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Let f ,  g : (IR", 0 )  + (IW, 0 )  he two C" map germs. We say that f  and g are 

right-left equivalent if there exist C" diffeomorphic map germs h : (IRn,O) + 

(IRn, 0 )  and H : ( IRP,  0 )  -t ( IRP,  0 )  such that the following diagram commutes: 

This equivalence relation seems to be the most natural equivalence relation he- 

cause this says that f  coincides with g under suitable coordinate transformations 

of the source and the target spaces, 

In [N], the author proposed a method to construct C" diffeomorphic map 

germs which give right-left equivalence for the given two C" map germs and 

got several extensions of the known results concerning right-left equivalence. 

A C" divergent diagram (f,, f i )  : (IF', 0 )  t (IRn, 0 )  -t (IRq,  0 )  is a pair of 

C" map germs fl : ( I R n , O )  + ( I R P , O )  and fi : (IRn,O) + (IRq,O). We often 

identify a C" divergent diagram germ ( f l ,  f 2 )  : (IRP,O) t (IR",O) + (IRq,O) 

with the Cm map germ f  : ( I R " , O )  4 (IRP x I R q ,  (0 ,O))  such that f ( x )  = 

( f i ( x ) ,  f i ( x ) )  and we write as f = ( f ~ ,  f i). Let f = ( f i ,  f i) ,  g = ( g ~ , g i )  : 

(IRP,O) t (IRn,O) -t (IRq,O) he two C" divergent diagrams. We say f and g 

are equivalent as divergent diagrams if there exist C" diffeomorphic map germs 

h : (IRn, 0 )  + (IR", 0 ) ,  HI : (IRP, 0 )  -t ( R P ,  0 )  and Hi : (IRq,  0 )  + (IRq, 0) such 
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that the following diagram commutes: 

This equivalence relation also seems to be the most natural equivalence relation 

for smooth divergent diagrams. However, this equivalence relation is known 

to be too tight to expect theorems reflecting the principle "an infinitesimal 

relation corresponding to this equivalence relation implies a geometric notion 

corresponding to this equivalence relation" for general Cm divergent diagrams 

(for instance, see [ D l ,  D2,  N a l ,  NaZ]). Thus, we introduce the following two 

weaker equivalence relations. 

Definition 0.1: Let f = (fl, fi), g = (g1,g2) : (IRn,0) + (IRP x I R q , O )  be 

two Cm divergent diagrams. We say f and g are equivalent over varieties if 

there exist Gm diffeomorphic map germs h : (IR", 0) + (IR", 0), HI : (JRp,O) + 

(IRP, 0) and H2 : (IRq, 0) + (El9,O) having the following two properties: 

(01.1) the following diagram commutes: 

(0.1.2) the following diagram also commutes: 

Definition 0.2: [AGV] Let f = (fl, f2 ) ,  g = (gl,g,) : (IR",O) + (IRP x I R q , O )  

be two C" divergent diagrams. We say f and g are at-equivalent if there exist 

C" diffeomorphic map germs h : (IR", 0) --t (IR", 0) and H : (IRPx lW, (0,O)) + 

(IRp x IRq, (0,O)) having the following two properties: 
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(0.2.1) the following diagram commutes: 

f (IR", 0) + (IRP x IFF, (0,O)) 

h 1 H I  
(IR",O) (IRpxElq,(O,o)), 

(0.2.2) H has the following form: 

where y 6 RP and y' 6 Rq 

In this paper, first we will review our method of IN] (in §I),  and then we 

will apply this method to Cm divergent diagrams. 

hfain results in this paper are estimates of the order of determinacy of the 

given Cm divergent diagrams with respect to equivalence over varieties and R+- 

equivalence (theorems (2.1) and (2.2) in 52). 553-6 will be devoted to the proof 

of theorems (2.1) and (2.2). 

1. Review of Our Method 

We review how to get C" diffeomorphic map germs which gives the right-left 

equivalence for the given two Cm map germs. 

