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ABSTRACT 
Under the background of global warming, carbon dioxide peaking and carbon neutrality 

have become one of the goals that people are striving to achieve. Ocean wind energy has 

always been one of the renewable energy sources that people value and use from ancient 

sailing ships to modern ocean wind power generation. However, because of the high center of 

gravity of floating offshore wind turbines (FOWTs), the hydrodynamic response in the roll 

and pitch DOFs are relatively large under severe sea conditions. Therefore, if the vast space 

of the far-reaching sea wind energy is used on a large scale, the problem, of restraining the 

shaking movement of FOWT, that has always plagued us should be researched and resolved 

seriously. 

Until now, all of FOWTs are moored at sea. In this paper, a novel FOWT without a mooring 

system is designed, its vacillating motion in severe sea conditions is controlled by a spinning 

top device that is designed as a neutrally buoyant double-layer torus structure with an annular 

flow water in the internal small radius torus structure, and is welded to the periphery of the 

central cylinder of FOWT underwater buoyancy providing part. The torus structure is very 

common in daily life, such as swimming rings, doughnut desserts, bicycle tires, etc. The torus 

structure is also often used in scientific research, such as the acceleration track of a particle 

accelerator in particle physics. The neutral buoyancy can keep the constant draft of FOWT 

for comparative studies, meanwhile, make that steel rod connecting pieces between the 

periphery of the central cylinder of FOWT and the external large radius torus structure under 

vertical force as little as possible, delaying its fatigue. Moreover, the neutral buoyancy will also 

facilitate installation and removal. 

It is envisaged but verified with an experiment in this paper that the principle of the rotating 

annular flow water in the internal small radius torus structure is the same as the rotation of a 

rigid body - the spinning top. The fact that the moon revolves around the earth without 

resistance every lunar month plays a vital role in the stability of the earth's rotation axis. In 

addition to being used as a stabilizer, the spinning top is also widely used in many fields of 

engineering. For example, it is used to develop gyrocompass for navigation 100 years ago; the 

3-axis gyroscope as the micro-electro-mechanical system is put into Iphone4 published in 

2010; furthermore, NASA envisages using it to create gravity in space vehicles, but the 

rotation radius of the space vehicles is required to exceed 100m…… The gyroscopic effect 

from the precession of annular flow and the rotational axis retention effect from rotational 

inertia of annular flow can be obtained for actively restraining the shaking movement of 
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FOWT. If these effects are linearized into the small amplitude problem, they can be treated 

as a damping force. This paper will study the possibility of contributing to the agitation of 

FOWT and improving its hydrodynamic response by effectively using these effects. 

The presence or absence of the torus structure, the different positions placed in the vertical 

direction, the radius of the torus structure, the radius of the internal annular flow and the 

angular velocity of the internal annular flow, the central cylinder radius and the central 

cylinder height, and the central cylinder wall thickness will be the design variables. Then a 

large number of comparative calculations based on the fluid-solid coupling theory of potential 

flow are carried out to determine the appropriate design parameters. Eventually, based on the 

obtained suitable design parameters, the proposed conceptual design approach is 

demonstrated to be feasible in view of engineering possibility. 

 

Keywords: floating offshore wind turbine, torus structure, annular flow, gyroscopic effect, 

rotational axis retention effect, damping force, design variables 
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Chapter 1: Introduction 
1.1 Research Background 

Now that the demand for electricity is rapidly increasing in human society, it is difficult to 

imagine how much inconvenience will be caused by living in an era without electricity. With 

the development and progress of science and technology, renewable energy has received more 

and more attention and applications. Among the world's total power generation, the utilization 

of natural energy power generation has been significantly developed in recent years. 

According to data released by the British company BP [1] [2], the proportion of natural energy 

power generation in total power generation has reached 27.8%, and the proportion of wind 

power generation in total power generation has also reached 5.9% in 2020. 

 

 

Fig. 1.1 Status of world's electricity power generation 

 

 

Fig. 1.2 Status of global installed capacity of wind power generation 
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According to the data of the "Global Offshore Wind Power Report 2021" released by GWEC 

(Global Wind Energy Council) [3] and the annual report of REN21 [4], the global installed 

capacity of wind power generation, including onshore and offshore wind power generation, 

has reached 743 GW by 2020, and offshore wind power generation is developed and 

constructed from 2.9 GW by 2010 to 35 GW by 2020. From the above data, we can see that 

with the vigorous construction of offshore wind power generation in recent years, offshore 

wind power generation accounts for an increasing proportion of all wind power generation. 

According to the "Global Offshore Wind Power Report 2020" issued by GWEC [5], as of the 

end of 2019, there is 65.7 MW floating offshore wind power installed globally, distributed in 

the UK (32 MW), Japan (19 MW), Portugal (10.4 MW), Norway (2.3 MW), France (2 MW). 

GWEC predicts that 6.2 GW of floating offshore wind power projects will be built globally in 

the next 10 years (by 2030), concentrated in South Korea, Japan, France, Norway, and the 

United Kingdom. Floating offshore wind power projects will be commercialized in 2030. From 

the above data, we can see that compared with fixed offshore wind power, floating offshore 

wind power accounts for a very small proportion. 

Because offshore wind farms have significant advantages such as high wind speed, small 

wind shear, small wind turbulence and few fluctuations in wind speed and wind direction, 

offshore wind power is playing an increasingly important role in the utilization of wind power 

generation. Through more than 20 years’ development, not only the proportion of offshore 

wind power increased substantially, but also the development trend of offshore wind power is 

large-scale, deep-sea floating type, low cost, high reliability and remote controllability [6]. 

Currently, industry consensus is that when the water depth exceeds 50~60 m, fixed 

foundations will no longer be economical due to high geological survey costs, high underwater 

structure costs and high construction costs. However, the current status is that the technical 

threshold of floating offshore wind power generation is much higher than that of fixed offshore 

wind power generation, the cost is approximately three times of fixed offshore wind power 

generation and ten times of natural gas, resulting in a very low proportion of floating offshore 

wind power generation. 

Look back on the development history of floating offshore wind power, the professor 

William Edward Heronemus of University of Massachusetts at Amherst (UMass) of USA 

proposed the concept for the first time in 1972, but 20 years later, it was the pool test phase 

of scale model from 1990 to 1999. Since then, the progress had accelerated, it was the low-

power prototype test stage from 2000 to 2008, and it was the demonstration stage of megawatt 

unit prototype from 2009 to 2018. At present, some commercial projects have been carried 
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out. This article collected statistics on the projects of the demonstration stage and commercial 

projects as much as possible [7] [8] [9]. 

 

Tab. 1.1 Projects of the demonstration stage in EU 

Name Hywind Demo WindFloat 1 FLOATGEN 
Country Norway USA France 

Company Statoil (Equinor) Principal Power IDEOL 

Location Stavanger, Norway Aguçadoura, 
Portugal Le Croisic 

Type of Floating SPAR Semi-Sub Barge concrete used 
Rated Power [MW] 2.3 2 2 

Windmill Type Siemens Vestas V-80 Vestas V80 
Rotor Diameter [m] 85 80 80 

Distance from Shore [km] 10 5 22 
Water depth [m] 220 45 33 
Operation Time 2009 2011-2016 2018 

 

Tab. 1.2 Projects of the demonstration stage in Asia 

Name 福島未来 福島新風 福島浜風 ひびき 椛島 
project 

三峡引

领号 

Location 福島県沖 北九州

市 
長崎県五

島市 
中國阳

江市 

Type of Floating Semi-Sub Semi-Sub 
V-type SPAR Barge 

2 blade 

SPAR 
concrete at 

lower 

Semi-
Sub 

Rated Power [MW] 2 7 5 3 2 5.5 

Windmill Type Downwin
d 

Hydraulic 
drive 

Downwin
d Upwind Downwin

d  

Rotor Diameter [m] 80 167 126 100 80 158 
Draft [m] 16 17 33 7.5 76 13.5 

Mooring Number 6 8 6 9 3  
Chain Diameter [mm] 132 132 132 132 132  

Distance from Shore [km] 20 15 2 28 
Water depth [m] 100~150 50~100 100 27~32 
Operation Time 2013 2015 2016 2018 2013 2021 

 

Tab. 1.3 Current commercial projects 

Name Kinkardine Hywind 
Scotland 

WindFloat 
Atlantic 

Hywind 
Tampen 

Installed Capacity [MW] 49.5 30 25 88 

Location Scotland 
Aberdeen 

Scotland 
Peterhead 

Portugal Viana 
do Castelo 

Norwegian 
Snorre and 
Gullfaks 

Type of Floating Triangle Semi-
Sub SPAR Semi-Sub SPAR 

Rated Power and Number 9.5MW × 5 6MW × 5 8.4 MW × 3 8MW × 11 

https://zh.wikipedia.org/wiki/Equinor
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and 2MW × 1 

Windmill Type MHI-Vestas Siemens-
Gamesa MHI-Vestas Siemens 

Gamesa 
Rotor Diameter [m] 164 and 80 154 164 167 

Distance from Shore [km] 15 25 20 140 
Water depth [m] 60-80 95-120 100 260-300 
Operation Time 2020 2017 2019 2022 

 

We can see that there are mainly three types of floating structures, SPAR, Semi-Sub and 

Barge [10]. 

 

 

Fig. 1.3 Three types of FOWT (floating offshore wind turbine) 

 

The features of SPAR: 

• The water-plane area is small and is suitable for setting in more severe ocean wave 

environments. 

• The draft is large, and the water depth is basically required to be above 80 m. 

• The heave motion is small, but the roll and pitch DOFs motions are relatively large. 

• The unit needs to be transported and installed separately. 

The features of Semi-Sub:  

• A reasonable buoyancy and gravity distribution can be formed by the ballast degree of 

each pontoon to maintain balance. 

• The draft is shallow, and the unit is less difficult to transport and install. 

• The cost is high. 

The features of Barge: 

• The middle is hollow that resembles a moon pool, it can have a damping effect. 

• The cost is low. 

• The design of the mooring system is difficult. 
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• The roll and pitch DOFs motions are relatively large. 

The three types of FOWT have their own advantages and disadvantages from an 

engineering point of view. In addition, there are some other design ideas. For example, the 

“TwinWay” project is run by Hexicon, Sweden [11]. It is a type of TLP (Tension Leg Platform), 

as the two turbines that being set up on one platform are downwind of the taut mooring point, 

wind forces naturally turn the platform, just like a boat moored by anchor. It has high 

requirements for mooring ropes and sensitive to tides, but it can have good heave and roll 

motion hydrodynamic response. 

 

 

Fig. 1.4 The other type of FOWT 

 

In actual production, which type FOWT is selected needs to be based on the characteristics 

of the installation sea area, comprehensive consideration of safety and economy all in all. In 

2020, offshore wind power industry providing about 297,000 full-time jobs, approximate 

350,000 wind turbines are in operation worldwide. In the future, Rystad Energy [12] predicts 

that offshore wind power industry will drive about 868,000 jobs by 2030 based on the installed 

capacity of offshore wind power that will reach 250 GW by 2030. The European Commission 

[13] predicts that Europe will need 230-450 GW of offshore wind power by 2050, which will 

account for 30% of European electricity demand, of which 100-150 GW will come from 

floating offshore wind power. The Japan Wind Power Association (JWPA) [14] predicts that 

Japan will build 42.8 GW of offshore wind power generation by 2050, of which 23.8 GW will 

come from floating offshore wind power. As of 2020, this value is 0.7 GW of offshore wind 

power, of which 0.1 GW of electricity comes from floating offshore wind power. It will take a 

long way! In addition, Japan's current onshore wind power generation has reached 10.2 GW, 

and it is estimated that the scale of onshore wind power generation will reach 38 GW by 2050, 
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the increase will be much smaller than offshore wind power generation. 

 

1.2 Research Motivation 

Humans have always maintained a strong interest in overcoming the torque generated by 

gravity that is always perpendicular to the earth surface. For example, the popularity of 

“Broom Stick Challenge” activity in recent years and the development of bicycle that is not 

easy to fall. In recent years, an artificial intelligence-based bicycle that can drive automatically 

has been realized, which won't fall and stand upright at zero speed even without the bicycle 

foot stand. Moreover, since ancient times, the issue of “how to reduce the vibration and 

shaking of marine structures in waves” has been always researched in the field of marine 

engineering. Even now that science and technology have made great progress, it is still a 

problem that needs special attention in marine engineering. 

 

 

Fig. 1.5 Violent pitch motion in the second sea trial of “INS Vikrantthe” [15] 

 

From the development of the shipbuilding industry with a long history, engineers have got 

many effective methods to solve this problem, and various kinds of anti-rolling devices are 

designed and manufactured to reduce the rolling motion of the ship, mainly consider from the 

following three aspects: 

1. To increase the damping coefficient 

This approach is called "damping stabilization" such as bilge keel by generating and 

releasing vortex when ship become roll, since the physical meaning of damping refers to the 

consumption of energy, this anti-rolling method is effective in any situation, especially in the 

resonance zone. 

2. To change the natural frequency of the ship 

This method is called "harmonic stability", for the natural frequency of the ship avoids the 
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wave frequency. However, since there are various wave frequencies on the actual ocean, this 

method is not always appropriate, and it is also unrealistic to make a device to change the 

natural frequency of the ship. This can only be considered generally when designing the ship 

that to keep the natural frequency of the ship away from the frequency of the most frequent 

waves occurring in the ship served sea area. 

3. To reduce the disturbing force or moment 

This method is called "balance and stability" such as rudder, anti-rolling fin, anti-rolling 

tank, and in principle it can be applied to all rocking motions. In this case, a stable torque that 

is opposite to the disturbance torque is applied, so that the disturbance torque is reduced. 

The bilge keel can achieve the most obvious anti-rolling effect at zero speed, but the anti-

rolling effect is not too big. The rudder and the anti-rolling fins can achieve a satisfactory anti-

rolling effect only in a relatively high sailing speed, and the reason is the anti-rolling fin need 

to rely on the lift force generated on the wing-shaped surface of the fin to generate a rolling 

restoring moment, and the lift force is proportional to the square of the speed within a certain 

range. When sailing at low speeds, the lift force generated by the fin is very small, it has no 

obvious anti-rolling effect at all. The anti-rolling tank also has its relative shortcomings. Only 

when the anti-rolling tank reaches a certain volume (generally about 30-40%), it can produce 

sufficient rolling restoring moment, so the anti-rolling tank occupies a lot of space on the ship. 

In addition, it should be noted specially that the effective anti-rolling frequency range is very 

narrow because it works according to the "double resonance" principle, the self-rolling 

frequency of the anti-rolling tank must be higher than the self-rolling frequency of the ship, 

otherwise it will even increase the rolling effect, which will bring certain difficulties to the 

design of the anti-rolling tank [16]. 

In recent years, with the development of marine engineering, engineers have created a 

method named DPS (Dynamic Positioning System), that sensors put the measured 

environmental forces to the computer, then the computer-controlled system to automatically 

maintain position by using its own propellers and thrusters. But DPS is a complex system and 

is concerned primarily with control of the marine structure in the horizontal plane: surge, sway 

and yaw DOFs [17]. 

Another anti-rolling methods such as mooring lines are the most practical method and are 

widely used in actual production. At present, there are mainly two kinds of mooring method. 

The traditional catenary mooring line, which provides horizontal resilience by its own weight, 

and the taut mooring line, which provides horizontal resilience by its own elastic tension. As 

marine engineering advances into deep water, the required length and mass for traditional 
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catenary mooring will increase the costs. On the other hand, taut mooring is expected to 

reduce costs because it has the advantages of shorter length than catenary mooring, a smaller 

area of the occupied seabed, and a smaller load on the structure. However, the disadvantages 

of mooring lines are also obvious, the mooring lines require a firm connection to the seabed, 

and when the water depth is super deep, too long mooring line is very inconvenient and 

difficult to install [18]. 

Because of the limitation of these traditional anti-rolling devices, this paper proposed a 

novel anti-rolling concept to study the possibility of improving hydrodynamic response that 

using the spinning top (コマ) that generates the rotational axis retention effect from rotational 

inertia and the gyroscopic effect come from the precession motion [19]. Just as the fact that the 

moon revolves around the earth without resistance every lunar month plays a vital role in the 

stability of the earth's rotation axis. The tank’s gun barrel uses a gyro stabilizer to allow it to 

fire accurately even when driving on bumpy roads. In addition to being used as a stabilizer, 

the spinning top is also widely used in many fields of engineering. For example, it is used to 

develop gyrocompass for navigation 100 years ago; the 3-axis gyro- scope as the micro-electro-

mechanical system is put into Iphone4 published in 2010; furthermore, NASA envisages using 

it to create gravity in space vehicles, but the rotation radius of the space vehicles is required 

to exceed 100 m …… Generally speaking, the rotational axis retention effect and the 

gyroscopic effect are generated through the rotation of a rigid body, and obviously FOWT 

can't rotated. The assumption in this article is to obtain the above rotational momentum 

through the fluid flows at a constant angular velocity to form an annular flow in the torus 

structure which will be welded to the periphery of the underwater buoyancy providing part. 

The rotating object, an annular flow, is attached in the FOWT, and itself does not touch the 

outside seawater. It is envisaged that the principle of the rotating annular flow in the torus 

structure is the same as the rotation of rigid body, but at this time the torus itself does not 

need to make a rotational movement, and the suppression effect to restrain vacillating 

movement of FOWT can be generated by changing the angular velocity of annular flow in the 

ring tube of the torus structure. Generally speaking, the rotation of annular flow in the torus 

structure will affect the torus structure through friction, so that the torus structure will also 

become rotate finally, regarding this point, reducing the friction between the rotating annular 

flow and the torus structure as little as possible, or using other ways to form rotation in the 

torus structure with as little friction as possible, even mooring lines are considered to be used 

to offset it. First, study without considering this frictional force is carried out in this paper. 
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In daily life, the torus structure is very common, such as swimming rings, doughnut dessert, 

bicycle tires, etc. The torus structure is also often used in scientific research, such as the 

acceleration track of a particle accelerator in particle physics. The torus structure in this article 

has double-layer structures with a large external torus and a small internal torus inside the large 

external torus, and the two parts are joined together by welding steel rod so as to the large 

external torus and the small internal torus have the same center of the ring tube and the same 

center of the torus. That is, they are concentric. All space in the ring tube of the small internal 

torus is densely filled with fluid and all space between the ring tube of the large external torus 

and the ring tube of the small internal torus is filled with air. The radius of the ring tube of the 

large external torus is determined so that it has neutral buoyancy in order to keep the constant 

draft of FOWT, meanwhile, make the steel rod connecting piece between the central cylinder 

and the torus structure under vertical force as little as possible, delaying the bending fatigue 

of steel rods due to the influence of gravity from objects at both sides, but the fatigue caused 

by stretching movements in the horizontal direction cannot be delayed. 

 

 

Fig. 1.6 The designed double-layer torus structure 

 

Wind turbines are designed to increase power generation and optimize kilowatt-hours of 

electricity through wind loads, the design concept of wind turbines is to hope for greater wind 

speed. While marine floating structures are designed to meet the requirements of 

hydrodynamic response, the design concept of marine floating structures is to minimize wave 

loads, which are generally caused by wind loads. Combining the design concept of the wind 

turbines and the marine floating structures, FOWT has two contradictory parts, but compared 
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with fixed offshore wind power generation, the overall installation and overall towing of 

FOWT are also very convenient, the costs of construction and installation are reduced by 

optimizing the floating foundation under the premise of ensuring safety, especially in deep 

water. Currently, marine aquaculture and hydrogen production have been assumed to 

combine with FOWT, the advantages of FOWT will become more and more obvious. 

