ′

i = r + d′ for i ∈ {m + 1, . . . , n}; n = 2m; d < z/n < d′. Then, for j ≥ m + 1,

φj −
∑

i∈N γiφi∑
i∈N γi

= d <
z

n
=

z∑
i∈N γi

< d′ = φ′
j −

∑
i∈N γiφ

′
i∑

i∈N γi
.

Thus, N∗(1, φ′) = {1, . . . , m} ( N = N∗(1, φ), and

RP (1, 0, φ′) − RP (1, 0, φ) =
z

m
− z

2m
> 0,

AP (1, 0, φ′) − AP (1, 0, φ) = r − d′ − r < 0,

EP (1, 0, φ′) − EP (1, 0, φ) =
z

m
+ (r − d′) − z

2m
− r =

z

n
− d′ < 0.
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Therefore, by the occurrence of limited market participation, the risk premium increases,
the ambiguity premium decreases, and the equity premium decreases. This result is
obtained by Cao et al. (2005) for a continuum of investors and uniformly distributed φi

with a fixed mean r. Note that
∑

i∈N γiφi = nr =
∑

i∈N γiφ
′
i, which will turn out to be

essential for this result.

Example 3 Assume that α = 1, β = 0, and γi = 1 for all i ∈ N . Let φ and φ′ be such
that φi ∈ {r, r + d} and φ′

i ∈ {r, r + d′} for all i ∈ N , where r ≥ 0 and d′ > d > 0.
Assume the following: φi = φ′

i = r for i ∈ {1, . . . ,m}; φi = r + d and φ′
i = r + d′ for

i ∈ {m + 1, . . . , n}; 1 < m < n; d < z/m < d′. Then, for j ≥ m + 1,

φj −
∑

i∈N γiφi∑
i∈N γi

=
md

n
<

z

n
=

z∑
i∈N γi

<
md′

n
= φ′

j −
∑

i∈N γiφ
′
i∑

i∈N γi
.

Thus, N∗(1, φ′) = {1, . . . , m} ( N = N∗(1, φ), and

RP (1, 0, φ′) − RP (1, 0, φ) =
z

m
− z

n
> 0,

AP (1, 0, φ′) − AP (1, 0, φ) = r − r − n − m

n
d < 0,

EP (1, 0, φ′) − EP (1, 0, φ) =
z

m
+ r − z

n
− r − n − m

n
d =

n − m

n

( z

m
− d
)

> 0.

Therefore, by the occurrence of limited market participation, the risk premium in-
creases, the ambiguity premium decreases, and the equity premium increases. Note
that

∑
i∈N∗(1,φ′) γiφi = mr =

∑
i∈N∗(1,φ′) γiφ

′
i, which will turn out to be essential for

this result.

We study the sign of EP (α, β, φ′) − EP (α, β, φ) in terms of

δ(φ, φ′) ≡
∑

i∈N∗(α,φ′) γiφ
′
i∑

i∈N∗(α,φ′) γi
−
∑

i∈N∗(α,φ) γiφi∑
i∈N∗(α,φ) γi

,

which is the difference between the weighted average of participating investors’ ambiguity
under limited market participation and that under full market participation.

Proposition 3 Let α, φ, φ′ be such that N∗(α, φ′) = N ′ ( N = N∗(α, φ) with n′ = |N ′|.
Assume that EP (α, β, φ) > 0. Define

A ≡ α

n
· ∆∗ − δ(φ, φ′)
δ(φ, φ′) − ∆∗

,

∆∗ ≡ −
z
∑

i∈N\N ′ γi

α
∑

i∈N ′ γi
∑

i∈N γi
− (n − n′)Φ∗(α, φ)

n
,

∆∗ ≡ −
z
∑

i∈N\N ′ γi

α
∑

i∈N ′ γi
∑

i∈N γi
.
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If δ(φ, φ′) > ∆∗, or if ∆∗ < δ(φ, φ′) ≤ ∆∗ and β > A, then EP (α, β, φ′) > EP (α, β, φ).
If δ(φ, φ′) ≤ ∆∗, or if ∆∗ < δ(φ, φ′) ≤ ∆∗ and β < A, then EP (α, β, φ′) < EP (α, β, φ).
If ∆∗ < δ(φ, φ′) ≤ ∆∗ and β = A, then EP (α, β, φ′) = EP (α, β, φ).

Proof. Since Φ∗(α, φ) = (α + nβ)EP (α, β, φ)/α > 0, ∆∗ > ∆∗ holds. By calculation, we
have

EP (α, β, φ′) − EP (α, β, φ)

=
α

(α + nβ)(α + n′β)
(
β(nΦ∗(α, φ′) − n′Φ∗(α, φ)) − α(Φ∗(α, φ) − Φ∗(α, φ′))

)
=

nα

(α + nβ)(α + n′β)

(
β(δ(φ, φ′) − ∆∗) −

α

n
(∆∗ − δ(φ, φ′))

)
. (4)

Since ∆∗ > ∆∗, if δ(φ, φ′) > ∆∗, then EP (α, β, φ′) − EP (α, β, φ) > 0, and if δ(φ, φ′) ≤
∆∗, then EP (α, β, φ′) − EP (α, β, φ) < 0. Suppose that ∆∗ < δ(φ, φ′) ≤ ∆∗. Then,
A ≥ 0 and

EP (α, β, φ′) − EP (α, β, φ) =
nα(δ(φ, φ′) − ∆∗)
(α + nβ)(α + n′β)

(β − A) .

