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Abstract 

Titanium alloys are lightweight structural materials for aerospace applications such as jet engine 

components, where the titanium alloy discs and blades suffer a significant lifetime reduction due to 

the cold dwell effect. This thesis is committed to deepening the basic understanding of the phenomenon 

called cold dwell sensitive fatigue. A thorough study is performed using multiscale experiments, from 

nanoindentation test to digital image correlation (DIC) technique and macroscopic mechanical tests, 

and numerical modeling methods from the grain scale to component level, to elucidate the effect of 

plastic deformation modes, microstructural morphology, and external loading conditions on dwell 

fatigue sensitivity of titanium alloys. Firstly, the formulation of a dislocation mechanism-based strain 

gradient crystal plasticity model incorporating thermally activated dislocation escape and deformation 

twinning is presented. Next, the crystal plasticity model is adopted in conjunction with DIC strain 

mapping to evaluate the plastic deformation mechanisms operating under dwell fatigue loading and 

resulting strain localization in commercially pure titanium. It is shown that dwell strain accumulation 

is dominated by dislocation slip and the nucleation of deformation twinning has a limited impact on 

stress redistribution procedure, i.e., dwell facet formation. Then, the attention is shifted to dual-phase 

titanium alloys. The elastoplastic properties of the 𝛽  phase in Ti-Fe-O alloy are determined by 

nanoindentation tests. On this basis, an intergranular 𝛽 lath with low 𝛼/𝛽 geometrical compatibility 

and large thickness is suggested to significantly inhibit the redistribution of stress from the soft to hard 

𝛼 grain. Meanwhile, the stress concentration in the 𝛽 lath at high stress levels is assumed to cause two 

competing dwell fatigue crack initiation modes, shear-induced cavity and basal faceting. Finally, the 

effect of temperature on stress redistribution in Ti-6Al-4V alloy is assessed in terms of temperature-

dependent strain rate sensitivity and creep mechanisms to understand the dwell fatigue sensitivity of 

an aero-engine fan disc during operation. A relation between rate-dependent crystal plasticity 

parameters and strain rate sensitivity is established for a soft 𝛼  grain. The variation in strain rate 

sensitivity of the soft grain with temperature affects the magnitude of stress shed onto the adjacent 

hard grain, and in turn, changes the dwell fatigue sensitivity. The influences of temperature, loading 

state, and size of macrozones on local stress redistribution and dwell facet nucleation at the bore of the 

fan disc are comprehensively addressed using crystal plasticity finite element submodeling approach.  
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1 Introduction 

1.1 Development of titanium and its application in the aerospace industry 

Titanium is a transition metal with a 0.6 percent abundance in the earth’s crust, making it the fourth 

most plentiful structural metal after aluminum, iron, and magnesium. After the Second World War, in 

the late 1940s and early 1950s, there was a surge of interest in commercial titanium manufacturing and 

alloy research [1]. As a result, a variety of titanium alloys have been developed. Owing to their 

prominent properties of high specific strength (strength-to-weight ratio), excellent fatigue performance 

and creep resistance up to a temperature of 873 K, and good producibility, there is an increasing usage 

of titanium alloys in aerospace and marine applications. For instance, particular titanium alloys have 

been used throughout aircraft production such as landing gear, tail core, flap track beam, and aero-

engine. Fig. 1.1 gives the cross-section of the General Electric GEnx-1B dual-spool high-bypass civil 

turbofan engine equipped by the wide-body jet airliner Boeing 787. The major components of this 

engine include a 1-stage fan, 4-stage booster, 10-stage high-pressure compressor (HPC), annular 

combustor, 2-stage high-pressure turbine (HPT), and 7-stage low-pressure turbine (LPT). Nickel-based 

superalloys (e.g., directional solidified, powder metallurgy, and single crystal Ni-based alloys) are 

generally used in the hot section, i.e., HPT, LPT, and HPC stages because of superior strength and 

corrosion resistance at high temperatures. Titanium alloys are candidate materials for the cold section 

of aero-engines. The material selections for the fan, booster, and HPC stages of the GEnx-1B engine 

are listed in Table 1.1 [2]. It can be found that titanium alloys are widely used to manufacture rotor 

components in the cold section of the GEnx-1B engine such as discs and blades of the fan and 

compressor stages. In particular, Ti-6Al-4V alloy is taken as the mainstay for the aero-engine industry 

dominated by leading manufacturers such as General Electric, Rolls-Royce, Pratt & Whitney, and 

Safran Aircraft Engines. Although new composites like carbon fiber and ceramics are regarded as 

lightweight alternatives, the role of titanium remains vital in the foreseeable future considering the 

balance of the aforementioned qualities [3],[4]. Therefore, an in-depth understanding of material 

behavior in titanium and its alloys enables producers to process titanium for optimum performance, 

which in turn allows engineers to accomplish structural optimization of aero-engine components. The 

following section will systematically introduce titanium in terms of crystallography, processing, 
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microstructure, and resulting mechanical properties. 
 

Table 1.1 Material selections for the fan, booster, and HPC stages in the GEnx-1B engine [2]. 

Stage Component Material 

Fan 

Fan blade Composite 

Fan disc Titanium alloy Ti-6Al-4V 

Fan case Composite 

Fan shaft C250 steel 

Booster 

Booster rotator blade Titanium alloy Ti-6Al-4V 

Drum shaft Titanium alloy Ti-6Al-4V 

Booster stator blade Composite 

Booster stage case Composite 

High-pressure compressor (HPC) 

1st, 2nd blisc Titanium alloy Ti-6Al-4V 

3rd, 4th blisc Titanium alloy Ti6242 

5th blisc Nickel alloy Inconel 718 

6th, 7th disc Nickel alloy Inconel 718 

8th disc Nickel alloy Inconel 718 

9th disc, seal disc Nickel alloy René 88DT 

10th disc Nickel alloy René 88DT 

6th ~8th rotor blade Nickel alloy Inconel 718 

9th ~10th rotor blade Nickel alloy UDIMET 720 

Front case M152 steel 

Inner case Nickel alloy Inconel 718 
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Fig. 1.1 GEnx-1B turbofan engine cross-section. 
 

1.2 Basic knowledge of titanium 

1.2.1 Metallurgy of titanium 

Pure titanium demonstrates an allotropic phase transformation at 1155 K, which changes from 𝛽 

phase with a body-centered cubic (BCC) crystal structure at higher temperature to 𝛼  phase with a 

hexagonal close-packed (HCP) crystal structure at lower temperatures, as shown in Fig. 1.2.  

The 𝛽-transus temperature is markedly influenced by alloying elements. The substitutional element 

aluminum and interstitial element oxygen, nitrogen, carbon are 𝛼-stabilizing elements that can extend 

the 𝛼  phase field to temperatures higher than 1155 K. In contrast, the 𝛽 -isomorphous elements 

molybdenum, vanadium, niobium, thallium, and 𝛽 -eutectic chromium, iron, manganese, nickel, 

copper, cobalt are 𝛽-stabilizing elements that lower the transus temperature. Neutral elements such as 

tin and zirconium insignificantly affect the phase transformation. Depending on the addition of 

different alloying elements, titanium alloys are conventionally classified in five categories as 𝛼, near-

𝛼 , 𝛼 + 𝛽 , metastable 𝛽 , and stable 𝛽  alloys. The pseudobinary 𝛽 -isomorphous phase diagram is 

shown in Fig. 1.3.  

Some of the commercial titanium alloys, belonging to one of four groups (commercial alloys are 

excluded from stable 𝛽 alloys) are tabulated in Table 1.2. 
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Fig. 1.2 (a) 𝛼-titanium with HCP structure, (b) 𝛽-titanium with BCC structure. 

 

 
Fig. 1.3 Pseudobinary 𝛽 isomorphous equilibrium phase diagram. 
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Table 1.2 Commercial titanium alloys. 

Classification Alloy 𝑇𝛽 (K) 

𝛼 alloys 
Commercially pure titanium (CP-Ti) 890-950 

Ti-5Al-2.5Sn 1040 

Near-𝛼 alloys 

Ti-6Al-5Zr-0.5Mo-0.25Si (IMI685) 1020 

Ti-5.5Al-3.5Sn-3Zr-1Nb-0.25Mo-0.3Si (IMI829) 1015 

Ti-5.8Al-4Sn-3.5Zr-0.5Mo-0.7Nb-0.35Si-0.06C (IMI834) 1045 

Ti-6Al-2Sn-4Zr-2Mo-0.1Si (Ti-6242) 995 

𝛼 + 𝛽 alloys 

Ti-6Al-4V (Ti-64) 995 

Ti-6Al-2Sn-4Zr-6Mo (Ti-6246) 940 

Ti-5Al-2Sn-2Zr-4Mo-4Cr (Ti-17) 890 

Metastable 𝛽 alloys 
Ti-10V-2Fe-3Al (Ti-1023) 800 

Ti-15V-3Cr-3Al-3Sn (Ti-15-3-3-3) 760 

 

1.2.2 Thermomechanical processing and resulting microstructure 

The microstructure of titanium alloys can be altered by thermomechanical processing. The effect of 

thermomechanical processing on microstructural morphology depends on the type of titanium alloys. 

For commercially pure titanium, the thermomechanical processing is usually performed completely 

in the 𝛼 phase field and the main purpose is to adjust the 𝛼 grain size to the required level. For instance, 

small 𝛼 grain sizes (10 μm) can be achieved by recrystallization at around 973 K − 1023 K, whereas 

larger 𝛼  grain sizes can be obtained by recrystallization at about 1173 K  [1]. Commercially pure 

titanium is used annually in heat exchangers, liners for tanks, and other applications in chemical and 

petrol-chemical industries. 

In the dual-phase titanium alloys (near-𝛼  alloys, 𝛼 + 𝛽  alloys, and metastable 𝛽  alloys), three 

different types of microstructures can be produced by changing the thermomechanical processing route: 

bimodal or duplex structure containing primary 𝛼 grains in the 𝛼 + 𝛽 colonies, globular structure, and 

fully lamellar structure. The typical microstructures in commercially pure titanium and dual-phase 

titanium alloys are illustrated in Fig. 1.4 [5],[6]. 

A typical processing route to obtain bimodal microstructure (Fig. 1.4b) can be divided into four 

steps: homogenization in the 𝛽 phase field, deformation in the 𝛼 + 𝛽 phase field, recrystallization in 
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the 𝛼 + 𝛽 phase field, and aging at lower temperatures. Near-𝛼 alloys with bimodal microstructure 

have advantages in high-temperature use (service temperature ≥ 600 K) [7]. In this regime, forged 

near-𝛼 alloys possess moderate strength and excellent creep resistance, which meet the requirement of 

highly stressed rotors at the first several stages of the high-pressure compressor within aero-engines 

(Table 1.1). A balance between creep resistance and fatigue performance can be achieved by producing 

a volume fraction of the primary 𝛼 phase between approximately 10 % and 18 % [8]. The addition of 

carbon to near-𝛼 alloy IMI834 makes this microstructure more reproducibly attainable during solution 

heat treatment [1].  

The processing to generate a globular microstructure (Fig. 1.4c) with transformed 𝛽 phase located 

at the grain boundaries or “triple points” of the 𝛼 grains is the same as that of bimodal microstructure 

except for a slower cooling rate from the recrystallization temperature or a sufficiently low 

recrystallization temperature. Mill-annealed 𝛼 + 𝛽  alloys (notably Ti-6Al-4V and Ti-6Al-4V ELI) 

with globular microstructure contribute to the structural efficiency due to higher strength levels at 

temperatures lower than 573 K, the primary use of this kind of alloys in wrought form is therefore for 

fan and booster rotors in aero-engines (Table 1.1) and deep-sea submersibles [5],[9],[10]. 

The processing route for a fully lamellar microstructure (Fig. 1.4c) consists of a homogenization 

treatment in the 𝛽 phase field and an aging (stress relieving) treatment. Since the method of damage 

tolerance design used for aerospace engineering allows the rotor components in aero-engine to service 

only if the fatigue crack length is under a critical value, near-𝛼 alloys with fully lamellar microstructure 

are also acceptable candidates for compressor discs due to high fatigue crack propagation resistance 

and fracture toughness [1]. 

The three microstructures mentioned above can also be exhibited by metastable 𝛽 alloys through 

heat treatment. Although the commercial applications of metastable 𝛽 alloys are not as extensive as 

those of near-𝛼 alloys and  𝛼 + 𝛽 alloys, these alloys are still attractive for highly loaded structures 

because of the highest strength and fracture toughness among conventional titanium alloys. For 

example, forgings made by Ti-1023 alloy are applied to manufacture the landing gear components of 

the airliner Boeing 777 [3]. 

Apart from the phase morphology, regions with distinct textures are naturally present in alloys 

during the thermomechanical process. A cluster of grains with a preferred crystallographic orientation, 

the so-called macrozone or microtextured region, is a special area where slip is considered to be 
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continuous between primary 𝛼 grains because of low-angle grain boundaries, as the central zone with 

red color in Fig. 1.5 [11]. Thus, the macrozone may act as a large grain. To describe the large colony 

of aligned 𝛼 grains, Rugg et al. [12] have come up with a rough conception of “Effective structural 

unit”. Nevertheless, more detailed studies with respect to the definition of macrozone and its influence 

are required [13]. 

 

 
Fig. 1.4 (a) Single-phase polycrystalline 𝛼, (b) bimodal microstructure with equiaxed 𝛼 grains and 

𝛼 + 𝛽  colonies, (c) globular microstructure with equiaxed 𝛼  grains and transformed 𝛽  phase at 𝛼 

grain boundaries [6], (d) fully lamellar microstructure. 
 

 

Fig. 1.5 Typical morphology of the macrozone in Ti-6Al-4V alloy [11]. 
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1.2.3 Elastoplastic properties 

Both 𝛼-titanium and 𝛽-titanium exhibit a high elastic anisotropy. As shown in Fig. 1.6, although the 

alloying elements have an impact on the value of Young’s modulus, there exists a common trend that 

the directional Young’s modulus decreases when the c-axis of the HCP lattice rotates from the direction 

parallel to the principal stress to direction perpendicular to it [14],[15],[16]. Also, the Zener anisotropy 

ratio (A) of BCC 𝛽-titanium displays a substantial scatter from 0.2 to 8.3, which demonstrates a strong 

dependence on 𝛽-stabilizers [17],[18],[19]. In general, the Young’s modulus of metastable 𝛽 alloys are 

lower than that of 𝛼 and 𝛼 + 𝛽 alloys. 

 
Fig. 1.6 Directional Young’s modulus of 𝛼-titanium with different alloying elements. 