 

 

Fig. 1.7 Development trend of FOWT 

 

In recent years, the rated power of FOWT is getting bigger and bigger, even 20 MW FOWT 

with blades longer than 100 m is under discussion. The pitch and roll DOFs motions of such 

a large FOWT will also increase proportionally. This article focuses on the development trend 

of FOWT and designs a novel large-scale deep-sea FOWT using the principle of the spinning 

top in order to improve hydrodynamic response of FOWT with a high center of gravity. The 

blades are designed based on BEM theory (Blade Element Momentum) [20], the floating 

foundation parts are designed as Cylinder-type and SPAR-type based on potential flow theory. 

Since the vertically elongated structure such as SPAR-type has a relatively small stability 

against inclination, the possibility of contributing to the agitation of SPAR-type FOWT by 

effectively using the principle of gyroscopic. With the overall cost-effectiveness of the system 

as the goal and safety as the constraint, the performance indicators of wind turbines and 

floating foundations are allocated, reliability matching is carried out, and detailed design is 

carried out after iterative optimization. It can ensure the safety and normal operation under 

severe weather conditions in the future 

 

1.3 The Organization of This Thesis 

The first chapter mainly introduces the development history and current situation of FOWT 

and the new FOWT model proposed in this paper. Section 1.1 gives the development status 
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of total power generation and wind power generation through statistical data, especially for 

FOWT, the development history and current situation are explained, and the prospective and 

necessity of FOWT research are analyzed. Section 1.2 gives the design method of the 

buoyancy support part in the water for FOWT by summarizing the current anti-rolling 

technical route in ship design, and describes in detail the new FOWT model proposed in this 

paper, which is in line with the anti-rolling technical route of increasing the damping 

coefficient. 

The second chapter mainly introduces the research process of fluid-structure interaction in 

ship motion forecasting problem, especially with the development of computer technology in 

recent years, the hydrodynamic calculation problem has made great progress. 

The third chapter mainly introduces the knowledge that will be used in this paper in the 

seakeeping theory of marine structures, mainly including the prediction method of the three-

dimensional speedless floating body in steady state, and gives the detailed calculation and 

derivation process of the hydrodynamic coefficient, and frequency domain motion equation 

and time domain motion equation of three-dimensional speedless floating body on 6 DOFs, 

and calculation method of motion response of three-dimensional speedless floating body 

under the action of irregular waves. In addition, the torus geometry is also introduced, and the 

process of obtaining the damping force using the gyroscopic effect from the precession of 

spinning top and the rotational axis retention effect from rotational inertia of spinning top is 

given by linearization under the assumption of small amplitude. 

The fourth chapter firstly introduces the simple pendulum experiment to verify that the 

rotating annular flow in the torus structure can indeed act as a damping force like a rigid 

spinning top, and then introduces the calculation results of the hydrodynamic response of the 

new floating windmill model conceived in this paper. The dimensionless RAO of pitch DOF 

under the action of regular waves in the frequency domain and the expected value of the pitch 

DOF under the action of irregular waves are verified, and the effect of the existence of the 

torus structure on improving the hydrodynamic response is verified, especially, the reasonable 

value range of the design parameters of the different positions placed in the vertical direction, 

the radius of the torus structure, the radius of the internal annular flow and the angular velocity 

of the annular flow, the central cylinder radius and the central cylinder height, and the central 

cylinder wall thickness is determined, and by comparing the Cylinder-type FOWT and SPAR-

type FOWT, provide guidance for finding a FOWT with excellent hydrodynamic response. 

The fifth chapter mainly introduces the conclusions obtained in the full text by summarizing. 
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Chapter 2: Literature Review 
2.1 General Introduction 

Ancient Greek Archimedes studied the theory of buoyancy and created hydrostatics in his 

book 《On Floating Bodies》 in the third century BC. After that, in the 17th century, French 

Blaise Pascal proposed Pascal's principle in his book 《A Collection of Essays on Liquid 

Balance and Air Weight》 to enrich hydrostatics content.. However, once the fluid moves, its 

complexity becomes extremely huge. For the study of hydrodynamics, after Newton invented 

Newton's law of motion in his book 《Mathematical Principles of Natural Philosophy》 in 

1687, Daniel Bernoulli of Switzerland proposed Bernoulli's principle to give an incompressible, 

inviscid, energy conservation formula for steady flow along the streamline in his book 

《Hydrodynamica》in 1738. Afterwards, in 1757, Leonhard Paul Euler gave the continuity 

equation of the conservation of mass and the momentum equation of the conservation of 

momentum governing the motion of inviscid fluids in his paper 《Principes généraux du 

mouvement des fluides》. France Pierre-Simon, marquis de Laplace gave the third equation 

representing the conservation of energy in Euler’s equation in 1816, and he also quantitatively 

described the properties of water waves for the first time and gave the dispersion relationship 

of water waves. 

At this time, the use of rigorous mathematical tools to study the inviscid ideal fluid theory 

is quite complete, but when studying the resistance of objects in the fluid, the theoretical 

calculation of the inviscid ideal fluid is very different from the actual experimental results. In 

this context, based on a large number of experimental measurements, such as Gotthilf 

Heinrich Ludwig Hagen in Germany, Jean Léonard Marie Poiseuille in France, and Osborne 

Reynolds in the United Kingdom have used experiments to study the resistance and pressure 

loss of water and other viscous fluids flowing in pipes and trenches, obtained empirical 

formulas and semi-empirical theoretical formulas that help solve some practical engineering 

problems. The hydraulics for studying the flow of incompressible viscous fluids is established. 

Later, the French Claude-Louis Navier added the viscosity term to the Euler differential 

equation of motion in 1827, and the Irish George Gabriel Stokes made a strict derivation in 

1846. The Navier-Stokes equations describing the complete fluid motion are given. Since then, 

fluid mechanics has entered the computational fluid dynamics stage of solving equations. In 

2000, the Clay Mathematics Institute (CMI) announced the seven major problems of the 

world millennium, "Navier-Stokes Existence and Smoothness" is among them, and it has not 

yet been resolved. In the research of solving equations, Boussinesq puts forward the 
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hypothesis of eddy viscosity, which analogizes the shearing stress caused by turbulent 

pulsation to Newton's internal friction law, that is, multiplying the viscosity by the velocity 

gradient to express the shearing stress caused by turbulent pulsation. Reynolds decomposes 

the instantaneous velocity into the time-averaged velocity and the pulsating velocity, and 

obtains the Reynolds average N-S equation – RANS. Then the representative results is Ludwig 

Prandtl, Germany, who proposed the concept of boundary layer in the paper 《On the Motion 

of Fluids in Very Little Friction》 in 1904 and after then established the mixing length theory 

with the efforts of many people, which gave clear answers to the incomprehensible and 

difficult-to-answer fluid phenomena in the past, which changed the long-term disconnection 

of theoretical fluid mechanics and hydraulics, and closely linked theory and practice together, 

forming modern fluid mechanics with equal emphasis on theory and experiment. 

In addition, potential flow theory based on the field theory method has also been paid 

attention to with the deepening understanding of electromagnetic phenomena. These are 

studies based on the macroscopic continuum assumptions of Newtonian fluids in large-scale 

slowly changing “ thermal dynamic equilibrium ”  or “quasi-thermal dynamic equilibrium 

states”. Partial differential equations are used to describe fluid motion equations, which reflect 

Newton’s second law, it is especially emphasized that the mass in Newton’s second law is 

inertial mass. In addition, there are statistical-based research methods in physics. The velocity 

distribution function of molecules is used to describe the velocity distribution of fluid particles 

in space. The total rate of change of the velocity distribution function is equal to the rate of 

collision, thereby deriving the macroscopic properties of the fluid, which is the LBM (Lattice 

Boltzmann Methods) [21] [22] [23]. 

Since the 1940s, the establishment and solution of the linear boundary value problem of the 

velocity potential has been used to predict the motion of ships on waves. Around 1950, 

considering the influence of the existence and movement of the ship on the flow field of the 

incident wave, Haskind [24] [25] applied Green's theorem to construct the disturbance velocity 

potential caused by the existence and movement of the ship, and divided the disturbance 

velocity potential into the diffraction velocity potential and radiation velocity potential within 

the range of linear theory. The former only considers the interference of a fixed floating body 

on the incident wave flow field, that is, wave diffraction; the latter only considers the 

disturbance of the static water flow field by a floating body in 6 DOFs. This method is still a 

typical processing method to deal with linear disturbance velocity potential. This also shows 

that what is important in the theory of floating body motion response in regular waves is the 

concrete solution of the radiation wave and diffraction wave problem. Then the analytical 
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expression of the point source Green's function is deduced. According to the boundary 

conditions, the integral equation for solving the velocity potential is finally obtained, and this 

integral equation is further solved by using the narrow ship assumption. At about the same 

time, Havelock, Ursell [26] used the multipole expansion method to solve the velocity potential 

boundary value problem for a cylindrical floating body. However, these studies are all 

researches on floating bodies with simple geometric shapes. The three-dimensional theory of 

hydrodynamic calculations for actual ships and other floating bodies with complex geometric 

shapes, Haskind [27], Havelock [28], F. John [29] [30] and others to solve the analytical expression 

of Green's function of three-dimensional pulsating point sources, but at that time there was a 

lack of large-capacity, high-speed computers, and three-dimensional theoretical numerical 

calculations were not realized. It was not until the 1970s that conditions were created for 

three-dimensional theoretical numerical calculations. Hess and Smith [31] of McDonnell 

Douglas in the United States began to use computer to solve the three-dimensional non-lift-

free flow problem in an unbounded flow field based on the singularity distribution method 

(boundary element method; Green function method) for the first time. Since then, three-

dimensional theories and methods have been developed rapidly, especially the three-

dimensional frequency domain theory. The most commonly used numerical method in the 

three-dimensional frequency domain theory is the Green's function method. At present, there 

are two mainstream methods: the three-dimensional free surface Green's function method 

and the Rankine source method. The free-surface Green's function used in three-dimensional 

free surface Green's function method satisfies all boundary conditions except the surface 

condition of floating body. Therefore, it is only necessary to distribute the source and dipoles 

on the wet surface of the hull to calculate the velocity potential, which is especially suitable for 

solving the problem of hydrodynamic interaction between a speedless (zero forward speed) 

floating bodies and waves. The Rankine source method needs to distribute sources and sinks 

on the entire flow field boundary, which requires a large amount of calculation, and 

appropriate methods must be used to deal with free surface conditions and radiation 

conditions. 

For the three-dimensional time domain theory, the Finkelsteinsdl [32] system derives the 

time-domain Green's function that satisfies the free surface condition under infinite water 

depth and finite water depth. Cummins [33] creatively decomposes the disturbance velocity 

potential into two parts, the instantaneous effect and the memory effect, and the motion is 

separated from the geometry of the object, and the impulse response function method is 

established. Although it is not too late to put forward the three-dimensional time domain 
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theory, it was not until 1979 that Oorermersen [34] of the Netherlands Ship Model Basin 

realized numerical calculations on the computer. The huge amount of calculation of the three-

dimensional time domain theory limits its development. However, compared with the three-

dimensional frequency domain theory is only suitable for solving steady-state problems, it has 

advantages for complex problems such as nonlinearity and transient state. 

Up to now, a large amount of numerical results have been compared with some available 

experimental data as well as some contemporary analytical techniques used by many 

researchers. By evaluating a number of studies up to date, the seakeeping committee of the 

24th ITTC (UK, 2005) has shown its confidence over the three-dimensional frequency 

domain Green function method. Based on this method, commercial software such as 

"WAMIT" from MIT, "SESAM" from DNV, and "HYDROSTAR" from BV has been 

developed and widely put into operation in ship design. The numerical calculation method 

used in the research of FOWT design in this paper is also the three-dimensional frequency 

domain theory, specifically it is the free-surface Green's function. By the way, instead of 

obtaining the three-dimensional time-domain disturbance potential function directly, the 

hydrodynamic parameters of the time-domain motion equation can also be obtained through 

the indirect time-domain method, that is, FTTM (the frequency to the time domain 

transformation method). 

Meanwhile, the significant breakthroughs research of predicting the movement of ships on 

waves have been made in the other two areas. A significant breakthrough was the work got by 

Korvin-Kroukovsky [35] and Jacobs (1957) [36]. By applying the slender concept in 

aerodynamics, they provided the early version of strip theory based on physical intuition rather 

than the rigorous mathematics. This is a kind of ship motion calculation method on waves that 

easily incorporates the effects of R/D waves by taking advantage of the slenderness of the ship. 

Even though their theory was later found to be mathematically inconsistent, experimental data 

have shown that it nevertheless provides very good results in many cases. After then, many 

researchers developed and improved the strip theory in three aspects. The first aspect is the 

theoretical foundation was rationalized and rigorous, a number of modified versions of the 

strip theory have been developed, of which, new strip method (NSM) proposed by 田才 福

造 and 高木 又男 (1969) [37]; rational strip theory proposed by Ogilvie and Tuck (1969) [38] 

[39]; STF method proposed by Salvesen, Tuck and Faltinsen (1970) [40], et el [41]. Specially, the 

work of Newman (1978) [42] that overcame the limitations of this conventional strip theory to 

the region of high frequency and proposed a unified strip theory which is valid throughout the 

whole frequency region. The second aspect is due to the emergence of the multi-parameter 
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conformal transformation method and the close-fit method, the two-dimensional profile has 

been developed, and there is no need to replace the real ship-shaped profile with an 

approximate profile. The third aspect is popularizing the strip theory to predict ship motions 

on the diagonal waves. The strip theory has very fast calculation speed and relatively reliable 

calculation results for low-speed and medium-speed ships, this led to its rapid development 

and application after the 1950s, but this theory has its inherent limitations that the floating 

body must be slender, for the reason that the hydrodynamic parameters of the surge DOF of 

the ship cannot be given. 

Another very significant step was the introduction of spectrum analysis method. Spectral 

distribution information that can represent ocean waves stochastically, proposed by St. Dennis 

and Pierson (1953) [43] that using the results by oceanographers who applied the statistical 

theory of irregular phenomena to ocean waves in the 1940s. Then, using the principle of linear 

superposition, the spectrum of ship motion can be obtained from frequency response multiply 

by the ocean spectrum, and if the maximum value prediction theory for Longuet-Higgins 

statistics, that most commonly used in engineering, is applied to this, various design quantities 

can be calculated for ships navigating in chaotic ocean waves. 

 

2.2 Objective 

In order to guarantee the floating body’s enough seakeeping performance, safety and 

reliability, it’s important that motions and wave loads can be predicted within sufficient 

engineering accuracy. As a basic research, this article will numerically discuss how the 

gyroscopic effect and the rotational axis retention effect generated from the annular flow affect 

the vacillating motion of FOWT based on potential flow theory. 

• The presence or absence of the torus structure; 

• The different positions placed in the vertical direction; 

• The radius of the torus structure; 

• The radius of the internal annular flow; 

• The angular velocity of the annular flow; 

• The cylindrical radius of the central floating body; 

• The draft of the central floating body; 

• The wall thickness of the central floating body; 

will be seen as design variables in this paper. 
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Chapter 3: Formulation of Marine Structures Hydrodynamics 
3.1 The Steady-State Periodic Motion Problem of the Three-

Dimensional Speedless Floating Body in Regular Wave 

3.1.1 The Control Equation 

Seawater is treated as an ideal fluid in this paper, then seawater has the following two 

properties. 

1. Uncompressible 

When the Knudsen number 𝐾𝑛 =
𝜆

𝐿
< 0.01 , 𝜆  is mean free path, 𝐿  is representative 

physical length scale, seawater fluid can be thought as a substance that can be continuously 

divided. This means that seawater fluid is a continuous smoothly changing medium which is 

assumed that seawater molecules are continuously distributed in space and random thermal 

motion of micro molecules will not affect macro physical quantities. Although the shape of 

seawater is not fixed, the volume will not change from the macro physical perspective. 

According to the experimental results about seawater compressibility problem, when 1 cm2 of 

water is subjected to 1 kg of pressure, its volume can only be reduced by 1/22000, and then 

for every additional kilogram of pressure, it can only be reduced by that. In the deepest part 

of the ocean, the density of water has only increased by 1100/22000 [44]. In other words, the 

rate of change in volume is approximate zero, seawater can be treated as an uncompressible 

fluid. 
∂𝜌

∂𝑡
+ (▽⋅ 𝜌𝒗) = 0                    （3.1） 

▽⋅ 𝒗 = 0                       （3.2） 

where, 𝜌 is the fluid density, 𝒗 is the velocity of fluid. The differential equation is just an 

approximation, because there are no absolutely incompressible objects, and its Poisson's ratio 

𝜎  is exactly equal to 
1

2
, and its Young's modulus 

(1−𝜎)

(1+𝜎)(1−2𝜎)
 tends to +∞. Equation 3.1 

represents the conservation of fluid mass, and is also called the continuity equation, is a part 

of Euler equation in hydrodynamics. 

2. No viscosity and non-rotational motion 

Viscosity refers to the ability of the fluid to resist deformation. The viscosity is greater, the 

ability to resist external shearing forces will be stronger. The seawater viscosity coefficient is 

about 10-3 Pa·s at 20 ℃. [45] It is a very small value in the fluid, so seawater can be treated 

without viscosity, it is an ideal fluid (a “dry” water) that no resistance to shearing forces. Its 
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stress tensor is a diagonal tensor, with only three values on the diagonal representing the 

pressure. In recent years of condensed matter physics research, it has been found that liquid 

helium does not have any viscous resistance when flowing below a certain critical temperature, 

which is called superfluid. The assumption of seawater as an ideal fluid is that the water 

particle is not under shearing force at the beginning of the movement, then the water particle 

will continue to move without rotation, because the shearing force is the force of the fluid 

micro-elements to make a rotational movement. By the Stokes equation: 

∫ 𝑭
𝐿

⋅ 𝑑𝒓 = ∬ (▽× 𝑭)
Σ

⋅ 𝒏𝑑𝑠                    （3.3） 

∫ 𝑭
𝐿

⋅ 𝑑𝒓 = 0. L is an arbitrary closed curve in the flow fluid field, in other words, ▽× 𝑭 = 0. 

It is irrotational motion, and the vortex will be Ω =▽× 𝒗 = 0. It is similar to the electrostatic 

field or static magnetic field equations in free space (unbounded space). 

Therefore, only the conservative force exists in the “dry” water. 

𝑭𝒙 = −
∂𝑈

∂𝑥
, 𝑭𝒚 = −

∂𝑈

∂𝑦
, 𝑭𝒛 = −

∂𝑈

∂𝑧
               （3.4） 

U is called potential, then 

𝒗 =▽𝜙                         （3.5） 

when connected to the continuity equation, 

▽2 𝜙 = 0                        （3.6） 

This equation is also called the Laplace equation which is drawn a physics phenomenon that 

is stable all the time and has nothing to do with time. As an elliptic partial differential equation, 

in addition to the non-rotational liquid flow, there is also other physical conditions, such as 

stable heat flow, the current in the doped medium, and the flexure of the elastic membrane 

conform to this equation. Therefore, there is no initial condition and only boundary conditions 

for the Laplace equation. Generally, there are three kinds of boundary conditions: Dirichlet 

boundary condition 𝜙 , Nuamann boundary condition 
∂𝜙

∂𝑛
 and Rubin boundary condition 

𝜙+
∂𝜙

∂𝑛
. There are also mixed boundary conditions due to practical problems [46]. 

For the ocean flow field, the actual boundary conditions of the ocean are very complicated 

and undisciplined. At least, the velocity potential 𝜙 also satisfy the free surface condition, the 

seabed condition, the distant condition and floating body surface condition. 