Thus, the sign of β − A and that of EP (α, β, φ′) − EP (α, β, φ) coincide.

This proposition says that, when limited market participation arises by a change in
φ, the equity premium increases if and only if either δ(φ, φ′) is larger than ∆∗, or it is in
the interval (∆∗, ∆∗] and β is larger than A. In the latter case, the precision of private
signals plays an important role because of the following effect: if the precision is very
large, information revealed by private signals diminishes to a large extent by the exit of
informed investors, and the increased conditional variance of the stock return enlarges
the equity premium.

For the case without private signals, we have the following corollary.

Corollary 4 Let α, φ, φ′ be such that N∗(α, φ′) = N ′ ( N = N∗(α, φ) with n′ = |N ′|.
If δ(φ, φ′) > ∆∗, then EP (α, 0, φ′) > EP (α, 0, φ). If δ(φ, φ′) < ∆∗, then EP (α, 0, φ′) <

EP (α, 0, φ). If δ(φ, φ′) = ∆∗, then EP (α, 0, φ′) = EP (α, 0, φ).

Proof. If β = 0, then (4) is reduced to

EP (α, β, φ′) − EP (α, β, φ) = δ(φ, φ′) − ∆∗.

This implies the corollary.

This corollary says that, even without private signals, if δ(φ, φ′) > ∆∗, then the
equity premium increases when limited market participation arises. By this corollary,
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we can understand the above examples without private signals. But for this purpose, the
next two corollaries are more useful. The first corollary restricts attention to investors
in N∗(α, φ′) ( N , and shows that if the weighted sum of these investors’ ambiguity
does not decrease when limited market participation arises, then the equity premium
increases.

Corollary 5 Let α, φ, φ′ be such that N∗(α, φ′) = N ′ ( N = N∗(α, φ). Assume that
EP (α, β, φ) > 0. If

∑
i∈N ′ γiφ

′
i ≥

∑
i∈N ′ γiφi, then EP (α, β, φ′) > EP (α, β, φ).

Proof. Since
∑

i∈N ′ γiφ
′
i ≥

∑
i∈N ′ γiφi, Φ(N ′|α, φ′) ≥ Φ(N ′|α, φ). Since N is a minimal

set contained in arg minM⊆N Φ(M |α, φ) by Lemma 1, Φ(N ′|α, φ) > Φ(N |α, φ). Thus,
Φ∗(α, φ′) = Φ(N ′|α, φ′) ≥ Φ(N ′|α, φ) > Φ(N |α, φ) = Φ∗(α, φ), and

δ(φ, φ′) = Φ∗(α, φ′) − Φ∗(α, φ) −
z
∑

i∈N\N ′ γi

α
∑

i∈N ′ γi
∑

i∈N γi
> −

z
∑

i∈N\N ′ γi

α
∑

i∈N ′ γi
∑

i∈N γi
= ∆∗.

Therefore, EP (α, β, φ′) > EP (α, β, φ) by Proposition 3.

In Example 3, it holds that
∑

i∈N ′ γiφ
′
i =

∑
i∈N ′ γiφi, by which EP (α, 0, φ′) >

EP (α, 0, φ) follows.
The intuition behind Corollary 5 can be illustrated as follows. For the sake of sim-

plicity, imagine that there is no private signal (β = 0) and that preferences of investors
in N ′ stay the same under both φ and φ′ (φi = φ′

i for all i ∈ N ′). Consider a price at
which all investors want to purchase the risky asset under φ. At this price, the total
demand of investors in N under φ is greater than that of investors in N ′ under φ′ since
N ′ ( N and φi = φ′

i for all i ∈ N ′. Thus, the equilibrium price under φ, where N is the
set of participating investors, must be greater than that under φ′, where N ′ is the set
of participating investors, since the supply is fixed. In other words, the equity premium
under φ is less than that under φ′. We can generalize this observation to explain the
above corollary noting that the equity premium depends upon φ through

∑
i∈N∗(α,φ) γiφi

and it is increasing in
∑

i∈N∗(α,φ) γiφi.
The second corollary shows that if the weighted sum of all investors’ ambiguity does

not increase when limited market participation arises and β is small enough, then the
equity premium decreases.

