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Abstract. In this paper, we study normal surface triple points branched over
analytically irreducible singular plane curves. We calculate the fundamental gen-
era of these triple points. Also, we obtain a necessary and sufficient condition for
these triple points to be Kodaira singularities.

1. Introduction

In [Oyual, it was proved that for normal surface singularities defined by
23 = f(x,y), if f(x,y) € C{z,y} is irreducible and ord(f) > 2, then the max-
imal ideal cycle and the fundamental cycle coincide on the minimal resolution.
In this paper, we continue to study this type of singularities. We will compute
the fundamental genera and give a necessary and sufficient condition for these
singularities to be Kodaira singularities. As we will see later, it makes sense to
compute the fundamental genus for a given normal surface singularity since it
is useful in the classification of singularities. Also, Kodaira singularities intro-
duced by Karras [Kar80], are an important class of normal surface singularities
since the maximal ideal cycle coincides with the fundamental cycle on the mini-
mal resolution while there are many cases where the two cycles do not coincide

([Lau78], [Oyub], [Tom]). Therefore, it is meaningful to consider whether a given
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singularity is Kodaira or not.
Before explaining our results, we prepare some terminology and facts. Let
¢ : (V,A) = (V,0) be a resolution of a normal surface singularity and A = J A,
the irreducible decomposition of the exceptional set. We call ¢ a good resolution
if the exceptional set A is a simple normal crossing divisor in V. Also, @ is
called the minimal resolution (resp. the minimal good resolution) if for any
resolution (resp. good resolution) ¢ : (V’, A') — (V,0) there exists a unique
morphism 7 : V' — V such that ¢/ = pom. A divisor D = YA Ay (dy € Z)
on V supported in A is called a cycle. We denote dy by cff 4, (D). For a cycle
D =", d\A,, we define Dyeq = ZAACsupp(D) A,. Let m be the maximal ideal
of the local ring Oy, of V at o. For an element h € m \ {0}, let (h o ¢) be
the divisor defined by h o ¢ on V. The exceptional part of (h o ) is defined by
(how)a := Y, va, (hop)Ay, where v4, (hoy) indicates the vanishing order of hoy
on Ay. The mazimal ideal cycle M4 on A is defined by M4 := min{(ho)4 | h €
m\ {0}} ([Yau80, Definition 2.11]). The fundamental cycle Z, on A is defined
by Z4 :=min{D = > a)A\|ay > 0and D- A, <0 for any A} ([Art66, p.132]).
The arithmetic genus p,(Z4) = 1 —x(Oz,) of Z, is called the fundamental genus
and denoted by ps(V,0). It can be calculated by the following formula:
pi(Vio) = A2 Ky (1)
Here, K is the canonical divisor of V ([Ish14, Definition 7.2.10]). It is well-
known that the fundamental genus is independent of a choice of resolution of
(V,0) ([Ish14, Proposition 7.2.9]) and useful in the classification of singularities.
For example, if py(V,0) = 0, then (V, 0) is a rational singularity ([Ish14, Theorem
7.3.1]), and the definition of minimally elliptic singularities requires ps(V,0) =1
([Ish14, Definition 7.6.5]). Also, the case of ps(V,0) > 2 has been studied by
Tomaru [Tom95] and Konno [Kon12]. Furthermore, for a Kodaira singularity, it is
known that the arithmetic genus of the associated pencil equals the fundamental
genus ([Kar81]). Kodaira singularities are defined as follows: Let S be a non-
singular complex surface and A C C a small open disc around the origin. If
® : S — A is a proper surjective holomorphic map with connected fibers and
the generic fiber Sy := ®~1(¢) (¢ # 0) is a smooth curve of genus g, it is called a

pencil of curves of genus g.
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Definition 1.1 ([Kar80, Definition 2.2]). A normal surface singularity (Vo) is
called a Kodaira singularity if there exists a pencil of curves ® : S — A such that,
after a finite number of blowing-ups at finite non-singular points in non-multiple
components of the singular fiber Sy, o : S” — S, there is a holomorphic map
7m: M — X from an open neighborhood M of the proper transform of Supp(.Sp)
in S which defines a resolution of (V0). Further, if the pencil is of genus g, then

we call (X, 0) a Kodaira singularity associated to a pencil of curves of genus g.