3.1.2 The Equation of Boundary Conditions 

This article is based on the view of Euler's method (control volume) to analyze, it focuses 

on the selected spatial point to study the parameters of the fluid particle at different moments 

of the entire flow field, and the study is the instantaneous flow parameters that occupy all the 

fluid particles in the flow field. Because position is always relative, when analyzing the motion 
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of the floating body on the waves, two coordinate systems are used. The first one is the space 

fixed coordinate system 𝑜0𝑥0𝑦0𝑧0 which 𝑜0𝑥0𝑦0 coincide with the static water surface and 

𝑜𝑧0 axis in the vertical direction. The second one is the dynamic coordinate system 𝑜𝑥𝑦𝑧 that 

is consolidated with the floating body and moves with the floating body. When the surface of 

the floating body is expressed in this coordinate system, the surface equation of the floating 

body does not contain a time term. All the quantities in this Section are expressed in the space 

fixed coordinate system 𝑜0𝑥0𝑦0𝑧0. 

1. The free surface condition 

Fluid is both a nonlinear medium and a dispersive medium that has very complex free 

surface conditions. Under the assumption of small amplitude wave, the free surface 

displacement 𝜁 is much smaller than the wavelength 𝜆, that is 𝜁 ≪ 𝜆, for the ocean surface 

wave, generally speaking 𝜁/𝜆 < 1/20, depending on the Ursell number 𝑈 =
𝜁

ℎ
(
𝜆

ℎ
)
2

, ℎ is the 

water depth, the free surface condition is linearized. The free surface condition has two types 

of boundary conditions: kinematics and dynamics. If the fluid on the free surface is on the free 

surface all the time and the fluid under the free surface cannot escape from the free surface, 

then the kinematic boundary condition is as follows: 
∂𝜁

∂𝑡
=

∂Φ

∂𝑧
= 0  (𝑧 = 0)                    （3.7） 

If the pressure on the free surface and the pressure on the atmosphere are equal all the time, 

then the dynamic boundary condition is as follows: 

𝑔𝜁 +
∂Φ

∂𝑡
= 0  (𝑧 = 0)                    （3.8） 

After the merger: 
∂2Φ

∂𝑡2
+ 𝑔

∂Φ

∂𝑧
= 0  (𝑧 = 0)                   （3.9） 

2. The seabed condition 

Since the fluid particle cannot pass under this condition. 
∂𝜙

∂𝑧
= 0  (𝑧 = −ℎ)                    （3.10） 

where, the water depth ℎ is constant. 

3. The distant condition 

According to the law of conservation of energy, energy does not disappear out of thin air, 

but various energy forms can be transformed. In other words, an energy will never be equal to 

0 unless it is converted into other forms of energy. The real-world ocean boundary transforms 

the kinetic energy and potential energy of the wave by changing the size of the boundary 

domain. When the kinetic energy of the wave is completely converted into potential energy, 

the kinetic energy of the wave becomes 0. For a huge ocean, limiting the space of the fluid 

domain to a fixed size, but the radius of this space 𝑅 is infinite. The fluid loses its velocity in 
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the infinite distance.  

𝑙𝑖𝑚
𝑅→∞

▽𝜙 = 0                      （3.11） 

This unbounded fluid condition is also called Sommerfeld condition. It is firstly proposed 

by German physicist Arnold Sommerfeld [1868-1951]. In electrostatics, the electric potential 

is directly equal to 0 at infinity, lim 0
R


→

= . Waves generated from the motion of floating body 

will radiate to the outside, and in the case of three dimensions, as column surface waves, the 

width of the divergent wave is 𝐴 ∝
1

√𝑅
, by wave equation: 

𝑙𝑖𝑚
𝑅→∞

√𝑅 (
∂Φ

∂𝑅
+

1

𝐶

∂Φ

∂𝑡
) = 0                 （3.12） 

4. Floating body surface condition 

Radiation and diffraction phenomena occur at the same location and at the same time on 

the surface in contact with the floating body and the fluid under the influence of the incident 

wave. But according to the approach proposed by Haskind, the velocity potential 𝜙  is 

expressed as three parts: first part, 𝜙0 is the incident wave potential; second part; 𝜙𝐷 is the 

scattered wave potential as the diffraction problem; third part, 𝜙𝑅  is the scattered wave 

potential as the radiation problem. 

In the case of diffraction, diffraction potential 𝜙𝐷  represents the perturbation of the 

incident wave flow field by the existence of a fixed object, it is treated as a total reflection: 
∂𝜙𝐷

∂𝑛
= −

∂𝜙0

∂𝑛
                      （3.13） 

In the case of radiation, radiation potential 𝜙𝑅 represents it is only related to the normal 

speed of points on the surface of the floating body when the floating body oscillates. And there 

are no relations with diffraction potential 𝜙𝐷 and incident potential 𝜙0. It's like a floating 

body forced to do forced oscillatory motion on free surface of still water. 

∂𝜙𝑅

∂𝑛
=∑ 𝑣𝑗𝑛𝑗

6

𝑗=1
                    （3.14） 

where, 𝑣𝑗 is the 𝑗 mode motion complex amplitude of rigid body motion with 6 DOFs, surge, 

sway, heave, roll, pitch, yaw, 𝑛𝑗 is the object normal vector related to the mode of motion. 

1 4

2 5

3 6

,      ( )
n n
n n
n n


 
= = −  

 
 

Gn r r n                     （3.15） 

where, 𝒏 is the outward unit normal vector of the floating surface, 𝒓 and 𝒓𝑮 are the position 

vector of the point on the surface of the floating body and the center of gravity of the floating 

body. 

So far, the model describing the steady-state periodic motion problem of the three-

dimensional speedless floating body has been constructed. Although the characteristic of the 
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governing equation is linear and there is no relationship between governing equation and time, 

there are relationships between time and two boundary conditions: the free surface condition 

and the distant condition. The governing equation is not complicated, but the boundary 

conditions are very complicated. That means that the nature of this problem is still related to 

the history of motion, and initial conditions need to be specified. To make this differentiation 

scheme easier to solve, the seakeeping problem is seen as a linear system, the output response 

becomes steady-state after a steady frequency 𝜔 oscillating input has passed enough time. At 

this time, space-time can be separated [47]. 

𝜙(𝑥, 𝑦, 𝑧, 𝑡) = Re{𝜙(𝑥, 𝑦, 𝑧)𝑒−𝑖𝜔𝑡}               （3.16） 
When the value of ω=1, I calculated the 𝑒−𝑖𝜔𝑡, that is drawn from 𝑡=0 to 𝑡=20: 

 

 

Fig. 3.1 The 3D screen of 𝑒−𝑖𝜔𝑡 

 

Finally, the linear free surface condition can be simplified to as follows: 
∂𝜙

∂𝑧
−
𝜔2

𝑔
𝜙 = 0  (𝑧 = 0)                 （3.17） 

Because of 
𝜔

𝐶
= 𝑘 , 𝐶  is wave speed, 𝑘  is wave number, the distant condition can be 

simplified to as follows at last: 

𝑙𝑖𝑚
𝑅→∞

√𝑅 (
∂𝜙

∂𝑅
− 𝑖𝑘𝜙) = 0                 （3.18） 

3.1.3 The Solution of Formulation 

1. Incident wave potential 
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     （3.19） 

This differential equation group can be solved using the separation of variables method. 

The incident wave potential of the frequency can be show by dispersion relation formula 𝜔2 =

𝑘𝑔 ⋅ tanh 𝑘ℎ. 

( cos sin )
0

( cos sin )

cosh ( )( , , )
cosh

cosh ( )              
sinh

ik x y

ik x y

A k z hx y z g e
i kh
A k z h e
ik kh

 

 






+

+

+
= 

+
=

            （3.20） 

It should be noted that the fluid particle itself does not rotate, but the orbital equation of 

the fluid particle is 
2 2

2 20 0

( cos sin ) 1cosh ( ) sinh ( )( ) ( )
sinh sinh

x y z
A k z h A k z h

kh kh

 +
+ =

+ +
            （3.21） 

Consequently, it's an elliptical orbit at finite water depth and a circular orbit at infinite water 

depth. The fluid wave is not a simple transverse wave or longitudinal wave, which is the 

Rayleigh waves that a type of surface acoustic wave. In the vertical direction, its amplitude 

decreases exponentially with increasing distance from the surface, with a phase difference 

between motions. In the horizontal direction, when the wave propagates from left to right, the 

in-plane motion of the particle is counterclockwise; its in-plane amplitude is only attenuated 

by 
1

√𝑅
; its propagation speed depends on the wavelength, as formula 𝐶 = √

𝑔

𝑘
tanh 𝑘ℎ, waves 

of longer wavelengths (low frequencies) travel faster than waves of shorter wavelengths (high 

frequencies). 

2. Reflected wave 

2.1. Radiation problem 

After space-time are separated, 𝑣𝑗 = Re{−𝑖𝜔𝑥𝑗𝑒
−𝑖𝜔𝑡} , radiation potential 𝜙𝑅  can be 

expressed as: 

∂𝜙

∂𝑛
= −𝑖𝜔∑ 𝑥𝑗𝑛𝑗

6

𝑗=1
                  （3.22） 

and if a unit radiation potential 𝜙𝑅(𝑥, 𝑦, 𝑧) = −𝑖𝜔∑ 𝑥𝑗𝜙𝑗(𝑥, 𝑦, 𝑧)
6

𝑗=1
 is introduced, radiation 

potential 𝜙 can be expressed as: 
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∂𝜙𝑗

∂𝑛
= 𝑛𝑗                      （3.23） 

Therefore, 

2
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0                                   control
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                                   surface condition of floating body
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= −



− =



　 （ ）

　　  （ ）

   （3.24） 

For solving this group of differential equations, the numerical solution method must be used. 

Commonly used methods are FEM (finite element method), difference method, series 

expansion method (multi-pole expansion method), eigenfunction expansion method, domain 

decomposition method [48] and boundary element method. Among them, the boundary 

element method is used in this paper. 

If the solution of the differential equation satisfies the governing equation in the region, 

and does not require precise satisfaction of the boundary conditions. Using the Green formula 

to transform the differential equation of the solving region into an integral equation of the 

boundary. Then discrete on the boundary (usually divide the boundary surface discrete into 

quadrilateral elements), selecting the appropriate interpolation function-Green's function 

𝐺(𝑃; 𝑄), and change the integral equation of the boundary into a set of algebraic equations, so 

as to obtain the numerical solution of the problem on the boundary. 

By the Green third formula derived by Gaussian formula 
V S

dV dS  =  A n A , when point 

𝑃 ∈ 𝑆, and 𝑆 is all the boundaries of the solution region. 

1 ( ; ) ( )( ) ( ) ( ; )
2 Q

S

G P Q QP Q G P Q dS
n n


 



  
= − −   

       （3.25） 

If the boundary 𝑆 meets Nuamann boundary condition 
∂𝜙(𝑃)

∂𝑛
: 

( ) ( ) ( )
1 ;

4 S

P Q G P Q dS 


 =               （3.26） 

( )
( ) ( )

( );1 1
2 4 S

P G P Q
P Q dS

n n


 


  
= +  

  
         （3.27） 

Equation 3.26 is the first kind of Fredholm integral equation, and equation 3.27 is the second 

kind of Fredholm integral equation, the left term has been given as a known value on the 

boundary. It is called one layer potential (point source distribution). 
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If the boundary 𝑆 meets Dirichlet boundary condition 𝜙(𝑃): 

( ) ( )
( )

( )
;1 1

4 2S

G P Q
P m Q dS m P

n




 
= − 

 
         （3.28） 

This is the second kind of Fredholm integral equation, the left term has been given as a known 

value on the boundary. It is called double layer potential (dipole distribution). 

In addition to the free surface condition and distant condition belonging to the third type 

of boundary conditions, the other boundary conditions belong to Neumann boundary 

condition, which gives the normal derivative value on the boundary, usually one layer potential 

(point source distribution 𝜎(𝑄)) is used. 

Green's function 𝐺(𝑃; 𝑄)  is aliased as point source function or influence function. A 

Green's function 𝐺(𝑃; 𝑄) is the response to an impulse force, representing the field and 

influence of a point source under specific boundary conditions or initial value conditions. 

Because the field generated by arbitrarily distributed sources can be viewed as a superposition 

of fields generated by many point sources, any force can be analyzed by putting together the 

responses of individual impulses. Once the Green's function 𝐺(𝑃; 𝑄) is found, the field of an 

arbitrarily distributed source can be found. 

Green's function 𝐺(𝑃; 𝑄) can be a solution that not only satisfies the definition of the basic 

solution of the differential equation, but also satisfies certain boundary conditions on the 

boundary 𝑆 of the solution domain 𝑉. For a given boundary problem of an infinite region or 

half-space infinite region of partial differential equations, using the basic solution of the 

differential equation or the point source defined in fluid mechanics, the boundary conditions 

of the problem can be satisfied by the superposition of basic solutions, and the field function 

that meets the boundary conditions induced by the source intensity 𝜎(𝑄) of a certain density 

distribution in the infinite region or the half-space infinite region that is the solution of the 

problem in the region. However, for a given boundary problem in a limited domain of partial 

differential equations, the solution of Green's function 𝐺(𝑃; 𝑄) will be much more difficult. 

Depending on the specific situation, mirror method, mode expansion method, Fourier method 

may be used. 

Green's function theory can be used not only to solve homogeneous linear differential 

equations, but also an effective method to solve inhomogeneous linear differential equations. 

In physical, the non-homogeneous term of the linear differential equation indicates external 

disturbances, but the differential equation satisfied by the Green's function 𝐺(𝑃; 𝑄) will 

degenerate into a homogeneous equation when 𝑃 ≠ 𝑄, so the Green's function 𝐺(𝑃; 𝑄) only 

depends on the boundary value conditions, and has nothing to do with inhomogeneous terms 



- 25 - 

 

of the linear differential equation. When constructing the Green's function 𝐺(𝑃; 𝑄), it is 

enough to derive the differential equations and boundary value conditions that the Green's 

function 𝐺(𝑃; 𝑄) should satisfy. 

The attribute of Green's function 𝐺(𝑃; 𝑄): [49] 

1). Green's function satisfies the equation ▽2 𝜙 = 0 everywhere except for point 𝑃 = 𝑄, 

when 𝑃 → 𝑄, 𝐺(𝑃; 𝑄) → +∞. 

2). At the border ∂Ω，𝐺(𝑃; 𝑄) = 0. 

3). In the area Ω，0 < 𝐺(𝑃; 𝑄) <
1

4𝜋r(𝑃;𝑄)
. 

4). ∬ ∂𝐺

∂𝑛
𝑑𝑆

∂Ω
= −1.  

5). Green's function has symmetry, which is for ∀𝑃;𝑄 ∈ Ω，𝐺(𝑃; 𝑄) = 𝐺(𝑄; 𝑃). It is also 

called the reciprocity theorem. 

If Green's function 𝐺(𝑃; 𝑄)  only satisfies the definition of the basic solution of the 

governing equation of inviscid, non-rotating and incompressible fluid ▽2 𝜙 = 0: 

𝐺(𝑃; 𝑄) =
1

𝑟(𝑃;𝑄)
                      （3.29） 

Under these circumstances, all four boundary conditions must be integrated, this is the 

Rankine source method. But if Green's function 𝐺(𝑃; 𝑄) satisfies all boundary conditions 

except the surface condition of floating body, 

( ) ( )2

2

;                

0    ( 0)

0                ( - )   

lim( ) 0
R

G P Q P Q

G G z
z g
G z h
z

G ikG
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− = = 


= =



− =
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　　　      （ ）
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      （3.30） 

It is only necessary to distribute the source and dipoles on the surface condition of floating 

body, this is the three-dimensional free surface Green's function method. 

𝐺(𝑃; 𝑄) =
1

𝑟(𝑃;𝑄)
+ 𝐺∗(𝑃; 𝑄)                  （3.31） 

Using the Fourier multiple integral, 

( )cos sin

0

1 1( ; )
( ; ) 2

k z ik x yG P Q e e d dk
r P Q


 







− +

−

= =           （3.32） 

Green's function 𝐺(𝑃; 𝑄) has first-order singularity and high-frequency oscillation near 

the singular point，and the partition series method was proposed by Newman. When the 

velocity of the floating body = 0, series and integral indications are as follows: 

when 𝑘𝑅 ≥ 0.1: 
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when 𝑘𝑅 ≤ 0.1: 

3 3 0

01
2 2

3 3 0
2 2

( ) cosh ( ) cosh ( ) ( )1 1
4 ( ; ) 2 . .
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（3.34） 

where, 𝑃 = (𝑝1, 𝑝2, 𝑝3), 𝑄 = (𝑞1, 𝑞2, 𝑞3) , 𝐾 =
𝜔2

𝑔
 , 𝐽0 is the first-type Bessel function for 

integer orders = 0, 𝑌0 is a second-type Bessel function for integer orders = 0, and 𝐾0 is a 

second-type modified Bessel function for integer orders = 0. Moreover: 

2 tanhkg kh =    (progressing wave)           （3.35） 
2 tann nk g k h = −    (local wave)            （3.36） 

2 2 2
1 1 2 2 3 3( ) ( ) ( )r p q p q p q= − + − + −              （3.37） 

2 2 2
1 1 1 2 2 3 3( ) ( ) ( 2 )r p q p q p h q= − + − + + +            （3.38） 

2 2
1 1 2 2( ) ( )R p q p q= − + −                  （3.39） 

𝑃. 𝑉. means that the integral takes a Cauchy principal value [50]. 

I calculated the Green's function 𝐺(𝑃; 𝑄) when 𝜔=1rad/s, 𝑃 = (𝑝1, 0,0) and 𝑄 = (0,0,1), 

𝑝1 changes from 1 to 100 using MATLAB software: 

 

 

Fig. 3.2 Calculation example of Green's function of series formula 
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Fig. 3.3 Calculation example of the Green's function of the integral formula 

 

The significant advantage of this method is that it transforms the definite solution problem 

with arbitrary non-homogeneous terms and boundary values into solving a specific boundary 

value problem, making it only dependent on the differential operator, the form of the 

boundary conditions and the shape of the region. It is possible to study both bounded 

problems and unbounded problems. Its calculation workload is small, the calculation accuracy 

is high, and the adaptability is strong. 

Once the Green's function 𝐺(𝑃; 𝑄)  is got, put the boundary integral equation on the 

surface condition of floating body discretize a set of linear algebraic equations to solve (panel 

method). 
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 （3.40） 

After the 𝜎𝑖(𝑄)  is acquired, the radiation potential 𝜙𝑗𝑛(𝑃𝑛)  can be obtained by the 

following equation. 

( ) ( ) ( )
1

1
4

;
i

i

N

jn n i n i Q
i S
i n

P Q G P Q dS 
 = 



=                （3.41） 

2.2. Diffraction problem 
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   （3.42） 

Comparing the equation 3.42 with equation 3.24, apart from the surface condition of 

floating body is different, the other conditions are all same. Consequently, the Green's 

function 𝐺(𝑃; 𝑄) used for solving the radiation problem can also be used in solving the 

diffraction problem. Just need to change the left term of boundary integral equation on the 

surface condition of floating body. 

In addition, when the initial velocity of floating body is 0, the Haskind equation (Haskind 

relation) can give the diffraction potential 𝜙𝐷 from the incident wave potential 𝜙0 and the 

radiation potential 𝜙𝑗  
[51]. 

0 0 0 0

0j D
D j D j j

S S S S
n ds ds ds ds

n n n

 
   

 
 =  =  = −    

  
     （3.43） 

3.1.4 The Motion Equation in Frequency Domain 

Once obtained the velocity potential, we can get the hydrodynamic parameters and 

hydrodynamic force. The equation of the ideal fluid motion is first derived by Euler according 

to the principle of conservation of momentum, is a part of Euler equation in hydrodynamics. 