 

  
 

(a) (b) (c) 

Fig. 1.7 HCP lattice with (a) related slip planes and directions and (b) twinning planes and directions, 

(c) BCC lattice with related slip planes and directions. 
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Plastic anisotropy is conspicuous in 𝛼-titanium with HCP lattice. As indicated in Fig. 1.7(a), five 

active slip system families in 𝛼  phase include 3 (0001) < 112̅0 >  basal, 3 {101̅0} < 112̅0 > 

prismatic, 6 {101̅1} < 112̅0 >  pyramidal, 12 {101̅1} < 112̅3 >  1st pyramidal, and 6 {112̅2} <

112̅3 > 2nd pyramidal slip systems. The close-packed plane changes from (0001) plane to {101̅0} 

plane as the 𝑐/𝑎  ratio of 𝛼  phase is 1.587 (the lattice parameters are 𝑎 = 0.295 nm  and 𝑐 =

0.468 nm), which is smaller than the ideal ratio of 1.633 for the HCP crystal structure. Consequently, 

the critical resolved shear stress (CRSS) required to activate prismatic slip is the lowest, while the 

value of CRSS for pyramidal <c+a> slip is 2 − 6 times higher across a wide range of temperatures 

[20], as shown in Fig. 1.8. To achieve a homogeneous deformation along the c-axis, many deformation 

twinning modes are observed in 𝛼 -titanium, which are 6 {101̅2} < 101̅1 >  tension twins, 

6 {112̅1} < 112̅6 >  tension twins, 6 {112̅2} < 112̅3 >  compression twins, and 12 {101̅2} <

101̅1 >  compression twins, as shown in Fig. 1.7(b). Among them, {101̅2} < 101̅1 >  tension 

twinning and {112̅2} < 112̅3 >  compression twinning are two most active twinning systems in 

titanium, which will be particularly considered in this thesis. The plastic deformation of 𝛽-titanium is 

more compliant than 𝛼-titanium since numerous slip systems can be activated, which are 12 {110} <

111 >, 12 {112} < 111 >, and 24 {123} < 111 > slips, as shown in Fig. 1.7(c). The CRSS for <

111 >  slips is slightly higher than that for the prismatic slip in 𝛼  phase. The slip and twinning 

mechanism will be discussed in detail in Chapter 3. 

 
Fig. 1.8 CRSS vs deformation temperature for prismatic, basal, and pyramidal <c+a> slips in Ti-6.6Al 
single crystal [20]. 
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1.3 Lifetime reduction in titanium alloy aero-engine components 

The loading history of aero-engine components during a commercial flight operation cycle is 

illustrated in Fig. 1.9 [21]. When a passenger airliner is taxing from a terminal to the runway, the 

engines remain idling. When takeoff begins, the rotational speed of rotor components and working 

temperature in engines is close to the redline to provide the maximum thrust. Shortly after takeoff, a 

lower climbing thrust will be used until the cruising altitude is reached. During cruising, a constant 

high mean load hold (dwell) occurs. To approach for landing, the thrust of engines is reduced for 

descending. After touchdown, the engines immediately change to the maximum power to ensure 

sufficient reverse thrust for deceleration. When the airliner leaves the runway and heads to the apron, 

the engines will return to the idle state. 

The load-dwell at the cruise phase leads to substantial fatigue life reduction compared with the 

prediction obtained from the traditional life assessment method, e.g., fatigue design principle that 

permissible stress level falls below the S-N curve [22],[23]. The overestimation of the lifetime was 

first acknowledged from the premature failures of two near-𝛼 alloy IMI685 fan discs of the Rolls-

Royce RB211 engine, which was equipped by Lockheed L-1011 TriStar aircraft in the 1970s [24]. 

Since the accidents of the TriStar, at least five other incidents with respect to civil airliners have been 

attributed to the cold dwell fatigue effect on high-pressure compressor discs made of Ti-6242 on 

General Electric CF6 engines: at Dakar in 1985, at Seoul in 1991, at Los Angeles in 1993, at Bangkok 

in 1995, and at Beijing in 1996 [25],[26]. From an industrial perspective, IMI685 was replaced by 𝛼 +

𝛽 Ti-6Al-4V alloy in wrought form, which was initially considered to be dwell insensitive [23]. In 

addition, the volume fraction of the primary 𝛼 phase in the rotor grade Ti-6242 alloy with bimodal 

microstructure was optimized to a low degree below 20 % through heat treatment to achieve a balance 

among fatigue, creep, and dwell resistance, as mentioned in Section 1.2.2. Nevertheless, the high-

energy uncontained failure of a Ti-6Al-4V fan hub within the Engine Alliance GP7270 engine in 2017 

first demonstrated that the Ti-6Al-4V fan disc is susceptible to lifetime reduction during operation [27]. 

Thereafter, the failures of Ti-6Al-4V fan blades in the GP7270 engine and Pratt & Whitney PW4077 

engine in the next two years repeatedly proved that fan blades are also involved in the cold dwell 

fatigue phenomenon [28]. Hence, the dwell effect continues to be a serious problem for the 

manufacturers and operators of aircraft because the periodic inspections of the compressor discs and 
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blades and replacement of rotor components in which cracks are detected are necessary during service. 

It also leads to the over-design of discs and blades, with a consequent increase in the rate of fuel 

consumption, adding up to a considerable amount of fuel over the lifetime of a commercial aircraft. 

Considering the underlying mechanism of the aforementioned scenario is still elusive, the direction of 

the thesis is enlightened to thoroughly understand the mechanism of cold dwell sensitive fatigue in 

titanium alloys, thereby meeting the challenge of structural integrity evaluation for the aero-engine 

design process [29]. 

 

 

Fig. 1.9 Loading history of aero-engine components during a whole flight process. 

 

1.4 Objective and thesis outline 

This thesis aims to deepen the mechanistic understanding of the mechanism of cold dwell sensitive 

fatigue in titanium alloys and bridge the gap between alloy development and aero-engine component 

design, with special emphasis on stress redistribution and resulting dwell facet nucleation at both 

specimen and component levels. The outline of the thesis is concisely listed below. 

Chapter 2 surveys the pertinent literature about the cold dwell fatigue in titanium alloys, which 

begins with some common views of this phenomenon, followed by a broad review of some key factors 

that influence the dwell fatigue sensitivity, and subsequently points out some outstanding questions 

requiring additional investigations. 

Chapter 3 develops a new crystal plasticity constitutive model that will be used in the following 
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chapters for thermomechanical analysis. 

Chapters 4 and 5 respectively select CP-Ti and Ti-Fe-O alloy to analyze the roles of deformation 

twinning and intergranular 𝛽  phase in cold dwell fatigue by using experimental and numerical 

approaches. 

Chapter 6 is an engineering-based study discussing the effect of temperature on grain-scale strain 

rate sensitivity and creep mechanisms in Ti-6Al-4V alloy to understand the dwell fatigue sensitivity of 

an aero-engine fan disc. 

Finally, Chapter 7 gives a conclusive summary of this thesis and a prospect for future work. 
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2. Literature review 

2.1 Introduction 

This chapter gives a systematic overview of the experimental and numerical studies on cold dwell 

sensitive fatigue in polycrystal titanium. This review aims to discuss some metallurgical and external 

factors affecting cold dwell fatigue sensitivity, such as the alloy composition, microstructure, 

deformation mode, temperature, and loading condition, which in turn highlight the meaningful position 

of the work presented in this thesis. 

2.2 Dwell fatigue in titanium and its alloys 

The reduction in fatigue life under dwell fatigue loading condition has been observed in near-𝛼, 𝛼 +

𝛽 titanium alloys, and CP-Ti [30]. The degree of fatigue life reduction is usually evaluated by the ratio 

of lives compared to an equivalent normal cyclic fatigue test, which is denoted as “dwell fatigue life 

debit” [31]. 

Dwell debit =
𝑁𝑛𝑜𝑟𝑚𝑎𝑙

𝑁𝑑𝑤𝑒𝑙𝑙

(2.1) 

Both normal cyclic fatigue and dwell fatigue failures can be divided into three stages: crack initiation, 

crack propagation, and ultimate rupture. Since the fatigue crack initiation stage occupies the majority 

of the total life for titanium alloys, especially within the low cycle fatigue (LCF) regime, the dwell 

fatigue life debit is presumably related to the early crack initiation. To verify this hypothesis, pilot 

investigations into the fracture morphology at the grain scale have been propelled in the past few 

decades [32],[33],[34],[35]. Fractographic examinations of dwell fatigue loaded near-𝛼  and 𝛼/𝛽 

titanium alloys reveal that crack initiation sites are predominantly subsurface [32]. These sites 

demonstrate discontinuous planar facets with sizes close to grain size, as shown in Fig. 2.1 [33]. 

Electron backscattered diffraction (EBSD) measurement confirms that these facets have near-basal 

orientations with normal 10° − 25° perpendicular to the loading direction [34],[35]. The early facet 

formation is thought to be closely associated with the dwell fatigue life debit. 

Evans and Bache [36] adopted Stroh’s dislocation pile-up model to illuminate the early dwell facet 

nucleation and subsequently developed an alternative stress redistribution model considering the 
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elastoplastic anisotropy of hexagonal close-packed (HCP) 𝛼 -titanium [23],[37]. Fig. 2.2 gives a 

schematic diagram of modified Stroh’s model. Provided a line of dislocations in a well-orientated (soft) 

grain glide under the imposition of shear stress and impinging on a grain boundary, the pile-up stress 

ahead of the dislocation pile-ups is considered to be redistributed to the adjacent poorly-orientated 

(hard) grain and induce the grain boundary stress concentration. The stress redistribution, or load 

shedding, was first captured by Hasija et al. [38] via rate-dependent crystal plasticity modeling. 

According to their study, due to the creep deformation of the soft grain during the stress-dwell period, 

the redistributed stress from the soft (c-axis perpendicular to the loading direction) to the adjacent hard 

(c-axis parallel to the loading direction) grain is presumed to generate the required stress field (a critical 

combination of high resolved normal stress on the basal plane and shear stress) for faceting in the hard 

grain, as shown in Fig. 2.3. 

Based on the modified Stroh model and crystal plasticity modeling of stress redistribution, the 

following factors are reported to influence the dwell fatigue mechanisms in titanium and titanium 

alloys. 

 

 
Fig. 2.1 Typical dwell facets within a crack initiation site [33]. 
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Fig. 2.2 Modified Stroh model for dwell facet nucleation. 
 

 

Fig. 2.3 Stress along A-A within a hard-soft grain combination in the work of Hasija [38]. 
 

2.3 Metallurgical factors affecting dwell fatigue sensitivity 

2.3.1 Alloy composition 

Hydrogen is a special alloying element that influences the deformation behavior in titanium alloys. 

The dwell fatigue sensitivity of near-𝛼 titanium alloys is also reported to change with hydrogen content. 

Mills et al. [39] investigated the effect of internal hydrogen on low cycle fatigue and dwell fatigue 
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properties of Ti-6242 alloy with bimodal microstructure, as illustrated in Fig. 2.4(a). It can be found 

that the low cycle fatigue life decreases as the hydrogen content increases. On the contrary, dwell 

fatigue life shows a crosscurrent and the dwell fatigue life debit decreases, especially when the 

concentration of hydrogen is higher than 150 ppm. Similarly, Evans et al. [40] studied the influence of 

hydrogen content on dwell fatigue sensitivity of IMI685 alloy with aligned microstructure. They found 

that the dwell fatigue life decreases with rising hydrogen content, as shown in Fig. 2.4(b). Mills et al. 

[39] attribute the reverse trend in two near-𝛼 titanium alloys to the different diffusion rates of hydrogen 

in 𝛼 and 𝛽 phases. The higher diffusion rate of hydrogen in 𝛽 phases results in hydrogen concentration 

in 𝛽 phase, which is prone to aggravate the dwell fatigue sensitivity of IMI685 alloy with continuous 

𝛽  matrix [40]. Sinha et al. [41] linked hydrogen content to stress redistribution to explicate the 

variation of dwell fatigue life in Ti-6242 alloy with bimodal microstructure, whilst additional evidence 

is needed. Gerland et al. [42] pointed out that the effect of hydrogen on dwell fatigue sensitivity is 

load-dependent. At low stress level below 𝜎0.2, the softening effect of hydrogen increase the creep 

capability, whereas the hardening effect of hydrogen at high stress levels inhibits the creep deformation. 

Oxygen is another interstitial element that can influence the dwell fatigue behavior of titanium alloys, 

especially CP-Ti. Xiong et al. [43] found that the increase of oxygen content in CP-Ti leads to more 

strain accumulation during creep, which may promote stress redistribution within a hard-soft grain 

combination. However, the relevant mechanism is not clear. 

 

  
(a) (b) 

Fig. 2.4 Influence of hydrogen contents on fatigue properties of (a) Ti-6242 alloy with bimodal 

microstructure (𝜎𝑚𝑎𝑥 = 0.95𝜎0.2) [39], (b) IMI685 alloy with aligned microstructure [40]. 
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2.3.2 Microstructure 

For dual-phase titanium alloys, the microstructural morphology affects the dislocation slip [44],[45]. 

The slip activities influence the cold creep (T < 0.4Tm, Tm is the melting temperature of the material) 

in dwell fatigue, which causes stress redistribution and concentration at hard-soft grain boundaries. 

Ashton et al. [46] noted that soft 𝛼 + 𝛽 colonies in the bimodal microstructure could release the stress 

concentration in adjacent hard primary 𝛼 grains since the presence of 𝛽 laths shortened the slip length 

and reduced the dislocation pile-ups at hard-soft grain boundaries after stress dwell, as shown in Fig. 

2.5(a). A low volume fraction of the primary 𝛼 phase in the bimodal microstructure, associated with 

higher solution temperatures, further reduces the dwell fatigue susceptibility as the dispersed primary 

𝛼 grains hamper the continuous slip transmission [47],[48]. Soft basketweave structure has also been 

reported to inhibit slip accumulation during dwell time because of the distinct soft 𝛼 laths formed 

inside the 𝛽  matrix [49],[50], as shown in Fig. 2.5(b). These assumptions are consistent with the 

experimental results that titanium alloys with lamellar or basketweave structures are less susceptible 

to dwell fatigue life reduction [51]. 

 

  

(a) (b) 

Fig. 2.5 Combination of a hard primary 𝛼  grain and (a) soft 𝛼 + 𝛽  colony, (b) soft basketweave 

structure. 
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In addition to the aforementioned microstructures, 𝛼 laths in lamellar colonies can be spheroidized 

through dynamic recrystallization to achieve a globular structure with 𝛽 at 𝛼 grain boundaries. The 

resulting morphologies of the 𝛼 phase within the globular structure are equiaxed 𝛼 grains or elongated 

𝛼 platelets depending on the hot deformation and heat treatment processing parameters. Dwell fatigue 

tests have also been conducted for 𝛼 + 𝛽  titanium alloys with this practical microstructure. A 

comparison of the dwell fatigue life debit of Ti-6Al-2Sn-4Zr-𝑥Mo (Ti-624𝑥, 𝑥 = 2 − 6) alloys with 

equiaxed 𝛼 grains suggested that the dwell sensitivity of Ti-624𝑥 faded out as the addition of Mo could 

refine the size of primary 𝛼 grains and reduce slip band spacing [52], as shown in Fig. 2.6. This study 

highlighted the role of the 𝛼 phase, the concurrent growth of the intergranular 𝛽 phase volume fraction 

was not taken into account. The deviation from the Burgers orientation relationship (BOR) between 

the 𝛼 and 𝛽 phase after the dynamic recrystallization process could block the slip transfer at the 𝛼/𝛽 

interface, as well as dislocation interactions [53]. On the other hand, 𝛽  laths decorating two 

geometrically incompatible equiaxed 𝛼  grains were capable of coordinating local deformation by 

continuous slip transmission under certain crystallographic orientation relationships [54]. However, 

most of the previous studies on the intergranular 𝛽 phase have focused on deformation mechanisms 

under monotonic loading, the effect of intergranular 𝛽 phase on the creep resistance and dwell fatigue 

sensitivity remains elusive in near-𝛼 and 𝛼 + 𝛽 titanium alloys with globular structure. 