Let f ,  g : (IR", 0) + (IRP,O) be two Cm map germs. We say f and g are 

K-equivalent if there exist a Cm diffeomorphic map germ h : (IR", 0) -r (IR", 0) 

and a Cm map germ M : (IR",O) --t (GL(p,IR), M(0)) such that f (x)  = 

M ( x ) ~ ( ~ ( x ) ) .  K-equivalence is also an equivalence relation for Cm map germs, 

which was introduced by J.Mather([Ml]). This IC-equivalence relation is rel- 

atively easier to treat than right-left equivalence. For instance, if both of f 

and g are finitely determined with respect to K-equivalence, then f and g are 

K-equivalent if, and only if, their local algebras &./ < f > and En/ < g > 
are isomorphic as El-algebras; where &, is the IR-algebra of all Cm function 
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germs (IR",O) + JR and < f > and < g > are the ideals in &. generatetd by 

component functions of f and g respectively (see [MZ]). 

Our method starts from judging whether or not f and g are K-equivalent. 

Since K-equivalence is a weaker equivalence relation than right-left equivalence, 

we see i ff  and g are not K-equivalent, then f and g are not right-left equivalent. 

From now on in this chapter, we assume that f and g are K-equivalent. 

Namely, 

Assumption 1.1: Suppose that there exist C" diffeomorphic map germ s : 

(IR", 0) + (IRn,O) and a C" map germ M : (IR",O) -+ (GL(p,R), M(0)) such 

that f (x)  = M ( ~ ) ~ ( s ( x ) ) .  

Next, we consider the G" deformation F : (IR" x IRP, (0,O)) --t (IRP, 0) of f 

having the following form: 

We concentrate on the case when F has a triviality. Namely, our second 

assumption is the following (1.2). We treat two kinds of p-dimensional euclidean 

space IRP. When we are considering IRP as the target space, we write it IR;. 

When we are considering IRP as the parameter space, we write it IR:. 

Assumption 1.2: Suppose that there exist Cm diffeomorphic map germs h : 

(IR" x IR?, (0,O)) + (IRn x El:, (0, O)), H : (IRE x El:, (0,O)) + (IR: x G, (0,O)) 

and 4 : (R:, 0) + (Eli, 0) such that the following diagram commutes: 

Here, rrz is the canonical projection to the second element. From the commu- 

tativity, we may write 
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Then, we set YE : ( 0  + ( 0  as 

The map germ $" is a parameter map germ from the parameter space of the 

deformation F : (IR" x IR:, (0,O)) -+ (h, 0) to the parameter space of the 

graph deformation of f .  We also set gh : (IR", 0) -t (IR", 0) as 

Then we can get easily the following equality of map germs (see [N]) 

f(@h(~))  = ' 4%r(~(~(~)) ) .  

Finally, we add one more assumption. 

Assumpt ion  1.3: Suppose that the map germ : (IR;,O) + (IRE, 0) is C" 
diffeomorphic. 

Then we can prove that the map germ Yh : (IRn,O) + (IRn,O) is also 

Cm diffeomorphic (see [N]). Thus, we see 

L e m m a  1.4: Under the assumptions (1.1), (1,2) and (I.$'), f and g are right 

left equivalent. 

By using our method, we can prove the following Gaffney type estimate of 

the order of determinacy (see [N]). 

T h e o r e m  1.5: Let f : (IR",O) + (IRP,O) be a C" map germ. Suppose there 

exist positive integers k and t such that the following two inclusions hold: 

and 

m f ~ f  c tf(m.&,") + f'm,e. 
'> 

Then f is (k + L - 1)-determined with respect to right-left equivalence 



Theorem (1.5) includes the following du Plessis-Wall's estimate of  the order 

o f  determinacy. 

Corol lary  1.6: [([dP,W])] Let f : (IR",O) + ( I R P , O )  be a C m  map germ. 