Finally, in order to describe our result, we need to recall the definition of the
characteristic exponents of irreducible f(z,y) € C{z,y} with ord(f) > 2. By
coordinate changes in x and y, we can always assume that the irreducible curve
i>m bit',
which is called the Puiseux expansion of f(z,y) ([BK86, p.385]). Then the

characteristic exponents are defined as follows.

singularity (C,0) = {f(z,y) = 0} has a parametrization z = t", y = >

Definition 1.2 ([dP00, Definition 5.2.14]). We define

k() =m,

I{Zj = mln{z | a; 7é 0, ng(l, ko, ..., kj—l) < ng(kZQ, RN k?j_1>} for j > 1.

We obviously obtain finitely many k;, say ko, k1, . .., k. We call them the charac-
teristic exponents of f(x,y). Note that kg < ky < --+ < ki, ged(ko, k1, ..., k) =
1,and [ > 1.

From now on, let us describe our motivation and background for our research.
For a normal surface singularity defined by 2" = f(z,y), where f(x,y) € C{z,y},
there are several results for the fundamental genus and a condition to be a Ko-
daira singularity. For example, Tomaru proved that if n divides ord(f) (the order
of f(x,y)), then it is a Kodaira singularity associated to a pencil of curves of
genus (= the fundamental genus) (n —1)(ord(f) —2)/2 ([Tom01, Theorem 4.1]).
Also, he proved that if n is sufficiently large, then the singularity is a Kodaira
singularity associated to a pencil of curves of genus (u(C) — r(f) + 1)/2, where
r(f) is the number of irreducible components of f(z,y) and p(C) is the Milnor
number of the curve singularity defined by f(z,y) = 0 ([Tom01, Theorem 4.5]).
For a Brieskorn-type singularity defined by 23" +27' +25% = 0 (2 < ap < a1 < ay),
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the method for computing the fundamental genus from the exponents ag, ai, as
was shown by Tomaru [Tom07] for the special case (lem(ag, a1) < az), and later
completed by Konno and Nagashima [KN12] for the all cases. Also, Konno and
Nagashima obtained a necessary and sufficient conditions for a Brieskorn-type
singularity to be a Kodaira singularity. Meng and Okuma [MO14] extended
Konno and Nagashima’s result to isolated complete intersection singularities of
Brieskorn-type.

In the following, we will describe our results of this paper. Let (X, 0) be
a normal surface singularity defined by z* = f(z,y), where f(z,y) € C{x,y}
is irreducible and ord(f) > 3. Our goal is to calculate the fundamental genus
pf(X,0) and to prove a necessary and sufficient condition to be a Kodaira sin-
gularity. Since the case of ged(ord(f),3) = 3 can be seen immediately from
Tomaru’s results, so we assume ged(ord(f),3) = 1. In [Oyual, we showed that
the self-intersection numbers Mg and Z2 of the maximal ideal cycle My and the
fundamental cycle Z; on the minimal resolution were determined by ko and k;.
In the process of calculating My and Z,, we were able to learn more about the
resolution of (X, 0). Therefore, in this paper, we first compute the fundamental

genus p¢(X, o) using that resolution.

Theorem 1.3. Let (X,0) C C? be a normal surface singularity defined by z3 =
f(z,y), where f(x,y) € C{x,y}, ord(f) > 3, and f(x,y) is irreducible, and let
ko, k1,. ..,k be the characteristic exponents of f(z,y).

1. If ky > 3ko, then ps(X,0) = ord(f) — 1.
2. If 3ko > ky > 3k /2, then ps(X,0) = ord(f) — 2.
3. If 3ko/2 > k1 > ko, then ps(X,0) = ord(f) — 3.
Consequently, since we assume ord(f) > 3, we can say that (X,0) is not a

rational singularity.

This is proved by Theorems 4.1, 4.2, and 4.3. In Example 4.6 and 4.7, we
explicitly calculate the fundamental genera by a different method from that in
the proof of main theorems, in order to confirm that our results are correct.

Furthermore, we prove the following theorem.