The size and intensity of the macrozones, which depend on the size of the billet during the 

recrystallization stage and subsequent thermomechanical processing, were also reported to 

significantly affect the dwell fatigue sensitivity as the rate of the faceted crack growth within a 

macrozone can be two orders of magnitude quicker than that under cyclic fatigue loading [13]. As 

shown in Fig. 2.7, the dwell fatigue lives exhibit a stronger dependence on the size of macrozones than 

cyclic fatigue at low stress levels, whilst the relative importance decreases as the stress increases. 
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Fig. 2.6 Variation of dwell fatigue life debit in Ti-624𝑥 alloys [52]. 
 

 

Fig. 2.7 Effect of macrozone size on cyclic and dwell fatigue lives [13]. 
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2.3.3 Plastic deformation mode 

In near-𝛼 and 𝛼 + 𝛽 titanium alloys, the plastic deformation is principally carried by slip activities. 

However, slip and deformation twinning are competitive plastic deformation mechanisms in CP-Ti 

with a low oxygen content (mass% O < 0.11) [55]. Since the activation of high-CRSS pyramidal <c+a> 

slips are difficult, { 101̅2}  tension twinning and {112̅2}  compression twinning act as primary 

substitutes to achieve homogeneous deformation along the c-axis for hard grains [56], as shown in Fig. 

2.7 [57]. Deformation twinning can also be observed during creep deformation, which is closely related 

to the strain accumulation during dwell fatigue [58]. Oberson et al. [59] conducted creep tests on Ti-

1.6V alloy and found that slip was dominant at low strain but few twins were observed, whereas 

deformation twinning was relatively more common although slip continued as the accumulated strain 

became higher. Furthermore, Luan et al. [60] presumed that twinning nucleation and propagation in 

soft grains could interrupt continuous slip, thereby reducing the dislocation pile-ups at grain 

boundaries and the possibility of dwell facet generation in CP-Ti. Nevertheless, the influence of 

deformation twinning on dwell fatigue susceptibility of CP-Ti is still not properly understood, 

supplemental exploration (including crystal plasticity modeling [61]) is necessary. 

 

 

Fig. 2.8 Onset of the deformation twinning in a hard grain [57]. 
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2.4 Effect of loading condition on dwell fatigue sensitivity 

2.4.1 Temperature 

The temperature sensitivity of dwell fatigue was first recognized in the near-𝛼 Ti-624𝑥 alloy system. 

Unlike Ti-6242 alloy, the disappearances of subsurface facets and dwell fatigue life debit in Ti-6246 

alloy from 293 K to 423 K have confirmed the temperature sensitivity of dwell fatigue in different 

titanium alloys [61]. It has been reported that the dwell fatigue life debit in Ti-6Al and Ti-6242 alloys 

is the largest at around 393 K and almost fades out at temperatures higher than 503 K, but Ti-6246 

alloy suffers the severest life reduction between 723 K and 823 K [63],[64]. These experimental 

findings are consistent with the discrete dislocation plasticity (DDP) predictions that stress 

redistribution in Ti-6Al and Ti-6242 is most notable at 393 K and drops to a low level at temperatures 

higher than 503 K, whereas the redistributed stress in Ti-6246 alloy is the greatest at a much higher 

temperature of 573 K, as shown in Fig. 2.8 [65]. Therefore, the discrepancy of dwell fatigue sensitivity 

between Ti-6242 and Ti-6246 is presumably attributed to the temperature-dependent stress 

redistribution phenomenon rather than the difference in composition, that is, the addition of Mo [66].  

 

Fig. 2.9 Variation of stress redistribution at different temperatures in Ti-6242 and Ti-6246 alloys [65]. 
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As the cold creep in titanium alloys is an important factor affecting the stress redistribution and 

concentration, Yazar et al. [67] paid attention to the influence of temperature on creep deformation and 

carried out dwell fatigue tests on a near- 𝛼  IMI834 alloy at temperatures ranging from room 

temperature (RT) to 633 K. They found that the strain accumulation was highest at 393 K, followed 

by RT, 513 K, and 633 K under the same normalized stress level. Similarly, Peng et al. [68] conducted 

constant load creep tests for CP-Ti at low and intermediate temperatures. The creep strain was pointed 

out to increase with temperature from 273 K to 388 K, then decreased gradually and diminished at 498 

K. Given that the macroscopic creep is dominated by microscopic dislocation slip, Harr et al. [69] 

further used high-resolution digital image correlation (HR-DIC) technique to quantitatively analyze 

the onset of slip traces in Ti-6242 alloy under dwell fatigue. Their observations suggested that the slip 

trace accumulation at 393 K was greater than those at RT and 473 K. To fill the gap between the crystal 

slip and macroscale creep, the stress-related strain rate sensitivity (SRS) of individual slip was linked 

with the temperature-dependent creep response in Ti-6Al alloy [70]. In addition to cold creep, the 

plastic anisotropy of the HCP lattice plays a vital role in the temperature sensitivity of the stress 

redistribution [71]. At low temperatures, plastic deformation along the c-axis is difficult for hard grains 

because the CRSS required to activate pyramidal <c+a> slips is 2 − 6  times higher than that for 

prismatic <a> slip [6]. Hence, the soft grain sheds stress onto the abutting hard grain during the dwell 

period to ensure the deformation compatibility near the hard-soft grain boundary. With elevating 

temperature, the noticeable decrease in CRSS for pyramidal <c+a> slips results in a competitive 

strength between prismatic <a> and pyramidal <c+a> slips. The continuous slip transmission at hard-

soft grain boundaries can coordinate local deformation, resulting in vanishment of the stress 

redistribution [54]. The above studies regarding the effect of temperature on dwell fatigue have focused 

on near-𝛼  titanium alloys, while very limited work has been committed to 𝛼 + 𝛽  titanium alloy. 

Further investigations into the temperature-sensitive dwell fatigue in 𝛼 + 𝛽 titanium alloy (notably Ti-

6Al-4V alloy) are crucial because Ti-6Al-4V aero-engine components also undergo complex 

temperature history during takeoff, climbing, cruise, descent, and landing (e.g., the Ti-6Al-4V fan disc 

in the GP7270 engine is reported to be exposed to temperatures from 294 K to 343 K [27]). 
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2.4.2 Dwell time 

Although the duration of the cruise phase in a long haul varies from dozens of minutes to more than 

ten hours for an airliner, the dwell time in each dwell fatigue cycle is generally below 20 min 

considering the cost and efficiency of tests in the laboratory environment. Fig. 2.9 summarizes the 

variation of dwell fatigue lives with increasing dwell time in CP-Ti, near-𝛼 IMI834 alloy, and 𝛼 + 𝛽 

Ti-6Al-4V ELI alloy [10],[30],[72]. 

It can be seen that the cycles to failure decrease with increasing dwell time, especially when the 

dwell time is shorter than 120 s. It may partly be related to that the introduction of the dwell period 

results in an increase in the dislocation pile-ups at hard-soft grain boundaries and dwell fatigue crack 

propagation rate [73],[74]. However, the dwell fatigue lives are close to a constant when the dwell time 

is longer than this threshold value (denoted as “saturated dwell time” [10]). This phenomenon reflects 

the intrinsic property of dwell fatigue that cyclic fatigue interacts with cold creep [75], and a 2-minute 

dwell time is generally applied to carry out material-level tests and fatigue life assessment of real 

components. 

 

Fig. 2.10 Effect of dwell time on the dwell fatigue lives in CP-Ti, IMI834 alloy, and Ti-6Al-4V ELI 

alloy [10],[30],[72]. 
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2.4.3 Stress state 

Rotor components in aero-engines are subjected to multiaxial loading (e.g., centrifugal load, 

aerodynamic force, pressure, and sometimes maneuver load) [76],[77], which is distinct from the 

typical uniaxial dwell fatigue tests under laboratory environment. To consider the stress multiaxiality, 

Bache et al. [36] performed biaxial dwell fatigue tests for IMI685 alloy under tension and torsion 

loadings. It was found that dwell life debit under biaxial stress was less than that under the pure tension-

tension loading. Doquet et al. [78] replaced the torsion load with internal pressure to reflect the in-

service loading on compressor discs and concluded that biaxial loading could delay the facet nucleation 

and resist fatigue crack propagation in Ti-6Al-4V alloy. Additionally, the permissible stress for 

titanium alloy rotors is well below the yield strength to ensure a profitable service hour, whereas the 

specimens are mainly tested at maximum dwell stress of over 0.9𝜎𝑦 to initiate dwell facet nucleation 

in dwell fatigue tests [79].  

Besides, the traditional cyclic fatigue life is associated with stress amplitude, showing the law that 

fatigue life decreases with the increase of stress amplitude. A large amount of experimental data 

indicate that the dwell fatigue life increases as the peak stress decreases. Bache et al. studied the effect 

of stress ratio (𝑅) on dwell fatigue in IMI834 alloy, as shown in Fig. 2.10(a) [72]. Compared to the 

condition when 𝑅 = 0.1, the dwell fatigue life is reduced when 𝑅 = 0.5. They assumed that high stress 

ratio and mean stress accelerate the strain accumulation and dislocation pile-ups at grain boundaries, 

which promoted stress redistribution and quasi-cleavage facet formation. In contrast, a negative stress 

ratio makes the dislocations slip in the opposite direction, which can alleviate the pile-up stress and 

retard the facet nucleation. Hommer [80] also investigated the effect of stress ratio on dwell fatigue 

mechanism in Ti-7Al alloy under biaxial tension-tension loading and found both negative and positive 

stress ratios could reduce the dwell fatigue sensitivity. The discrepancy between the two results is still 

not clear. Moreover, the fact that the dwell fatigue crack growth rates under different stress ratios vary 

faintly indicated that the dwell fatigue sensitivity of Ti-6246 alloy is independent of the stress ratio 

[62]. 

Owing to the aspects mentioned above, the effect of stress state continues to be a concern when the 

laboratory results obtained from specimens are applied to actual parts. 
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(a) (b) 

Fig. 2.11 Effect of stress ratio on dwell fatigue of (a) IMI834 alloy, (b) Ti-7Al alloy [72],[80]. 

2.5 Summary 

This chapter has comprehensively reviewed the preceding research concerning the cold dwell 

sensitive fatigue in titanium alloys. Some experimental investigations are summarized in Appendix A 

in terms of the effect of metallurgical characteristics and test conditions on dwell fatigue sensitivity of 

titanium alloys. 

Although some phenomenological factors affecting cold dwell fatigue have been recognized, there 

are still some crucial fields where methodical understanding is insufficient. One deformation mode-

related question is the role of deformation twinning in dwell fatigue, especially the relationship 

between stress redistribution within a hard-soft grain combination and twinning nucleation. Another 

tough task is to address the effect of the intergranular 𝛽 phase on dwell fatigue sensitivity, which may 

enable us to elucidate the classical Ti-624𝑥 problem. The ultimate target is to go a step further to 

accomplish the multiscale modeling for cold dwell fatigue characterization, which links the local 

deformation at the grain scale and working conditions at the component level. 

The aforementioned aspects will be experimentally and numerically tackled in Chapters 4-6, as 

detailed in Fig. 2.12, which are preceded by an all-inclusive description of the dislocation mechanism-

based strain gradient crystal plasticity modeling method incorporating deformation twinning. 
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Fig. 2.12 Outline of this thesis. 
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3. Rate-dependent strain gradient crystal plasticity framework 

3.1 Introduction 

The commercial finite element and computer-aided engineering (CAE) software ABAQUS has been 

widely used in the modeling and analyses of mechanical components and assemblies, computational 

fluid dynamic (CFD) simulations, and electromagnetic applications. Especially, the software provides 

a powerful interface where users can write their constitutive models in a subroutine denoted UMAT 

for the deformation and stress analysis of solids. The primary objective of this chapter is to develop 

the finite element code, a new ABAQUS user-material subroutine, for the constitutive relationship of 

single crystals in a continuum framework, which can be used to perform stress, strain, and fracture 

analyses of single crystals or polycrystalline materials [81],[82]. 

3.2 Crystal plasticity constitutive model 

The rate-dependent crystal plasticity constitutive law used in this study was originally formulated 

by Huang based on the work of Peirce, Asaro, and Rice [83],[84],[85]. A crystalline material is 

embedded in its lattice that undergoes elastic deformation and rotation. The plastic deformation of a 

single crystal is assumed here to arise solely from crystalline slip and twinning, whereas the 

deformation by diffusion and grain boundary sliding that prevail at high temperatures are not 

considered here. As illustrated in Fig. 3.1, the multiplicative decomposition of the current deformation 

gradient 𝑭 is given by 

𝑭 = 𝑭𝑒 ∙ 𝑭𝑝 ∙ 𝑭𝑇 (3.1) 

where 𝑭𝑒 refers to lattice stretching and rigid body rotation, 𝑭𝑝 accounts for the deformation caused 

by plastic shear of the material, and 𝑭𝑇 denotes the deformation of crystal lattice because of thermal 

expansion and evolves as [86] 

𝑭�̇� = �̇�𝜶𝑭𝑇 (3.2) 

where 𝑇 is the temperature and 𝜶 is a diagonal tensor with respect to the principal crystallographic 

coordinate system containing thermal expansion coefficients along the principal crystallographic 

directions and rotated appropriately to the global configuration using the measured orientation of the 
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crystal. If the environment is isothermal, the thermal deformation can be neglected and the 𝑭𝑇 reduces 

to an identity tensor during deformation. 

 

 

Fig. 3.1 Schematic illustration of the multiplication of total deformation gradient. 
 