( ) ( )
d

gz
dt t 


= +  = − +


v v p
v v              （3.44） 

For non-rotational non-viscosity incompressible ideal fluid, the Lagrange integral formula 

can be derived from the above formula. 

( )
2

gz c t
t





+ + + =



p v
               （3.45） 

This equation is actually an equation of the law of conservation of mechanical energy of 

fluid. The dynamic pressure 𝒑 can be obtained by Equation 3.45 after omitting the nonlinear 

term. 

t





= −


p                     （3.46） 
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Then, dynamic fluid force can be obtained: 
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Wj jF n                  （3.47） 

The force 𝑭𝑾𝒋
𝑹  caused by the radiation potential is as follows: 
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Introducing the symbol of ( )
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= − + =
R
WjF            （3.49） 

Where, 𝜇𝑗𝑘  is called the added mass, is also called as Newton’s zeroth law in which the 

additivity of mass, and is caused by the inertia force because of the movement of the 

surrounding flow field of the floating body. The added mass force corresponds to the standing 

wave near the floating body, when the submersion depth of the floating body floating on the 

water surface changes, the added mass will change, and the shape of the standing wave near 

the floating body will also changes due to the movement. In addition, if the frequency of 

motion is different, the shape of the standing wave near the floating body that accompanies 

the motion will also changes. 𝜆𝑗𝑘 is called the damping coefficient, is caused by the existence 

of free surface condition. The damping force corresponds to the divergent wave whose wave-

making diverges outward. 

The scattering wave force can be obtained by combining the incident wave potential and 

the diffraction potential. 
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D
WjF                  （3.51） 

The wave force 𝑭𝑾𝒋
𝒌  caused by the incident wave potential is called Froude-Krylov force, 

which is obtained without considering the influence of the floating body on the flow field of 

the incident wave. The force 𝑭𝑾𝒋
𝑫  caused by the diffraction potential is called diffraction force. 

At this moment, the displacement of floating body 𝑥𝑗(𝑡), the velocity 𝑥
˙

𝑗(𝑡), the acceleration 

𝑥
¨

𝑗(𝑡) and the external wave force 𝐹𝑖(𝑡) in a stable steady state can be expressed as 𝑥𝑗(𝑡) =

Re{𝑥𝑗𝑒
−𝑖𝜔𝑡} , 𝑥

˙

𝑗(𝑡) = Re{−𝑖𝜔𝑥𝑗𝑒
−𝑖𝜔𝑡} , 𝑥

¨

𝑗(𝑡) = Re{−𝜔2𝑥𝑗𝑒
−𝑖𝜔𝑡} , 𝐹𝑖(𝑡) = Re{𝑓𝑖𝑒

−𝑖𝜔𝑡} , so the 

motion equation of floating body under the steady frequency 𝜔  regular waves in the 

frequency domain is as follows: 
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∑
6

𝑖,𝑗=1
{−𝜔2(𝑚𝑖𝑗 + 𝜇𝑖𝑗) − 𝑖𝜔𝜆𝑖𝑗 + 𝐶𝑖𝑗}𝑥𝑗 = 𝑓𝑖            （3.52） 

where, 𝑚𝑖𝑗  is the mass matrix, 𝐶𝑖𝑗  is the restoring force coefficient matrix, and 𝑓𝑖  is the 

scattering wave force contained the Froude-Krylov force and the diffraction force. The motion 

equation of floating body in DOFs of surge, sway and heave is similar to the forced compulsory 

motion of a harmonic oscillator. The motion equation of floating body in DOFs of roll, pitch 

and yaw is similar to the forced compulsory motion of a simple pendulum that can produce 

chaotic phenomena although it is not as obvious as the chaotic motion of a double pendulum. 

But its motion is predictable under certain assumptions. Then: 

𝑥𝑗(𝜔) =
𝑓𝑖

∑
6

𝑖,𝑗=1
{−𝜔2(𝑚𝑖𝑗+𝜇𝑖𝑗)−𝑖𝜔𝜆𝑖𝑗+𝐶𝑖𝑗}

               （3.53） 

𝑥𝑗(𝜔) is a complex number, called the transfer function, contain the Response Amplitude 

Operators (RAO) and phase difference. 

3.1.5 The Motion Equation in Time Domain 

The vibration response under the unit impulse excitation (Dirac delta function) is called 

the unit impulse response function. The excitation frequency range of the ideal unit impulse 

load is infinite. As the response under unit impulse excitation, the unit impulse response 

function contains all the dynamic characteristic parameters of the vibration system. Using 

Duhamel integral, the vibration response of the system under the excitation of general non-

periodic dynamic load can be obtained. Therefore, under the action of an unit impulse 

function, the response of the system can be expressed as an unit impulse response function 

ℎ(𝑡). If the system is under the action of a continuous force function 𝑓(𝑡), its response can be 

obtained by Duhamel integral. The basic principle of Duhamel integration is to use a series of 

rectangular pulse functions with a time interval of 𝛥𝜏 to approximately replace the role of 

𝑓(𝑡), and its response can be obtained by the superposition of this series of impulse responses. 

6

, 1
( ( )) ( ) ( ) ( ) ( ) ( )

t

ij ij j ij j ij j i
i j

m x t K t x d C x t F t   
= −

+  + − + =        （3.54） 

where, damping term is the convolution integral of retardation function 𝐾𝑖𝑗(𝑡) and 𝑥
˙

𝑗(𝑡), 

reflects the memory effect exist in the hydrodynamic reaction force [52]. 

( ) ( )

( ) ( ) ( )

0

0

2
cos

1
sin

K d

d

    


      






= 

=  + 

             （3.55） 

𝑥𝑗(𝑡) and 𝑥
˙

𝑗(𝑡) can be calculated by Newmark’s method. 
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6 7

8 9

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

x t t x t b x t b x t t

x t t x t tx t b x t b x t t

+  = + + + 

+  = +  + + + 
         （3.56） 

where, 

( )

( )

2
6 7 8

22
9

1
1                        

2

         0.25 0.5      0.50002

b t b t b t

b t

  

   

=  − =  =  −

=  = + =

 
 
         （3.57） 

 

3.2 The Response in Irregular Wave 

In fact, the waves at the actual sea state mainly due to the wind blowing are irregular waves, 

is a complex random process. However, from the perspective of Fourier, irregular waves are a 

superposition of regular waves with different frequency, different amplitude and different 

phase. Probability theory and mathematical statistics are used for the study of irregular waves. 

 

 

Fig. 3.4 Relationship between regular and irregular waves from the perspective of 

Fourier [53] 

 

In accordance with Longuet-Higgins statistics, the displacement of the wave surface at a 

fixed point can be expressed as the following random process: 

𝜉(𝑡) = ∑ 𝜍𝑎𝑖 cos(𝜔𝑖𝑡 + 𝜀𝑖)
𝑛
𝑖=1                 （3.58） 

𝜀𝑖 is a random phase evenly distributed in 0 ∼ 2𝜋, the mean value of the random process 𝜉(𝑡) 

is zero, the autocorrelation function 𝑅𝜁𝜁(𝑡) only depends on the time interval. The irregular 

wave is defined by means of the wave spectrum 𝑆𝜁(𝜔), the spectral density function 𝑆𝜁𝜁(𝜔) 

reflects the distribution state of wave energy, and the integrated area of the spectral density 

function 𝑆𝜁𝜁(𝜔) is the average wave energy. Between the autocorrelation function and the 

spectral density function exist Fourier transform relationship that is also called Wiener-
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Khintchine theorem. The expected value 𝜃𝑝𝑖𝑡𝑐ℎ  of hydrodynamic response during the 

irregular wave can be calculated making use of the RAO of regular waves and the spectral 

density function 𝑆𝜁𝜁(𝜔). Finally, the expected value 𝜃𝑝𝑖𝑡𝑐ℎ  is calculated by the integrated 

amount of floating body response spectrum 𝑆𝑧(𝜔). 

𝐸[𝜁²(𝑥, 𝑦, 𝑡)] = ∫ 𝑆𝜁(𝜔)𝑑𝜔
∞

0
                （3.59） 

𝑆𝜁𝜁(𝜔) =
2

𝜋
∫ 𝑅𝜁𝜁(𝜏)𝑐𝑜𝑠 (𝜔𝜏)𝑑𝜏
∞

0
              （3.60） 

𝑆𝑧(𝜔) = |𝑅𝐴𝑂(𝜔)|2𝑆𝜁𝜁(𝜔)                （3.61） 

𝜃𝑝𝑖𝑡𝑐ℎ = √2∫ 𝑆𝑧(𝜔)𝑑𝜔
∞

0
                 （3.62） 

The spectral density function 𝛷𝜁𝜁(𝜔)  in this paper is the Pierson-Moskowitz (P-M) 

spectrum. 

𝛷𝜁𝜁(𝜔) =
𝛼𝑔2

𝜔5
𝑒−𝛽(

𝑔

𝜔𝑉
)
4

                （3.63） 

 

 

Fig. 3.5 The P-M spectrum 

 

Define the spectral moment 𝑚𝑛 to express the characteristic quantity of the spectrum in a 

certain aspect. The 0-order spectral moment 𝑚0 equal to the variance of the wave surface 

displacement, the 2-order spectral moment 𝑚2 equal to the variance of velocity, the 4-order 

spectral moment 𝑚4 equal to the variance of acceleration. 

𝑚𝑛 = ∫ 𝜔𝑛𝑆𝜁(𝜔)𝑑𝜔
∞

0
                  （3.64） 

Average period is 

𝑇 = 2𝜋√
𝑚0

𝑚2
                      （3.65） 

Average wave height is  

ℎ = 2.5√𝑚0                     （3.66） 

Significant wave height is  

ℎ1/3 = 4.0√𝑚0                    （3.67） 

 



3.3 The Spinning Top in Torus Structure

Fig. 3.6 The torus structure

1

8
(4𝑎2 + 5𝑏2)𝑚                  （ ）

(𝑎2 +
3

4
𝑏2)𝑚                    （ ）

𝑎 𝑏 𝑚

𝐽𝐵 = 𝐽𝐴 + 𝑚𝑑
2

𝑜0𝑥0𝑦0𝑧0 𝑑 𝐴 𝐵
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rotating motion and the gyroscopic effect because of the precession motion based on the 

conservation law of angular momentum [55]. 

1. The axial retention effect 

When the rigid body rotates, it should have an axial retention effect from the conservation 

principle of angular momentum. The moment of the rotating rigid body that makes a 

rotational motion is as follows: 

𝑴 =
d𝑳

d𝑡
                      （3.70） 

where, 𝑴  is the moment of force under external force; 𝑳  is the angular momentum of 

rotating rigid body, and 𝑳 = 𝒓 × 𝒑 = 𝐽 ⋅ 𝝎, 𝒓 is the position vector of the rotating rigid body 

particle relative to coordinate origin, 𝒑 is the momentum of rotating rigid body, 𝐽 is moment 

of inertia and 𝝎 is the angular velocity of rotating rigid body. Then: 

𝑴 =
d𝑳

d𝑡
= 𝐽

d𝝎(𝑡)

d𝑡
                  （3.71） 

At this time, the rotating rigid body under external moment of force in a stable steady state, 

the moment generated from the rotational motion of the rotating rigid body will become a 

stable steady swaying state. Therefore, the angular velocity of the rotating rigid body 𝝎(𝒕) is 

as follows: 

{

𝜔𝑥𝑟(𝑡) = Re[𝜔𝑥𝑟𝑥𝑗𝑒
−𝑖𝜔𝑡]

𝜔𝑦𝑟(𝑡) = Re[𝜔𝑦𝑟𝑥𝑗𝑒
−𝑖𝜔𝑡]

𝜔𝑧𝑟(𝑡) = Re[𝜔𝑧𝑟𝑥𝑗𝑒
−𝑖𝜔𝑡]

                  （3.72） 

Substituting Equation 3.72 into Equation 3.71: 

{
 
 

 
 𝑀4𝑒

−𝑖𝜔𝑡 = 𝐽𝑥𝑥
d𝜔𝑥𝑟(𝑡)

d𝑥
= −𝑖𝜔𝐽𝑥𝑥𝜔𝑥𝑟𝑥𝑗𝑒

−𝑖𝜔𝑡

𝑀5𝑒
−𝑖𝜔𝑡 = 𝐽𝑦𝑦

d𝜔𝑦𝑟(𝑡)

d𝑥
= −𝑖𝜔𝐽𝑦𝑦𝜔𝑦𝑟𝑥𝑗𝑒

−𝑖𝜔𝑡

𝑀6𝑒
−𝑖𝜔𝑡 = 𝐽𝑧𝑧

d𝜔𝑧𝑟(𝑡)

d𝑥
= −𝑖𝜔𝐽𝑧𝑧𝜔𝑧𝑟𝑥𝑗𝑒

−𝑖𝜔𝑡

        （3.73） 

In other words: 

{

𝑀4𝑒
−𝑖𝜔𝑡 = −𝑖𝜔𝐽𝑥𝑥𝜔𝑥𝑟𝑥4𝑒

−𝑖𝜔𝑡 − 𝑖𝜔𝐽𝑦𝑦𝜔𝑦𝑟𝑥4𝑒
−𝑖𝜔𝑡 − 𝑖𝜔𝐽𝑧𝑧𝜔𝑧𝑟𝑥4𝑒

−𝑖𝜔𝑡

𝑀5𝑒
−𝑖𝜔𝑡 = −𝑖𝜔𝐽𝑥𝑥𝜔𝑥𝑟𝑥5𝑒

−𝑖𝜔𝑡 − 𝑖𝜔𝐽𝑦𝑦𝜔𝑦𝑟𝑥5𝑒
−𝑖𝜔𝑡 − 𝑖𝜔𝐽𝑧𝑧𝜔𝑧𝑟𝑥5𝑒

−𝑖𝜔𝑡

𝑀6𝑒
−𝑖𝜔𝑡 = −𝑖𝜔𝐽𝑥𝑥𝜔𝑥𝑟𝑥6𝑒

−𝑖𝜔𝑡 − 𝑖𝜔𝐽𝑦𝑦𝜔𝑦𝑟𝑥6𝑒
−𝑖𝜔𝑡 − 𝑖𝜔𝐽𝑧𝑧𝜔𝑧𝑟𝑥6𝑒

−𝑖𝜔𝑡

  （3.74） 

Except the moment of own DOF, the other terms are written in the matrix form: 

[

𝑀4𝑘𝑒𝑒𝑝

𝑀5𝑘𝑒𝑒𝑝

𝑀6𝑘𝑒𝑒𝑝

] = −𝑖𝜔 [

𝐽𝑦𝑦𝜔𝑦𝑟 + 𝐽𝑧𝑧𝜔𝑧𝑟 0 0

0 𝐽𝑥𝑥𝜔𝑥𝑟 + 𝐽𝑧𝑧𝜔𝑧𝑟 0
0 0 𝐽𝑥𝑥𝜔𝑥𝑟 + 𝐽𝑦𝑦𝜔𝑦𝑟

] [

𝑥4
𝑥5
𝑥6
]   （3.75） 

This moment as a damping force is generated from the coupling effect of holding the axis of 

the rotating rigid body. 

2. The gyroscopic effect 

However, the conservation principle of angular momentum can be used only in the inertial 
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coordinate system. In order to use the conservation law of angular momentum, looking at the 

change in the angular momentum of rotating rigid body 𝑳 from a fixed coordinate system (an 

inertial coordinate system) to a rotating coordinate system (a non-inertial coordinate system), 

then the motion equation of a rotating rigid body is derived as follows: 

𝑴 = 𝐽
d∗𝝎

d𝑡
+𝝎× (𝐽 ⋅ 𝝎)                 （3.76） 

where, 
d∗𝝎

d𝑡
=

d𝜔𝐱

d𝑡
𝑥
^
+
d𝜔𝐲

d𝑡
𝑦
^
+
d𝜔𝐳

d𝑡
𝑧
^

 is the angular acceleration in the rotating coordinate 

system, 
d𝝎

d𝑡
=

d

d𝑡
(𝜔x𝑥

^
+ 𝜔y𝑦

^
+ 𝜔z𝑧

^
) is the angular acceleration in the fixed coordinate system. 

When unfolded and written in matrix form: 

[

𝑀4

𝑀5

𝑀6

] = [

𝐽𝑥𝑥 0 0
0 𝐽𝑦𝑦 0

0 0 𝐽𝑧𝑧

]

[
 
 
 𝜔
˙

4

𝜔
˙

5

𝜔
˙

6]
 
 
 

+ [

𝜔4
𝜔5
𝜔6
] × [

𝐽𝑥𝑥 0 0
0 𝐽𝑦𝑦 0

0 0 𝐽𝑧𝑧

] [

𝜔4
𝜔5
𝜔6
]    （3.77） 

That is: 

{
 
 

 
 𝑀4 = 𝐽𝑥𝑥𝜔

˙

4 − (𝐽𝑧𝑧 − 𝐽𝑦𝑦)𝜔5𝜔6

𝑀5 = 𝐽𝑦𝑦𝜔
˙

5 − (𝐽𝑥𝑥 − 𝐽𝑧𝑧)𝜔4𝜔6

𝑀6 = 𝐽𝑧𝑧𝜔
˙

6 − (𝐽𝑦𝑦 − 𝐽𝑥𝑥)𝜔4𝜔5

            （3.78） 

This motion equation of rotating rigid body is also called Euler's equation of motion. When 

a rotating rigid body goes through sufficient time under a steady frequency 𝜔 oscillating 

input, it will all become a stable steady-state of swing, according to the vector addition 

theorem, the angular velocity of the rotating rigid body is as follows: 

𝜔𝑗(𝑡) = Re[𝜔𝑗𝑟−𝑖𝜔𝑥𝑗𝑒
−𝑖𝜔𝑡]             （3.79） 

𝜔𝑗𝑟 is the angular velocity of the rotating rigid body in 𝑗 direction before the rotating rigid 

body become a stable steady-state of swing. Substituting Equation 3.79 into Equation 3.78: 

{

𝑀4𝑒
−𝑖𝜔𝑡 = −𝐽𝑥𝑥𝜔

2𝑥4𝑒
−𝑖𝜔𝑡 + (𝐽𝑧𝑧 − 𝐽𝑦𝑦)(𝜔𝑦𝑟 − 𝑖𝜔𝑥5𝑒

−𝑖𝜔𝑡)(𝜔𝑧𝑟 − 𝑖𝜔𝑥6𝑒
−𝑖𝜔𝑡)

𝑀5𝑒
−𝑖𝜔𝑡 = −𝐽𝑦𝑦𝜔

2𝑥5𝑒
−𝑖𝜔𝑡 + (𝐽𝑥𝑥 − 𝐽𝑧𝑧)(𝜔𝑥𝑟 − 𝑖𝜔𝑥4𝑒

−𝑖𝜔𝑡)(𝜔𝑧𝑟 − 𝑖𝜔𝑥6𝑒
−𝑖𝜔𝑡)

𝑀6𝑒
−𝑖𝜔𝑡 = −𝐽𝑧𝑧𝜔

2𝑥6𝑒
−𝑖𝜔𝑡 + (𝐽𝑦𝑦 − 𝐽𝑥𝑥)(𝜔𝑥𝑟 − 𝑖𝜔𝑥4𝑒

−𝑖𝜔𝑡)(𝜔𝑦𝑟 − 𝑖𝜔𝑥5𝑒
−𝑖𝜔𝑡)

   （3.80） 

Assuming that 𝑥4, 𝑥5, 𝑥6 is small and when expanded and the squared term can be ignored: 

{

𝑀4 = −𝐽𝑥𝑥𝜔
2𝑥4 − (𝐽𝑧𝑧 − 𝐽𝑦𝑦)(𝑖𝜔𝜔𝑦𝑟𝑥6 + 𝑖𝜔𝜔𝑧𝑟𝑥5)

𝑀5 = −𝐽𝑦𝑦𝜔
2𝑥5 − (𝐽𝑥𝑥 − 𝐽𝑧𝑧)(𝑖𝜔𝜔𝑥𝑟𝑥6 + 𝑖𝜔𝜔𝑧𝑟𝑥4)

𝑀6 = −𝐽𝑧𝑧𝜔
2𝑥6 − (𝐽𝑦𝑦 − 𝐽𝑥𝑥)(𝑖𝜔𝜔𝑥𝑟𝑥5 + 𝑖𝜔𝜔𝑦𝑟𝑥4)

       （3.81） 

If the inertial part of the first term on the left side of Equation 3.81 is abbreviated and 

Equation 3.81 is written in the form of a matrix: 

[

𝑀4𝑔𝑦𝑟𝑜

𝑀5𝑔𝑦𝑟𝑜

𝑀6𝑔𝑦𝑟𝑜

] = −𝑖𝜔 [

0 (𝐽𝑧𝑧 − 𝐽𝑦𝑦)𝜔𝑧𝑟 (𝐽𝑧𝑧 − 𝐽𝑦𝑦)𝜔𝑦𝑟
(𝐽𝑥𝑥 − 𝐽𝑧𝑧)𝜔𝑧𝑟 0 (𝐽𝑥𝑥 − 𝐽𝑧𝑧)𝜔𝑥𝑟
(𝐽𝑦𝑦 − 𝐽𝑥𝑥)𝜔𝑦𝑟 (𝐽𝑦𝑦 − 𝐽𝑥𝑥)𝜔𝑥𝑟 0

] [

𝑥4
𝑥5
𝑥6
]    （3.82） 

This moment as a damping force arises from the gyroscopic effect and is called the 
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gyroscopic moment. The gyroscopic moment is obtained from the precession motion, a 

phenomenon in which the rotation axis of a rotating rigid body that rotates around another 

fixed axis. It is like the Coriolis force calculated by 𝑭𝑐 = −2𝑚(𝝎× 𝒗) , 𝝎  is the angular 

velocity of the rotating reference frame, and 𝒗 is the velocity of the object relative to the 

rotating reference frame. 