Suppose there ezists a positive integer k such that the following inclusion holds: 

Then f is (2k - 1)-determined with respect to right-left equivalence 

2. Estimates of the order of determinacy of a C" diver- 
gent diagram 

Let f = ( f l ,  f 2 )  : (IR", 0 )  + (IRP x IFP, (0,O)) be a C m  divergent diagram. For 

a positive integer k ,  we say f is k-determined with respect to equivalence over 

varieties (resp. R+-  equivalence) i f  for any C m  divergent diagram g = (g,,g2) : 

(IRn, 0 )  + (IRp x IRq, (0,O)) such that jkg(0)  = jk f ( 0 )  ( j k  f ( 0 )  means the k-jet 

o f  f at the  origin), g is equivalent over varieties (resp. Rf-equivalent) t o  f .  

T h e  letter y (resp. y') means a point o f  ELP (resp. IRq). For instance, &,,,, 

(resp. E,,) i s  the  set of  all C" function germs (IRE x IR:,, (0,O)) -r IR (resp. 

(mi,, 0 )  + IR). 

T h e o r e m  2.1: Let f = ( f l ,  f 2 )  : (IR", 0 )  + (IRP x IRq, (0,O)) be a C" divergent 

diagram. Suppose there edst positive integers k and ! such that the following 

two inclusions hold: 

and 

mfC+' c tf(m.C) + ( f ~ , f ~ ) ' m , , , , & f + ~ ~  

Then f is ( k  + l - 1)-determined with respect to equivalence over varieties. 

T h e o r e m  2.2: Let f = ( f , ,  f 2 )  : (IRn,O) + (IRp x IRq, (0,O)) be a C m  divergent 

diagram. .Suppore there eziat positive integers k and t such that the following 
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two inclusions hold: 

and 

m t & f f q  c t f  (m.E,") + f;m,,&f+' 

Then f is  ( k  + l - 1)-determined with respect to R+-equivalence 

Theorem (2.1) includes the following corollary (2.3) 

Corol lary  2.3: Let f = ( f , ,  f 2 )  : (IRn, 0 )  + (IRP x IRq, (0,O)) be a C" diver- 

gent diagram. Suppose there exists a positive integer k such that the following 

inclusion holds: 

Then f is (2k - 1)-determined with respect to equivalence over varieties. 

Theorem (2.2) includes the following corollary (2.4). 

Corol lary  2.4: Let f = ( f , ,  f 2 )  : ( I R n , O )  -r (IRP x lRq,(O,O)) be a C" diver- 

gent diagram. Suppose there ezists a positive integer k such that the following 

inclusion holds: 

mk&~+q . . C t f  (m.&,") + wf~(m,.&:?~). 

Then f is (2k - 1)-determined with respect to Rf-equivalence. 

E x a m p l e  2.5: T h e  following two examples are taken from [ H I I Y ] .  In both 

examples, we are setting n = 2 ,  p = 1 and q = 2. 

Calculations show that 
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and 

m.82 c tf(m.&:) + ( f i ,  fz)*mY,,,&,3. 

Thus, by theorem (2.1), f = ( f l ,  f a )  is 2-determined with respect to equivalence 

over varieties. 

(2.5.2) f = ( f l ,  f z )  = ( Z Z  +  XI, 2; + X I X Z ) ,    XI,^ + x l x z ) ) r  

where 4 : (RZ, 0 )  + (IR, 0 )  is an arbitrary Cm function germ. Calculations 

show that 

m:Ei C t f ( m , & i )  + w(fi , f~)(m,E,, , ,  @ mu,&:,,,) 

and 

m.&2 c t f (m.&i)  + ( f i , f ~ ) ' m , , , , & ~ .  

Thus, by theorem (2.1), f = ( f l ,  f z )  is 3-determined with respect to equivalence 

over varieties. 

3. Reduction of theorems (2.1) and (2.2) 

Theorem (2.1) (resp. theorem (2.2)) derives from the following theorem (3.1) 

(resp. theorem (3.2)). 