The change of 𝑭𝑝 in rate form is written as 

𝑭�̇� = 𝑳𝑝 ∙ 𝑭𝑝 (3.3) 

Assuming that the plastic deformation results from all active slip and twinning systems, which obey 

Schmid’s law, 

𝑳𝑝 = ∑ �̇�𝑖
𝑛

𝑖=1
(𝒎𝑖 ⊗ 𝒔𝑖) (3.4) 

where 𝑛 is the total number of slip and twinning systems, �̇�𝑖 is the shearing rate of the 𝑖th slip/twinning 

system, 𝒎𝑖and 𝒔𝑖 are slip/twinning plane normal and slip/twinning direction, respectively. The slip 

and twinning systems for HCP crystals are summarized in Appendix B. The velocity gradient 𝑳 in the 

current state is 
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𝑳 = 𝑳𝑒 + 𝑳𝑝 + 𝑳𝑇 = 𝑫 + 𝑾 

𝑳𝑒 = 𝑫𝑒 + 𝑾𝑒  

𝑳𝑝 = 𝑫𝑝 + 𝑾𝑝 

𝑳𝑇 = 𝑫𝑇 + 𝑾𝑇 

𝑫 = 𝑫𝑒 + 𝑫𝑝 + 𝑫𝑇 

𝑾 = 𝑾𝑒 + 𝑾𝑝 + 𝑾𝑇 (3.5) 

where the symmetric rate of stretching 𝑫 and the antisymmetric spin tensor 𝑾 can be decomposed 

into elastic (𝑫𝑒, 𝑾𝑒), plastic (𝑫𝑝, 𝑾𝑝), and thermal (𝑫𝑇, 𝑾𝑇) parts, respectively. The thermal strain 

and spin rates are defined as 𝑫𝑇 = �̇�𝜶 and 𝑾𝑇 = 0. The plastic strain rate tensor 𝑫𝑝 and plastic spin 

tensor 𝑾𝑝 represent the symmetric and skew-symmetric parts of the plastic velocity gradient: 

𝑫𝑝 =
[𝑳𝑝 + 𝑳𝑝

𝑇]

2
= ∑ 𝒑𝑖

𝑛

𝛼=1
�̇�𝑖, 𝒑𝑖 =

𝒎𝑖𝒔𝑖 + 𝒔𝑖𝒎𝑖

2
 

𝑾𝑝 =
[𝑳𝑝 − 𝑳𝑝

𝑇]

2
= ∑ 𝝎𝑖

𝑛

𝛼=1
�̇�𝑖, 𝝎𝑖 =

𝒎𝑖𝒔𝑖 − 𝒔𝑖𝒎𝑖

2
(3.6) 

where 𝒑𝑖  and 𝝎𝑖  are “Schmid factor” and spin tensor, respectively. The relation between the 

symmetric rate of lattice stretching, 𝑫𝑒, and the corotational stress rate with respect to lattice rotation, 

�̂�𝑒, is given by 

�̂�𝑒 = �̂� + 𝑾𝑝 ∙ 𝝈 − 𝝈 ∙ 𝑾𝑝 = 𝑬(𝑇):𝑫𝑒 (3.7) 

where 𝑬(𝑇)  represents the temperature-dependent symmetrical elastic modulus tensor that can be 

written as 

𝑬(𝑇)𝑖𝑗 =

(

 
 
 

𝐸(𝑇)11 𝐸(𝑇)12 𝐸(𝑇)13

𝐸(𝑇)21 𝐸(𝑇)22 𝐸(𝑇)23

𝐸(𝑇)31 𝐸(𝑇)32 𝐸(𝑇)33

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

𝐸(𝑇)44 0 0
0 𝐸(𝑇)55 0
0 0 𝐸(𝑇)66)

 
 
 

(3.8) 

where 𝐸(𝑇)44 = (𝐸(𝑇)11 − 𝐸(𝑇)12)/2 for HCP crystal, and 𝐸(𝑇)11 = 𝐸(𝑇)22 = 𝐸(𝑇)33, 𝐸(𝑇)12 =

𝐸(𝑇)13 = 𝐸(𝑇)23 , 𝐸(𝑇)44 = 𝐸(𝑇)55 = 𝐸(𝑇)66  for BCC crystal. The elastic modulus tensor is 

transformed from crystal coordinate to global coordinate using the rotation matrix in Appendix C. The 

constitutive equation of a single crystal can therefore be deduced by combining Eqs. (3.5-3.7): 

�̂� = 𝑬(𝑇):𝑫 − 𝑬(𝑇):𝑫𝑇 − ∑ [𝑬(𝑇): 𝒑𝑖 + 𝝎𝑖 ∙ 𝝈 − 𝝈 ∙ 𝝎𝑖]�̇�𝑖
𝑛

𝛼=1
(3.9) 
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The slipping rate �̇�𝑖 of an un-trapped dislocation on slip system 𝑖, as shown in Fig. 3.2, follows the 

Orowan equation 

�̇�𝑖 = 𝜌𝑚𝑣𝑔𝑏𝑖 (3.10) 

where 𝜌𝑚 is the mobile dislocation density, 𝑏𝑖 is the Burgers vector, 𝜐𝑔 is the average glide velocity of 

dislocations having the following form [87]: 

𝑣𝑔 =
𝑑𝜈𝐷𝑏𝑖

2𝑙
exp (−

∆𝐺

𝑘𝑇
) (3.11) 

where 𝜈𝐷 is the Debye frequency, 𝑘 is the Boltzmann constant, and ∆𝐺 is the Gibbs free energy. 

As shown in Fig. 3.3, The applied stress field dose work as the dislocation moves, hence, the Gibbs 

free energy ∆𝐺 for an activation event is 

∆𝐺 = ∆𝐹 − 𝜏𝑒
𝑖 𝛾0𝑙𝑏

𝑖𝑑 = ∆𝐹 − 𝜏𝑒
𝑖 ∆𝑉 (3.12) 

where ∆𝐹 is the Helmholtz free energy, 𝜏𝑒
𝑖  is the effective resolved shear stress, 𝛾0 is the shear strain 

that is work conjugate to the resolved shear stress, and ∆𝑉 is the activation volume. 

 

 

Fig. 3.2 Schematic diagram of a pinned dislocation on a slip plane with normal 𝒎, and slip direction 

𝒔. The pinning distance is 𝑙 and length of thermal activation event 𝑑. 
 

 

Fig. 3.3 Energy barrier curves for a thermal activation event. 
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Combining Eq. (3.11) and Eq. (3.12), the average glide velocity of the dislocation considering the 

forward and backward dislocation activation events is 

𝑣𝑔 =
𝑑

𝑙
(Γ𝑓𝑟𝑜𝑛𝑡 − Γ𝑏𝑎𝑐𝑘) 

=
𝑑

𝑙
[
𝜈𝐷𝑏𝑖

2𝑙
exp (−

∆𝐹

𝑘𝑇
+

𝜏𝑒
𝑖 ∆𝑉

𝑘𝑇
) −

𝜈𝐷𝑏𝑖

2𝑙
exp (−

∆𝐹

𝑘𝑇
−

𝜏𝑒
𝑖 ∆𝑉

𝑘𝑇
)] 

=
𝑑𝜈𝐷𝑏𝑖

2𝑙2
exp (−

∆𝐹

𝑘𝑇
) [exp (

𝜏𝑒
𝑖 ∆𝑉

𝑘𝑇
) − exp(−

𝜏𝑒
𝑖 ∆𝑉

𝑘𝑇
)] (3.13) 

The slipping rate is usually given as below [88]: 

{

�̇�𝑖 = 0                                                                                                  if |𝜏𝑖| ≤ 𝜏𝑐
𝑖

�̇�𝑖 = 𝜌𝑚(𝑏𝑖)
2
𝜈𝐷 exp (−

∆𝐹

𝑘𝑇
) sinh [

(|𝜏𝑖| − 𝜏𝑐
𝑖)∆𝑉

𝑘𝑇
] 𝑠𝑖𝑔𝑛(𝜏𝑖) if |𝜏𝑖| > 𝜏𝑐

𝑖
(3.14) 

where 𝜏𝑖 = 𝝈: (𝒔𝑖 ⊗ 𝒎𝑖) is the resolved shear stress and 𝜏𝑐
𝑖  is the effective CRSS. 

The twinning systems are modeled as pseudo slips and allowed to be activated when resolved shear 

stresses are positive and negative, respectively. The shearing rate on the twinning system obeys the 

following viscoplastic formula: 

�̇�𝑖 = 𝛾0̇ (
𝜏𝑖

𝜏𝑆𝑆𝐷
𝑖

)

1
𝑟

𝑠𝑔𝑛(𝜏𝑖) (3.15) 

where 𝛾0̇  is the reference slipping rate, 𝑟  is the rate sensitivity index, and 𝜏𝑆𝑆𝐷
𝑖   is the slip strength 

induced by statistically stored dislocations (SSDs). The Voce-type hardening model is applied to 

describe the evolution of 𝜏𝑆𝑆𝐷
𝑖 : 

𝜏𝑆𝑆𝐷
𝑖 = ∑ ℎ𝑖𝑗|�̇�

𝑗|
𝑛

𝑗=1
(3.16) 

where ℎ𝑖𝑗 is the hardening moduli representing the interaction among slip/twinning systems. The self-

hardening moduli ℎ𝑖𝑖 and latent-hardening moduli ℎ𝑖𝑗 are expressed as follows [89]: 

ℎ𝑖𝑖 = ℎ(𝛾) = ℎ0 (1 −
𝜏0

𝜏∞
) exp (−

ℎ0𝛾

𝜏∞
) , 𝛾 = ∑ ∫ |�̇�𝑖|𝑑𝑡

𝑡

0

𝑛

𝑖=1
, ℎ𝑖𝑗 = 𝑞ℎ(𝛾) (3.17) 

where ℎ0, 𝜏∞, and 𝜏0 are the initial hardening modulus, saturated CRSS, and initial CRSS, respectively. 

𝛾 is the cumulative shear strain on all slip/twinning systems, and 𝑞 is the latent hardening constant. 

Based on the strain gradient crystal plasticity model developed by Han et al. [90],[91], the effective 

CRSS 𝜏𝑐
𝑖  of slip system 𝑖 takes the contributions of SSDs and geometrically necessary dislocations 
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(GNDs) into account [92]: 

𝜏𝑐
𝑖 = √(𝜏𝑆𝑆𝐷

𝑖 )
2
+ (𝜏𝐺𝑁𝐷

𝑖 )
2

(3.18) 

The intrinsic length scale of the material, 𝑙𝑖𝑛𝑡, is introduced to describe the GND-induced hardening: 

𝑙𝑖𝑛𝑡 =
𝛼𝑇

2𝐺2𝑏

(𝑔0)2
(3.19) 

where 𝛼𝑇 is an empirical coefficient that ranges from 0.3 to 0.5, 𝐺 is the shear modulus, and 𝑔0 is the 

reference slip resistance, which is expressed as 𝑔0 = 𝐺/100. The slip strength due to the accumulation 

of GNDs is then computed based on the Taylor dislocation model [93], 

𝜏𝐺𝑁𝐷
𝑖 = 𝑔0√𝑙𝑖𝑛𝑡𝜌𝐺𝑁𝐷

𝑖 = 𝛼𝑇𝐺√𝑏𝑖𝜌𝐺𝑁𝐷
𝑖 (3.20) 

where 𝜌𝐺𝑁𝐷 is the effective density of GNDs in the following form at small deformations: 

𝜌𝐺𝑁𝐷
𝑖 = |

𝜕𝛾𝑖

𝜕𝒙
| = |𝒎𝑖 × ∑ [(𝒔𝑖 ∙ 𝒔𝑗)∇𝛾𝑗 × 𝒎𝑗]

𝑛

𝑗=1
| (3.21) 

The calculation of the effective density of GNDs requires the evaluation of the shear strain gradient at 

each element integration point, which will be discussed later in the next section based on the method 

of Busso et al. [94]. Combining Eqs. (3.18) and (2.20), the effective CRSS of the slip system can be 

rewritten as: 

𝜏𝑐
𝑖 = √(𝜏𝑆𝑆𝐷

𝑖 )
2
+ (𝛼𝑇𝐺)2𝑏𝑖𝜌𝐺𝑁𝐷

𝑖 (3.22) 

The twinning model in the current model is based on the conventional predominant twin 

reorientation (PTR) scheme proposed by Tomé et al. [95], which has computational advantages over 

another approach named volume fraction transfer (VFT) model. In this scheme, the volume fraction of 

the twinning is assigned for a crystal. When the volume fraction is smaller than a threshold value, the 

crystal orientation and volume fraction of the matrix remain unchanged at the end of each increment. 

The volume fraction 𝑉 of a twinning system is defined as: 

𝑉 =
𝛾𝑡𝑤𝑖𝑛

𝛾𝑟𝑒𝑓

(3.23) 

where 𝛾𝑡𝑤𝑖𝑛 is the cumulative shear strain on a twinning system, 𝛾𝑟𝑒𝑓 is the reference twinning shear. 

When the volume fraction 𝑉 is greater than the threshold volume fraction 𝑉𝑡ℎ, lattice reorientation 

occurs. The orientations of the twin and matrix are symmetric about the twin boundary. Consequently, 

the orientations of all slip and twinning systems at each integration point are rotated from matrix to 

https://www.sciencedirect.com/science/article/pii/095671519190083D?via%3Dihub#!
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twinned region by the following rotation tensor 𝑹𝑡𝑤: 

𝑹𝑡𝑤 = 2𝒎𝑡𝑤 ⊗ 𝒎𝑡𝑤 − 𝑰 (3.24) 

where 𝒎𝑡𝑤  is the normal vector of the twinning plane, I is the identity tensor. The corresponding 

elastic modulus tensor is also transformed as: 

𝑬𝑖𝑗𝑘𝑙
𝑡𝑤 = 𝑬𝑝𝑞𝑟𝑠𝑹𝑖𝑝

𝑡𝑤𝑹𝑗𝑞
𝑡𝑤𝑹𝑘𝑟

𝑡𝑤𝑹𝑙𝑠
𝑡𝑤 (3.25) 

It should be mentioned that the deformation gradient is assumed to be the same within a matrix 

before twinning occurs. To prevent a rapid increase in the non-equilibrated state of the global stiffness 

matrix that is prone to cause iterative fluctuation and divergence, the variable PNEWDT is used to 

reduce the time increment when twinning occurs, i.e., the UMAT subroutine interrupts the current time 

increment in favor of a new time increment given by PNEWDT*DTIME. In the present model, 

PNEWDT is selected as 0.1. Except for the calculation of shear strain gradient for each slip system, 

the code of the crystal plasticity model is scripted in the UMAT subroutine incorporated within 

ABAQUS 6.13/Implicit [96]. 

3.3 Numerical procedure in the calculation of GND density 

Since the strain gradient at integration points cannot be calculated directly as an independent 

variable, the URDFIL subroutine is utilized to achieve this process and the Fortran code is detailed in 

Appendix D. For an eight-node hexahedral C3D8 fully integrated solid element (as shown in Fig. 3.4), 

the numerical procedures are as follows: 

 

 

Fig. 3.4 Schematic diagram of the 3D linear 8-noded element and the 8 internal Gauss points (blue), 

together with the corresponding number. 
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1. At the end of each integration, the shear strain on slip system 𝑖 at each Gauss integration point, 

𝛾𝐺,𝑗
𝑖  (𝑗 is the number of the integration point), are saved as state variables, which can be extracted 

and stored in a MODULE block (designated storage in memory) using the URDFIL subroutine. 

2. The shear strains at eight nodes, 𝛾𝑁,𝑗
𝑖 , can be determined using the shape functions 𝑵𝑗(𝝍) of 

C3D8 element, as listed in Table 3.1. 

𝛾𝐺,𝑗
𝑖 = ∑ 𝑵𝑗(𝝍)

8

𝑗=1
𝛾𝑁,𝑗

𝑖 (3.26) 

where 𝝍 represents the isoparametric coordinates of the Gauss point, as detailed in Table 3.2. 

To ensure the current method can give the same results as the finite element simulation, the 

sequence of nodes and Gauss points with respect to their coordinates should be addressed 

appropriately in Eq. (3.26) 
 

Table 3.1 Shape functions of the C3D8 element. 