In this way, the axial retention effect and the gyroscopic effect can be recognized as a 

damping term proportional to the angular velocity of external disturbance vibration by 

linearizing, and the greater the mass moment of inertia of the rotor, the greater the angular 

velocity of the rotor, the smaller the response to external interference. When the axial 

retention effect coefficient matrix 𝑵𝒌𝒆𝒆𝒑 and the gyroscopic effect coefficient matrix 𝑵𝒈𝒚𝒓𝒐 

are acquired, for a floating body with rotational motion internal under the steady frequency 

𝜔  regular wave, the motion equation of the floating body in frequency domain can be 

expressed as follows in consideration of the axial retention effect and the gyroscopic effect: 

∑
6

𝑖,𝑗=1
{−𝜔2(𝑚𝑖𝑗 + 𝜇𝑖𝑗) − 𝑖𝜔(𝜆𝑖𝑗 + 𝑁𝑘𝑒𝑒𝑝𝑖𝑗 + 𝑁𝑔𝑦𝑟𝑜𝑖𝑗) + 𝐶𝑖𝑗}𝑥𝑗 = 𝑓𝑖     （3.83） 

Therefore, once some important parameters of a floating body are treated as the input data 

of the above mathematical model, the output data of the hydrodynamic response of the 

floating body in the ocean can be got through numerical calculation. 
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Chapter 4: Comparison Calculation Based on Formalized 

Mathematical Model 
4.1 Review the Validity of Formalization through Experiment 

4.1.1 The Formulation of Simple Pendulum Verification Experimental 

To verify the principle of the motion equation of the floating body in frequency domain in 

consideration of the axial retention effect, which act on the damping effect of the simple 

pendulum, a simple pendulum experiment to obtain the damping coefficient is carried out. 

The shape of the object under the rod is a large disk and the air resistance as damping effect 

is naturally occurring, a tube filled with water and linked with pump is surrounded by the disk, 

when the water in the tube flows, the damping effect will become bigger. The motion equation 

of the simple pendulum is obtained from the angular momentum theorem. 

𝑚𝑙2
d2𝜃

d𝑡2
= −𝑚𝑔𝑙sin 𝜃 + 𝛽

d𝜃

d𝑡
 the initial conditions are  𝜃 ∣𝑡=0= 𝜃0,

d𝜃

d𝑡
∣𝑡=0= 𝜃

˙

0 （4.1） 

This equation represents the roll DOF motion measured by a 6-axes motion sensor. When 

the amplitude is the small angle and less than 10°, it can be linearized into 𝜃 by Taylor 

expansion of sin 𝜃, so the equation of motion can be simplified to 

d2𝜃

d𝑡2
+ 2𝑛

d𝜃

d𝑡
+ 𝑘2𝜃 = 0   𝑛 =

−𝛽

2𝑚𝑙2
, 𝑘 = √

𝑔

𝑙
      （4.2） 

At the small damping situation 𝑛 < 𝑘 , the roots of the characteristic equation are two 

unequal complex numbers: 𝑟 = −𝑛 ± 𝑖𝜔(𝜔 = √𝑘2 − 𝑛2). The general solution is  

𝜃 = 𝑒−𝑛𝑡(𝐶1cos 𝜔𝑡 + 𝐶2sin 𝜔𝑡) = 𝐴𝑒
−𝑛𝑡sin (𝜔𝑡 + 𝜙)     （4.3） 

A special solution according to the initial conditions is 

𝐴 = √𝜃0
2 +

(𝜃0
˙
+𝑛𝜃0)2

𝑘2−𝑛2
  tan 𝜙 = −

𝜃0√𝑘2−𝑛2

𝜃0
˙
+𝑛𝜃0

        （4.4） 

and the angular velocity is 

𝜃
˙

= −𝑛𝐴𝑒−𝑛𝑡sin (𝜔𝑡 + 𝜙) + 𝜔𝐴𝑒−𝑛𝑡cos (𝜔𝑡 + 𝜙) = 𝐴𝑒−𝑛𝑡sin (𝜔𝑡 + 𝜙 + 𝜑) tan 𝜑 = −
𝜔

𝑛
（4.5） 

The damping ratio is 𝜉 =
𝑛

𝑘
, the circular frequency and period of the attenuated vibration 

are 𝜔 = 𝑘√1 − 𝜉2, k  is the natural frequency of a non-damped free vibration system. At the 

same mass and length of the pendulum, the period of attenuated vibration is longer than the 

period of non-damped free vibration. In the case where the damping ratio 𝜉 is less than 1, 

the larger the damping ratio, the longer the period becomes. At a certain moment 𝑡𝑖, the 

amplitude is 𝐴𝑒−𝑛𝑡𝑖, and the next amplitude after one period is 𝐴𝑒−𝑛(𝑡𝑖+𝑇), and the ratio of 
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the two amplitudes is 𝜂 = 𝑒𝑛𝑇 , 𝜂  is amplitude reduction rate. The ratio of two adjacent 

amplitudes is a constant, so the amplitude of the attenuated vibration decreases geometrically 

and quickly approaches zero. 

By the way, if the resistance cannot be considered, the non-damped free vibration motion 

equation will be non-linear equation:  

𝑚𝑙2
d2𝜃

d𝑡2
= −𝑚𝑔𝑙sin 𝜃, 𝜃 ∣𝑡=0= 𝛼(0 ≤ 𝛼 ≤ 𝜋),

d𝜃

d𝑡
∣𝑡=0= 0    （4.6） 

This is also the equation for the elastic curve and the meniscus of the liquid contained 

between the two parallel planes. The elliptic integral 𝐾(𝑚) is needed to get the rigorous 

solution of this non-linear equation, that is 𝜃 = 2arcsin (sin 𝜑sin 
𝛼

2
), sin 𝜑 =

sin
𝜃

2

sin
𝛼

2

, 
d𝜃

d𝜑
==

2cos 𝜑sin 
𝛼

2

√1−sin2 
𝛼

2
sin2 𝜑

, 𝑇 = 4√
𝑙

𝑔
𝐾(sin2

𝛼

2
), 𝐾(𝑚) = 𝐹(

𝜋

2
, 𝑚) = ∫

1

√1−𝑚sin2 𝜃
𝑑𝜃

𝜋

2

0

. The rigorous solution 

can also be represented by the Jacobi elliptic function. 

4.1.2 The Experimental Results 

As shown on the left side of Fig. 4.1, the tube is wrapped around the disk in multiple circles, 

and the water flow speed inside the tube is controlled by the Masterflex® L/S® pump machine 

as shown on the middle side of Fig. 4.1. It is difficult to turn the water into a uniform flow but 

trying to make it flow at three different kinds of angular velocity about 0.369 rad/s, 0.737 rad/s 

and 1.106 rad/s. At the beginning of experiment, giving the initial condition of the tilt angle 

θ equal with 10°, ZMP IMU-Z 6-axis motion sensor equipped with 3-axis accelerometer 

and 3-axis gyro sensor is used for measuring vibration signal, “IMU-Z cube viewer” software 

as shown on the right side of Fig. 4.1 is used for data collection. This experiment belongs to 

the known mathematical equation of motion, using the collected experimental data to estimate 

and identify its parameters. 

 

   
Fig. 4.1 Experimental model, pump and signal collection software 
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Due to the operation of the machine and other reasons, the obtained vibration curves show 

many burrs and are not smooth, its analysis shows that these interference noises belong to 

stationary random vibration signals. This article uses frequency domain method and time 

domain method to improve the signal-to-noise ratio of the vibration signal. 

In 1965, a fast algorithm for discrete Fourier transform was first published. For free decay 

function, the longer the data length, the closer the signal amplitude will eventually become to 

zero, whether the truncation is at the periodic node will be not very important, therefore FFT 

as a simple method and fast calculation speed is suitable analysis method for free decay signal. 

This paper uses high pass filter, cut-off frequency from 2 Hz to 50 Hz. The modal parameter 

identification is all carried out by complex exponential method. 

 

 

  

Fig. 4.2 Signal data based on FFT 

 

The time domain method directly uses the free vibration response signal for parameter 

identification, because it does not need to perform Fourier transform processing, it will not 

cause leakage due to signal truncation. The cross-correlation function can be obtained by 

measuring the response signal at multiple points to reduce the noise. This article uses multi-

point averaging and smoothing to eliminate high-frequency noise in the response signal of a 

single measuring point. 
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Fig. 4.3 Signal data based on time domain method 

 

Tab. 4.1 Comparison of the experimental results 

No. 
Initial 

Angle [°] 
water  

[rad/s] 

Experimental Result from 
Frequency Domain Method 

Experimental Result from 
Time Domain Method 

Frequency 
[Hz] 

Damping 
Ratio 

Frequency 
[Hz] 

Damping 
Ratio 

1 10 0 0.5806 1.5674 0.5787 1.9220 
2 10 0.369 0.5753 1.9642 0.5739 2.0817 
3 10 0.737 0.5761 1.9592 0.5751 2.1223 
4 10 1.106 0.5788 2.1574 0.5771 2.3373 

 

 

Fig. 4.4 Comparison of the experimental results after linear fitting 

 

When the water inside the tube as a torus structure participates in the pendulum movement 

of the disc, the damping coefficient increases as the angular velocity of the water increases. 
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However, because the flow water in the silicone tube is not uniform, and the pump 

interference vibration signal, the damping coefficient increases with a certain error. After the 

frequency domain and the time domain noise signal removal and the complex exponential 

parameter identification method, although the damping coefficient obtained by the time 

domain noise removal method are significantly larger than the frequency domain noise 

removal method, the damping coefficient increases linearly very well as the angular velocity 

of the annular flow water increases, the axial retention effect, which acts on the damping effect 

of the simple pendulum can be confirmed. Consequently, the validity of the motion equation 

of the torus structure with the annular flow shown in Equation 3.75 is confirmed. 

 

4.2 The Preliminary Design of FOWT above the Water-plane 

First of all, to determine the FOWT part above the water-plane, the design of this part take 

economy as the main consideration and take into account the effect of reducing wind load. 

Using the blade element momentum (BEM) theory to calculate the energy absorbed by the 

blades and the wind load acting on blades. The wind load of the support column from the 

nacelle to the water-plane can be calculated by empirical formula: 

𝑑𝐹 =
1

2
𝜌𝑎𝑖𝑟𝐶𝑑𝑣𝑛

2𝑑𝑠                    （4.7） 

where, 𝑑𝑠  is dividing the tower into several facets, drag coefficient 𝐶𝑑  will depend on 

building shape. After determining the FOWT part in the air, to design the supporting part of 

the floating body in the water at last. According to the Archimedes principle: 

𝑚𝑎𝑏𝑜𝑣𝑒 + 𝜌𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙𝑉𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙 +𝑚𝑏𝑎𝑙𝑙𝑎𝑠𝑡 = 𝜌𝑤𝑎𝑡𝑒𝑟𝑉𝑑𝑟𝑎𝑖𝑛𝑒𝑑         （4.8） 

where, 𝑚𝑎𝑏𝑜𝑣𝑒 is the mass of the FOWT part above the water-plane, it is decided in the first 

step of design, which has an impact on the overall GM value and moment of inertia of the 

FOWT; 𝑚𝑏𝑎𝑙𝑙𝑎𝑠𝑡 is the mass of ballast, it is an adjustable part to keep GM value in the right 

range, generally steel, soil, and seawater are used to lower the center of gravity; there is a 

coupling relationship between 𝜌𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙𝑉𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙  and 𝜌𝑤𝑎𝑡𝑒𝑟𝑉𝑑𝑟𝑎𝑖𝑛𝑒𝑑 , it is determined to 

consider various factors not just hydrodynamic parameters. The position of the center of 

gravity and the shape of the floating body are the decisive factors for the hydrodynamic 

parameters. 

The capacity factor of onshore wind farms will be 30%, and for offshore wind turbines, 40% 

or more is desirable. In order to achieve such high capacity factor, it needs an annual average 

wind speed about 7.5 m/s or more. Although these capacity factors cannot be compared with 

nuclear power that can be 80%. At present, the research on the power generation efficiency 

of horizontal-axis wind turbines is basically based on BEM theory, which is based on fluid 
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mechanics to calculate the wind energy that horizontal-axis wind turbines can absorb from the 

flowing air and wind load acting on the blades. This article just used the previous part - energy 

absorbed, so the previous part was only introduced and calculated. 

4.2.1 The Absorbed Energy 

Blade can be assumed as two-dimensional airfoil along the blade chord and is composed of 

various units along the blade span. The flowing air is seen as ideal incompressible fluid so as 

to the Bernoulli equation can be applied to aerodynamic analysis of blade. 

𝑝 +
1

2
𝜌𝑣2 + 𝜌𝑔ℎ = const                  （4.9） 

The pressure relation between before the blade plate and behind the blade plate can be got. 

𝑝𝑑
+ − 𝑝𝑑

− =
1

2
𝜌(𝑣∞

2 − 𝑣𝑤
2)                 （4.10） 

𝑝𝑑
+ is the pressure before the blade plate, 𝑝𝑑

− is the pressure behind the blade plate, 𝑣∞ is 

wind velocity in the upwind side, 𝑣𝑤 is wind velocity in the leeward side. The direction that 

blade rotates is tangential direction and the direction parallel to the wind direction is the axial 

direction. 

The amount of momentum change is equal to the product of the mass flow rate and the rate 

of velocity change. The force that causes the momentum to change is entirely from the 

pressure difference between the front and the back of the blade plane. We can get, 

(𝑣∞ − 𝑣𝑤)𝜌𝐴𝑑𝑣𝑑 = (𝑝𝑑
+ − 𝑝𝑑

−)𝐴𝑑              （4.11） 

𝑣𝑑 is axial induced velocity in the blade plate. Then, 

𝑣𝑑 = 𝑣∞(1 − 𝑎), 𝑣𝑤 = 𝑣∞(1 − 2𝑎)             （4.12） 

𝑎 is the defined axial inducer. It means that the velocity loss radio before the blade plate is 𝑎 

and the velocity loss radio behind the blade plate is also 𝑎 in the axial direction. 

So, the energy power absorbed by the blade plane from the airflow is 

𝑃𝑎𝑏𝑠 = 𝐹𝑣𝑑 = (𝑣∞ − 𝑣𝑤)𝜌𝐴𝑑𝑣𝑑𝑣𝑑 = 2𝜌𝐴𝑑𝑣∞
3 𝑎(1 − 𝑎)2       （4.13） 

The wind energy utilization factor is 

𝐶𝑝 =
2𝜌𝐴𝑑𝑣∞

3 𝑎(1−𝑎)2

1

2
𝜌𝐴𝑑𝑣∞

3
= 4𝑎(1 − 𝑎)2              （4.14） 

So 𝑑𝐶𝑝/𝑑𝑎 = 12𝑎
2 − 16𝑎 + 4, when 𝑎 = 1/3, the wind energy utilization factor 𝐶𝑝 will get 

the max value 59.26%. It is also called Betz limit. At this time, the energy power absorbed by 

the blade plane from the airflow is 

𝑃𝑚𝑎𝑥 =
1

2
𝜌𝐴𝑑𝑣∞

3                    （4.15） 

𝑃𝑚𝑎𝑥 is the max absorbed energy power to electrical energy power [kg·m2/s3],   is the air 

density [kg/m3], 𝐴𝑑  is the sweeping area when the blades rotate [m2], 𝑣∞  is the wind 

velocity in the upwind side [m/s]. Based on dimensional analysis, this formula is also correct. 



Fig. 4.5 Power curves at different rated wind speeds and different rated output powers

Fig. 4.6 Length of blade at different rated wind speeds and different rated output 
powers
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Because of this, the height of a windmill varies with the rated wind speeds and rated output 

powers. The wind speed at different heights at the same location is different, and it has the 

following relationship: 

𝑣(𝑧) = 𝑣(𝑧0) (
𝑧

𝑧0
)
𝛼

                  （4.16） 

Generally, the recording instrument for meteorological observation data is set at a height of 

about 10 m, so 𝑧0 generally takes 10m, 𝛼 is the ground roughness coefficient. The change 

of wind speed with height is mainly caused by the friction between the fluid and the ground. 

The higher the height, this effect tends to disappear. Because the surface of the ocean is 

smooth and flat, the wind speed that is not affected by the surface of the ocean is lower than 

that on land. Offshore sea surface and coast generally take a value of 0.12 for 𝛼. 

Once we can transform into electricity generation based on the wind speed value, then 

knowing all the wind speed values of a certain place for a year, the annual power generation 

can be calculated as shown in Equation 4.16. 

𝐸 = ∫ 𝑓(𝑣)𝑃(𝑣)𝑑𝑣                    (4.17) 

Once the annual power generation is got, capacity factor can be calculated by Equation 4.18. 

𝜂 =
𝐸(kWh)

𝑃(kW)×8760(h)
                     (4.18) 

From the Japan Oceanographic Data Center (JODC) [56], meteorological data over the years 

can be download for free, which observed by the meteorological observation devices such as 

lighthouse, maritime traffic center, ship direction signal station, ship traffic signal station, 

radio direction signal station and radar built by the Japan Maritime Security Agency along the 

coast of Japan. The meteorological data has two observation time intervals: hourly and every 

half-hour. There are 8760 pieces of data per year at an hourly interval, and 17520 pieces of 

data are doubled every half-hour. For wind observation data, there are two parameters: wind 

direction and wind speed. The observation data of wind direction and wind speed is the 

average value from 10 minutes before the observation time to the observation time. Next, 

based on the wind speed data of “舳倉島” in 2000, capacity factor at three kinds of rated wind 

speeds and seven kinds of rated output power of wind turbines is calculated. 
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Fig. 4.7 The wind speed information of “舳倉島” in 2000 

 

Although the Rayleigh distribution fits very well when the frequency of occurrence of wind 

speed data value is small, it’s consistent with Weibull distribution very well when looking at 

the all data. The scale parameter 𝜆 is 4.6559 and the shape parameter 𝑘 is 4.6274, this shows 

that these data conform to the theoretical model and are correct. 