T h e o r e m  3.1: Let f = ( f l ,  f z ) , g  = (g l ,gz )  : (IR",O) + (IRP x IRP,(O,O)) be 

two C" divergent diagrams. Suppose there exist a C" diffeomorphic map germ 

s : (EL", 0 )  -t (IR", 0 )  and a C" map germ 

such that f ( x )  = M ( x ) ( g  o s ) ( x ) .  Suppose furthermore there exists a positive 

integer k such that 

T h e o r e m  3.2: Let f = ( f l ,  f z ) ,g  = (g l ,g2)  : (IR",O) 4 (IRP x IRq,(O,O)) be 
! 
! two C" diuergent diagrams. Suppose there ezzst a C" diffeomorphic map germ 

s : (IR", 0 )  + (IR", 0 )  and a Cm map germ 

N ( x )  = (nl(=), . . . , n p t q ( x ) )  : ( I R " , O )  + ( G L ( P  + q,IR),  Eptq) 

I 

i such that the following two properties hold: 

(3.2.2) n i ( x )  i s  the constant vector ei for any i ( 1  5 i 5 p). 

Suppose furthermore there exists a positive integer k such that 

1 for any i ( 1  5 i < p + q) .  Then f and g are Rt-equivalent. 

P r o o f  t h a t  T h e o r e m  (3.1) implies T h e o r e m  (2.1): Let ; K ( n ; p , q )  be the 

set of all pairs of ( a ,  M ) ,  where s : (IR", 0 )  + (IR", 0 )  is a Cm diffeomorphic map 

germ and M ( x )  = ( m l ( x ) ,  . . . , mP+,(x))  : (IR", 0 )  -t ( G L ( p  + q, IR), EP+,) is 

a C" map germ with the following property. 

each element of M ( x )  5, M ( 0 )  is included in mi+'&, 
! 
1 
1 The set i K ( n ; p ,  q )  becomes a group by the operation ( s l ,  M i )  * ( a z ,  M a )  = 

I ( s l  o s2 ,  M I M Z ) ,  where s1 o sz  means the composition of al and sz  and M I M z  
I 

means the product of matrices Mi and h i z .  In fact, we may consider that 

i K ( n ; p , q )  is a subgroup of the group K introduced by J .  Mather in [ M I ] .  
I 

We want to study the orbit through a given C" divergent diagram f = 

( f i ,  f z )  : (IR", 0 )  + (IRP x IRq, (0,O)) by the action of the group i K ( n ;  p, q). The 

tangent space at f = ( f l ,  f z )  to this orbit is 

for any i ( 1  < i 5 p + q ) .  Then f and g are equivalent over varieties 
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Since (3.3) is an &=-module, by an ordinary argument (c.f. [W]) we may prove 

easily I 
Lemma 3.4: Let f = ( f l ,  f i )  : (IR",O) -r (IRP x IRq,(O,O)) be a Cm divergent 

diagram. Suppose there ezist positive integers k ,e  such that 

Then f is e-determined with respect to the group ~ - ~ K ( n ; p , q )  

Thus, by using of Mather's lemma (lemma (3.1) of [MZ]) ,  we see ~ 
Lemma 3.5: Let f = ( f , ,  f 2 )  : (IRn,O) + (IRP x IRq,(O,O)) be a Cm divergent I 

diagram. Suppose there ezist positive integers k ,e  such that I 

I 

mf &: c t f  (m,&E) + ( f i ,  f 2 )' ~ Y , Y , ~ Z  *EP+P, , 

Then f is (e  - 1)-determined with respect to the group k*_lK(n; p ,  q) if, and only 

ij, for any Cm divergent diagram g = ( g l ,  g2) : (IR", 0 )  + (lRp x Rq, (0,O)) with 

jL-lg(0) = jf-' f ( 0 ) ,  the condition 

satisfies. 