𝑵1  
1

8
(1 + 𝜉)(1 − 휂)(1 + 휁) 𝑵2  

1

8
(1 + 𝜉)(1 + 휂)(1 + 휁) 

𝑵3  
1

8
(1 + 𝜉)(1 + 휂)(1 − 휁) 𝑵4  

1

8
(1 + 𝜉)(1 − 휂)(1 − 휁) 

𝑵5  
1

8
(1 − 𝜉)(1 − 휂)(1 + 휁) 𝑵6  

1

8
(1 − 𝜉)(1 + 휂)(1 + 휁) 

𝑵7  
1

8
(1 − 𝜉)(1 + 휂)(1 − 휁) 𝑵8  

1

8
(1 − 𝜉)(1 − 휂)(1 − 휁) 

 

Table 3.2 Isoparametric coordinates of each Gauss point. 

Gauss point (𝑗) 𝜉 휂 휁 

1 0.5774 −0.5774 0.5774 

2 0.5774 0.5774 0.5774 

3 0.5774 −0.5774 −0.5774 

4 0.5774 0.5774 −0.5774 

5 −0.5774 −0.5774 0.5774 

6 −0.5774 0.5774 0.5774 

7 −0.5774 −0.5774 −0.5774 

8 −0.5774 0.5774 −0.5774 
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Table 3.3 Spatial derivatives of shape functions. 

Shape  

function (𝑗) 
𝑵𝑗(𝝍)

𝜕𝜉
 

𝑵𝑗(𝝍)

𝜕휂
 

𝑵𝑗(𝝍)

𝜕휁
 

1 
1

8
(1 − 휂)(1 + 휁) −

1

8
(1 + 𝜉)(1 + 휁) 

1

8
(1 + 𝜉)(1 − 휂) 

2 
1

8
(1 + 휂)(1 + 휁) 

1

8
(1 + 𝜉)(1 + 휁) 

1

8
(1 + 𝜉)(1 + 휂) 

3 
1

8
(1 + 휂)(1 − 휁) 

1

8
(1 + 𝜉)(1 − 휁) −

1

8
(1 + 𝜉)(1 + 휂) 

4 
1

8
(1 − 휂)(1 − 휁) −

1

8
(1 + 𝜉)(1 − 휁) −

1

8
(1 + 𝜉)(1 − 휂) 

5 −
1

8
(1 − 휂)(1 + 휁) −

1

8
(1 − 𝜉)(1 + 휁) 

1

8
(1 − 𝜉)(1 − 휂) 

6 −
1

8
(1 + 휂)(1 + 휁) 

1

8
(1 − 𝜉)(1 + 휁) 

1

8
(1 − 𝜉)(1 + 휂) 

7 −
1

8
(1 + 휂)(1 − 휁) 

1

8
(1 − 𝜉)(1 − 휁) −

1

8
(1 − 𝜉)(1 + 휂) 

8 −
1

8
(1 − 휂)(1 − 휁) −

1

8
(1 − 𝜉)(1 − 휁) −

1

8
(1 − 𝜉)(1 − 휂) 

 

3. Based on the obtained shear strains at eight nodes, the shear strain gradients at eight Gauss points 

are calculated using the spatial derivatives of linear shape functions, that is, the spatial derivative 

of Eq. (3.26), as summarized in Table 3.3. 

∇𝛾𝐺,𝑗
𝑖 =

∂𝛾𝐺,𝑗
𝑖

𝜕𝒙
=

∂𝛾𝐺,𝑗
𝑖

𝜕(𝝍)

𝜕(𝝍)

𝜕𝒙
= ∑ [𝑵𝑗(𝝍)∇𝝍]

8

𝑗=1
𝛾𝑁,𝑗

𝑖 𝑱−1 (3.27) 

where 𝑱 is the Jacobin matrix obtained as [97] 

𝑱 =
𝜕𝒙

𝜕(𝝍)
=

(

 
 
 
 

𝜕𝑥

𝜕𝜉

𝜕𝑥

𝜕휂

𝜕𝑥

𝜕휁
𝜕𝑦

𝜕𝜉

𝜕𝑦

𝜕휂

𝜕𝑦

𝜕휁
𝜕𝑧

𝜕𝜉

𝜕𝑧

𝜕휂

𝜕𝑧

𝜕휁)

 
 
 
 

= ∑ (

𝑥𝑗

𝑦𝑗

𝑧𝑗
)⨂

(

 
 
 
 

𝑵𝑗(𝝍)

𝜕𝜉

𝑵𝑗(𝝍)

𝜕휂

𝑵𝑗(𝝍)

𝜕휁 )

 
 
 
 

8

𝑗=1
(3.28) 

Here, ∇𝝍 is the nabla operator related to the isoparametric coordinate system. 

4. The calculated shear strain gradients at each Gauss point for slip systems can be stored in the 

predefined MODULE block and passed into the UMAT subroutine in the next time increment. 
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The effective density of GNDs at Gauss points can be calculated by Eq. (3.21). 
 

3.4 Forward gradient time integration scheme and incremental formulation 

The increment of the shear strain 𝛾𝑖 in slip/twinning system 𝑖 within the time increment ∆𝑡 by 

∆𝛾𝑖 = 𝛾𝑖(𝑡 + ∆𝑡) − 𝛾𝑖(𝑡) (3.29) 

and employ a linear interpolation within ∆𝑡: 

∆𝛾𝑖 = ∆𝑡[(1 − 휃)�̇�𝑡
𝑖 + 휃�̇�𝑡+∆𝑡

𝑖 ] (3.30) 

where 𝑡 is the time at which the slipping rate �̇�𝑖 is evaluated. The parameter 휃 ranges from 0 to 1, with 

휃 = 0 corresponding to the simple Euler time integration scheme. A choice of 휃 between 0.5 and 1 is 

recommended. In this thesis, 휃 = 0.5. 

The slipping rate �̇�𝑖 is a function of the resolved shear stress 𝜏𝑖, the SSDs-induced strength 𝜏𝑆𝑆𝐷
𝑖 , 

and temperature 𝑇. Thus, the Taylor expansion of slipping rate is 

�̇�𝑡+∆𝑡
𝑖 = �̇�𝑡

𝑖 +
𝜕�̇�𝑖

𝜕𝜏𝑖
∆𝜏𝑖 +

𝜕�̇�𝑖

𝜕𝜏𝑆𝑆𝐷
𝑖

∆𝜏𝑆𝑆𝐷
𝑖 +

𝜕�̇�𝑖

𝜕𝑇
∆𝑇 (3.31) 

where ∆𝜏𝑖  and ∆𝜏𝑐
𝑖   are the increments of resolved shear stress, effective resolved shear stress in 

slip/twinning system 𝑖  and temperature within the time increment ∆𝑡 , respectively. Eqs (3.30) and 

(3.31) can be rearranged to the following incremental relation: 

∆𝛾𝑖 = ∆𝑡 (�̇�𝑡
𝑖 + 휃

𝜕�̇�𝑖

𝜕𝜏𝑖
∆𝜏𝑖 + 휃

𝜕�̇�𝑖

𝜕𝜏𝑆𝑆𝐷
𝑖

∆𝜏𝑆𝑆𝐷
𝑖 + 휃

𝜕�̇�𝑖

𝜕𝑇
∆𝑇) (3.32) 

From the Voce-type hardening equation, the increment of strain hardening function ∆𝜏𝑆𝑆𝐷
𝑖  is given 

by 

∆𝜏𝑆𝑆𝐷
𝑖 = ∑ ℎ𝑖𝑗∆𝛾𝑗

𝑛

𝑗=1
(3.33) 

The increment of resolved shear stress ∆𝜏𝑖  is related to the strain increment ∆𝜺  through the 

constitutive law and the decomposition of strain increment to lattice part, plastic part, and thermal part 

∆𝜏𝑖 = (𝑬(𝑇): 𝒑𝑖 + 𝝎𝑖 ∙ 𝝈 − 𝝈 ∙ 𝝎𝑖) (∆𝜺 − 𝜶∆𝑇 − ∑ 𝒑𝑖∆𝛾𝑖
𝑛

𝑖=1
) (3.34) 

For a given strain increment ∆𝜺, the increment of shear strain ∆𝛾𝑖 is uniquely determined by the 

following linear algebraic equation, which is obtained by inserting the above incremental relations Eq. 

(3.33) and Eq. (3.34) into Eq. (3.32) 
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∑ [𝛿𝑖𝑗 + 휃∆𝑡
𝜕�̇�𝑖

𝜕𝜏𝑖
(𝑬(𝑇): 𝒑𝑖 + 𝝎𝑖 ∙ 𝝈 − 𝝈 ∙ 𝝎𝑖)𝒑𝑖 −  휃∆𝑡

𝜕�̇�𝑖

𝜕𝜏𝑆𝑆𝐷
𝑖

ℎ𝑖𝑗𝑠𝑖𝑔𝑛(�̇�𝑡
𝑗
)]

𝑛

𝑗=1
∆𝛾𝑗  

= �̇�𝑡
𝑖∆𝑡 + 휃∆𝑡 [

𝜕�̇�𝑖

𝜕𝜏𝑖
(𝑬(𝑇): 𝒑𝑖 + 𝝎𝑖 ∙ 𝝈 − 𝝈 ∙ 𝝎𝑖)(∆𝜺 − 𝜶∆𝑇) +

𝜕�̇�𝑖

𝜕𝑇
∆𝑇] (3.35) 

where 𝛿𝑖𝑗 is the Kronecker delta. 

The increment of the corotational stress ∆𝝈 (see Eq. (3.9)) can be written as 

∆𝝈 = 𝑬(𝑇): ∆𝜺 − 𝝈 ∙ 𝑡𝑟(∆𝜺) − 𝑬(𝑇):𝜶∆𝑇 − ∑ (𝑬(𝑇): 𝒑𝑖 + 𝝎𝑖 ∙ 𝝈 − 𝝈 ∙ 𝝎𝑖)
𝑛

𝑗=1
∆𝛾𝑗 (3.36) 

Once the ∆𝛾𝑖 is known in terms of the strain increment ∆𝜺 and temperature increment ∆𝑇, all other 

increments, i.e., the increments of shear strain  ∆𝛾𝑖, slip strength ∆𝜏𝑆𝑆𝐷
𝑖 , and corotational stress ∆𝝈, 

can be calculated according to Eq. (3.33), Eq. (3.34), and Eq. (3.36). It should be mentioned that 𝜕�̇�𝑖

𝜕𝑇
 

and ∆𝑇 will degenerate to zero for an isothermal analysis. 

The Eq. (3.35) in linear form for the increment of shear strain ∆𝛾𝑖  of slip/twinning system 𝑖  is 

replaced by the following nonlinear equation, which can be solved by the Newton-Rhapson method 

until the iterative convergence is satisfied 

∆𝛾𝑖 − (1 − 휃)∆𝑡�̇�𝑡
𝑖 − 휃∆𝑡�̇�𝑡+∆𝑡

𝑖 ≤ 𝑟 (3.37) 

where 𝑟 corresponding to a residual of shear strain in slip/twinning systems is set to 𝑟 = 10−5 in this 

study. It should be mentioned that the linear solution of Eq. (3.35) is taken as an initial guess before 

the iteration begins. 

The crystal lattice undergoes distortion and rotation as the crystal deforms. If the iteration is 

converged, the corresponding increments of slip/twinning plane normal 𝒎𝑖 and slip/twinning direction 

𝒔𝑖 in terms of the increment of strain ∆𝜺 and shear strain ∆𝛾𝑖 are given by 

∆𝒔𝑖 = {∆𝜺 + 𝑾∆𝑡 + 𝜶∆𝑇 − ∑ [(𝒑𝑗 + 𝝎𝑗)∆𝛾𝑗]
𝑛

𝑗=1
} ∙ 𝒔𝑖  

∆𝒎𝑖 = −𝒎𝑖 ∙ {∆𝜺 + 𝑾∆𝑡 + 𝜶∆𝑇 − ∑ [(𝒑𝑗 + 𝝎𝑗)∆𝛾𝑗]
𝑛

𝑗=1
} (3.38) 

3.5 Summary 

This chapter has incorporated thermal expansion, dislocation mechanism, and deformation twinning 

into the phenomenological crystal plasticity model developed in previous work. This constitutive law 
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will be used later in this thesis. Even though it is still challenging to explicitly calculate or measure the 

density of SSDs, a non-local scheme for calculating shear strain gradient is introduced in detail to 

consider the hardening effect of GNDs, which can extend the simulation scale of the crystal plasticity 

modeling from slip (mesoscale) to dislocation (microscale). 
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4. Effect of deformation twinning on local deformation pattern in commercially pure titanium 

under dwell fatigue loading 

4.1 Introduction 

This chapter investigates the heterogeneous deformation of a hot-rolled CP-Ti grade 1 sheet under 

dwell fatigue loading. Firstly, a series of mechanical tests and parallel simulations are conducted to 

calibrate the crystal plasticity parameters of CP-Ti. The residual strain fields within two regions of 

interest are measured by digital image correlation (DIC) after an interrupted dwell fatigue test and 

compared to predictions of crystal plasticity finite element (CPFE) simulations. Then, the mechanisms 

driving axial strain localization are discussed in terms of active plastic deformation modes and Schmid 

factors. Furthermore, the influence of deformation twinning on facet nucleation is studied based on the 

analysis of cyclic stress redistribution within a soft-hard-soft grain combination. 

4.2 Experimental procedure 

4.2.1 Material 

The chemical compositions of tested JIS grade 1 CP-Ti are tabulated in Table 1. The material was 

hot-rolled into a 30-mm-thick sheet and annealed at 973 K for 1 h. The average grain size after heat 

treatment is 17 μm in diameter. The flat dog-bone specimens with a thickness of 2 mm were machined 

parallel to the rolling direction (RD), transverse direction (TD), and 45° from RD to TD for tensile, 

stress relaxation, and dwell fatigue tests. The configuration of specimens is shown in Fig. 1(a). 

Prior to mechanical tests, the specimens were first polished using SiC papers to #2400, 

electropolished at -40 ℃ for 30 s in a solution of 440 ml methanol, 264 ml butanol, and 44 ml HClO4, 

and then etched by Kroll reagent for 60 s for microstructure characterization. 

 

Table 4.1 Chemical compositions of the grade 1 CP-Ti under investigation (mass%). 

O C N H Fe Ti 

0.092 0.002 0.005 0.001 0.041 Bal. 
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4.2.2 Mechanical tests and strain measurement 

Mechanical tests were performed using a motor-driven tester (SHIMAZU AG-IS 20kNT). Tensile 

tests were conducted under three different strain rates ( 2.3 × 10−4 s−1, 2.3 × 10−3 s−1, 2.3 ×

10−2 s−1 ) to obtain stress-strain curves for calibrating rate-sensitive parameters. Since the tensile 

anisotropy of the high-textured CP-Ti sheet was pointed out to be a reflection of CRSS differences, 

RD, TD, and 45° specimens were used to determine CRSS relationships [98]. In addition, stress 

relaxation tests, which interrupted the tensile tests at 260 MPa by a 300 s stress relaxation period 

followed by unloading, were also carried out for three kinds of specimens to furtherly identify strain-

hardening parameters. 