Theorem 1.4. Let (X,0) be the same as in Theorem 1.5. Then (X,0) is a
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Kodaira singularity if and only if kv > 3ko. If this is the case, it is associated to

a pencil of curves of genus ord(f) — 1.

Our results for normal surface singularities defined by 2® = f(z,y), where

f(z,y) is irreducible are summarized as follows:

MZ(=Z2%) | ps(X,o0) | Kodaira singularity
ged(ord(f),3) =3 -3 ord(f) — 2 Yes
k1 > 3ko -1 ord(f) —1 Yes
ged(ord(f),3) =1 | 3k > k1 > 3ko/2 —2 ord(f) — 2 No
3ko/2 > k1 > ko -3 ord(f) —3 No
(1.2)

Note that the case of ged(ord(f),3) = 3 comes from [TomO01, Theorem 4.1].
This paper is organized as follows: In Section 2, we recall the construction

of the covering resolution of (X, 0). In Section 3, we recall the results of [Oyual,

and consider the negative components of the fundamental cycle on the covering

resolution. In Section 4, we will prove the main theorems.
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back. This work was partially supported by the Institute for Environment and
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2. Resolution of singularities

In this section, we will construct the covering resolution ¢ : (X, E) — (X, 0)
of a normal surface singularity (X,0) = {2* = f(z,y)} € C3, where z, y, and
z are coordinates of C* and f(z,y) € C{x,y} is irreducible with ord(f) > 2
and ged(ord(f),3) = 1. It is obtained by using the triple cyclic covering of the
minimal embedded resolution of the irreducible plane curve singularity (C,0) =
{f(z,y) = 0} C C% To this purpose, we recall the minimal embedded resolution

of irreducible curve singularities in Section 2.1, and we recall the construction of
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the covering resolution in Section 2.2
2.1 Minimal embedded resolution of irreducible curve singularities

First, we will construct the minimal embedded resolution of (C, o).

Definition 2.1 ([dP00, Definition 5.3.7]). Let o : Vi — V, := C? be the
blowing-up of C? at the origin Q := o, the singular point of C. We define E(1) :=
o171 (Qo) and the strict transform C(1) of C by the closure of o7 *(C'\ {Qo}). For
i > 1, assuming the composite oy o --- o 0g; : V; = Vj of blowing-ups is obtained,
take the blowing-up 0,11 : Vi1 — V; at the unique intersection point (); of the
strict transform C(i) of C' with the exceptional set FE(i) := (o1 0 -+-0;) Qo)
while the following (1) or (2) does not hold.

(1) C(1) is non-singular at Q;.

(2) C(i) meets only one irreducible component of E(i) transversally at @);.

Note that the uniqueness of @); follows from the irreducibility of C'; and note that
Q) lies on at most two irreducible components of E(i). Thus for some i = s, (1)

and (2) holds and we obtain a sequence of blowing-ups
cEVE &V (2.1)

We call 0 := 0y 0--- 004 the minimal embedded resolution of (C,0). Let e; CV;
be the exceptional curve of o; and by the same e; we denote the strict transform

of e; by 0;410-+-00s (i =1,2,...,s —1). Therefore, we have E(s) = |J;_, e;.

Note that the minimal embedded resolution always exists and is determined
by the characteristic exponents kg, k1,...,k of f(x,y). For examples of the
minimal embedded resolution, see [dP00, Example 5.3.9] or [Har77, Example
3.9.1]. In this paper, the strict transform of e; (i =1,...,s —1) on V; (j >19) is
also denoted by e;.

Let L,, L, C C? be the lines defined by = = 0, y = 0, respectively. We denote
the strict transform of L, L, on V; by the same L, L, for any i. We put

fii=ve,(foo), T =v.(x00), §i :=1e,(yoa), (2.2)

which are the orders of the total transforms of C', L,, and L, along e;. Thus, we
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have
]Fl = muthO(C') = ord(f), .f‘l = §1 = }_11 = 1, (23)

where multg,(C) is the multiplicity of C at ()y. For each i = 2,...,s, if the
intersection point ();_1 of C(i — 1) and E(i — 1) lies on e; for some j < i — 2,
then

ﬁ' = fifl + f] + mLﬂtQi—l (O<Z - 1))7

T =x;_1+ .fj + muthi_l (Lz>, (24)

Yi = Yi—1 + y; + multg, (L),

otherwise
ﬁ = fi—l + muthiil(C’(z' - 1))7
Ti =21+ muthFl(Lx), (25)
Yi = Yi-1 + multe, , (Ly).