I 
Now, we start to prove that theorem (3.1) implies theorem (2.1). By the 

second condition in (2.1), we have 

Let g = ( g l ,  gi) : (IR", 0 )  + ( IRP x IRq, (0,O)) be a Cm divergent diagram with 

j L g ( )  = j ( 0 ) .  Then, since the difference (g - f )  is included in mf&:, 

(3.6) implies 

Hence, by lemma (3.5), f is ( k  + e - 1)  -determined with respect to the group 

k- iK(n;p ,q) .  Thus, for any C" divergent diagram g = (g1,g2)  : (IRn,O) + 
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(IRP x IRq, (0,O)) with jkt'-'g(0) = jL+'-I f (0 ) ,  there exist a C" diffeomorphic 

map germ s : (IR", 0 )  + (R", 0 )  and a C" map germ 

such that the following two properties hold: 

f(.) = M(x) (g  0 a ) ( z ) ,  
mi(=) - mi(0 )  E m*,&:+P for any i (1 < i < p + q) 

Therefore, by the first condition of theorem (2.1), theorem (3.1) induces that f 

and g are equivalent over varieties. 

Proof  t h a t  Theorem (3.2) implies theorem (2.2): First, we need several 

preparations. 

Let ik(n;p, q) be the set of all pairs of ( 8 ,  N ) ,  where s : (IR", 0) -, ( I R n , O )  

is a C" diffeomorphic map germ and N ( x )  = ( n l ( x ) ,  . . . , n,+,(x)) : (IR", 0 )  + 

(GL(p  + q, IR) ,  EP+,) is a Cm map germ with the following two properties. 

each element of N(x ) .  - N(0)  is included in mit1&=, 

n i ( z )  is the constant vector e; for any i (1 5 i 5 p). 

The set ; k ( n ; p ,  q )  becomes a group by the operation ( s l ,  N l )  1; ( a 2 ,  N2)  = (sl o 

sz, N I N z ) ,  where 81 o sz means the composition of a1 and a2 and NlN2 means 

the product of matrices Nl and Nz.  In fact, we may consider that ;E (n ;p ,  g) is 

a subgroup of the group K introduced by J. Mather in [ M l ] .  

We want to study the orbit through a given Cm divergent diagram f = 

( f i ,  f z )  : (IR", 0 )  4 (IRP x IRq, (0,O)) by the action of the group i k ( n ; p ,  q). The 

tangent space at f = ( f i ,  f z )  to this orbit is 

Since (3.7) is an &,-module, by an ordinary argument (c.f. [W]) we may prove 

easily 



L e m m a  3.8: Let f = ( f l ,  f a )  : (EL", 0 )  + (IRP x IRq, (0,O)) be a Cm divergent 

diagram. Suppose there exist positive integers k , e  such that 

Then f is [-determined with respect to the group k - l f ( n ; p ,  q )  

Thus, by using of Mather's lemma (lemma (3.1) of [ M Z ] ) ,  we see 

L e m m a  3.9: Let f = ( f l ,  fa) : (IRn,O) + (IRP x IRq,(O,O)) be a Cm divergent 

diagram. Suppose there exist positive integers k,! such that 

~ & P + P .  mi&: c tf(m.&,") + f,^m,,m, , 

Then f i s  ( l -  1)-determined with respect to the group k-lE(n;p,  q )  i f ,  and only 

for any Cm divergent diagram g = ( 9 1 , ~ ~ )  : (IR", 0 )  -+ (IRP x IRq, ( o , o ) )  with 

j f - Ig(0)  = jf-' f ( 0 ) ,  the condition 

~&P+'PCP + m f + l & ~ + ~  rnl,E,PtP c tg(m.&:) + g;mp.m, , * = 

satisfies. 

Now, we start to prove that theorem (3.2) implies theorem (2.2). By the 

second condition in (2.2), we have 

(3.10) m:+'&,'+' c t f ( m : & z )  + f;m,,m~&,'+q. 