DIC was applied to examine the heterogeneous deformation in the RD specimen under dwell fatigue 

loading. A large area was assigned at the center of the gauge section in advance, as shown in Fig. 4.1(a). 

To combine the local strain field with the initial microstructure, EBSD measurement was conducted in 

this area using a JEOL JSM-6400F scanning electron microscope (SEM) equipped with a TSLTM 

EBSD detector. EBSD scan was performed at an accelerating voltage of 15 kV with a step size of 

1.0 μm . The data was analyzed by TSL OIM analysis 7 software and MTEX-5.7.0 toolbox in 

MATLAB [99]. The SEM image (resolution: 0.12 μm/pixel) of the area and corresponding inverse 

pole figure (IPF) map of RD are shown in Figs. 4.1(b) and (c). Ex-situ DIC analyses were performed 

in two regions of interest (ROIs) surrounded by blue dashed lines (see Fig. 4.1(c)). The fabrication of 

the speckle pattern for DIC strain mapping was referred to Bandyopadhyay et al. [100]. First, 30 mg 

Mo powder (2.56 μm in diameter) and 200 ml methanol were mixed and the mixture was then placed 

into an ultrasonic cleaner for 30 min to make a homogeneous suspension. Then ten thousand Pb balls 

with a diameter of 1 mm were added to shrink the Mo agglomerates. The suspension was rested for 24 

h and applied to the surface of the specimen using a dropper. Finally, the specimen was left for 6 h to 

achieve a rigid attachment of pattern. The patterns of two ROIs before and after the dwell fatigue test 

were analyzed by an open source 2D DIC MATLAB program Ncorr [101] to provide residual strain 

fields with a subset radius of 26 and a subset spacing of 2. Dwell fatigue load was applied in a 

trapezoidal waveform with a loading/unloading time of 1 s. The stress ratio 𝑅 was set to 0.01. In each 

cycle, the load was held at 293.55 MPa  (0.95𝜎𝑦  at strain rate 2.3 × 10−4 𝑠−1 ) for 5 s  [30]. It was 
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reported that strain field was established at the early stage of the dwell fatigue test [102], and strain 

accumulation was most pronounced at the beginning of the loading history [63]. Thus, the dwell fatigue 

test was interrupted after 20 cycles. Meanwhile, the computation time of the accompanying CPFE 

simulation could be reduced. 

 

 
(a) 

  

(b) (c) 

Fig. 4.1 (a) Geometry of specimens, (b) microstructure of the selected area on dwell fatigue test 

specimen, and (c) corresponding IPF map of RD. DIC measurements are performed in regions A and 

B. 

4.3 Polycrystalline aggregate modeling 

A cuboidal representative volume element (RVE) comprising 512 grains is applied to calibrate the 

crystal plasticity parameters of grade 1 CP-Ti, as shown in Fig. 4.2(a). The dimension of the RVE is 

100 ×  100 ×  100 μm. Each grain is meshed with 1, 8, and 27 8-node C3D8 brick elements to 

investigate the sensitivity of RVE response to element size, as detailed in Fig. 4.2(b)-(d). The x, y, and 
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z directions represent TD, RD, and normal direction (ND), respectively. The initial crystallographic 

orientations have been selected from the EBSD measurements. The comparison between the pole 

figures of EBSD data and the RVE model is illustrated in Fig. 4.3. The basal pole tilts approximately 

±40°  from ND to TD, a typical basal texture for rolled CP-Ti sheet [103],[104]. The boundary 

conditions are assigned as 𝑢𝑋′ = 0, 𝑢𝑌′ = 0, and 𝑢𝑍′ = 0. The uniform displacements are imposed 

along RD, 45°, and ND, respectively. The constant-strain-rate displacement boundaries are imposed 

on the top (tension along RD) and right (tension along TD) surface. 

 

 
 

(a) (b) 

  

(c) (d) 

Fig. 4.2 (a) RVE model containing 512 grains and boundary conditions, each grain is made up of (b) 

1 element, (c) 8 elements, and (d) 27 elements. 
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(a) 

 
(b) 

Fig. 4.3 Initial pole figures of RD: (a) results measured by EBSD scanning, (b) crystallographic 

orientations adopted for RVE. 
 

For purpose of comparison with DIC strain measurements, two quasi-3D polycrystalline aggregate 

models are reconstructed within the abovementioned ROIs (see Fig. 3.1(c)) via an image-based 

approach, as shown in Fig. 4.4. The sketches of 2D microstructures are depicted in AutoCAD to obtain 

smooth grain boundaries (as illustrated in Fig. 4.4(a), including the number of particular grains for 

later discussion), extruded along the z-axis and meshed by 8-node C3D8 brick elements (19872 

elements in region A and 16542 elements in region B) in HyperMesh, as illustrated in Fig. 4(b). Two 

models have the same dimension of 80 × 80 × 8 μm . Given the influence of subsurface 

microstructure on the free-surface deformation, each model contains a surface layer and a subsurface 

layer with the same thickness, mesh size, and grain morphology (green area in Fig. 4.4(b)) [105],[106]. 

Therefore, the influence of subsurface microstructure is focused on crystallography. The crystal 

orientations of grains on the surface layer are specified by corresponding Bunge Euler angles, whilst 
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the orientations of grains on the subsurface layer are randomly selected from the EBSD data. The dwell 

fatigue load is applied on the right surface along RD and the waveform is identical to the experiment. 

The freedoms of left, bottom, and back surfaces are fixed to eliminate rigid body movement. 

 

 
(a) (b) 

Fig. 4.4 Image-based modeling: (a) microstructure sketches of two ROIs with a dimension of 

80 μm × 80 μm , (b) quasi-3D models meshed by 8-node C3D8 elements and imposed boundary 

conditions. 

4.4 CPFE constitutive parameter calibration 

The CPFE constitutive characteristics of the tested CP-Ti should be found in order to quantitatively 

duplicate the experimental results.  

With respect to the data related to SRS, the mobile dislocation density 𝜌𝑚, Burgers vector 𝑏𝑖, and 

Debye frequency 𝜐𝐷 in Eq. (3.14) are referred to Cuddihy et al. [79], whereas the activation energy 

Δ𝐹, activation volume Δ𝑉 and the rate-sensitive parameters of deformation twinning in Eq. (3.16) are 

determined via calibration. Recently, Xiong et al. [107] have found that the SRS of prismatic slip is 

higher than that of basal slip in a grade 4 CP-Ti, and the activation energy Δ𝐹 of basal slip is also 

greater than that of prismatic slip, similarly to Ti-6242 alloy [108]. Although slip-dependent SRS 
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variations are considered to have an influence on creep deformation in cold dwell fatigue, the concrete 

mechanisms are still unknown. Besides, the diversity in chemical compositions should not be ignored. 

Thus, the activation energy and activation volume of each slip system is assumed to be the same in 

this study.  

Determination of the CRSS relationships is conducted simultaneously. The CRSSs of 1st and 2nd 

pyramidal <c+a> slips are taken to be the same, three times the CRSS of prismatic slip [109]. The 

calibration procedure for the CRSS ratio between basal and prismatic slips is based on previous works. 

Since the increased concentration of oxygen can improve the strength of CP-Ti for the solid-solution 

strengthening effect, and the strengthening effect of oxygen is reported to be more remarkable on 

prismatic slip than basal slip, the CRSS ratio between basal and prismatic slips, therefore, decreases 

with increased amounts of oxygen [110],[111]. Moreover, the macroscopic strength of tested grade 1 

CP-Ti in the present study is between the counterparts reported by Hama et al. [98] and Xiong et al. 

[107]. In terms of these relationships, the initial 𝐶𝑅𝑆𝑆𝑏𝑎𝑠𝑎𝑙/𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐 in this study is optimized 

between 1.63 and 2.14, values reported by the abovementioned two works. The 𝐶𝑅𝑆𝑆{101̅2}/

𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐  is set to 2.1 as Wang et al. [109] and CRSS values of pyramidal <a> slip, {112̅2} 

compression twinning are calibrated using the curve-fitting method due to a lack of systematic 

researches into these two systems. 

The anisotropic elastic stiffness matrix [14], rate-sensitive, and strain gradient parameters of CP-Ti 

are summarized in Tables 4.2-4.3. The activation energy Δ𝐹 for each slip system is 0.5447 𝑒𝑉, which 

is slightly smaller than the value of prismatic slip reported by Xiong and co-workers [107]. The 

activation volume Δ𝑉  is 26𝑏3 , the same as the value calibrated by Gong et al. [112] between 

8𝑏3~80𝑏3, a general range for titanium and its alloys. 

The reference shearing rate 𝛾0̇ for twinning systems is taken to be 𝛾0̇ = 0.001. The rate sensitivity 

parameter 𝑟 for deformation twinning basically ranges from 0.01 to 0.1, and the most widely used 

value is 𝑟 = 0.02  [113],[114],[115]. However, previous studies which adopted this value barely 

focused on rate-dependent deformation. Besides, 𝑟 = 0.02  was selected for both titanium and 

aluminum alloys in preceding works although aluminum alloys were proved to be less rate sensitive 

than titanium alloys [116],[117],[118]. Therefore, a relatively small rate sensitive parameter is 

considered to be improper to describe the rate sensitivity of deformation twinning in CP-Ti, and rate 
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sensitive index 𝑟 for twinning systems is therefore set to 𝑟 = 0.05. 

The rank of CRSSs in ascending order is prismatic, pyramidal <a>, basal, {101̅2} tension twinning, 

{112̅2} compression twinning and pyramidal <c+a> slip, which resembles the work of Hama et al. 

[98]. Among these values, 𝐶𝑅𝑆𝑆𝑏𝑎𝑠𝑎𝑙/𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐 = 1.71 is a reasonable ratio in consideration of 

the biased strengthening effect caused by interstitial oxygen. 𝐶𝑅𝑆𝑆𝑝𝑦𝑟𝑎𝑚𝑖𝑑𝑎𝑙<𝑎>/𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐 =

1.64 ,𝐶𝑅𝑆𝑆{112̅2}/𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐  = 2.37 , are also acceptable with consideration of the previous 

literature [109]. 

 

Table 4.2 Anisotropic elastic constants of grade 1 CP-Ti. 

C11 (GPa) C22 (GPa) C12 (GPa) C13 (GPa) C44 (GPa) 

162.4 180.7 92.0 69.0 46.7 

 

Table 4.3 Rate-sensitive and strain gradient parameters for grade 1 CP-Ti. 

Slip Twinning Strain gradient 

Parameters Value Parameters Value Parameters Value 

𝜌𝑚 (𝜇𝑚−2) 5 𝛾0̇ (𝑠
−1) 0.001 𝛼𝑇 0.4 

𝜈𝐷 (𝐻𝑧) 1 × 1011 𝑟 0.05 𝐺 (𝑀𝑃𝑎) 44230 

𝑏<𝑎> (𝜇𝑚) 0.32 
    

𝑏<𝑐+𝑎> (𝜇𝑚) 0.51 
    

∆𝐹 (𝑒𝑉) 0.5447 
    

k (𝐽/𝐾) 1.38 × 10−23 
    

∆𝑉 26𝑏3 
    

 

According to the conclusion of Mikami et al. [119], the strain-hardening effect becomes higher with 

increasing initial hardening modulus ℎ0 (at small strains) and saturated CRSS 𝜏∞ (at large strains). 

The different stress-strain behaviors in three directions, which result from distinctive evolutions of 
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relative activities, could be used to calibrate these hardening parameters. Furthermore, the rate 

dependent deformation during stress relaxation is influenced by hardening parameters as well. The 

amplitude of stress relaxation increases as ℎ0 and 𝜏∞ become larger. Therefore, hardening parameters 

were optimized to reproduce macroscopic responses of uniaxial tensile and stress relaxation tests based 

on the abovementioned method. 

The strain-hardening parameters are listed in Table 4.4. Besides, the latent hardening constant in Eq. 

(3.17) is assumed to be 𝑞 = 1 for all slip and twinning systems. The reference twinning shear 𝛾𝑟𝑒𝑓 in 

Eq. (3.23) is calculated by [120] 

𝛾𝑟𝑒𝑓,{101̅2} =
√3𝑎

𝑐
−

𝑐

√3𝑎
, 𝛾𝑟𝑒𝑓,{112̅2} =

2((
𝑐
𝑎)

2

− 2)

3𝑐
𝑎

(4.1) 

For CP-Ti, 𝑐/𝑎 ≈ 1.587. Thus, 𝛾𝑟𝑒𝑓,{101̅2} = 0.175, 𝛾𝑟𝑒𝑓,{112̅2} = 0.218. The threshold value of 𝑉𝑡ℎ 

is randomly generated from 0.1 to 1.0 for each twinning system [98]. 

It should be noted that the parameter determination in this study still lacks a mechanistic 

understanding to some extent, further investigation on some unsure parameters (e.g., the activation 

energy and activation volume, CRSSs of pyramidal <a> slip and twinning) should be carried out. 

 

Table 4.4 CRSS and strain-hardening parameters for slip and twinning systems, in MPa. 
 

Basal 

<a> 

Prismatic 

<a> 

Pyramidal 

<a> 

1st Pyramidal 

<c+a> 

2nd Pyramidal 

<c+a> 

{101̅2} 

Twinning 

{112̅2} 

Twinning 

ℎ0 850 1750 750 2050 2050 1050 1050 

𝜏∞ 183 155 173 362 362 249 267 

𝜏0 130 76 125 228 228 159 180 

 

4.5 Macroscopic response 

The experimental 0.2% proof strength 𝜎0.2 and ultimate tensile strength 𝜎𝑡 at different strain rates 

are listed in Table 4.5. 
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Stress-strain curves at the strain rate of 2.3 × 10−4 𝑠−1 in RD are obtained from the RVE model 

with different element sizes, as shown in Fig. 4.5. These curves exhibit small deviations regardless of 

the element size. Thus, the insensitivity of the stress-strain curves to element size is demonstrated. To 

reduce the computational cost, the following results in this section are all based on the coarse mesh 

model (Fig. 4.2(b)) because the coarse-mesh strategy has sufficient precision. The data of monotonic 

tensile, stress relaxation tests, and relevant simulation results are plotted in Fig. 4.6(a) and (b). The 

macroscopic SRS, strong tensile anisotropy, and stress relaxation are faithfully reproduced by the 

response of the RVE model. Therefore, the rationality of CPFE constitutive parameters is verified. 

 

Table 4.5 Tensile properties of CP-Ti at different strain rates. 

Strain rate (𝑠−1) RD TD 

𝜎0.2 (MPa) 𝜎𝑡 (MPa) 𝜎0.2 (MPa) 𝜎𝑡 (MPa) 

2.3 × 10−4 309 420 265 422 

2.3 × 10−3 320 465 285 460 

2.3 × 10−2 340 488 301 497 

 

 

Fig. 4.5 Stress-strain curves obtained with different element sizes at a constant strain rate of 2.3×10-4 

s-1 in RD. 
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(a) (b) 

Fig. 4.6 Macroscopic responses obtained from (a) tensile, (b) stress relaxation tests. 