Corollary 6 Let α, φ, φ′ be such that N∗(α, φ′) = N ′ ( N = N∗(α, φ). Assume
that EP (α, β, φ) > 0. If

∑
i∈N γiφ

′
i <

∑
i∈N γiφi, or if

∑
i∈N γiφ

′
i =

∑
i∈N γiφi and

Φ∗(α, φ′) < Φ(N |α, φ′), then there exists β > 0 such that EP (α, β, φ′) < EP (α, β, φ) for
all β < β.
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Proof. If δ(φ, φ′) ≤ ∆∗, then EP (α, β, φ′) < EP (α, β, φ) for all β ≥ 0 by Proposition 3.
Suppose that δ(φ, φ′) > ∆∗. If Φ∗(α, φ′) < Φ∗(α, φ), then

δ(φ, φ′) = Φ∗(α, φ′) − Φ∗(α, φ) −
z
∑

i∈N\N ′ γi

α
∑

i∈N ′ γi
∑

i∈N γi
< −

z
∑

i∈N\N ′ γi

α
∑

i∈N ′ γi
∑

i∈N γi
= ∆∗,

which implies that A > 0 and EP (α, β, φ′) < EP (α, β, φ) for all β < A by Proposition
3. Thus, it is enough to show that Φ∗(α, φ′) < Φ∗(α, φ). If

∑
i∈N γiφ

′
i <

∑
i∈N γiφi, then

Φ∗(α, φ) = Φ(N |α, φ) > Φ(N |α, φ′) ≥ minM⊆N Φ(M |α, φ′) = Φ∗(α, φ′). If
∑

i∈N γiφ
′
i =∑

i∈N γiφi and Φ∗(α, φ′) < Φ(N |α, φ′), then Φ∗(α, φ) = Φ(N |α, φ) = Φ(N |α, φ′) >

Φ∗(α, φ′).

Note that Φ∗(α, φ′) = minM⊆N Φ(M |α, φ′) ≤ Φ(N |α, φ′). Therefore, Φ∗(α, φ′) <

Φ(N |α, φ′) holds generically.
In Example 1, it holds that

∑
i∈N γiφ

′
i <

∑
i∈N γiφi, and in Example 2, it holds

that
∑

i∈N γiφ
′
i =

∑
i∈N γiφi and Φ∗(α, φ′) < Φ(N |α, φ′), by which EP (α, β, φ′) <

EP (α, β, φ) follows for sufficiently small β. But if β is large enough, EP (α, β, φ′) >

EP (α, β, φ) can be true by Proposition 3. The following example illustrates this.

Example 4 Consider Example 2 but allow β > 0. In addition to the assumption d <

z/n < d′, we assume that d′ < 3z/(2n) + r/2. Since N ′ = N∗(1, φ′) = {1, . . . , n/2}, we
have δ(φ, φ′) = −d′, ∆∗ = −3z/(2n) − r/2, and ∆∗ = −z/n. Thus, ∆∗ < δ(φ, φ′) < ∆∗.
By Proposition 3, EP (α, β, φ′) > EP (α, β, φ) if and only if β > A, where

A =
α

n
· ∆∗ − δ(φ, φ′)
δ(φ, φ′) − ∆∗

=
1
n
· d′ − z/n

3z/(2n) + r/2 − d′
> 0.

The intuition behind Corollary 6 can be illustrated as follows. For the sake of simplic-
ity, imagine that there is no private signal (β = 0). Instead of the above multiple priors
model, consider the single prior model in which investor i has a single prior N(θ−φ′

i, 1/α)
for each i ∈ N . As we mentioned in Remark 6 to Proposition 2, it can be verified that
investors in N ′ purchase the risky asset and investors in N\N ′ sell the risky asset short
at the equilibrium price of the single prior model. Thus, at the equilibrium price, the
total (net) demand of investors in N is less than that of investors restricted to N ′. This
implies that the equilibrium price of the single prior model when the set of investors
is N must be less than that when the set of investors is restricted to N ′. Let p and q

denote the former price and the latter price respectively. Note that p < q. Now observe
that q is equal to the equilibrium price of the multiple priors model under φ′ because
investor i ∈ N ′ purchases the risky asset using the prior N(θ − φ′

i, 1/α) both in the
single prior model and in the multiple priors model. On the other hand, observe that
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p is greater than the equilibrium price of the multiple priors model under φ because∑
i∈N γiφ

′
i ≤

∑
i∈N γiφi and

p = Eθ[ṽ] −
(

z

α
∑

i∈N γi
+
∑

i∈N γiφ
′
i∑

i∈N γi

)
≥ Eθ[ṽ] −

(
z

α
∑

i∈N γi
+
∑

i∈N γiφi∑
i∈N γi

)
,

where the right hand side of the above inequality is the equilibrium price of the multiple
priors model under φ. Therefore, since p < q, the equilibrium price of the multiple priors
model under φ is less than that under φ′. In other words, the equity premium under
φ is greater than that under φ′. Note that, if the precision of private signals is very
large, information revealed by private signals diminishes to a large extent by the exit of
informed investors, and the equity premium under φ′ can be greater than that under φ.

4.2 Limited market participation induced by a change in the precision

We next consider limited market participation induced by an increase in the precision of
the stock return and study the sign of EP (α′, β, φ) − EP (α, β, φ) for α′ > α. Observe
that ∂RP (α, β, φ)/∂α < 0 and ∂AP (α, β, φ)/∂α > 0 if α is an interior point of {x > 0 :
N∗(x, φ) = N}, β > 0, and

∑
i∈N γiφi > 0. This implies that, as the precision of the

stock return increases, the risk premium may decrease and the ambiguity premium may
increase. The next proposition shows that the equity premium increases if and only if
the precision of private signals is large enough, including the case with N ′ = N .