Therefore, we have fii1 > fi, Tiy1 > %i, and §iq > 7 fori=1,...,5 — 1. Also,

since C' is irreducible, z; < y; for any 1.
Let I'y be the resolution graph of (C,0), i.e., the weighted dual graph of
E(s)JC(s) ([dP00, Definition 5.3.10]). Then I'y is a tree consisting of I Puiseux

chains P, ..., P, as follows:

*
b ° °
€s
PQI. ® °
Pl:. ° Py (26)

€1

Here, e corresponds to the irreducible component e; of E(s) and * corresponds

to C(s).
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To prove the main theorem, the first Puiseux chain P; plays a key role, so
we will look at P, in detail here. To construct P;, we perform the Euclidean

algorithm for kg and k; as follows:

klquko—l—rl (q1>0,0§7°1<k’0)
ko =qori+12 (g2>0, 0 <1y < ko)

(2.7)
Tw—2 = quTw-1 (Qw > O)
Note that w > 2. Then P, is determined as follows:
1. If w > 3, then
Pl: PY ° ° ° ° °
€1 €q1 Cqitgotl €q1+q2+q3 €q1+qo €q1+1
(2.8)
2. If w=2, then
PI: ° ° ° ° . (29)

el € Caitqe €q1+1
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There are 4 possibilities based on how ey, e5, and e3 intersect.

ko
1
1
Case 1. k; >3ky (q1 > 3) .
€1

ko
1
1
Case 2. 3ky > k1 > 2k (Q1 = 2) L]
€1

Case 3. 2]{?0 > ]{?1 > 3]{?0/2 (Q1 = ({9 = 1)

O o=

DO oI

Case 4. 31{70/2 > k1 > kg (Ch =1,q9 > 2)

51
2ky  3ko
1 1
2 3
(] [ J L]
€9 €3
2ko ky
1 1
2 3
[ ] [ J
€9 €3
3ko ky
2 1
3 2
(] [ ]
€3 €9
2k, ky
2 1
3 2
[ ] [ J
€3 €9
(2.10)

Here, the three numbers above each vertex are f;, Z;, and ¥;, in that order from

top to bottom.

2.2 Covering resolution

For the normal surface singularity (X, o), consider the triple covering map

p: X — C? induced from the projection map C* — C? : (z,y,2) — (z,y). We

put X’ := X X2 Vi and ¢ := id X o|x,. Then the surface X’ has singularities

along p'~'(E(s)), which is of the form 23 = u’g(u,v) (a,b € Zs), where u, v

are local coordinates of V; at an intersection point of irreducible components
of F(s) and g(u,v) is a unit. Let ¢o : X” — X’ be the normalization of X’
([dP00]). Then X" has only cyclic quotient singularities ([Tom01, Lemma 2.5]).

Let ¢3 : X — X" be the minimal resolution of these cyclic quotient singularities.



52 K. OYU

We put m = p’ 0 ¢y 0 ¢3. Then we obtain the following diagram:

CB—CxeV, (2.11)
U U
(X, 0) ¢1 X/ ¢2 X// ¢3 X

|

(C%,0) === (Va, E(s))

Here, p; : C? xc2 V, — C? is the first projection. We put ¢ := ¢, o ¢ 0 ¢3.

Let E; be the strict transform of p'~'(e;)rea 0n X by ¢35 0 ¢, and we put
E = U;_, E;. Note that E; is not always irreducible. In fact, with reference
to Dixon’s method ([Dix79, Section 2]), we say the following: Suppose that e;
intersects only e; (resp. e; intersects e; and ey,) in V,. If ged(f;, f;) = 3 (resp.
ged(fi, fi, fx) = 3), then E; splits into three disjoint copies of itself (see below).