The probability density function of Weibull distribution is: 
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Fig. 4.8 Capacity factor at different rated wind speeds and different rated output 

powers 

 

For three kinds of rated wind speeds, rated wind speed is bigger, the capacity factor value 

is smaller, and when rated wind speed is 10 m/s, the capacity factor is the maximum, but it is 

a small value and almost around 13% ~ 20%, this is because the annual average wind speed 

of “舳倉島” is not strong enough. For seven kinds of rated output power of wind turbines, 

rated output power is bigger, the capacity factor value is bigger, and when rated output power 

is 20 MW and more, the capacity factor will be almost the same, this means that the rated 

output power of wind turbines is not bigger, the capacity factor value is bigger, there is a limit 

value and 20 MW seems to be the limit value. In addition, the capacity factor for the six years 

has remained unchanged, but has a decreasing trend. 

In actual production, the capacity factor as the design goal, the rated wind speed, rated 

output power and size parameters of the wind turbine are determined based on the local 

meteorological data. This paper selects 20 MW as the research object, and here give the data 

of the wind turbine blades and tower section above the water-plane. 

 

Tab. 4.2 Parameters above the water-plane 

Item Unit [m] Item Unit [m] 

Blade Length 100 
Nacelle (Hollow but Thick 

Wall) Length 
30 

Blade Width 1 Nacelle Width 10 

Blade Wall Thickness 0.2 Nacelle Height 8 

Support Hollow Cylinder Radius 5 Nacelle Wall Thickness 0.8 and 0.2 

Support Hollow Cylinder Length 110   

Support Hollow Cylinder Wall Thickness 0.3 and 0.01   

 

4.3 The Parametric Study of FOWT under the Water-plane 

This paper takes the input parameters of the hydrodynamic analysis model as design 



Fig. 4.9 Designed 
cylinder-type FOWT

Tab. 4.3 Parameters of cylinder-type FOWT



- 48 - 

 

For the comparative research on the design variable of the wall thickness, the height of the 

supporting part of the column in the water has been reduced from 45 m to 35 m, and the 

cylinder wall thickness has been reduced from 0.15 m to 0.05 m; the support hollow cylinder 

wall thickness has been reduced from 0.3 m to 0.01 m; the nacelle wall thickness has been 

reduced from 0.8 m to 0.2 m. The heavy cylinder-type FOWT and the light Cylinder-type 

FOWT are called. 

By comparing with or without torus structure and the position of torus in the vertical 

direction, observe its influence on hydrodynamic performance. Putting the torus structure at 

the bottom is to place the lowest point of the torus and the lowest point-K point of the 

cylinder-type FOWT at the same water depth. Placing the torus structure in the middle is to 

place the center point of the torus structure in the vertical direction at half the draft of the 

cylinder-type FOWT. Setting the torus structure on the top is to place the center point of the 

torus structure in the vertical direction at a height of 10 m from the water-plane. When 

calculating the moments of inertia of blade and nacelle, some simplifications were employed 

in the structure compared with the actually running FOWT. 

4.3.1.1 Change the Heights of the Torus Structure 

In this Section, the presence or absence of the torus structure and the different positions 

placed in the vertical direction, these two variables are design parameters. 

1. The heavy cylinder-type FOWT 

 

Tab. 4.4 Parameters of model without torus, M40-3 and M40-7 

Item 
without 
Torus 

M40-3 
bottom 

M40-3 
middle 

M40-3 
top 

M40-7 
bottom 

M40-7 
middle 

M40-7 
top 

Distance from Center of Tube to Torus [m] 0 40 40 40 40 40 40 

Radius of Tube of External Torus [m] 0 3.724 3.724 3.724 7.718 7.718 7.718 

Radius of Tube of Internal Torus [m] 0 3 3 3 7 7 7 

KB [m] 21.76 20.26 21.73 22.67 17.82 21.65 24.84 

KG [m] 24.51 22.79 24.25 25.20 19.81 23.63 26.82 

GM [m] 2.51 2.30 1.80 

Draft [m] 42.75 

Displacement [m3] 120884 131838 167919 

Total Mass[t] 123906 135134 172117 

Moment of Inertia Jz [t･m2×104] 5279 6822 10717 

Moment of Inertia Jx [t･m2×104] 28830 31034 29838 29437 37010 33295 31574 

Moment of Inertia Jy [t･m2×104] 28902 31107 29910 29508 37082 33367 31646 

Proportion of Moment of Inertia of water Jz [%] 0 14.20 41.04 
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Proportion of Moment of Inertia of water Jx [%] 0 5.02 2.71 1.89 19.04 12.11 8.35 

Proportion of Moment of Inertia of water Jy [%] 0 5.01 2.70 1.89 19.00 12.09 8.33 

 

After the neutral torus structure with the same buoyancy and gravity is externally embedded 

similar to the different heights of FOWT as the wave-free structure, the center of gravity and 

the center of buoyancy of the floating body will change, especially the moment of inertia 

around the horizontal axis changes greatly. 

1) M40-3 

 

 

 
Fig. 4.10 Wet surface mesh and RAO of heave and pitch DOFs of M40-3 

 

The blue curve drawn by the data from the motion6.dat file is the calculation result of the 

existing program in the laboratory, and the red curve is calculated by MATLAB based on the 

hydrodynamic parameters in the calculation result of the existing program. 

 

  
Fig. 4.11 The retardation function and the incident wave with 30s period 
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Fig. 4.12 The displacement, velocity, acceleration in time domain 

 

When the incident wave period is 30s, the amplitude response value in the frequency 

domain and in time domain is the same. This comparison illustrates the high accuracy of the 

program used. 

 

 
Fig. 4.13 The hydrodynamic parameters of M40-3 

 

In terms of heave DOF, the torus structure of different heights will mainly cause a slight 

change in the added mass in the hydrodynamic parameters. The lower the vertical height of 

the torus structure, the greater the added mass, while the damping coefficient and external 

wave force hardly change. In the pitch DOF, the torus structure of different heights will also 

mainly cause the change of the added mass in the hydrodynamic parameters, but the 

magnitude of the change will be relatively large, and the trend of change is also that the torus 

structure goes down in the vertical height, the more the added mass is large, and the damping 

coefficient will hardly change, but the external wave force will change slightly. 

2) M40-7 
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Fig. 4.14 Wet surface mesh and RAO of heave and pitch DOFs of M40-7 

 

As can be seen from the RAO diagram of M40-3 and M40-7, when FOWT with a torus 

structure, a bigger natural period can be obtained than without torus structure, this is because 

the former has larger the mass coefficient and added mass coefficient, but the resilience 

coefficient does not change. According to common sense, the torus structure at top can 

withstand more intense wave, this is beneficial to the overall hydrodynamic response and is 

what we hope, but it will increase the overall center of gravity and buoyancy and reduce the 

moment of inertia around the horizontal axis, which will be harmful to the overall 

hydrodynamic response and is not what we want. However, the torus structure at top has not 

a better hydrodynamic response than the torus structure at middle, it looks like the advantage 

and disadvantages are almost neutralized and offset. When the torus structure at bottom has 

the best hydrodynamic, it looks like the advantages of lowering the overall center of gravity 

and buoyancy has a slightly greater impact than the disadvantage. 

2. The light cylinder-type FOWT 

 

Tab. 4.5 Parameters of model without torus, M40-3 and M40-7 after weight reduction 

Item 
without 
Torus 

M40-3 
bottom 

M40-3 
middle 

M40-3 
top 

M40-7 
botto

m 

M40-7 
middle 

M40-7 
top 

Distance from Center of Tube to Torus [m] 0 40 40 40 40 40 40 

Radius of Tube of External Torus [m] 0 3.724 3.724 3.724 7.718 7.718 7.718 

Radius of Tube of Internal Torus [m] 0 3 3 3 7 7 7 

KB [m] 17.02 15.63 16.97 17.66 13.91 16.87 19.07 

KG [m] 9.95 9.30 10.65 11.33 9.21 12.16 14.36 

GM [m] 13.85 12.40 9.22 

Draft [m] 33.15 

Displacement [m3] 93724 104678 140759 
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Total Mass[t] 95987 107215 144198 

Moment of Inertia Jz [t･m2×104] 4371 5914 9810 

Moment of Inertia Jx [t･m2×104] 11510 12976 12313 12117 16890 15097 14254 

Moment of Inertia Jy [t･m2×104] 11545 13011 12348 12152 16925 15131 14289 

Proportion of Moment of Inertia of water Jz [%] 0 16.38 44.84 

Proportion of Moment of Inertia of water Jx [%] 0 8.44 5.52 4.59 28.27 21.99 18.50 

Proportion of Moment of Inertia of water Jy [%] 0 8.42 5.50 4.58 28.21 21.94 18.46 

 

1) M40-3 

 

 

 
Fig. 4.15 Wet surface mesh and RAO of heave and pitch DOFs of M40-3 after weight 

reduction 

 

2) M40-7 

 

 

 
Fig. 4.16 Wet surface mesh and RAO of heave and pitch DOFs of M40-7 after weight 

reduction 
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As can be seen from the RAO diagram of M40-3 and M40-7 after weight reduction, the 

natural period of its heave DOF does not decrease much compared to before weight reduction, 

it is still around 20s, but the natural period of pitch DOF has been greatly reduced compared 

with that before weight reduction, it has only 
1

3
 of the previous weight. Other conclusions are 

similar, it is also when FOWT with a torus structure, a bigger natural period can be obtained 

than without torus structure, the torus structure at top has not a better hydrodynamic response 

than the torus structure at middle, and when the torus structure at bottom has the best 

hydrodynamic. 

4.3.1.2 Change the Torus Structure 

In this Section, the radius of the torus structure, the radius of the internal annular flow and 

the angular velocity of the annular flow, these three variables are design parameters. 

1. The heavy cylinder-type FOWT 

 

Tab. 4.6 Cylinder-type FOWT parameters with the radius change of ring tube of 

internal torus 

Item M40-1 M40-2 M40-3 M40-4 M40-5 M40-6 

Distance from Center of Tube to Center of Torus [m] 40 

Radius of Tube of External Torus [m] 1.74 2.7285 3.724 4.7214 5.72 6.7188 

Radius of Tube of Internal Torus [m] 1 2 3 4 5 6 

KB [m] 21.37 20.87 20.26 19.59 18.93 18.33 

KG [m] 24.07  23.50  22.79  22.00  21.20  20.46  

GM [m] 2.46 2.39 2.30 2.19 2.07 1.94 

Draft [m] 42.75 

Displacement [m3] 123280 126767 131838 138489 146719 156529 

Total Mass [t] 126362  129936  135134  141951  150387  160443  

Moment of Inertia Jz [t･m2×104] 5651 6150 6822 7638 8573 9606 

Moment of Inertia Jx [t･m2×104] 29304 30026 31034 32281 33718 35307 

Moment of Inertia Jy [t･m2×104] 29376 30098 31107 32353 33790 35379 

Proportion of Moment of Inertia of water Jz [%] 1.97 7.24 14.20 21.62 28.76 35.27 

Proportion of Moment of Inertia of water Jx [%] 0.61 2.38 5.02 8.23 11.76 15.41 

Proportion of Moment of Inertia of water Jy [%] 0.61 2.38 5.01 8.21 11.73 15.38 
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Fig. 4.17 Cylinder-type FOWT wet surface mesh with the radius change of ring tube of 

internal torus 

 

Tab. 4.7 Cylinder-type FOWT parameters with distance from center of ring tube to 

center of torus change 

Item M35-3 M40-3 M45-3 M50-3 M55-3 M60-3 

Distance from Center of Tube to Center of Torus [m] 35 40 45 50 55 60 

Radius of Tube of External Torus [m] 3.719 3.724 3.7275 3.7303 3.7327 3.7346 

Radius of Tube of Internal Torus [m] 3 

KB [m] 20.44 20.26 20.09 19.92 19.75 19.59 

KG [m] 22.99 22.79 22.59 22.39 22.20 22.01 

GM [m] 2.32 2.30 2.27 2.25 2.23 2.21 

Draft [m] 42.75 

Displacement [m3] 130441 131838 133234 134630 136027 137423 

Total Mass [t] 133702 135134 136565 137996 139427 140859 

Moment of Inertia Jz [t･m2×104] 6288 6822 7517 8393 9473 10776 

Moment of Inertia Jx [t･m2×104] 30647 31034 31473 31969 32528 33159 

Moment of Inertia Jy [t･m2×104] 30719 31107 31545 32041 32601 33231 

Proportion of Moment of Inertia of water Jz [%] 10.10 14.20 18.66 23.24 27.71 31.92 

Proportion of Moment of Inertia of water Jx [%] 4.10 5.02 6.07 7.25 8.57 10.04 

Proportion of Moment of Inertia of water Jy [%] 4.09 5.01 6.05 7.23 8.56 10.02 
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Fig. 4.18 Cylinder FOWT wet surface mesh with distance from center of ring tube to 

center of torus change 

 

The contour diagram of hydrodynamic response RAO of pitch is shown in Fig. 4.19 and Fig. 

4.20. The two coordinate axes of Cartesian plane represent the period of regular wave and the 

angular velocity of annular flow, and the contour lines are made dimensionless by means of 

the amplitude value of pitch divided by wave height, then divided by wave number. 

 

 

 
Fig. 4.19 Contour graph of cylinder FOWT pitch RAO with the radius change of ring 

tube of internal torus 
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Fig. 4.20 Contour graph of cylinder-type FOWT pitch RAO with distance from center of 

ring tube to center of torus change 

 

When the angular velocity is 0 rad/s, the natural period of pitch shift from around 70s to 

the longer period side as the torus volume increase. This is because the increase of weight of 

cylinder-type FOWT resulting in a smaller GM value, and the rotational inertia and addition 

mass increase due to the larger torus volume. It can also be confirmed that the RAO of the 

pitch of FOWT is attenuated quite a few near the natural period as the angular velocity of 

annular flow increase and a large damping effect could be got even at a relatively small angular 

velocity. In particular, when the angular velocity is less than 2 rad/s, the distance from center 

of ring tube to center of torus is over 40m and the radius of ring tube of small torus is over 3m, 

as with M40-3 in Fig. 4.19 and Fig. 4.20, the dimensionless pitch response value is suppressed 

to 5 or less in a fairly wide periodic band. It can be considered that a large damping effect 

could be demonstrated even at a relatively small angular velocity. In addition, the direction of 

the contour lines is also inclined to parallel to the angular velocity that obviously signify the 

increase of the angular velocity does not have much effect when the angular velocity exceeds 

a certain value. 

Expected value during irregular wave 

In the irregular wave calculation, the Beaufort wind scale is assumed as 10 levels of the 

whole gale, the significant wave height is 9 m and the average wave period is the 20s. 
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Fig. 4.21 Expected pitch angle of cylinder-type FOWT in the irregular wave with the 

radius change of ring tube of internal torus 
 

 
Fig. 4.22 Expected pitch angle of cylinder-type FOWT in the irregular wave with 

distance from center of ring tube to center of torus change 
 

In the case of the above two kinds of design variables, when any one of the radii is relatively 

large, the expected value can be suppressed to less than half at the angular velocity is 2 rad/s. 

At the same time, the expected value can be suppressed to less than half at the angular velocity 

is 3 rad/s when the radius is relatively small. However, in the case of M40-1, the proportion 

of moment of inertia of water Jy is less than 1%, the vacillating suppression effect cannot be 

expected extremely even though the angular velocity is increased tremendously. Moreover, in 

the case of M40-2, the proportion of moment of inertia of water Jy is less than 3%, the 

vacillating suppression effect could also be hardly expected highly anyway. Of course, the 

expected value could not be eliminated to 0 but 0 could be imminent. In addition, with the 
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proportion of moment of inertia of water Jy get bigger, the vacillating suppression effect does 

not only increase linearly but also the growth trend become smaller and smaller. Ultimately, 

it is vindicated that the vacillating suppression effect can be expected even though in the range 

where the angular velocity is relatively small by setting the proportion of moment of inertia of 

water Jy to 5% or more. 

2. The light cylinder-type FOWT 

 

Tab. 4.8 Cylinder-type FOWT parameters with the radius change of ring tube of 

internal torus after weight reduction 

Item M40-1 M40-2 M40-3 M40-4 M40-5 M40-6 

Distance from Center of Tube to Center of Torus [m] 40 

Radius of Tube of External Torus [m] 1.74 2.7285 3.724 4.7214 5.72 6.7188 

Radius of Tube of Internal Torus [m] 1 2 3 4 5 6 

KB [m] 16.64 16.17 15.63 15.07 14.58 14.18 

KG [m] 9.75 9.53 9.30 9.13 9.04 9.06 

GM [m] 13.51 13.03 12.40 11.66 10.86 10.04 

Draft [m] 33.15 

Displacement [m3] 96120 99607 104678 111329 119559 129369 

Total Mass [t] 98443 102017 107215 114032 122468 132524 

Moment of Inertia Jz [t･m2×104] 4743 5242 5914 6731 7666 8698 

Moment of Inertia Jx [t･m2×104] 11813 12298 12976 13809 14759 15795 

Moment of Inertia Jy [t･m2×104] 11848 12333 13011 13844 14794 15830 

Proportion of Moment of Inertia of water Jz [%] 2.34 8.49 16.38 24.53 32.16 38.95 

Proportion of Moment of Inertia of water Jx [%] 1.08 4.13 8.44 13.40 18.54 23.56 

Proportion of Moment of Inertia of water Jy [%] 1.08 4.12 8.42 13.37 18.50 23.50 
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Fig. 4.23 Cylinder-type FOWT wet surface mesh with the radius change of ring tube of 

internal torus after weight reduction 

 

Tab. 4.9 Cylinder-type FOWT parameters with distance from center of ring tube to 

center of torus change after weight reduction 

Item M35-3 M40-3 M45-3 M50-3 M55-3 M60-3 

Distance from Center of Tube to Center of Torus [m] 35 40 45 50 55 60 

Radius of Tube of External Torus [m] 3.719 3.724 3.7275 3.7303 3.7327 3.7346 

Radius of Tube of Internal Torus [m] 3 

KB [m] 15.79 15.63 15.47 15.32 15.17 15.02 

KG [m] 9.38 9.30 9.23 9.16 9.09 9.02 

GM [m] 12.57 12.40 12.24 12.08 11.93 11.77 

Draft [m] 33.15 

Displacement [m3] 103281 104678 106074 107470 108867 110263 

Total Mass [t] 105783 107215 108646 110077 111508 112940 

Moment of Inertia Jz [t･m2×104] 5380 5914 6609 7485 8565 9868 

Moment of Inertia Jx [t･m2×104] 12683 12976 13321 13723 14188 14725 

Moment of Inertia Jy [t･m2×104] 12718 13011 13356 13757 14223 14760 

Proportion of Moment of Inertia of water Jz [%] 11.80 16.38 21.23 26.06 30.65 34.85 

Proportion of Moment of Inertia of water Jx [%] 6.72 8.44 10.43 12.67 15.17 17.90 

Proportion of Moment of Inertia of water Jy [%] 6.70 8.42 10.40 12.64 15.13 17.86 
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Fig. 4.24 Cylinder FOWT wet surface mesh with distance from center of ring tube to 

center of torus change after weight reduction 

 

 

 
Fig. 4.25 Contour graph of cylinder FOWT pitch RAO with the radius change of ring 

tube of internal torus after weight reduction 

 

 

 
Fig. 4.26 Contour graph of cylinder-type FOWT pitch RAO with distance from center of 

ring tube to center of torus change after weight reduction 
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When the angular velocity is 0 rad/s, the natural period of pitch shift from around 20s to 

the longer period side very small as the torus volume increase. This is because the increase of 

weight of cylinder-type FOWT resulting in a smaller GM value, and the rotational inertia and 

addition mass increase due to the larger torus volume. It can also be confirmed that the RAO 

of the pitch of cylinder-type FOWT is attenuated quite a few near the natural period as the 

angular velocity of annular flow increase and a large damping effect could be got even at a 

relatively small angular velocity. In addition, the direction of the contour lines is also inclined 

to parallel to the angular velocity that obviously signify the increase of the angular velocity 

does not have much effect when the angular velocity exceeds a certain value. 