Proposition 7 Let α, α′, φ be such that α′ > α and N∗(α′, φ) = N ′ ⊆ N = N∗(α, φ)
with n′ = |N ′|. Assume that AP (α′, β, φ) > 0. Define

B ≡ αα′(Φ∗(α, φ) − Φ∗(α′, φ))
nα′Φ∗(α′, φ) − n′αΦ∗(α, φ)

.

If β > B, then EP (α′, β, φ) > EP (α, β, φ). If β < B, then EP (α′, β, φ) < EP (α, β, φ).
If β = B, then EP (α′, β, φ) = EP (α, β, φ). Furthermore, B > 0.

Proof. Since Φ(N |α, φ) = z/(α
∑

i∈N γi) +
∑

i∈N γiφi/(
∑

i∈N γi) is strictly decreasing in
α, Φ∗(α, φ) = Φ(N |α, φ) > Φ(N |α′, φ) ≥ minM⊆N Φ(M |α′, φ) = Φ∗(α′, φ). Note that∑

i∈N ′ γiφi/(
∑

i∈N ′ γi) = (α′ + n′β)AP (α′, β, φ)/α′ > 0. This implies that Φ(N ′|α, φ) >

0 and that αΦ(N ′|α, φ) = z/(
∑

i∈N ′ γi) + α
∑

i∈N ′ γiφi/(
∑

i∈N ′ γi) is strictly increasing
in α. Thus, n′αΦ∗(α, φ) = minM⊆N n′αΦ(M |α, φ) ≤ n′αΦ(N ′|α, φ) < n′α′Φ(N ′|α′, φ) ≤
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nα′Φ(N ′|α′, φ) = nα′Φ∗(α′, φ). Therefore, B > 0. By calculation, we have

EP (α′, β, φ) − EP (α, β, φ)

=
β(nα′Φ∗(α′, φ) − n′αΦ∗(α, φ)) − αα′(Φ∗(α, φ) − Φ∗(α′, φ))

(α + nβ)(α′ + n′β)

=
(nα′Φ∗(α′, φ) − n′αΦ∗(α, φ))(β − B)

(α + nβ)(α′ + n′β)
.

Since nα′Φ∗(α′, φ) − n′αΦ∗(α, φ) > 0, the sign of β − B and that of EP (α′, β, φ) −
EP (α, β, φ) coincide.

This proposition implies that the larger precision of the stock return may result in the
larger equity premium. On the other hand, if β = 0, then EP (α, β, φ) is decreasing in α

by Proposition 7, and if φi = 0 for all i ∈ N , then EP (α, β, φ) is decreasing in α since
EP (α, β, 0) = RP (α, β, 0) = z/((α + nβ)

∑
i∈N γi). Thus, without either ambiguity

or private signals, the larger precision of the stock return results in the smaller equity
premium.

The precision of private signals plays an important role partially because of the effect
of private signals that appears in Proposition 3: information revealed by private signals
diminishes by the exit of informed investors. But there is another effect of private signals
because the equity premium can increase as the precision of the stock return increases
even if no investors exit. To illustrate this effect, assume that φi = φj > 0 for all i, j ∈ N ,
which implies that N∗(α, φ) = N for all α > 0. By Proposition 7, EP (α, β, φ) is strictly
increasing in α if and only if β > B = z/(n

∑
i∈N γiφi). To reinterpret this, rewrite

EP (α, β, φ) as

EP (α, β, φ) =
α

α + nβ

(
z

α
∑

i∈N γi
+
∑

i∈N γiφi∑
i∈N γi

)
=

nβ

α + nβ
· z

nβ
∑

i∈N γi
+
(

1 − nβ

α + nβ

)
·
∑

i∈N γiφi∑
i∈N γi

=
nβ

α + nβ
EP (0, β, φ) +

(
1 − nβ

α + nβ

)
EP (∞, β, φ),

where

EP (0, β, φ) = lim
α→0

EP (α, β, φ) =
z

nβ
∑

i∈N γi
,

EP (∞, β, φ) = lim
α→∞

EP (α, β, φ) =
∑

i∈N γiφi∑
i∈N γi

.
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Thus,

∂

∂α
EP (α, β, φ) =

nβ

(α + nβ)2
(EP (∞, β, φ) − EP (0, β, φ)).

This implies that, as α increases from zero to infinity, EP (α, β, φ) changes monotonically
from EP (0, β, φ) to EP (∞, β, φ). Therefore, EP (α, β, φ) is strictly increasing in α if
and only if EP (∞, β, φ) > EP (0, β, φ). Note that EP (0, β, φ) = RP (0, β, φ); that is,
the ambiguity premium is zero when the precision of the stock return is zero because
investors ignore ambiguous beliefs on θ and rely only on private signals. On the other
hand, note that EP (∞, β, φ) = AP (∞, β, φ); that is, the risk premium is zero when the
precision of the stock return is infinite because investors ignore private signals and rely
only on ambiguous beliefs on θ. Since RP (0, β, φ) is decreasing in β and AP (∞, β, φ) is
increasing in φi, if both β and φi are sufficiently large, then RP (0, β, φ) < AP (∞, β, φ),
by which EP (α, β, φ) is strictly increasing in α.