If F; is irreducible, we put

z;:=vg(xod), yi :=vr,(yo @), z:=vg(z00) (2.12)
fori = 1,2,...,s. If E; is reducible, then FE; = U?Zl E;j, and vg,  (z 0 ) =
VE; 2 (xo¢) = Vg5 (xo¢)> VE; 1 <y0¢> = VE; (yo¢) = UE;3 (yo¢)7 and UEi,l(ZO¢) =
Vg, ,(20¢) = vg,,(20¢), and hence, we simply put them by x;,v;, z;. By [Tom01,
Lemma 3.1.] and its proof, we have

3 3 o Ji

U eed(f3) T ged(F3) T ged(Fi3)

Next, we see how to resolve singularities along p'~*(E(s)) C X'. Suppose
that e; and e; (i # j) intersect in V;. We have e; = {u = 0} and e; = {v = 0}
in an open neighborhood U at e; Ne;. We put a = f; and b = fj From

and z (2.13)

[Ish14, Section 4.2], we can assume that p'~'(U) is analytically isomorphic to
a singularity X (a,b) = {2* = u%’}. If ged(a,b,3) = 3, then X(a,b) has 3
connected components, each of them are non-singular. On the other hand, if

ged(a, b,3) = 1, putting

ro:=ged(a,b), 1 :=ged(b,3), 72 := ged(a, 3),
R ) (2.14)

/
n=—.,a:=—-7:»0.=——
172 ToT2 ToT1

we have the following proposition.
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Proposition 2.2 ([Tom07, Lemma 4.2]). The normalization of (X (a,b),0) with
ged(a,b,3) = 1 is a cyclic quotient singularity Cyy,, = (C*/Gy i, 0), where p is

an integer defined by a'pp+b0 =0 modn’, 0 < pu < 3, and G,y is the cyclic
group generated by (e, el,) € GL(2,C), where e,y = exp(2my/—1/n).

Note that the normalization is non-singular if n’ = 1, i.e., either r; = 3 or
ro = 3. Hence, in the following, we assume n’ = 3. It is well-known that the
configuration of the exceptional set of the minimal resolution of Cs ,, is given by
the Hirzebruch-Jung string of 3/u. The configuration of the minimal resolution

of Cs, is as follows.

Corollary 2.3. 1. Ifu=1, i.e., d ZbV mod 3, then

o (-3 ®
E; I E;

)

where @ implies the corresponding exceptional curve is rational and the
self-intersection number equals —c. Furthermore, we have vg, (x o ¢) =
(v +2,)/3, vr(y 0 8) = (3 +9;)/3, and vr, (20 9) = (2 + 2,)/3.

2. If u=2, i.e., d = mod 3, then

) =
® Y, () ol
E; £ o E J

)

where O implies the corresponding exceptional curve s rational and the
self-intersection number equals —2. Furthermore, we have vg (x o ¢) =
(2z; + 2;)/3, vr(y © @) = (24 +y;)/3, vr (20 @) = (22 + 2;)/3, and
v (T0 @) = (2i+22;)/3, vy (Yo d) = (i +2y;)/3, vm(209) = (2+22;)/3.

Note that the valuations are calculated by the equation (zo¢)-F; = (yo¢)-F; =
(z0¢)- F; = 0. Let F be the union of all exceptional curves obtained by resolving
all cyclic quotient singularities on X" in this way.

We put £ = EUF. Then ¢ : (X, E) — (X,0) is a good resolution of (X, 0)
and we call it the covering resolution over the minimal embedded resolution.

From the above results, we obtain the weighted dual graph I'j; of E. We

put E? = —¢;. Then the necessary part of I'j; to prove the main theorem is as
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follows:
Case 1 (k1 > 3ky).

s OO
B ja) B, By

We have (z1,x2,23) = (3,3,1), (y1,vy2,y3) = (3,6,3), (21, 22, 23) = (ko, 2ko, ko)-
Furthermore, by Corollary 2.3, we have (vg, (z o ¢),vp(y o ¢),vr (2 0 ¢)) =
(2,3, ko).

Case 2 (3kg > k1 > 2kg).