Expected value during irregular wave 

Because the irregular wave with a period of 20s is very close to the natural period of the 

light cylinder-type FOWT, the expected value of its response will be very large. The 

calculation in the irregular wave uses the irregular wave with the average wave period is the 

10s, and the significant wave height is still 9 m. 

 

 
Fig. 4.27 Expected pitch angle of cylinder-type FOWT in the irregular wave with the 

radius change of ring tube of internal torus after weight reduction 
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Fig. 4.28 Expected pitch angle of cylinder-type FOWT in the irregular wave with 

distance from center of ring tube to center of torus change after weight reduction 
 

In the case of the above two kinds of design variables, when any one of the radii is relatively 

large, the expected value can be suppressed to less than half at the angular velocity is 2 rad/s. 

At the same time, the expected value can be suppressed to less than half at the angular velocity 

is 3 rad/s when the radius is relatively small. However, in the case of M40-1, the proportion 

of moment of inertia of water Jy is about 1%, the vacillating suppression effect cannot be 

expected extremely even though the angular velocity is increased tremendously. Moreover, in 

the case of M40-2, the proportion of moment of inertia of water Jy is about 4%, the vacillating 

suppression effect could be expected a little. Of course, the expected value could not be 

eliminated to 0 but 0 could be imminent. In addition, with the proportion of moment of inertia 

of water Jy get bigger, the vacillating suppression effect does not only increase linearly but 

also the growth trend become smaller and smaller. Ultimately, it is vindicated that the 

vacillating suppression effect can be expected even though in the range where the angular 

velocity is relatively small by setting the proportion of moment of inertia of water Jy to 5% or 

more. 

4.3.1.3 Change the Central Cylinder 

1. The heavy cylinder-type FOWT 

 

Tab. 4.10 Characteristic parameters of cylinder-type FOWT with central cylinder 

radius change 

Item M40-3 

Distance from Center of Tube to Center of Torus [m] 40 
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Radius of Tube of External Torus [m] 3.724 

Radius of Tube of Internal Torus [m] 3 

Central Cylinder Height [m] 45 

Ballast Height [m] 12 

Radius of Central Cylinder [m] 28 29 31 32 

KB [m] 20.48 20.36 20.17 20.08 

KG [m] 24.39  23.56  22.06  21.38  

GM [m] 0.15 1.24 3.34 4.35 

Draft [m] 43.82 43.26 42.29 41.87 

Water-plane Area 2463 2642 3019 3217 

Displacement [m3] 118891 125258 138631 145637 

Total Mass[t] 121864 128389 142097 149278 

Moment of Inertia Jz [t·m2×104] 5611 6186 7522 8291 

Moment of Inertia Jx [t·m2×104] 29210 30101 32012 33036 

Moment of Inertia Jy [t·m2×104] 29282 30173 32084 33108 

Proportion of Moment of Inertia of water Jz [%] 17.27 15.66 12.88 11.68 

Proportion of Moment of Inertia of water Jx [%] 5.54 5.27 4.79 4.57 

Proportion of Moment of Inertia of water Jy [%] 5.53 5.26 4.78 4.56 

 

 

 
Fig. 4.29 Cylinder-type FOWT wet surface mesh with central cylinder radius change 

 

Tab. 4.11 Characteristic parameters of cylinder-type FOWT with central cylinder height 

change 
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Item M40-3 

Distance from Center of Tube to Center of Torus [m] 40 

Radius of Tube of External Torus [m] 3.724 

Radius of Tube of Internal Torus [m] 3 

Radius of Central Cylinder [m] 30 

Ballast Height [m] 12 

Central Cylinder Height [m] 43 44 46 47 

KB [m] 19.95 20.11 20.41 20.55 

KG [m] 22.41  22.60  22.98  23.17  

GM [m] 2.39 2.35 2.24 2.19 

Draft [m] 42.55 42.65 42.86 42.96 

Displacement [m3] 131260 131549 132127 132415 

Total Mass[t] 134542 134838 135430 135726 

Moment of Inertia Jz [t·m2×104] 6782 6802 6842 6862 

Moment of Inertia Jx [t·m2×104] 30292 30661 31413 31798 

Moment of Inertia Jy [t·m2×104] 30364 30733 31486 31870 

Proportion of Moment of Inertia of water Jz [%] 14.28 14.24 14.16 14.12 

Proportion of Moment of Inertia of water Jx [%] 5.11 5.07 4.98 4.94 

Proportion of Moment of Inertia of water Jy [%] 5.10 5.05 4.97 4.93 

 

 

 
Fig. 4.30 Cylinder-type FOWT wet surface mesh with central cylinder height change 
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Tab. 4.12 Characteristic parameters of FOWT with central cylinder wall thickness 

change 

Item M40-3 

Distance from Center of Tube to Center of Torus [m] 40 

Radius of Tube of External Torus [m] 3.724 

Radius of Tube of Internal Torus [m] 3 

Radius of Central Cylinder [m] 30 

Ballast Height [m] 12 

Central Cylinder Height [m] 45 

Central Cylinder wall thickness [m] 0.01 0.05 0.1 0.2 

KB [m] 18.42 18.95 19.60 20.91 

KG [m] 22.60 22.66 22.73 22.84 

GM [m] 1.23 1.52 1.90 2.71 

Draft [m] 37.70 39.14 40.95 44.56 

Displacement [m3] 117538 121627 126735 136936 

Total Mass[t] 120476 124668 129903 140359 

Moment of Inertia Jz [t·m2×104] 5749 6057 6440 7203 

Moment of Inertia Jx [t·m2×104] 27550 28434 29662 32562 

Moment of Inertia Jy [t·m2×104] 27622 28506 29734 32634 

Proportion of Moment of Inertia of water Jz [%] 16.85 16.00 15.04 13.45 

Proportion of Moment of Inertia of water Jx [%] 4.71 4.82 4.93 5.10 

Proportion of Moment of Inertia of water Jy [%] 4.70 4.80 4.92 5.09 
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Fig. 4.31 Cylinder-type FOWT wet surface mesh with central cylinder wall thickness 

change 

 

 

 
Fig. 4.32 Contour graph of cylinder-type FOWT pitch RAO with central cylinder radius 

change 
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Fig. 4.33 Contour graph of cylinder-type FOWT pitch RAO with central cylinder height 

change 

 

 

 
Fig. 4.34 Contour graph of cylinder-type FOWT pitch RAO with central cylinder wall 

thickness change 

 

When the angular velocity is 0 rad/s, the natural period of pitch shift from around 70s to 

the shorter period side as the torus volume increase. This is because the increase of weight of 

cylinder-type FOWT resulting in a bigger GM value, and the rotational inertia and addition 

mass increase due to the larger torus volume. It can also be confirmed that the RAO of the 

pitch of FOWT is attenuated quite a few near the natural period as the angular velocity of 

annular flow increase and a large damping effect could be got even at a relatively small angular 

velocity. In particular, when the angular velocity is less than 2 rad/s, the dimensionless pitch 

response value is suppressed to 5 or less in a fairly wide periodic band. It can be considered 
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that a large damping effect could be demonstrated even at a relatively small angular velocity. 

In addition, the direction of the contour lines is also inclined to parallel to the angular velocity 

that obviously signify the increase of the angular velocity does not have much effect when the 

angular velocity exceeds a certain value. 

Expected value during irregular wave 

 

 
Fig. 4.35 Expected pitch angle in the irregular wave with the central cylinder radius 

change 

 

From Fig. 4.35, we can see that as the central cylinder radius increases from 28 m to 32 m, 

when the angular velocity of annular flow is relatively low, its hydrodynamic performance be-

comes worse and worse very much. At this time, although GM increases from 0.15 m to 4.35 

m, but the water-plane area become larger from 2463 m2 to 3217 m2, which lead to the natural 

period of FOWT is reduced from over 100s to about 40s, which is very close to the average 

wave period of the irregular wave, so expected value become lager, even up to 28°, far greater 

than the limit value used in the FOWT design. When the angular velocity of the annular flow 

reaches 3 rad/s, the hydrodynamic response tends to be the same, because the proportion of 

the moment of inertia Jy occupied by the water part of the annular flow only slightly reduces 

from 5.54% to 4.57%. 

 



- 69 - 

 

 
Fig. 4.36 Expected pitch angle in the irregular wave with the central cylinder height 

change 

 

From Fig. 4.36, we can see that as the central cylinder height increases from 43 m to 47 m, 

no matter how large the angular velocity of annular flow is, its hydrodynamic performance is 

similar, since the GM only changes from 2.39 m to 2.19 m, and the proportion of the moment 

of inertia Jy occupied by the water part of the annular flow only slightly reduces from 5.11% 

to 4.94%. 

 

 
Fig. 4.37 Expected pitch angle in the irregular wave with the central cylinder wall 

thickness change 

 

From Fig. 4.37, we can see that as the central cylinder wall thickness increases from 0.01 m 

to 0.2 m, when the angular velocity of annular flow is relatively low, its hydrodynamic 
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performance becomes worse and worse. At this time, GM increases from 1.23 m to 2.71 m. 

When the angular velocity of the annular flow reaches 3 rad/s, the hydrodynamic response 

tends to be the same, because the proportion of the moment of inertia Jy occupied by the water 

part of the annular flow only slightly increases from 4.70% to 5.10%. Therefore, the 

calculation of appropriate scale design parameters for annular flow in this Section is universal. 

2. The light cylinder-type FOWT 

 

Tab. 4.13 Characteristic parameters of cylinder-type FOWT with central cylinder 

radius change 

Item M40-3 

Distance from Center of Tube to Center of 

Torus [m] 
40 

Radius of Tube of External Torus [m] 3.724 

Radius of Tube of Internal Torus [m] 3 

Central Cylinder Height [m] 35 

Ballast Height [m] 12 

Radius of Central Cylinder [m] 28 29 31 32 

KB [m] 15.48 15.56 15.69 15.75 

KG [m] 9.66  9.47  9.14  8.99  

GM [m] 11.03 11.72 13.09 13.77 

Draft [m] 33.20 33.17 33.12 33.10 

Water-plane Area 2463 2642 3019 3217 

Displacement [m3] 92734 98604 110955 117435 

Total Mass[t] 95053 101069 113729 120371 

Moment of Inertia Jz [t·m2×104] 4870 5365 6521 7189 

Moment of Inertia Jx [t·m2×104] 11593 12264 13732 14533 

Moment of Inertia Jy [t·m2×104] 11628 12299 13767 14568 

Proportion of Moment of Inertia of water Jz [%] 19.89 18.06 14.86 13.48 

Proportion of Moment of Inertia of water Jx [%] 9.47 8.94 7.97 7.53 

Proportion of Moment of Inertia of water Jy [%] 9.44 8.92 7.95 7.51 
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Fig. 4.38 Cylinder-type FOWT wet surface mesh with central cylinder radius change 

 

Tab. 4.14 Characteristic parameters of cylinder-type FOWT with central cylinder 

height change 

Item M40-3 

Distance from Center of Tube to Center of Torus [m] 40 

Radius of Tube of External Torus [m] 3.724 

Radius of Tube of Internal Torus [m] 3 

Radius of Central Cylinder [m] 30 

Ballast Height [m] 12 

Central Cylinder Height [m] 33 34 36 37 

KB [m] 15.32 15.47 15.77 15.91 

KG [m] 9.20 9.25 9.35 9.40 

GM [m] 12.20 12.31 12.49 12.57 

Draft [m] 33.09 33.12 33.18 33.20 

Displacement [m3] 104523 104600 104755 104832 

Total Mass[t] 107136 107215 107374 107453 

Moment of Inertia Jz [t·m2×104] 5901 5908 5921 5928 

Moment of Inertia Jx [t·m2×104] 12843 12909 13044 13113 

Moment of Inertia Jy [t·m2×104] 12878 12944 13079 13148 

Proportion of Moment of Inertia of water Jz [%] 16.42 16.40 16.36 16.34 

Proportion of Moment of Inertia of water Jx [%] 8.51 8.48 8.41 8.37 

Proportion of Moment of Inertia of water Jy [%] 8.49 8.46 8.39 8.35 
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Fig. 4.39 Cylinder-type FOWT wet surface mesh with central cylinder height change 

 

Tab. 4.15 Characteristic parameters of cylinder-type FOWT with central cylinder wall 

thickness change 

Item M40-3 

Distance from Center of Tube to Center of Torus [m] 40 

Radius of Tube of External Torus [m] 3.724 

Radius of Tube of Internal Torus [m] 3 

Radius of Central Cylinder [m] 30 

Ballast Height [m] 12 

Central Cylinder Height [m] 35 

Central Cylinder wall thickness [m] 0.01 0.05 0.1 

KB [m] 15.22 15.63 16.13 

KG [m] 8.95 9.30 9.70 

GM [m] 12.55 12.40 12.26 

Draft [m] 31.91 33.15 34.70 

Displacement [m3] 101165 104678 109066 

Total Mass[t] 103694 107295 111792 

Moment of Inertia Jz [t·m2×104] 5660 5914 6232 

Moment of Inertia Jx [t·m2×104] 12107 12976 14144 

Moment of Inertia Jy [t·m2×104] 12142 13011 14179 
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Proportion of Moment of Inertia of water Jz [%] 17.12 16.38 15.55 

Proportion of Moment of Inertia of water Jx [%] 8.63 8.44 8.21 

Proportion of Moment of Inertia of water Jy [%] 8.61 8.42 8.19 

 

 
Fig. 4.40 Cylinder-type FOWT wet surface mesh with central cylinder wall thickness 

change 

 

 

 
Fig. 4.41 Contour graph of cylinder-type FOWT pitch RAO with central cylinder radius 

change 
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Fig. 4.42 Contour graph of cylinder-type FOWT pitch RAO with central cylinder height 

change 

 

 
Fig. 4.43 Contour graph of cylinder-type FOWT pitch RAO with central cylinder wall 

thickness change 

 

When the angular velocity is 0 rad/s, the natural period of pitch shift from around 20s to 

the shorter period side as the torus volume increase. This is because the increase of weight of 

cylinder-type FOWT resulting in a bigger GM value. It can also be confirmed that the RAO 

of the pitch of FOWT is attenuated quite a few near the natural period as the angular velocity 

of annular flow increase and a large damping effect could be got even at a relatively small 

angular velocity. In addition, the direction of the contour lines is also inclined to parallel to 

the angular velocity that obviously signify the increase of the angular velocity does not have 

much effect when the angular velocity exceeds a certain value. 

Expected value during irregular wave 
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Fig. 4.44 Expected pitch angle in the irregular wave with the central cylinder radius 

change 

 

From Fig. 4.44, we can see that as the central cylinder radius increases from 28 m to 32 m, 

when the angular velocity of annular flow is relatively low, its hydrodynamic performance 

becomes worse and worse very much. At this time, GM increases from 11.03 m to 13.77 m, 

and the change is very large, When the angular velocity of the annular flow reaches 3rad/s, 

the hydrodynamic response tends to be the same, because the proportion of the moment of 

inertia Jy occupied by the water part of the annular flow only slightly reduces from 9.44% to 

7.51%. 

 

 
Fig. 4.45 Expected pitch angle in the irregular wave with the central cylinder height 

change 

 

From Fig. 4.45, we can see that as the central cylinder height increases from 43 m to 47 m, 

no matter how large the angular velocity of annular flow is, its hydrodynamic performance is 
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similar, since the GM only changes from 12.02 m to 12.57 m, and the proportion of the 

moment of inertia Jy occupied by the water part of the annular flow only slightly reduces from 

8.51% to 8.37%. 

 

 
Fig. 4.46 Expected pitch angle in the irregular wave with the central cylinder wall 

thickness change 

 

From Fig. 4.46, we can see that as the central cylinder wall thickness increases from 0.01 m 

to 0.2 m, when the angular velocity of annular flow is relatively low, its hydrodynamic 

performance becomes worse and worse. At this time, GM increases from 12.55 m to 12.26 m. 

When the angular velocity of the annular flow reaches 3 rad/s, the hydrodynamic response 

tends to be the same, because the proportion of the moment of inertia Jy occupied by the water 

part of the annular flow only slightly increases from 8.61% to 8.19%. Therefore, the 

calculation of appropriate scale design parameters for annular flow in this Section is universal. 

4.3.2 The SPAR-type FOWT 

4.3.2.1 Change the Heights of the Torus Structure 

The SPAR-type FOWT with buoyancy providing part and tower section shown in Fig. 4.47 

and Tab. 4.16. Particularly, when the torus is located in the middle, it means move the torus 

structure up 30 m; when the torus is located in the top, it means move the torus structure up 

60 m. 
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Fig. 4.47 designed SPAR-

type FOWT 

Tab. 4.16 Parameters of SPAR-type FOWT 

Item Unit [m] Unit [m] 

Cylinder Radius 20 10 

Cylinder Height 38 38 

Cylinder Wall Thickness 0.1 0.05 

Stone Ballast Height 80 80 

Nacelle Wall Thickness 0.8 0.2 

Support Hollow Cylinder Radius 5 5 

Support Hollow Cylinder Length 248 248 

Support Hollow Cylinder Wall Thickness 0.2 0.05 
 

 

1. The heavy SPAR-type FOWT 

 

Tab. 4.17 Parameters of model without torus, M20-3 and M20-7 

Item 
without 
Torus 

M20-3 
bottom 

M20-3 
middle 

M20-3 
top 

M20-7 
bottom 

M20-7 
middle 

M20-7 
top 

Distance from Center of Tube to Torus [m] 0 20 20 20 20 20 20 

Radius of Tube of External Torus [m] 0 3.741 3.741 3.741 7.724 7.724 7.724 

Radius of Tube of Internal Torus [m] 0 3 3 3 7 7 7 

KB [m] 92.67 84.53 87.28 90.03 67.17 76.18 85.18 

KG [m] 88.42 80.66 83.41 86.16 64.19 73.20 82.20 

GM [m] 4.27 3.88 2.99 

Draft [m] 129.25 

Displacement [m3] 54921 60455 78480 

Total Mass[t] 56294 61966 80442 

Moment of Inertia Jz [t･m2×104] 346 516 850 

Moment of Inertia Jx [t･m2×104] 52181 61166 57409 54672 88072 72641 61556 

Moment of Inertia Jy [t･m2×104] 52253 61238 57481 54744 88144 72713 61628 

Proportion of Moment of Inertia of water Jz [%] 0 20.16 47.18 

Proportion of Moment of Inertia of water Jx [%] 0 9.15 5.69 2.86 33.03 22.85 12.38 

Proportion of Moment of Inertia of water Jy [%] 0 9.14 5.68 2.86 33.00 22.83 12.37 

 

1) M20-3 
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Fig. 4.48 Wet surface mesh and pitch RAO of M20-3 

 

 
Fig. 4.49 Hydrodynamic parameters of M20-3 

 

In terms of heave DOF, the torus structure of different heights will mainly cause a slight 

change in the added mass in the hydrodynamic parameters. The lower the vertical height of 

the torus structure, the greater the added mass, while the damping coefficient and external 

wave force hardly change. In the pitch DOF, the torus structure of different heights will also 

mainly cause the change of the added mass in the hydrodynamic parameters, but the 

magnitude of the change will be relatively large, and the trend of change is also that the torus 

structure goes down in the vertical height, the more the added mass is large, and the damping 

coefficient will hardly change, but the external wave force will change slightly. The conclusion 

is the same as the Cylinder-type FOWT. 