5 Concluding remarks

This paper has introduced a tractable model of a stock market under both ambiguity
and asymmetric information. We construct the model by combining the model under
ambiguity due to Cao et al. (2005) and Easley and O’Hara (2009) and the model under
asymmetric information due to Grossman (1976). The notion of rational expectations
equilibrium in the standard sense has the problem that some investors demand no stock
but the equilibrium price may reflect those investors’ private signals. Thus, we introduce
the notion of rational expectations equilibrium with endogenous participation. We obtain
the equilibrium in a closed form, where the set of participating investors is a solution to
an optimization problem.

Using the model, we have identified conditions under which the equity premium in-
creases when limited market participation arises. By the conditions, we can reconcile
limited market participation attributed to investors’ ambiguity aversion and the large
equity premium, which is consistent with the results of Mankiw and Zeldes (1991) and
Basak and Cuoco (1998). In our model, limited market participation arises if the pre-
cision of the stock return increases, or if the largest deviation of investors’ ambiguity
increases. We study each case and find that the precision of private signals plays an
important role.

When limited market participation arises by an increase in the precision of the stock
return, the equity premium increases if and only if the precision of private signals is
large enough. This implies that the larger precision of the stock return may result in the
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larger equity premium, whereas, without either ambiguity or private signals, the larger
precision of the stock return results in the smaller equity premium.

When limited market participation arises by an increase in the largest deviation of
investors’ ambiguity, the equity premium increases if and only if the difference between
the average ambiguity of participating investors under limited market participation and
that under full market participation satisfies one of the following conditions: the dif-
ference is larger than some threshold, or the difference is larger than another smaller
threshold and the precision of private signals is large enough. One corollary shows that
if the average ambiguity of all investors does not increase when limited market par-
ticipation arises and the precision of private signals is small enough, then the equity
premium decreases. Another corollary shows that if the average ambiguity of investors
continuing to participate does not decrease when limited market participation arises,
then the equity premium increases. In this case, limited market participation, the larger
equity premium, and increased ambiguity coexist. This is consistent with anecdotal
evidences in the market turmoil in the summer of 2007 spread from the US sub-prime
mortgage market: increased investors’ uncertainty pointed out by Bernanke (2007, 2008)
and Roubini (2007), sharply declining risky asset prices, and flight to quality.

Appendix

A Proof of Lemma 1

We use the following equation, which can be verified by calculation: for each S ∈ 2N\{∅}
and i ∈ S,

Φ(S) − Φ(S\{i}) =
γi∑

j∈S γj
(φi − Φ(S\{i})) =

γi∑
j∈S\{i} γj

(φi − Φ(S)) . (A.1)

To show the first half of the lemma, let M∗ = {i ∈ M : φi < minM ′⊆M Φ(M ′)}, and
let M◦ be a minimal set contained in arg minM ′⊆M Φ(M ′). We show that M∗ = M◦. If
there exists i ∈ M∗\M◦, then φi < Φ(M◦) and thus Φ(M◦∪{i}) < Φ(M◦) by (A.1) with
S = M◦ ∪ {i}, which is a contradiction. Thus, M∗ ⊆ M◦. If there exists i ∈ M◦\M∗,
then φi ≥ Φ(M◦) and thus Φ(M◦) ≥ Φ(M◦\{i}) by (A.1) with S = M◦, which is a
contradiction to the minimality of M◦. Thus, M∗ ⊇ M◦. Therefore, M∗ = M◦, which
establishes the first half of the lemma.

To show the second half of the lemma, let M∗ = {i ∈ M : φi < minM ′⊆M Φ(M ′)}
again. By the above argument, Φ(M∗) = minM ′⊆M Φ(M ′) and thus M∗ = {i ∈ M :
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φi < Φ(M∗)}, which is the “only if” part. To show the “if” part, let M◦ satisfy M◦ =
{i ∈ M : φi < Φ(M◦)}. Since Φ(M∗) ≤ Φ(M◦), M∗ ⊆ M◦. Without loss of generality,
assume that M = {1, . . . , m} with φ1 ≤ · · · ≤ φm. Then, M∗ = {1, . . . ,m∗} and
M◦ = {1, . . . ,m◦} with m∗ ≤ m◦ ≤ m. Let Sk = {1, . . . , k} for each k ∈ M . Since
Φ(M∗) = Φ(Sm∗) ≤ φm∗+1, we have Φ(Sm∗) ≤ Φ(Sm∗+1) and Φ(Sm∗+1) ≤ φm∗+1 ≤
φm∗+2 by (A.1) with S = Sm∗+1 and i = m∗ + 1. Then, by (A.1) with S = Sm∗+2 and
i = m∗ +2, we have Φ(Sm∗+1) ≤ Φ(Sm∗+2) and Φ(Sm∗+2) ≤ φm∗+2 ≤ φm∗+3. Repeating
this, we find that Φ(Sk) ≤ φk for all k ≥ m∗ + 1. This implies that m∗ = m◦ and
M∗ = M◦.

B Proof of Proposition 1

To establish Proposition 1, we take the strategy used by Grossman (1976). That is, we
obtain a pooled information equilibrium, and then, show that it is a rational expectations
equilibrium.