 

  
(a) (b) 

Fig. 4.7 Evolutions of relative activities under 2.3 × 10−4 s−1 strain rate during tension in (a) RD, (b) 

TD. 

 

To study the relation between tensile anisotropy and deformation mechanisms, relative activities of 

different deformation modes at the strain rate of 2.3 × 10−4 𝑠−1 are depicted in Fig. 4.7 [98]. The 

lower yield strength in TD can be attributed to the high relative activity of prismatic slip at macroscopic 

yield since the CRSS of prismatic slip is the smallest. In contrast, the basal-dominant pattern at the 

beginning of plastic deformation leads to higher yield strength in RD. Additionally, a large initial 

hardening modulus (see Table 4.4) and continuous activity of the prismatic slip also lead to greater 
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strain-hardening in TD. Although the activity of pyramidal <a> slip remains at a high level after the 

yield in RD, the strain-hardening effect is not as conspicuous as that of TD because of the low initial 

hardening modulus [119]. 

Tensile anisotropy also manifests in twinning activities. The simulation results reveal that {112̅2} 

compression twinning and {101̅2} tension twinning are respectively dominant twinning systems in 

RD and TD, which keeps consistent with the experimental twin boundary maps after the tension, as 

given in Fig. 4.8(a) and (b). Furthermore, relative activities of twinning at 휀 = 0.05 increase as the 

strain rate becomes higher in both RD and TD, as shown in Fig. 4.8(c). This observation captures the 

phenomenon that twinning is more active at high strain rates. 

Although the cyclic strain history was not monitored by extensometer or strain gauges considering 

the speckle pattern on the surface of the specimen, based on the calibrated parameters, the simulated 

cyclic responses of two ROIs are plotted in Fig. 4.9. The strain accumulates at a reducing rate per dwell 

cycle and macroscopic stress-strain behaviors are similar to the experimental trend in Peng et al. [30], 

as well as the simulated response in Cuddihy [121]. 

 

   
(a) (b) (c) 

Fig. 4.8 Twin boundary maps on (a) RD, (b) TD samples after tension. The tension and compression 

twin boundaries were respectively marked by red and blue lines. (c) relative activities of twinning at 

different strain rates when 휀 = 0.05. 
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(a) (b) 

Fig. 4.9 Simulated cyclic responses of two ROIs. (a) Stress-strain curves, (b) Strain-time curves. 
 

4.6 Strain fields and deformation mechanisms 

To analyze the evolution of strain field under dwell fatigue loading, Schmid factor (SF) is employed 

to link the deformation mechanism with strain localization. The SF maps of basal, prismatic, pyramidal 

<a> slips, and {112̅2} compression twinning system within two ROIs are plotted in Fig. 4.10. Two 

ROIs are revealed to be soft-grains-dominant. Pyramidal <c+a> slip and {101̅2} tension twinning 

systems are not taken into account because the activations are difficult in RD, as plotted in Fig. 4.7(a). 

The evolutions of axial strain 휀𝑦𝑦 fields within two ROIs in the first dwell fatigue cycle are predicted 

by CPFE modeling, as shown in Fig. 4.11. Due mainly to the elastic anisotropy of HCP lattice, strain 

heterogeneity at the beginning of dwell time (point D1) is observed even the maximum stress is under 

macroscopic yield strength. Due to cold creep during the load-holding period, the strain accumulation 

at the end of dwell time (point D2) is conspicuous, which in turn aggravates the strain incompatibility 

between soft and hard grains at the unload state (point D3). 

An overall comparison between the experimental and numerical results with respect to residual 

strain distributions after 20 cycles are illustrated in Fig. 4.12. The numerical contours of residual axial 

strain 휀𝑦𝑦 and transverse strain 휀𝑥𝑥 are not in strict agreement with DIC measurements and manifest 

more heterogeneous deformation (i.e., strain incompatibility among grains), whereas most of the strain 

localizations are identified by CPFE modeling with fair accuracy. Additionally, despite the plastic 

strain accumulation, no significant discrepancy is discovered between the predicted axial strain 
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distributions at the end of the 1st and 20th cycle, as illustrated in Figs. 3.11 and 3.12(a). Thus, it can be 

concluded that the local deformation pattern forms at the early stage of the dwell fatigue. This result 

is consistent with the DIC interpretation given by Littlewood et al. [102]. 

 

 
(a) 

 
(b) 

Fig. 4.10 Schmid factor maps in (a) region A (b) region B. 
 

Regarding the residual axial strain 휀𝑦𝑦 field within two ROIs after 20 cycles, the experimental and 

numerical results exhibit similar strain localization paths, as highlighted in Fig. 4.12(a) by white 

dashed lines. In region A, the strain localizations are located at grain G1 (see Fig. 4.4(a)) and its 

neighborhood with high SFs for basal, prismatic, and pyramidal <a> slip systems, as well as the center 

and bottom right corner including grains G3, G4, G5, and G7. In region B, grains G10-G14 and G17-

G20 along the aforementioned paths demonstrate larger axial strain accumulation. In contrast, axial 

strain accumulation is less obvious in hard grains with low SFs for basal, prismatic, and pyramidal <a> 

slip systems, such as grain G21. It should be noted that some deviations between DIC analysis and 

CPFE computation are observed at the center bottom of region A (grains G8 and G9) and the lower 

right corner of region B (grains G18, G19, and G20), especially the area containing grains G8 and G9. 

Since the spatial distribution of strain field on the free surface is likely to be affected by the subsurface 
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layer, the local strain deviation between DIC strain mapping and CPFE simulation is possibly attributed 

to the mischaracterization of subsurface microstructure. 

The experimental and numerical mappings of residual transverse strain 휀𝑥𝑥 in two ROIs after 20 

cycles achieve a better agreement than in the axial direction, as illustrated in Fig. 4.12(b). The 

localization band of compressive strain in region A is approximately along the top left corner to the 

bottom right corner, whilst numerical prediction also misses the transverse strain concentration in 

grains G8 and G9 measured by DIC. As for the transverse strain field in region B, except for some 

small zones such as the top left corner, the overall compressive strain accumulation of region B is less 

pronounced than of region A. 

 

 

Fig. 4.11 Evolutions of predicted axial strain fields within two ROIs in the first dwell fatigue cycle. 
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Fig. 4.12 Experimental and numerical results in ROIs after 20 cycles: (a) axial strain field, (b) 

transverse strain field. 

 

 
(a) 

 
(b) 

Fig. 4.13 Contours of maximum accumulated shear strains on active slip and twinning systems in (a) 

region A, (b) region B. 
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The strain localization directly results from slip and twinning activities. Although the operating slip 

and twinning systems are not incorporated explicitly as traces in the crystal plasticity model, the 

activities can be captured by corresponding shear strain accumulation implicitly. To determine the 

contribution of individual plastic deformation modes to axial strain localization, the maximum shear 

strain accumulation on four active slip and twinning systems (basal, prismatic, pyramidal <a> slips, 

and {112̅2} compression twinning systems) are calculated by CPFE simulations, as given in Fig. 4.13. 

In region A, the axial strain accumulation within grains G1, G3, G4, and G7 is basically dominated by 

prismatic and pyramidal <a> slip activities because of high corresponding SFs. However, the 

contribution of basal slip activity is inconspicuous in region A. Concerning region B, the axial strain 

localizations in grains G11, G13, G15, G17, G18, and G19 are derived from the prismatic slip activity. 

Pyramidal <a> slip activity dominates the axial strain concentrations in grains G14 and G20, while 

basal slip activity leads to high axial strain accumulation in grains G10 and G12. This comparative 

analysis reveals that the activity of prismatic slip plays a primary role in axial strain localization, 

followed by pyramidal <a> and basal slips. In contrast, the activity of {112̅2} compression twinning 

demonstrates a low level in two ROIs considering the relatively high CRSS. As previously reported, 

the slip and twinning activations in CP-Ti under tension are observed to be prismatic slip-dominant, 

followed by pyramidal <a> slip, twinning, and basal <a> slip [103],[110],[122]. Besides this, previous 

studies have reported that the deformation mechanisms under different loading conditions (i.e., tension, 

fatigue and dwell fatigue loading) exhibit similar patterns with respect to the frequency of different 

slip systems [106],[123]. The predicted slip activations, which are related to axial strain localization, 

closely match the quantitative results from previous slip trace analyses. However, the twinning activity 

is likely to be underestimated by the CPFE modeling considering only two twinning systems are 

modeled. 

Since the strain localization in an individual grain results from multiple active deformation modes, 

a weighted averaged Schmid factor (WASF) is developed to evaluate the axial strain accumulation 

comprehensively. Following the study of Zhao et al. [124], the WASF in the present work is defined 

as 

𝑊𝐴𝑆𝐹 =

∑
𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐

𝐶𝑅𝑆𝑆𝑝

4
𝑝=1 ∙ 𝑆𝐹𝑝

4
(4.2)
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where p represents the four active slip and twinning systems. The SFs and relevant WASFs of 

numbered grains (Fig. 4.4(a)) are listed in Table 4.6. 

 

Table 4.6 Schmid factors of numbered grains in Fig. 4.4(a). 

Grain 

Schmid factor 

Basal Prismatic Pyramidal <a> 
{112̅2} 

twinning 
WASF 

G1 0.368 0.396 0.494 0.330 0.268 

G2 0.493 0.254 0.376 0.241 0.222 

G3 0.274 0.448 0.499 0.414 0.278 

G4 0.091 0.447 0.434 0.496 0.251 

G5 0.458 0.291 0.438 0.178 0.228 

G6 0.436 0.263 0.431 0.165 0.215 

G7 0.380 0.369 0.486 0.308 0.259 

G8 0.408 0.374 0.443 0.253 0.251 

G9 0.498 0.250 0.352 0.230 0.217 

G10 0.477 0.223 0.368 0.271 0.214 

G11 0.155 0.483 0.474 0.435 0.268 

G12 0.493 0.190 0.294 0.291 0.200 

G13 0.306 0.374 0.474 0.385 0.257 

G14 0.346 0.380 0.486 0.349 0.262 

G15 0.148 0.487 0.481 0.460 0.272 

G16 0.388 0.115 0.273 0.357 0.170 

G17 0.303 0.434 0.471 0.355 0.268 

G18 0.213 0.458 0.488 0.454 0.275 

G19 0.181 0.477 0.487 0.459 0.276 

G20 0.481 0.248 0.390 0.244 0.221 

G21 0.262 0.043 0.153 0.457 0.128 

 

The relationship between the grain-averaged axial strain accumulations and the WASFs of grains 

GXs (X = 1 − 21, as given in Fig. 4.4(a)) is illustrated in Fig. 4.14. The grain-averaged axial strains 



Chapter 4: Effect of deformation twinning on local deformation pattern in commercially pure titanium 
under dwell fatigue loading 

57 
 

measured by DIC agree with the CPFE predicted results in sound accuracy, although some deviations 

exist. In addition, grains with high WASF values generally exhibit high axial strain accumulation. 

Therefore, WASF is an effective parameter to predict the degree of strain localization. 

 

Fig. 4.14 Relationship between grain-averaged axial strain and WASF. 

4.7 Stress redistribution 

The strain incompatibility within a hard-soft grain pair can result in stress redistribution from the 

soft grain to adjacent hard grain during dwell fatigue, which is termed as “load shedding’’ [125]. This 

scenario is thought to generate high basal plane normal stress in hard grains and trigger the dwell facet 

nucleation [79]. Compared to the synthetic microstructure-based works, an authentic soft-hard-soft 

grain combination is identified in region B, as shown in Fig. 4.15. The angle between the c-axis of 

hard grain G21 and loading direction is 17°. Experimental results have shown that the basal facets in 

hard grains are mainly oriented at 10°~25° perpendicular to the direction of macro principal stress 

and therefore grain G21 is a potential site for facet formation [33],[123]. The two soft grains are G12 

with a basal SF of 0.493 and G22 with a prismatic SF of 0.459. Thus, the dislocation pile-ups at two 

hard-soft grain boundaries are induced by different slip systems based on an adaption of the dislocation 

pile-up model. 
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Fig. 4.15 Schematic diagram of the soft-hard-soft grain combination. 
 

 

Fig. 4.16 (a) Contours of 𝜎𝑦𝑦 within the soft-hard-soft grain pair, (b) Stress redistribution along path 

𝑃 − 𝑃′. 
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The contours of stress 𝜎𝑦𝑦 (parallel to loading direction) at the beginning/ending of dwell time in 

the 1st cycle and 20th cycle are shown in Fig. 4.16(a). The 𝜎𝑦𝑦 stress near the hard-soft grain boundaries 

increases dramatically when the stress-hold ends in the 1st cycle. Compared to the 1st cycle, the area of 

stress concentration in hard grain expands in the 20th cycle, whilst little stress contour variation can be 

found at the beginning and end of dwell time. Besides, the local grain boundaries near stress 

concentration sites are nearly parallel to the loading direction because the stress redistribution 

necessitates a near Taylor condition, in which soft and hard grains are subject to the same amount of 

uniaxial strain [126]. 

The 𝜎𝑦𝑦 stress along path 𝑃 − 𝑃′ are plotted in Fig. 4.16(b). The magnitude of stress redistribution 

in the 1st cycle induced by basal slip is 16 MPa, while 36 MPa is caused by prismatic slip. Due to the 

shapes of two hard-soft grain boundaries near stress concentration sites are similar, the influence of 

grain boundary morphology on stress redistribution is negligible. Thus, prismatic slip can enhance 

more dislocation pile-ups at the grain boundary and lead to greater 𝜎𝑦𝑦 stress increase during the dwell 

period even though the smaller size of grain G22 than that of G12 may reduce the average slip distance. 

This result is opposite to the assumption of Zhang et al. [49] because the CRSS of prismatic slip is 

lower than basal slip and the rate-sensitivity of two slip systems is the same in present work. However, 

the peak 𝜎𝑦𝑦 stress at start and end of dwell time in the 20th cycle manifests little variation, which 

implies that the cyclic stress redistribution diminishes gradually. 

The resolved normal stress on the basal plane of hard grain plays an important role in facet initiation. 

Here the resolved normal stress is 

𝜎𝑏𝑎𝑠𝑎𝑙 = 𝒎𝑏𝑎𝑠𝑎𝑙 ∙ 𝝈 ∙ 𝒎𝑏𝑎𝑠𝑎𝑙 (4.3) 

where 𝒎𝑏𝑎𝑠𝑎𝑙 is the normal vector of the basal plane. The evolutions of resolved normal stress on the 

basal plane at point K during dwell periods of the 1st and 20th cycles are illustrated in Fig. 4.17. The 

resolved normal stress increases rapidly in the 1st cycle, as a result of significant 𝜎𝑦𝑦  stress 

redistribution. However, this trend is smoother in the 20th cycle. 

The cyclic stress redistribution phenomenon predicted by CPFE modeling is combined with 

experimental results to understand the influence of deformation twinning on dwell fatigue. No 

deformation twinning is observed on the surface of two ROIs after the interrupted dwell fatigue test. 