Let g = (g l ,ga)  : (IR",O) + (IRP x IRq, (0,O)) be a Cm divergent diagram 

with jk+'-lg(0) = jk+'-' f (0 ) .  Then, since the difference ( g  - f )  is included in 

m:t'&,'f#, (3.10) implies 

~ & P + P  + mt+f+l &P+P, mt+'~;"~ c tg(mSc) + g;m,,m, . = 

Hence, by lemma (3.9), f is ( k  + e - 1 )  -determined with respect to the group 

k-lF?(n; p, q).  Thus, for any Cm divergent diagram g : (IW, 0 )  + (IRp x 

IRq, (0,O)) with jk f ' - lg(0)  = jk+'-' f(O), there exist a C" diffeomorphic map 

germ a : (IR", 0 )  + (IRn, 0 )  and a Cm map germ 
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such that the following three properties hold: 

f ( x )  = N ( x ) ( g  0 a ) ( * ) ,  
n ; ( x )  is the constant vector ei for any i ( 1  < i 5 p), 
n i ( x )  - ni (0 )  E mi&:+q for any i ( 1  < i 5 p + q).  

Therefore, by the first condition of theorem (2.2). theorem (3.2) induces that f 

and g are R+-equivalent. 0 

4. Algebraic Lemmata Concerning Mixed Homomor- 
phisms 

In this chapter, we prove two algebraic lemmata (lemma (4.2) and lemma (4.4)) 

concerning mixed homomorphisms in the sense of J. Mather ( [ M I ] ) .  We need 

Malgrange's preparation theorem ( [ M g ] )  in this chapter. 

Let f = ( f i ,  fz) : (IR", 0 )  + (IRP x IRq,(O,O)) be a Cm divergent diagram 

and let 

M ( x )  = ( ~ I ( x ) ,  . . . , m P t q ( x ) )  : ( I R n , O )  + ( G L ( P  + q,IR), EP+A 

be a Cm map germ. Let Q = ( Q l ,  m 2 )  : (IRn x IRT x IR:,, ( 0 , 0 , 0 ) )  + (IR: x 

IR$, (0,O)) he the C" deformation o f f  having the following form: 

L e m m a  4.2: Suppose there ezists a positive integer k such that 

for any i ( 1  < i < p + q) .  Then m i ( x )  - m i ( 0 )  is included in 

for any i ( 1  5 i 5 p + q).  

Among deformations of type (4.1), we give the following deformations (type 

(4.3)) special treatment. Let 
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be a C m  map germ such that n i ( x )  is a constant vector e; for any i ' ( 1  5 i 5 

p). Let 'J! = ( 'PI ,  q2) : (IR" x El: x X:,, ( O , O ,  0 ) )  + (IRE x xi,, (0,O)) be the 

C m  deformation of f having the following form: 

where we set 
EP N l ( x )  

N ( x )  = [ 0 N 2 ( x )  ] ' 

L e m m a  4.4: Suppose there exists a positive integer k such that 

for any i ( 1  5 i 5 p + q ) .  Then n i ( x )  - ni(n) is included in  

f o r a n y i  ( l < i < p + q ) .  

Proof of L e m m a  (4.2): Since we assumed 

by Malgrange's preparation theorem ( [ M g ] )  we have 

5 , ( x ,  A, A')  * I ( = ,  A,*') EP 0 [ i , (~ ,  A. An) ] = [ * z ( x .  *.A1) ] + [ 0 Eq I I 

Since we assumed 

,k&P+' m i ( x )  - m i ( 0 )  E . . 
for any i ( 1  5 i 5 p), the difference 

6 A, A )  - ( x )  = ( M ( x )  - M ( 0 ) )  [ 1 
is included in 

( T A ,  - r ~ , ) * m ~ , ~ , m i & z ; : ~ ,  - 
~ & P + P  C ( * I ,  * z , ~ A , ~ A , ) * ~ ~ , ~ , , A , A , ~ ~  =,A,A8. 

Hence, we can approximate (4.5) as follows. 

,k&~f' - 
A c t*c(m*&;A,A,) 

(4.6) + ~ ( 5 1 ,  5 ~ ~ r ~ ~  r ~ ' ) ( m ~ ~ : , , ~ , ~ , ~ ,  @my'&z,u,,A,Ar) - - ~ & P + P  + (*I,  * z , ~ A ,  TA ,Y~ , , , , ,A ,A ,~= . 
We set 

c = &E::A,lt*=(mT&:,3A,), 
A = image of w(*I,  * z , ~ A ,  r ~ , ) ( m , E : , , ~ , ~ , ~ ~  @ m u ~ E ~ , y j , A , A ~ )  

by the canonical projection to C, 
B = m i . C .  