We have (21, x2) = (3,3), (y1,42) = (3,6), and (z1, 22) = (ko, 2ko). Furthermore,

we have (UFl (ZL‘ © ¢)7 VR (y © ¢>7 VR (Z © ¢)) = (2’ 3, kO)
Case 3 <2l€0 >k > 3k’0/2)

re ()—Cop— -

£y Es

We have (z1,x3) = (3,2), (y1,y3) = (3,3), and (21, 2z3) = (ko, ko).
Case 4 <2k0 >k > 3]{?0/2)

Ey

We have x1 = y; = 3 and 2z; = ky.

3. The negative component of the fundamental cycle

In this section, we briefly review the results of [Oyua] and consider the Zz-
negative components. Let (X, 0) be the same as in Theorem 1.3 and ¢ : (X', E) —

(X, 0) the covering resolution in (2.11). First, we prepare some notations.
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Definition and Notation. For an anti-nef cycle D = > d,&) on E (i.e, D-&E\ <
0 for any irreducible component &, of E ), an irreducible component &, is called a
D-negative component (defined in [TT23]) if D-&,, < 0. We denote the minimal
resolution (resp. the minimal good resolution) by ¢ : (Xo, Ey) — (X, 0) (resp.
¢y (X}, E)) — (X,0). Also, we denote the maximal ideal cycle and the
fundamental cycle on ¢g (resp. ¢j) by My and Z, (resp. M and Z)).

By [Tom01, Proposition 3.3], the maximal ideal cycle M satisfies My =
((ax + By) o @) for general o, 5 € C, Mé = —3, and £} is the Mj-negative
component, which satisfies Mz - E; = —1 and cffg, (Mz) = 3. Note that since
(xod)p < (yo @)z, we have Mz = (x 0 ¢)z. We proved My = Zy by focusing
on the first Puiseux chain P; of the resolution graph I'y of the irreducible curve
singularity defined by f(z,y) = 0. In the proof of Theorem 1.3, we will focus
on Zj-negative components. Hence, in the following, we describe Zj-negative
components in detail.

Case 1 (k; > 3ky). In [Oyua, Theorem 5.1], we proved MZ = Z2 = —1.
Hence Z2 = Zi = —1. Let Ej be the strict transform of E3 by ¢o. We can
see that FEj is the Zjy-negative component. Therefore, Fj is the Z;-negative
component, which satisfies Z - B3 = —1 and cff,(Z;) = 1.

Case 2 (3kg > k1 > 2kg). In [Oyua, Theorem 5.3], we proved Mg = Z3 =
—2. Hence Z% = —2. We see that the strict transform of F} by ¢q is the Zy-
negative component. Therefore, F} is the Zz-negative component, which satisfies
Zp-Fy =—1and cffp (Z;) = 2.

Case 3 (2ky > ki > 3ko/2). In [Oyua, Theorem 5.3], we proved Mg =
Z2 = —2. Hence Z% = —2. We see that the strict transform of E3 by ¢q is
the Zp-negative component. Therefore, E5 is the Zz-negative component, which
satisfies Z5 - B3 = —1 and cffg,(Z5) = 2.

Case 4 (3ko/2 > k1 > ko). In [Oyua, Theorem 5.5], we proved Z7 = —3 and
E, is the Zz-negative component, which satisfies Zz - E; = —1 and cffg, (Z3) =
3.
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4. Fundamental genera and a condition to be a Kodaira singularity

First, we will compute the fundamental genus p;(X,0) and prove Theorem
1.3.

Theorem 4.1. Let (X,0) be the same as in Theorem 1.3. If ky > 3k, then
p(X,0) = ord(f) — 1.

Proof. Consider the covering resolution ¢ : (X, E) — (X, 0) of (X,0) in Section
2. By Case 1 of Section 3, the Zz-negative component is E5 and Zz - E5 = —1.
Hence we have Zz - K¢ = cffg, (K¢)(Zp - E3) = —cffp,(Kg), where K is the
canonical divisor on X. By (1.1), we have p;(X,0) = —(cffp, (Kg) +1)/2 +
1. Therefore we need only to know cffg, (K5), so, as in the proof of [Tom01,
Theorem 4.1], we will compute the vanishing order vg,(wo ¢) = cff g, (K %) of the
pull-back of the canonical form w = (dz A dy)/2* onto X.