A pooled information equilibrium for M ∈ 2N\{∅} is a price function pM for M

such that p̃ = pM (s̃M ) is a market clearing price when each investor receives common
information s̃M ; that is,∑

i∈M

di(p̃|s̃M ) = z where di(p̃|s̃M ) ∈ arg max
di∈R

min
θ′∈Θi

Eθ′ [ui(w0i + (ṽ − p̃)di)|s̃M ].

Lemma A The price function pM given in Proposition 1 is the unique pooled informa-
tion equilibrium for M . Furthermore, di(p̃|s̃M ) > 0 for each i ∈ M∗ and di(p̃|s̃M ) = 0
for each i ∈ M\M∗, where p̃ = pM (s̃M ).

Proof. Let pM be a pooled information equilibrium for M and let p̃ = pM (s̃M ). Note
that

∑
i∈M s̃i/m is sufficient for ṽ and that (ṽ,

∑
i∈M s̃i/m) is normally distributed with

mean (θ, θ) and covariance matrix(
α−1 α−1

α−1 α−1 + β−1m−1

)
.

Thus, the conditional probability distribution of ṽ given
∑

i∈M s̃i/m is normal with the
following conditional mean and variance:

Eθ[ṽ|
∑

i∈M s̃i/m] =
α

α + mβ
θ +

mβ

α + mβ

∑
i∈M s̃i

m
, Vθ[ṽ|

∑
i∈M s̃i/m] =

1
α + mβ

.

24



Since
∑

i∈M s̃i/m is sufficient for ṽ, Eθ[ṽ|s̃M ] = Eθ[ṽ|
∑

i∈M s̃i/m] and Vθ[ṽ|s̃M ] =
Vθ[ṽ|

∑
i∈M s̃i/m], which establishes (3). Then,

Eθ[ui(w0i + (ṽ − p̃)di)|s̃M ] = −Eθ[exp
(
− (w0i + (ṽ − p̃)di)/γi

)
|s̃M ]

= − exp
(
− w0i/γi − (Eθ[ṽ|s̃M ] − p̃)di/γi + Vθ[ṽ|s̃M ]d2

i /(2γ2
i )
)

and

arg max
di

min
θ′∈Θi

Eθ′ [ui(w0i + (ṽ − p̃)di)|s̃M ]

= arg max
di

min
θ′∈Θi

(Eθ′ [ṽ|s̃M ] − p̃) di − Vθ′ [ṽ|s̃M ]d2
i /(2γi)

= arg max
di

min
θ′∈Θi

(Eθ′ [ṽ|s̃M ] − p̃) di − d2
i /(2γi(α + mβ)).

We first solve the inner minimization. Note that

f(di) ≡ min
θ′∈Θi

(Eθ′ [ṽ|s̃M ] − p̃) di − d2
i /(2γi(α + mβ))

=


(Eθi

[ṽ|s̃M ] − p̃)di − d2
i /(2γi(α + mβ)) if di > 0,

(Eθi
[ṽ|s̃M ] − p̃)di − d2

i /(2γi(α + mβ)) if di < 0,

0 if di = 0.

Thus, f ′(di) exists for di 6= 0 and

f ′(di) =

{
Eθi

[ṽ|s̃M ] − p̃ − di/(γi(α + mβ)) if di > 0,

Eθi
[ṽ|s̃M ] − p̃ − di/(γi(α + mβ)) if di < 0.

Since Eθi
[ṽ|s̃M ] ≤ Eθi

[ṽ|s̃M ], f ′(di) is decreasing in di. Therefore, we have

di(p̃|s̃M ) =


γi(α + mβ)(Eθi

[ṽ|s̃M ] − p̃) if p̃ < Eθi
[ṽ|s̃M ],

γi(α + mβ)(Eθi
[ṽ|s̃M ] − p̃) if p̃ > Eθi

[ṽ|s̃M ],
0 otherwise.

(B.1)

Let p̃ be a market clearing price. If p̃ > Eθi
[ṽ|s̃M ] for some i ∈ M , then p̃ >

Eθi
[ṽ|s̃M ] ≥ Eθj

[ṽ|s̃M ] for all j ∈ M because θi ≥ θj for all j ∈ N by the assumption∩
i∈N Θi 6= ∅. This implies that the total demand for the risky asset is strictly negative

and p̃ is not a market clearing price. Therefore, p̃ ≤ Eθi
[ṽ|s̃M ] for all i ∈ M and

p̃ < Eθi
[ṽ|s̃M ] for some i ∈ M ; that is, di(p̃|s̃M ) ≥ 0 for all i ∈ M and di(p̃|s̃M ) > 0 for

some i ∈ M . Let

M(p̃) ≡ {i ∈ M : di(p̃|s̃M ) > 0} = {i ∈ M : p̃ < Eθi
[ṽ|s̃M ]}. (B.2)
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Then, the market clearing condition is∑
i∈M

di(p̃|s̃M ) =
∑

i∈M(p̃)

γi(α + mβ)(Eθi
[ṽ|s̃M ] − p̃) = z

and thus

p̃ =

∑
i∈M(p̃) γiEθi

[ṽ|s̃M ]∑
i∈M(p̃) γi

− z

(α + mβ)
∑

i∈M(p̃) γi

= Eθ[ṽ|s̃M ] − z

(α + mβ)
∑

i∈M(p̃) γi
−

α
∑

i∈M(p̃) γiφi

(α + mβ)
∑

i∈M(p̃) γi

= Eθ[ṽ|s̃M ] − α

α + mβ
Φ(M(p̃)). (B.3)

This implies that

Eθi
[ṽ|s̃M ] − p̃ = Eθ[ṽ|s̃M ] − p̃ − αφi

α + mβ

=
α

α + mβ
Φ(M(p̃)) − αφi

α + mβ

=
α

α + mβ
(Φ(M(p̃)) − φi) .