 

2) M20-7 
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Fig. 4.50 Wet surface mesh and pitch RAO of M20-7 

 

As can be seen from the RAO diagram of M20-3 and M20-7, when SPAR-type FOWT with 

a torus structure, a bigger natural period can be obtained than without torus structure, this is 

because the former has larger the mass coefficient and added mass coefficient, but the 

resilience coefficient does not change. According to common sense, the torus structure at top 

can withstand more intense wave, this is beneficial to the overall hydrodynamic response and 

is what we hope, but it will increase the overall center of gravity and buoyancy and reduce the 

moment of inertia around the horizontal axis, which will be harmful to the overall 

hydrodynamic response and is not what we want. However, the torus structure at top has not 

a better hydrodynamic response than the torus structure at middle, it looks like the advantage 

and disadvantages are almost neutralized and offset. When the torus structure at bottom has 

the best hydrodynamic, it looks like the advantages of lowering the overall center of gravity 

and buoyancy has a slightly greater impact than the disadvantage. The conclusion is the same 

as the Cylinder-type FOWT. 

2. The light SPAR-type FOWT 

 

Tab. 4.18 Parameters of model without torus, M10-2 and M10-3 

Item 
without 
Torus 

M10-2 
botto

m 

M10-2 
middle 

M10-2 
top 

M10-3 
bottom 

M10-3 
middle 

M10-3 
top 

Distance from Center of Tube to Torus [m] 0 10 10 

Radius of Tube of External Torus [m] 0 2.736 3.726 

Radius of Tube of Internal Torus [m] 0 2 3 

KB [m] 83.19 78.25 80.12 81.96 74.60 77.87 81.11 

KG [m] 73.54 69.20 71.04 72.88 66.00 69.24 72.48 

GM [m] 9.67 9.10 8.65 

Draft [m] 125.10 

Displacement [m3] 22629 24109 25371 

Total Mass[t] 23195 24711 26005 

Moment of Inertia Jz [t･m2×104] 85 96 101 
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Moment of Inertia Jx [t･m2×104] 18913 21177 20204 19504 23051 21261 19976 

Moment of Inertia Jy [t･m2×104] 18948 21212 20239 19538 23086 21296 20011 

Proportion of Moment of Inertia of water Jz [%] 0.00 5.38 9.68 

Proportion of Moment of Inertia of water Jx [%] 0.00 5.45 3.26 1.55 11.28 6.94 3.35 

Proportion of Moment of Inertia of water Jy [%] 0.00 5.44 3.26 1.54 11.26 6.93 3.34 

 

1) M10-2 

 

 

 
Fig. 4.51 Wet surface mesh and RAO of heave and pitch DOFs of M10-2 after weight 

reduction 

 

2) M10-3 

 

 

 
Fig. 4.52 Wet surface mesh and RAO of heave and pitch DOFs of M10-3 after weight 

reduction 

 

As can be seen from the RAO diagram of M10-2 and M10-3 after weight reduction, the 
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natural period of its heave DOF decrease from more than 60s to 40s, and the natural period 

of pitch DOF has been greatly reduced compared with that before weight reduction. Other 

conclusions are similar, it is also when FOWT with a torus structure, a bigger natural period 

can be obtained than without torus structure, the torus structure at top has not a better 

hydrodynamic response than the torus structure at middle, and when the torus structure at 

bottom has the best hydrodynamic. 

4.3.2.2 Change the Torus Structure 

1. The heavy SPAR-type FOWT 

 

Tab. 4.19 SPAR-type FOWT parameters with the radius change of ring tube of internal 

torus 

Item M20-1 M20-2 M20-3 M20-4 M20-5 M20-6 

Distance from Center of Tube to Center of Torus [m] 20 

Radius of Tube of External Torus [m] 1.786 2.754 3.741 4.734 5.729 6.726 

Radius of Tube of Internal Torus [m] 1 2 3 4 5 6 

KB [m] 90.62 88.01 84.53 80.46 76.07 71.58 

KG [m] 86.46 83.97 80.66 76.80 72.62 68.36 

GM [m] 4.17 4.05 3.88 3.67 3.45 3.22 

Draft [m] 129.25 

Displacement [m3] 56191 57925 60455 63776 67887 72789 

Total Mass [t] 57596 59374 61966 65371 69585 74609 

Moment of Inertia Jz [t･m2×104] 396 449 516 592 673 759 

Moment of Inertia Jx [t･m2×104] 54299 57132 61166 66333 72599 79862 

Moment of Inertia Jy [t･m2×104] 54371 57204 61238 66405 72671 79934 

Proportion of Moment of Inertia of water Jz [%] 3.33 11.19 20.16 28.56 35.86 42.02 

Proportion of Moment of Inertia of water Jx [%] 1.10 4.35 9.15 14.89 21.02 27.15 

Proportion of Moment of Inertia of water Jy [%] 1.10 4.35 9.14 14.87 21.00 27.13 
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Fig. 4.53 SPAR-type FOWT wet surface mesh with the radius change of ring tube of 

internal torus 

 

Tab. 4.20 SPAR-type FOWT parameters with distance from center of ring tube to center 

of torus change 

Item 
M10-

3 

M15-

3 

M20-

3 

M25-

3 

M30-

3 

M35-

3 

Distance from Center of Tube to Center of Torus [m] 10 15 20 25 30 35 

Radius of Tube of External Torus [m] 3.726 3.736 3.741 3.744 3.746 3.747 

Radius of Tube of Internal Torus [m] 3 

KB [m] 88.44 86.44 84.53 82.71 80.97 79.30 

KG [m] 84.39 82.48 80.66 78.93 77.27 75.68 

GM [m] 4.06 3.97 3.88 3.79 3.71 3.63 

Draft [m] 129.25 

Displacement [m3] 57662 59059 60455 61851 63248 64644 

Total Mass [t] 59104 60535 61966 63398 64829 66260 

Moment of Inertia Jz [t･m2×104] 362 411 516 698 977 1375 

Moment of Inertia Jx [t･m2×104] 56605 58877 61166 63479 65823 68223 

Moment of Inertia Jy [t･m2×104] 56677 58949 61238 63551 65895 68295 

Proportion of Moment of Inertia of water Jz [%] 2.70 9.66 20.16 30.94 39.77 46.18 

Proportion of Moment of Inertia of water Jx [%] 4.91 7.10 9.15 11.09 12.94 14.70 

Proportion of Moment of Inertia of water Jy [%] 4.90 7.09 9.14 11.08 12.92 14.69 
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Fig. 4.54 SPAR-type FOWT wet surface mesh with distance from center of ring tube to 

center of torus change 

 

 

 
Fig. 4.55 Contour graph of SPAR-type FOWT pitch RAO with radius change of ring 

tube of internal torus 
 

 

4  
Fig. 4.56 Contour graph of SPAR-type FOWT pitch RAO with distance from center of 

ring tube to center of torus change 





- 85 - 

 

Fig. 4.57 Contour graph of M20-3 SPAR-type FOWT pitch phase 

 

2. The light SPAR-type FOWT 

 

Tab. 4.21 SPAR-type FOWT parameters with the radius change of ring tube of internal 

torus 

Item M10-1 M10-2 M10-3 

Distance from Center of Tube to Center of Torus [m] 10 

Radius of Tube of External Torus [m] 1.76 2.736 3.726 

Radius of Tube of Internal Torus [m] 1 2 3 

KB [m] 81.04 78.25 74.60 

KG [m] 71.65 69.20 66.00 

GM [m] 9.41 9.10 8.62 

Draft [m] 125.10 

Displacement [m3] 23243 24109 25371 

Total Mass [t] 23824 24711 26005 

Moment of Inertia Jz [t･m2×104] 91 96 101 

Moment of Inertia Jx [t･m2×104] 19862 21177 23051 

Moment of Inertia Jy [t･m2×104] 19897 21212 23086 

Proportion of Moment of Inertia of water Jz [%] 1.65 5.38 9.68 

Proportion of Moment of Inertia of water Jx [%] 1.40 5.45 11.28 

Proportion of Moment of Inertia of water Jy [%] 1.40 5.44 11.26 

 

 
Fig. 4.58 SPAR-type FOWT wet surface mesh with the radius change of ring tube of 

internal torus 

 

Tab. 4.22 SPAR-type FOWT parameters with distance from center of ring tube to center 

of torus change 

Item M8-2 M9-2 M11-2 M12-2 

Distance from Center of Tube to Center of Torus [m] 8 9 11 12 

Radius of Tube of External Torus [m] 2.72 2.732 2.739 2.742 

Radius of Tube of Internal Torus [m] 2 

KB [m] 79.71 78.73 77.78 77.31 
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KG [m] 70.48 69.62 68.78 68.37 

GM [m] 9.25 9.13 9.02 8.96 

Draft [m] 125.10 

Displacement [m3] 23651 23956 24261 24414 

Total Mass [t] 24242 24554 24867 25024 

Moment of Inertia Jz [t･m2×104] 88 92 100 104 

Moment of Inertia Jx [t･m2×104] 20473 20942 21414 21648 

Moment of Inertia Jy [t･m2×104] 20508 20977 21448 21683 

Proportion of Moment of Inertia of water Jz [%] 1.70 3.88 7.13 9.10 

Proportion of Moment of Inertia of water Jx [%] 3.94 4.96 5.93 6.41 

Proportion of Moment of Inertia of water Jy [%] 3.94 4.95 5.92 6.40 

 

 

 
Fig. 4.59 SPAR-type FOWT wet surface mesh with distance from center of ring tube to 

center of torus change 

 

 
Fig. 4.60 Contour graph of SPAR-type FOWT pitch RAO with the radius change of ring 

tube of internal torus 
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Fig. 4.61 Contour graph of SPAR-type FOWT pitch RAO with distance from center of 

ring tube to center of torus change 

 

When the angular velocity is 0 rad/s, it is indicated that a large natural period over 60s can 

be obtained. Next, let us look at the effect of the angular velocity of annular flow. It can be 

clearly confirmed that the dimensionless pitch response value of RAO is greatly attenuated 

near the natural period. In particular, focusing on the range where the dimensionless pitch 

response value is 0.5, the blue line in the figure, when the angular velocity is less than 2 rad/s, 

the dimensionless pitch response value will be suppressed to 0.5 or less in a fairly wide periodic 

band. It can be considered that a large damping effect could be demonstrated even at a 

relatively small angular velocity. Consequently, the effects of annular flow portion appear 

relatively efficiently. 

4.3.2.3 Change the Central Cylinder 

 

Tab. 4.23 Characteristic parameters of SPAR-type FOWT with draft change 

Item M20-2 

Distance from Center of Tube to Torus [m] 20 

Radius of Tube of External Torus [m] 2.726 

Radius of Tube of Internal Torus [m] 2 

Cylinder Height [m] 50 
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Radius of cylinder [m] 15 

Ballast Height [m] 13 14 15 16 17 18 

KB [m] 18.71 19.77 20.79 21.79 22.75 23.68 

KG [m] 19.57 19.25 19.01 18.84 18.73 18.68 

GM [m] 0.51 1.82 3.02 4.12 5.13 6.06 

Draft [m] 36.97 39.30 41.62 43.94 46.27 48.59 

Displacement [m3] 29071 30713 32355 33997 35640 37282 

Total Mass[t] 29798 31481 33164 34847 36531 38214 

Moment of Inertia Jz [t·m2×104] 434 453 472 491 510 529 

Moment of Inertia Jx [t·m2×104] 5868 6242 6680 7185 7760 8409 

Moment of Inertia Jy [t·m2×104] 5903 6277 6715 7220 7795 8444 

Proportion of Moment of Inertia of water Jz [%] 11.59 11.10 10.66 10.25 9.87 9.51 

Proportion of Moment of Inertia of water Jx [%] 3.51 3.70 3.86 3.99 4.08 4.15 

Proportion of Moment of Inertia of water Jy [%] 3.49 3.68 3.84 3.97 4.07 4.13 

 

Let the structure of torus have the same parameters, by changing the parameters of SPAR 

structure in the middle of total structure to see what varies will be produced to the output of 

RAO. Firstly, changing the parameter of draft and ensure that other parameters remain 

unchanged as much as possible. It is impossible to ensure that only one parameter changes 

without affecting the other one. Because the parameters of floating structure are related to 

each other. The height of ballast is changed linearly with an interval of 1 m, and the change in 

draught also increased almost linearly, meanwhile, the GM, displacement and moment of 

Inertia value are all increased by a large margin. An interesting phenomenon is the proportion 

of moment of inertia of water around z axis is always decreased, but the proportion of moment 

of inertia of water around x and y axis are all rise. 
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Fig. 4.62 SPAR-type FOWT wet surface mesh with draft change 

 

 

 
Fig. 4.63 Contour graph of SPAR-type FOWT pitch RAO with draught change and 

annular flow velocity change 

 

 
Fig. 4.64 Hydrodynamic parameters and dimensionless with draught change 

 

These RAO curves located in the middle of Fig. 4.63 were obtained when the fluid in the 

inner torus structure is stationary. It can be seen that as the draught increases, the natural 

period of the floating body has been getting smaller, but the trend of getting smaller is slowing 

down. The natural period of free pitch is 𝑇 =
2𝜋

√𝜔2−𝛼2
, where,  2𝛼 =

𝐵55

𝐼22+𝑚55
, 𝜔2 =

𝑊·𝐺𝑀

𝐼22+𝑚55
. It 

can be seen from Fig. 4.64 that although 𝐵55 and 𝑚55  will increase with the increase of 

draught, but damping coefficient 𝐵55 mainly increases slightly between the period of 10s and 



𝑚55

Tab. 4.24 Characteristic parameters of SPAR-type FOWT with radius of central 
cylinder change

20

2.726

2

50

18

12 13 14 15 16 17

23.08 23.33 23.52 23.68 23.80 23.90

23.21 21.39 19.91 18.68 17.66 16.80

0.52 2.72 4.54 6.06 7.36 8.49

48.14 48.34 48.48 48.59 48.67 48.73

452.39 530.93 615.75 706.86 804.25 907.92

24715 28601 32790 37282 42077 47174

25333 29316 33610 38214 43128 48354



·· ×10 293 355 432 529 647 789

·· ×10 6259 6917 7634 8409 9244 10140

·· ×10 6294 6952 7669 8444 9279 10175

17.14 14.18 11.63 9.51 7.78 6.37

5.47 4.99 4.55 4.15 3.79 3.46

5.44 4.97 4.53 4.13 3.77 3.45
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Fig. 4.65 SPAR-type FOWT wet surface mesh with radius of central cylinder change 

 

 

 
Fig. 4.66 Contour graph of SPAR-type FOWT pitch RAO with radius change and 

annular flow velocity change 

 

It can be seen that the hydrodynamics had accordingly undergone a very big change from 

Fig. 4.66 very clear. Although the radius of cylinder increases with an interval of 1 m, the 

natural period of pitch degree motion changes greatly. The natural period of pitch degree 

reduced with the increase in the radius of cylinder. At the low wave period, we cannot sure to 

get a better hydrodynamic when the radius of cylinder is small, and the natural period of pitch 

degree motion decreases with the increase of the radius. Although the decreasing trend 

become slower, but the magnitude of the decrease is very large. A natural period around 30s 

is very bad and needs to be avoided as much as possible. It can be seen that the hydrodynamics 

had obviously different mainly when the dimensionless RAO value is big, and the smaller the 

radius of the cylinder, the larger the dimensionless RAO value will start to change from Fig. 

4.66. When the angular velocity of annular flow is 2 rad/s and bigger, the very obvious 

attenuation effect can be got. 
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4.3.3 The rotational kinetic energy 

Next, its engineering possibility from the viewpoint of energy consumption is discussed. 

The M40-3 case is selected, for this case, the maximum electric power generated from wind 

energy is about 2×107W. The rotational kinetic energy will be 

𝐸 =
1

2
𝐼𝜔2                          (4.20) 

where, 𝐼 is the rotational inertia, 𝜔 is the angular velocity of annular flow water. 

 

 
Fig. 4.67 Rotational kinetic energy 

 

When the angular velocity of annular flow water increases from 0 to 3 rad/s that can get a 

significant shaking reduction effect, the energy that makes the flow water in the torus structure 

requires 43.6 GJ, and the time taken to accelerate the flow water in the torus structure with 

the electricity generated by FOWT is only 36 minutes. Of course, the calculation of the energy 

consumption also includes the energy needed to overcome the friction force to maintain the 

rotating motion. However, only from the calculation results of the rotational kinetic energy, it 

does not take a long time to increase the rotational angular velocity to the required rotational 

angular velocity, and in future actual operations, the flow water in the torus structure does not 

necessarily have to accelerate from 0. Therefore, we can preliminarily conclude that the 

engineering possibility of this idea is very high. 

From the viewpoint of technical possibility, although there are frictionless phenomena like 

the rotation motion of the suspended moon around the earth is frictionless in the universe; 

superfluidity that helium can exhibit zero viscosity at ultra-low temperatures [57]; biological 

superfluidity [58], it cannot be practically applied in engineering through technical means. The 
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Maglev train is a more pragmatic solution, which an experimental Japanese maglev reached 

over 600 km/h in 2015. Converted to the M40-3 case in this paper, it is 4.2 rad/s and greater 

than the required angular velocity 3 rad/s. 

4.3.4 The Motion on Yaw DOF 

Obviously, only a single torus structure with annular flow will cause the motion of FOWT 

in yaw DOF to become larger, considering the current method of helicopter counteracting the 

motion of yaw DOF, two torus structures with annular flow of opposite rotation direction will 

be reduce the motion of the yaw DOF, but the rotational axis retention effect of its single torus 

structure with annular flow will cancel each other out and disappear. The second method of 

mounting a vertical rotation mechanism on the tail is currently considered feasible. Its 

feasibility is still under study. 

 

   
Fig. 4.68 Two kinds of helicopter wing mounting methods 
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Chapter 5: Conclusion 
In this paper, the same gyroscopic effect and the same rotational axis retention effect was 

not obtained by the rotational motion of a rigid body, rather than by means of an annular flow 

in a ring tube of torus. For the novel idea of SPAR-type FOWT using torus structure with the 

annular flow water, this paper mainly focuses on and performs hydrodynamic calculations, 

which lead to the determination of the geometry of the torus structure and the required 

rotational angular velocity of the rotating part inside the torus structure, and the feasibility 

from the viewpoint of energy consumption is briefly analyzed in terms of realizability, which 

is very high. 

1. The novel design of using the annular flow water in the torus structure as the spinning top 

is confirmed through experiments, and its influence on the hydrodynamic response is mainly 

acting on the damp term as a damping force. 

2. From the calculation results in the regular wave, it is revealed that when the volume of 

annular flow water is rational, a large damping effect can be confirmed overwhelmingly even 

at a relatively small angular velocity of annular flow water. 

3. From the calculation results in the irregular wave, it is found that when the proportion of 

the moment of inertia Jy of annular flow water is about 5%, and the angular velocity of annular 

flow water is about 3rad/s, a significant vacillating suppression effect can be obtained. 

4. When a better shaking suppression effect is obtained, the energy consumed by the annular 

flow water is not a large amount for the power generation of FOWT. 

In the future, a complete dynamics analysis considering the aerodynamics of the part above 

the water-plane and finding a way to minimize the friction in the torus structure is a direction 

worthy of research efforts. It is also necessary to examine the engineering feasibility of this 

area in the future. 
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