Then, by (4.6) we have 

Since 

d i m R ~ l ( % ,  6 2 ,  * A ,  ~ A , ) * ~ , , ~ , , A , A , B  
= dimRrn~E~+'/ lh~(tf(m.E:)  + ( f i ,  f ~ ) * m , , , X : ~ ~ )  < m, 

by Malgrange's preparation theorem ( [ M g ] )  we see that B is finitely generated 

&u,u~,~ ,~~-module  via (61, 6z, AA, A A I ) .  Hence, by Nakayama's lemma (4.7) implies 

From the form 

EP 0 
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t&s(m=&:,A,A,) + u(&, 52, TA, ~ A , ) ( ~ J : , ~ , , A , A ,  5 ~u,&;,~, ,A,A,) 
(4.9) c t@=(m=&:,A,Ar) + u(@I, *z, r.x, ~ A , ) ( ~ ~ , A & ; , ~ , , A , A ,  ~~ ,X&; ,~ , ,A ,A , ) .  

(4.8) and (4.9) yields 

mdz) - mi(0) ~. ~. . 
mk&~+d+' 

=,A,A' 

C t$z(m=&:,A,~,) + w(@I,  *2,TA,rA,) (my,A,A3&:,~,~3 5 mu',A,A'&;,,A,A2) 

f o r a n y i  ( l I i < p + q ) .  

Proof  of Lemma (4.4): Since we assumed 

by Malgrange's preparation theorem ([Mg]) we have 

(4.10) m k q p  c tf(m.&:,A,) + ~ ( f z ,  r~,)(m~,&:?:,). 

We set @ = ( ) : ( x , ( 0  0 0 )  + ( R  x , ( 0  0 )  as 

Since we assumed 
k&p+9 ni(x) - ni(0) E m, , 

for any i (1 5 i < p + q), the difference 

( x ,  A) - f (z) = (N(z) - N(0)) 

= -EL, A:(n,+i(=) - n,+i(O)) 

is included in 
r;,mAcm:&,Pp 

c ($1, @ z , = ~ , ) * m ~ , ~ , , ~ , m k & ~ ~ ? .  

Hence, we can approximate (4.10) as follows 

We set 
c = qp/t@.(rn.~:,~#), - 
A = image of w('J!z, ny)(mf&:?:,) 

by the canonical projection to C ,  

Then, by (4.11) we have 

Since 

by Malgrange's preparation theorem ([Mg]) we see that B is finitely generated - 
&,,,r,~,-module via (IYl, ry). Hence, by Nakayama's lemma (4.12) implies 

From the form 

we see 

(4.13) and (4.14) yields 

for any i (1 < i 5 + q).  

5. Proof of Theorem (3.1) 

Let @ = (@,,@,) : (IR" x R; x R:,, ( O , O ,  0)) + (R; x R;,, (0,O)) be the C" 

deformation o f f  having the following form: 

@1(x,A, A') [ ( z  A )  ] = [ fz(x) ] - M(x) [ :. ] 



Since 
a* am 
- = - m i ( x )  and - - axi aA; - -mP+j(x)  

for any i (1 5 i 5 p) and any j ( 1  5 j 5 q), by lemma (4.2) we can choose 

germs of C m  vector fields 

such that 

for any i (1 < i 5 P )  and any j ( 1  5 j 5 q) .  

By (5 .1)  and (5 .2 ) ,  integrating germs of C m  vector fields 

and 

7; t w a x ; ,  . . . , t atax; 
yields C1 diffeomnrphic map germs 

h-' : (IR" x IRP, x EL;,, ( 0 ,  O , O ) )  + ( I F  x IRP, x IR;,, (o ,o ,  0 ) )  
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and 

such that the following diagram commutes: 

h-' 
(IR" x IR; x IR;,, ( O , O ,  0 ) )  + (IR" x El; x x;,, ( O , O ,  0 ) )  

( * 3 ~ ~ , ~ * )  1 ( f > ~ ~ , u )  L 
H-' 

(IRE x IR;, x 1% x EL:,, ( O , O , O , O ) )  + (IF$ x q, x IR: x XI , ,  ( O , O , O ,  0 ) )  
- A . U  1 f fA ,Af  1 

x %,? (0 ,O))  - - (R: x IR;,, (0,O)) .  