We assume that Ey = {u = 0} and F3 = {v = 0} in an open neighborhood
U C X of the intersection point of E, and Ej3, where u,v are local coordinates
on U. Since (z2,23) = (3,1), (y2,y3) = (6,3), and (29, 2z3) = (2ko, ko), we obtain
ro¢ =ud, yod =ub? and zo ¢ = u?*ovkoh(u,v) where h(u,v) is a unit.

Hence, we obtain

3
wo o= =TT 7J)2du A dv (4.1)
on X. Since the local equation of Ej is v, we have vgs(wo @) = —2ky + 3.
Therefore, we obtain pf(X,0) = ko — 1. O

Theorem 4.2. Let (X, 0) be the same as in Theorem 1.3. If 3ko > k1 > 3ko/2,
then ps(X,o0) = ord(f) — 2.

Proof. Case 2 (3ky > k; > 2ko). In this case, the Zz-negative component is
Fyis and Zp - F1 = —1, so we need to compute cffp (Kg). We assume that
Ey = {u = 0} and F; = {v = 0} in an open neighborhood U C X of the
intersection point of E; and Fj, where u,v are local coordinates on U. Since

r1 =3, 91 =3, 21 = ko, vp(x 0 9) =2, v (y o @) =3, and vg (2 0 ) = ko, we
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obtain x o ¢ = u3v?, yo ¢ = udv3, and 2 o ¢ = urv*h(u,v). Hence, we obtain
3
u2k075v2k074h(u, U)

wop= sdu A dv (4.2)

on X. Since the local equation of Fy is v, we have vp (wo ) = —2ky + 4.
Therefore, we obtain ps(X,0) = ko — 2.

Case 3 (2ky > k1 > 3ko/2). Since the Zz-negative component is E3 and
Zp - B35 = —1, we will compute cffg,(Kg). We assume that E; = {u = 0}
and F3 = {v = 0} in an open neighborhood U C X of the intersection point
of F; and Ej3, where u,v are local coordinates on U. Since (z1,z3) = (3,2),
(y1,93) = (3,3), and (21, 23) = (ko, ko), we obtain z o ¢ = u3v?, yo ¢ = uv3, and
z 0 ¢ = urovkoh(u,v). Hence, we obtain

3

Wwo ¢ = oSBT, U)Qdu A dv (4.3)
on X. Since the local equation of Fj is v, we have vgs(wo @) = —2ky + 4.
Therefore, we obtain ps(X,0) = ko — 2. ]

Theorem 4.3. Let (X,0) be the same as in Theorem 1.4. If 3ko/2 > ki > ko,
then ps(X,o0) = ord(f) — 3.

Proof. From Case 4 of Section 3, the Zz-negative component is £y and - Zp =
—1, so we will compute cffg, (Kz).

Let P € X be the intersection point of E; and the strict transform of y-axis
and U an open neighborhood of P. We assume that E; = {v = 0}, where u,v
are local coordinates on U. Since x; = y; = 3 and z; = kg, we obtain z o ¢ = v3,
yoo¢=uvd zo¢=1v"h(u,v). Hence, we obtain

-3

on X. Since the local equation of E; is v, we have vg, (w o ¢) = —2ko + 5.
Therefore, we obtain ps(X,0) = ko — 3. ]

Next, we will prove Theorem 1.4. For this purpose, we need the following

propositions.

Proposition 4.4 ([Kar80, Proposition 2.7], [Kar81]). Let 7 : (V,A) = (V,0) be

the minimal good resolution of a normal surface singularity, Z 4 the fundamental
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cycle on A, and m the mazimal ideal of Oy,,. Then (V,0) is a Kodaira singularity
if and only if cff4,(Za) =1 holds for every Z s-negative component A; and there

is an element g € m such that the divisor (g o w) is normal crossing and Z, =

(gom)a.

Proposition 4.5 ([Kar81]). Let (V,0) be a Kodaira singularity. Then the genus

of the associated pencil equals the fundamental genus pr(V, o).