Therefore, M(p̃) = {i ∈ M : φi < Φ(M(p̃))} = M∗ by (B.2) and Lemma 1. Plugging
M(p̃) = M∗ into (B.3), we obtain (2) since Φ(M∗) = minM ′⊆M Φ(M ′) by Lemma 1.
Finally, by (B.2), di(p̃|s̃M ) > 0 for each i ∈ M∗ and di(p̃|s̃M ) = 0 for each i ∈ M\M∗.

We are ready to prove Proposition 1. Let pM be the price function given in (2) and
let p̃ = pM (s̃M ). Note that

∑
i∈M s̃i/m can be written as a linear function of p̃ by (2)

and (3). Since
∑

i∈M s̃i/m is sufficient for ṽ, so is p̃, and thus

Eθ′ [ui(w0i + (ṽ − p̃)di)|s̃M ] = Eθ′ [ui(w0i + (ṽ − p̃)di)|(s̃i, p̃)] = Eθ′ [ui(w0i + (ṽ − p̃)di)|Ĩi]

for each θ′ ∈ Θi, where Ĩi = (s̃i, p̃). Therefore, di(p̃|Ĩi) = di(p̃|s̃M ). Since pM is a pooled
information equilibrium for M by Lemma A,

∑
i∈M di(p̃|Ĩi) =

∑
i∈M di(p̃|s̃M ) = z,

which implies that pM is a rational expectations equilibrium for M . Also by Lemma A,
di(p̃|Ĩi) = di(p̃|s̃M ) > 0 for each i ∈ M∗ and di(p̃|Ĩi) = di(p̃|s̃M ) = 0 for each i ∈ M\M∗.

C Proof of Proposition 2

In establishing Proposition 2, the following lemma plays an essential role.
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Lemma B For each M ∈ 2N\{∅}, let pM be the rational expectations equilibrium for M

given in Proposition 1. Then, pM satisfies the first and second conditions in Definition 2
if and only if M = N∗.

Proof. We first show the “if” part. Note that Φ(N∗) = minN ′⊆N Φ(N ′) = minN ′⊆N∗ Φ(N ′)
and that N∗ = {i ∈ N : φi < Φ(N∗)} = {i ∈ N∗ : φi < Φ(N∗)} by Lemma 1.
Let p̃ = pN∗(s̃N∗). Suppose that i ∈ N∗ and Ĩi = (s̃i, p̃). Since M = N∗ implies
M∗ = {i ∈ N∗ : φi < minN ′⊆N∗ Φ(N ′)} = {i ∈ N∗ : φi < Φ(N∗)} = N∗, di(p̃|Ĩi) > 0 by
Proposition 1, which implies the first condition in Definition 2. Suppose that i 6∈ N∗ and
Ĩi = p̃. Since p̃ is sufficient for ṽ, Eθ′ [ui(w0i +(ṽ− p̃)di)|Ĩi] = Eθ′ [ui(w0i +(ṽ− p̃)di)|s̃N∗ ]
for each θ′i ∈ Θi and thus di(p̃|Ĩi) = di(p̃|s̃N∗), which is given by (B.1) with M = N∗

and m = n∗ ≡ |N∗|. By (2) and (3),

Eθi
[ṽ|s̃N∗ ] − pN∗(s̃N∗) = Eθ[ṽ|s̃N∗ ] − pN∗(s̃N∗) − αφi

α + n∗β

=
α

α + n∗β

(
min

N ′⊆N∗
Φ(N ′) − φi

)
=

α

α + n∗β
(Φ(N∗) − φi) ≤ 0

since i 6∈ N∗ = {j ∈ N : φj < Φ(N∗)}. Note that θi ≥ θj for all j ∈ N by the assumption∩
i∈N Θi 6= ∅. Thus,

Eθi
[ṽ|s̃N∗ ] − pN∗(s̃N∗) ≥ max

j∈N
Eθj

[ṽ|s̃N∗ ] − pN∗(s̃N∗)

= max
j∈N

α

α + n∗β
(Φ(N∗) − φj)

=
α

α + n∗β

(
Φ(N∗) − min

j∈N
φj

)
> 0

since arg minj∈N φj ∈ {i ∈ N : φi < Φ(N∗)} = N∗. Therefore, by (B.1), di(p̃|Ĩi) =
di(p̃|s̃N∗) = 0, which implies the second condition in Definition 2.