We consider the inverse map germ H of H-' and 

associated with H. 

Let @i( t ;  ( y ,  y ' ) )  (reap. @>(t; ( y ,  y ' ) ) )  be the integral curve of q (resp. 

7 )  starting from ( y , y l )  and of time t .  Then we can get the image YH(A ,A1)  

of ( A ,  A') = ( X I , .  . . , A,, A:, . . . , A ; )  by flH as the unique solution of the integral 

equation 

By differentiating (5.7) with respect to X i  and A>, we get 

(5.8)  
qi(@i+l(Ai+l;. . . ;@,(A,; @;(A:;. . . ;@;(A;; flH(A, A ' ) .  . .) 

+ (d@l)(,,,,) . . . (d@:)(,,y7 . . . (d@;)(y,y,)a#E(A, Af ) /aAi  = 0 

for any i (1 5 i 5 p) and 

~;(o;+, (A; t l ;  . . . ;@;(A;;  #'(A, A').  . .) 
(5.9) + (d~ , ) ( , , , , )  . . . (a~:) ( , , , , ,  . . . ( a @ ; ) ( y , , , ) a # ~ ( ~ ,  xl)tax; = 0 

for any j ( 1  5 j 5 q ) .  

Taking values at ( A ,  A') = (0,O) in (5.8) and (5.9), we get 

a+' %$o, 0 )  - = -v:(O, o ,o ,  0 )  
- e i  (by (5.3)) 





associated with R. 
Let 6;(t; ( y ,  y ' ) )  (resp. @(t;  ( y ,  y ' ) ) )  be the integral curve of i j i  (resp. 

$) starting from ( y , y ' )  and of time t. Then we can get the image yE(A,A0 

of ( & A ' )  = (A1 , .  . . ,Ap,  A;, . . . , A:) by +$ as the unique solution of the integral 

equation 

(6.7) 6 1 ( ~ 1 ; .  . . ; 6,(~,; 6 ; ( ~ ; ; .  . . ; Gb(A;; #E(A1,. . . , AP, A;, . . . , A ; ) ) .  . .) = 0 ,  

By differentiating (6.7)  with respect to X i  and A:, we get 

V ~ ( ~ ; + ~ ( A ~ + , ; .  . . ; Gp(Ap;  @ ( A ; ; .  . . ; q ( A ; ; y E ( A ,  A'). . .) 
(6.8)  + (d61 ) ( y . y0 . .  . (d@)(u ,u l ) .  . . ( d R ) ( y , y , ) a 4 ' E ( ~ ,  x l ) /aAi  = 0 

for any i ( 1  5 i 5 p) and 

for any j ( 1  5 j < p). 

Taking values a t  (A ,A1)  = (0,O) in (6.8)  and (6.9), we get 

a 4 ~  
* ( O ,  0 )  = -tli(o, o ,o ,  0 )  

- - ei (by (6 .3) )  

for any i ( 1  < i 5 p )  and 

for any j ( 1  < j 5 q).  Thus, 4h is C m  diffeomorphic. Therefore, by lemma 

(1 .4 ) ,  f = ( f I ,  f,) and g = ( g l , g 2 )  are right-left equivalent. 

Furthermore, by (6.5)  and (6.7) we see 

(6.10) - ( A ,  A') depends only on A', 
H,2  

and by (6.3) ,  (6 .5)  and (6.7) we see 

(6.11) 4'- (A,A1)  = A + ~ E , l ( O , A ' ) .  
H,1 

(6.10) and (6.11) shows that f = ( f i ,  f2) and g = (g l , g2 )  are in fact R+- 

equivalent. 
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