Since we need to know the coefficients of the Z-negative component for the

minimal good resolution, we use the results of Section 3.

Proof of Theorem 1.4. In Case 1 of Section 3, we saw that Z]%J = —1 and FEj is
the Zjz-negative component, which satisfies cffp,(Z;) = 1. Let ¢' : (X', E') —
(X, 0) be aresolution of (X, 0), which is obtained by blowing-down E;, Es, and F}
on the covering resolution (X' E ). In the proof of [Oyua, Theorem 5.1], we proved
that Mz = Zp = (v o ¢') . Hence we can conclude that Mj = Z) = (z o %)Eg
on the minimal good resolution ¢} : (X{, E}) — (X,0). Let E} be the strict
transform of E3 by ¢. Then Ej is the Zj-negative component and cff z; (Z7) = 1.
Therefore, (X, 0) is a Kodaira singularity by Proposition 4.4. The genus of the
associated pencil is ord(f) — 1 by Proposition 4.5 and Theorem 4.1.

In Cases 2, 3, and 4, we saw that the coefficient of the Z-negative compo-
nent is not 1, hence the same holds for the minimal good resolution. Therefore,

in these cases, (X, 0) is not a Kodaira singularity by Proposition 4.4. O]

Finally, we compute the fundamental genera for two examples using the ad-

junction formula and confirm that our results are correct.

Example 4.6. Suppose that (ko, k1, k2) = (4, 18,21). If we parameterize z = t4,
y = t18+121 then we obtain f(x,y) = y*—2y%2? —dyx'®+2'8 — 22! by eliminating
t. Note that these characteristic exponents satisfy the condition of Case 1 of
Section 3. Therefore, by Theorem 4.1, we have p¢(X,0) = 3.

In the following, we compute the minimal good resolution of (X, 0). First, the

resolution graph I'f of the minimal embedded resolution of (C,0) = { f(z,y) = 0}
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is as follows:

38 78 39
2 4 2
9 18 9
[} [ ] [}
€7 69\68
4 8 12 16 36 18 *
1 1 1 1 2 1
1 2 3 4 9 5
. ° . ° . ° (4.5)
€1 €2 €3 €4 €6 €5

The weighted dual graph I'; of the covering resolution is as follows:

Here, the number above each vertex is the coefficient of the maximal ideal cycle
Mp. We see that Ey is the Mg-negative component with My - By = —1, and
M2 = -3

The weighted dual graph I' B of the minimal good resolution ¢} : (X}, E}) —

(X, 0) is as follows:
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Note that this resolution is also the minimal resolution. We see that E} is the
M{-negative component with M - E = —1, hence M{> = Z? = —1. Let K|, be
the canonical divisor of X(’]. Then, by adjunction formula, we obtain
1 (A=3)
Ki-Ey=4q2 (A=6) (4.6)
0 (otherwise).
Therefore, we obtain

— 1+ cffgy (%) (K - Ey) + cff gy (Zp) (K - Eg)

Example 4.7. Suppose that (X, 0) is a Brieskorn-type singularity defined by
2% = y'% — 213, Since we can parameterize z = t'© and y = t'3, we have

(ko, k1) = (10, 13). Note that these characteristic exponents satisfy the condition
of Case 4 of Section 3. Therefore, by Theorem 4.1, we have ps(X,0) = 7.

The resolution graph I'y of the minimal embedded resolution of (C,0) =
{f(z,y) = 0} is as follows:

10 50 90 130 39 26 13
1 4 7 10 3 2 1
1 5 9 13 4 3 2
° ° ° ° ° ° ° (4_7)
€1 es €6 67\64 €3 €2
*

The weighted dual graph I’ i of the minimal good resolution is as follows:
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BB B B

We see that E/ is the M/-negative component with M - Ej = —1, hence M} =
—3. We check that Z;*> = —3. By adjunction formula, we obtain

.

8 (i=4)

R A s
1 (i=7)
0  (otherwise).

\
Also, we have Kj - F; = 0 for j = 1,2,3. Hence we obtain p;(X,0) = 7. Since
(X, 0) is a Brieskorn-type singularity, we can also check this by using [KN12,
Theorem 1.7].
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