To show the “only if” part, suppose that pM satisfies the first and second conditions
in Definition 2. We show that M = N∗. Let p̃ = pM (s̃M ) and m = |M |. By the first
condition, if i ∈ M and Ĩi = (s̃i, p̃), then di(p̃|Ĩi) 6= 0. This and Proposition 1 imply that
M∗ = M . By the second condition, if i 6∈ M and Ĩi = p̃, then di(p̃|Ĩi) = 0. Since p̃ is
sufficient for ṽ, di(p̃|Ĩi) = di(p̃|s̃M ), which is given by (B.1). If there exists i ∈ N∗\M ,
then, by (2) and (3),

Eθi
[ṽ|s̃M ] − pM (s̃M ) =

α

α + mβ

(
min

M ′⊆M
Φ(M ′) − φi

)
≥ α

α + mβ

(
min

N ′⊆N
Φ(N ′) − φi

)
> 0
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since i ∈ N∗, which implies that di(p̃|Ĩi) = di(p̃|s̃M ) > 0 by (B.1). This is a contradiction
and we must have N∗ ⊆ M . Therefore, M = M∗ = {i ∈ M : φi < minM ′⊆M Φ(M ′)} =
{i ∈ M : φi < Φ(N∗)} = N∗ by Lemma 1.

We are ready to prove Proposition 2. By Lemma B, pN∗ is the unique price function
in {pM}M∈2N\{∅} satisfying the first and second conditions in Definition 2. Thus, it
remains to show that pN∗ satisfies the third condition in Definition 2. For M ∈ 2N\{∅}
with N∗ ( M , let p̃ = pM (s̃M ). Suppose that i ∈ M\N∗ and Ĩi = (s̃i, p̃). Then,
di(p̃|Ĩi) = 0 by Proposition 1 since M∗ = N∗, which is the third condition in Definition
2.

D Rational expectations equilibria in the standard sense

In section 4, we study comparative statics of the equity premium under rational expec-
tations equilibria with endogenous participation. In this appendix, we study it under ra-
tional expectations equilibria in the standard sense, and examine how the results change
if non-participating investors receive private signals and the equilibrium prices reflect all
of them. We show that, also in this case, the equity premium can increase when limited
market participation arises.

Let pN be the rational expectation equilibrium for N given by Proposition 1, which
is a rational expectation equilibrium in the standard sense. Also in this equilibrium,
N∗(α, φ) = {i ∈ N : φi < minN ′⊆N Φ(N ′|α, φ)} is the set of participating investors.
Hence, limited market participation arises under pN if and only if it arises under pN∗ .
The equity premium under pN is

EPN (α, β, φ) ≡ Eθ[ṽ|s̃N ] − pN (s̃N ).

We first consider limited market participation induced by a change in φ. The following
is the counterpart of Proposition 3.

Proposition A Let α, φ, φ′ be such that N∗(α, φ′) = N ′ ( N = N∗(α, φ) with n′ =
|N ′|. If δ(φ, φ′) > ∆∗, then EPN (α, β, φ′) > EPN (α, β, φ). If δ(φ, φ′) < ∆∗, then
EPN (α, β, φ′) < EPN (α, β, φ). If δ(φ, φ′) = ∆∗, then EPN (α, β, φ′) = EPN (α, β, φ).

Proof. The following calculation proves the proposition:

EPN (α, β, φ′) − EPN (α, β, φ) =
α(Φ∗(α, φ′) − Φ∗(α, φ))

α + nβ
=

α(δ(φ, φ′) − ∆∗)
α + nβ

.

Note that the above condition is the same as that in Corollary 4. Since information
contained in the equilibrium prices are the same for both full market participation and
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limited market participation, private signals have no direct role in the change of the
equity premium, which is different from the case considered in Proposition 3. The equity
premium, however, increases when limited market participation arises if δ(φ, φ′) > ∆∗.

We next consider limited market participation induced by an increase in α. The
following is the counterpart of Proposition 7.

Proposition B Let α, α′, φ be such that α′ > α and N∗(α′, φ) = N ′ ⊆ N = N∗(α, φ)
with n′ = |N ′|. Assume that AP (α′, β, φ) > 0. Define

C ≡ αα′(Φ∗(α, φ) − Φ∗(α′, φ))
n(α′Φ∗(α′, φ) − αΦ∗(α, φ))

.

If β > C, then EPN (α′, β, φ) > EPN (α, β, φ). If β < C, then EPN (α′, β, φ) <

EPN (α, β, φ). If β = C, then EPN (α′, β, φ) = EPN (α, β, φ). Furthermore, C > 0.

Proof. Recall that Φ∗(α, φ) is strictly decreasing in α and that αΦ∗(α, φ) is strictly
increasing in α (see the proof of Proposition 7). This implies C > 0, and the following
calculation proves the proposition:

EPN (α′, β, φ) − EPN (α, β, φ) =
n(α′Φ∗(α′, φ) − αΦ∗(α, φ))(β − C)

(α + nβ)(α′ + nβ)
.

In spite that private signals have no direct role in the change of the equity premium,
the larger precision of the stock return results in the larger equity premium if β > C.
The intuition behind this result is exactly the same as that behind Proposition 7 for the
case with N∗(α, φ) = N∗(α′, φ) = N , which is discussed at the end of section 4.
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