The accumulated shear strain on {112̅2} twin plane is also not sufficient to activate the twinning 

nucleation in the CPFE model, as shown in Fig. 4.13. According to the results of the present study, 
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stress redistribution and stress redistribution are most pronounced at the beginning of dwell fatigue 

loading history, while twinning nucleation and propagation are relatively difficult at this time. 

Therefore, the resolved normal stress on the basal plane of hard grains increases drastically because 

the continuous dislocation pile-ups at hard-soft grain boundaries can hardly be hindered by twins in 

adjacent soft grains. In light of the above discussion, the typical hard-soft grain pair is still a detrimental 

site for facet nucleation and leads to a great dwell life debit for CP-Ti [30]. It has to be emphasized 

that the deformation twinning is treated as pseudo slip in the current CPFE model. For the twinning 

nucleation mechanisms which cannot be explained by global Schmid factors, more integrated research 

is needed [127],[128]. 

 

Fig. 4.17 Evolution of the resolved normal stress on the basal plane at point K during dwell period of 

the 1st and 20th cycles. 
 

4.8 Effect of deformation twinning on stress redistribution: Explicit modeling 

According to the results of the DIC experiment and crystal plasticity modeling, deformation twins 

in soft grains have limited influence on stress redistribution and facet nucleation in CP-Ti. Nevertheless, 

as shown in Fig. 2.7, the deformation twins form in the hard grain. Therefore, this section investigates 

the effect of deformation twin in hard gain on stress redistribution based on explicit crystal plasticity 

modeling. 
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A quasi-3D polycrystalline aggregate model with dimensions of 80 μm × 80 μm × 6 μm is 

constructed and meshed by 12684 C3D8 hexahedral elements, as shown in Fig. 4.18. A hard grain is 

embedded at the center area of a cluster of 37 soft grains. The c-axis of the hard grain is parallel to the 

loading direction along the y axis, while the c-axis of the adjacent soft grain is perpendicular to the 

loading direction. In particular, a yellow band is a predefined region along the {101̅2} twin plane for 

depicting explicit twinning nucleation because the CRSS for {101̅2} tensile twinning is smaller than 

that of {112̅2} compressive twinning. The thickness of this band is assumed to be 1 μm for simplicity, 

whilst the twin growth is ignored. The procedure with respect to the activation of this twin variant is 

as follows: 

1. At the beginning of the analysis, the crystal orientation of this band is the same as that of the 

parent hard grain. The numbers of all integration points in this region are exported and saved to 

an external file. 

2. At the beginning of each time increment, the numbers of these integration points are transferred 

from the external file into UMAT using the UEXTERNALDB subroutine. The volume fractions 

of twinning at numbered integration points are compared with the threshold value. 

3. Due to the plastic deformation, the shear strain on the twin plane accumulates. When the volume 

fraction of twinning at any integration point is greater than the threshold value, crystal 

orientations at all integration points in this band are rotated by the rotation tensor in Eq. (3.24). 

 

 
Fig. 4.18 Polycrystal model with a hard grain embedded in a colony of soft grains. A band with a 

thickness of 1 μm is defined in the hard grain along the {101̅2} twin plane for explicit investigation 

of twinning nucleation. 
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It should be mentioned that the twinning volume fraction of the hard grain is set to a relatively 

smaller value of 0.05 on purpose to ensure the deformation twinning can be activated in one dwell 

fatigue cycle that has the same waveform as the dwell fatigue test in Section 4.2.2 as the stress 

redistribution is most significant in the first cycle. 

The state of deformation twinning and stress distributions within the hard-soft grain combination at 

the beginning of the stress dwell, the time when twinning nucleation occurs, and the end of the dwell 

period, are plotted in Fig. 4.19. At the beginning of the dwell time (𝑡 = 0 s), no twin is observed within 

the hard-soft grain combination and the stress concentration occurs in the hard grain. Since the high 

SF of the {101̅2} twinning system, the shear strain accumulates during the cold creep. At the dwell 

time of 2.55 s, twin nucleates in the hard grain. The plastic deformation of the twinned region becomes 

easier, and the pile-up stress starts to be alleviated (as the sites where the arrow points in stress 

contours). From the time when twinning formation to the end of the dwell (𝑡 = 5 s), although the stress 

concentration in the parent hard grain continues rising, it can be found that the stress in the vicinity of 

the twinned region is less marked than the parent hard grain.  

The stress distribution along paths 1 (through the twinned region and soft grain) and 2 (through the 

parent hard grain and soft grain) in Fig. 4.19 are plotted in Fig. 4.20 (a) and (b), respectively. The 

overall distributions along the two paths are almost the same at t = 0 s  and t = 2.55 s . After the 

nucleation of the twin,i.e., at the end of the dwell period, the stress at the hard-soft grain boundary 

decreases slightly on path 1. On the contrary, the grain boundary stress on path 2 keeps increasing. 

Therefore, it is clear that the onset of twin in the hard grain can inhibit the local stress enhancement at 

the hard-soft grain boundary during the stress dwell period, which may, in turn, reduce the possibility 

of basal facet nucleation at this position. Concerning that the grain boundary stress increases within 

the parent hard grain, the trend of stress redistribution remains continuous. However, the twin 

propagation in length and thickness, as well as nucleation of multiple deformation twins (see Fig. 2.7) 

in the hard grain is likely to expand the local influence. 
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Fig. 4.19 State of deformation twinning and stress contours within the hard-soft grain combination at 

different times of the dwell period. 
 

  
(a) (b) 

Fig. 4.20 Stress distribution along (a) path 1 and (b) path 2 at the corresponding times in Fig. 4.19. 
 

4.9 Summary 

The heterogeneous deformation of a hot-rolled commercially pure titanium grade 1 sheet under 

dwell fatigue stress was explored experimentally and numerically in this chapter. The crystal plasticity 

predictions and the DIC strain values were compared quantitatively. To define the strain localization 
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processes, the active plastic deformation modes, crystallographic orientations, and effect of subsurface 

microstructure are numerically investigated. Furthermore, the influence of deformation twinning on 

titanium dwell fatigue behaviors is explored by looking at stress redistribution within a soft-hard-soft 

grain combination. The results are listed below: 

1. Reasonable agreements are achieved between the residual strain fields mapped by DIC and CPFE 

simulations within two ROIs. The axial strain localizations are dominated by the activity of 

prismatic slip, followed by pyramidal <a> and basal slip, whereas the activity of {112̅2 } 

compression twinning is insignificant. 

2. A weighted averaged Schmid factor, which takes the contribution of each active deformation mode 

into account, is proven to be effective to link the amount of axial strain accumulation and 

crystallographic orientation of individual grains. 

3. The CPFE simulation results show that stress redistribution within a soft-hard-soft grain pair leads 

to a notable increase in basal plane normal stress within the hard grain at the beginning of dwell 

fatigue loading history. The twinning nucleation in the soft grain is difficult during this period 

because of insufficient accumulated shear strain on the twin plane. The explicit modeling of 

deformation twin in the hard grain indicates that the stress enhancement in the twinned region is 

inhibited, whereas the stress keeps increasing in the parent grain. Therefore, the influence of 

deformation twinning on basal facet formation is considered to be limited. 
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5. Role of intergranular 𝜷 phase in dwell fatigue crack initiation in Ti-Fe-O alloy 

5.1 Introduction 

This chapter aims to evaluate the effect of the 𝛽 phase on the local deformation behaviors in mill-

annealed Ti-Fe-O alloy under dwell fatigue loading. First, constant stiffness measurement (CSM) 

nanoindentation tests and dislocation mechanism-based crystal plasticity finite element simulations 

are performed to identify the elastoplastic parameters of the 𝛽 phase. The data of the 𝛼 phase are also 

calibrated via a series of macroscopic mechanical tests. Then, based on the examination of the dwell 

fatigue failure modes, a polycrystalline aggregate model is established using Voronoi tessellation to 

investigate the stress redistribution procedure in the hard-soft grain combination containing the 

intergranular 𝛽 lath. A geometrical compatibility factor is employed to link the dislocation pile-ups at 

the 𝛼/𝛽 interfaces and stress redistribution in terms of the resistance against slip transfer. On the basis 

of the proposed relationship and analysis of crystallographic orientation in Ti-Fe-O alloy, the influence 

of 𝛽 lath thickness on the dwell fatigue sensitivity and two load-dependent competing crack initiation 

modes are discussed. 

5.2 Nanoindentation technique 

Illustration of nanoindentation test and typical load-displacement curves are shown in Fig. 5.1. The 

diamond probe with a sharp tip (e.g., Berkovich indenter, Conical indenter) is used to indent the surface 

of a sample. The load applied to the tip and the displacement of penetration are subsequently measured 

during the load and unload processes. To calculate the indentation hardness and Young’s modulus of 

materials, Oliver and Pharr [129],[130] used a power-law formula to fit the obtained load-displacement 

curves, 

𝑃 = 𝐶ℎ2 (5.1) 

where 𝐶 is an empirical parameter obtained from the power-law equation, ℎ is the indentation depth 

corresponding to load 𝑃. 

The contact depth ℎ𝑐 can be calculated from the maximum depth ℎ𝑚𝑎𝑥 and maximum load 𝑃𝑚𝑎𝑥 by 

using the following equation 
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ℎ𝑐 = ℎ𝑚𝑎𝑥 − 𝑒
𝑃𝑚𝑎𝑥

𝑆
(5.2) 

where 𝑒  is a geometry-dependent parameter. For a Berkovich indenter, 𝑒 = 0.75.  For a Conical 

indenter, 𝑒 = 0.72. Stiffness, 𝑆, is given by 

𝑆 =
𝑑𝑃

𝑑ℎ
|
ℎ=ℎ𝑚𝑎𝑥

(5.3) 

The indentation hardness 𝐻 is calculated as 

𝐻 =
𝑃𝑚𝑎𝑥

𝐴𝑐

(5.4) 

where 𝐴𝑐 is the contact area that can be estimated as below for an ideal Berkovich indenter 

𝐴𝑐 = 3√3ℎ𝑐
2𝑡𝑎𝑛2(65.3°) ≈ 24.56ℎ𝑐

2 (5.5) 

The reduced elastic modulus 𝐸𝑟 is calculated from stiffness 𝑆 and contact area 𝐴𝑐 as 

𝐸𝑟 =
√𝜋

2𝜆

𝑆

√𝐴𝑐

(5.6) 

where 𝜆  is also a geometry-related parameter. For Berkovich indenter, 𝜒 = 1.034 . For Conical 

indenter, 𝜒 = 1. The Young’s modulus of the material is derived from the relation 

1

𝐸𝑟
= (

1 − 𝑣2

𝐸
−

1 − 𝑣𝑖
2

𝐸𝑖
) (5.7) 

where 𝑣 and 𝐸 are Poisson’s ratio and Young’s modulus of the sample, respectively. 𝑣𝑖 and 𝐸𝑖 denote 

the counterparts of the indenter, respectively. For diamond indenter, the elastic modulus and Poisson’s 

ratio are 1141 GPa and 0.07. 

 

 

Fig. 5.1 Schematic diagram of nanoindentation test. 
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5.3 Experimental procedure 

5.3.1 Material 

The main chemical compositions of the tested near- 𝛼 Ti-Fe-O alloy (Nippon Steel Corporation) are 

as follows: 0.994 Fe, 0.386 O, 0.003 N, 0.003C, 0.0005 H, and balance of Ti in mass% [131]. In this 

alloy, O and Fe are respectively used as 𝛼 and 𝛽 stabilizers for strength improvement, cost reduction, 

and grain size control. The Ti-Fe-O alloy was double-melted in vacuum arc remelting, forged (1273 K 

heating), and hot-rolled (1123 K heating) along the rolling direction (RD) to an 80-mm-thick plate. 

The 80-mm-thick plate was cross-rolled (1123 K heating) along the transverse direction (TD) to a 33-

mm-thick plate. Thereafter, the plate was annealed at 1023 K for 1 h, and subsequently air-cooled. This 

thermomechanical processing route resulted in a typical mill-annealed microstructure containing 

primary 𝛼  grains (light region) with a certain elongation along RD and transformed 𝛽  phase (dark 

region) at the 𝛼 grain boundaries, as shown in Fig. 5.1(a) and (b). The average size of the primary 𝛼 

grain shrinks to 35 μm in diameter as the addition of Fe accelerates heterogeneous grain nucleation. 

According to Fig. 5.1(b), the thickness of 𝛽 lath approximately ranges from 0.5 μm to 2 μm.  

A sample with dimensions of 10 mm × 5 mm × 1 mm was prepared for nanoindentation tests. In 

addition, flat dog-bone specimens with gauge sections of 30 mm long, 5 mm wide, and 2 mm thick 

were machined parallel to RD for quasi-static tensile, stress relaxation, and dwell fatigue tests at the 

specimen level. 

 

  

(a) (b) 

Fig. 5.2 (a) Optical microstructure of Ti-Fe-O alloy on the ND plane, (b) intergranular 𝛽  phase at 

primary 𝛼 (𝛼𝑝) grain boundaries. 
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Before mechanical tests, the specimens were mechanically and electrolytically polished. The 

procedure is the same as that in Section 4.2.2. EBSD measurements were then conducted using a JEOL 

JSM-7100F SEM with a step size of 0.5 μm, and raw data were also analyzed using the TSL OIM 

analysis 7 software and MTEX-5.7.0 toolbox in MATLAB. 

5.3.2 Mechanical tests 

Elucidating the effect of the 𝛽 phase necessitates the calibration of its elastoplastic properties such 

as elastic stiffness constants and CRSS. The small volume fraction of the 𝛽 phase in near-𝛼 and 𝛼 + 𝛽 

titanium alloys makes it difficult to extract these datasets from bulk materials. Consequently, micro-

scale mechanical tests such as nanoindentation and micro-pillar test were developed for accurate 

measurements in individual phases [132],[133],[134]. In this thesis, nanoindentation tests were applied 

and conducted using Hysitron Ti-750 TriboIndenter equipped with a Berkovich diamond indenter. The 

loading/unloading procedures comprised three stages: displacement-controlled loading to a maximum 

depth of 250 nm using the CSM method, 10 s holding, and 20 s unloading. The indentation strain rate 

휀̇ in the CSM method is expressed as follows [135] 

휀̇ =
ℎ̇

ℎ
≈

1

2

�̇�

𝑃
(5.8) 

where ℎ  and ℎ̇  are the displacement and corresponding rate, 𝑃  and �̇�  are the indentation load and 

loading rate, respectively. To achieve a constant indentation strain rate, the following equation should 

be satisfied [136] 

ℎ = ℎ0 exp(휀̇𝑡) (5.9) 

where ℎ0 is the initial displacement. The experimental indentation strain rates were set to 0.05 s−1 and 

0.1 s−1 to investigate the SRS of the 𝛽 phase, which is linked to the creep deformation during dwell 

fatigue. 

The macroscopic responses of near-𝛼 and 𝛼 + 𝛽 titanium alloys are barely influenced by the minor 

𝛽 phase during deformation, therefore, macroscopic mechanical tests were performed to calibrate the 

crystal plasticity parameters of the 𝛼 phase [6]. Quasi-static uniaxial tensile tests were performed on 

the same motor-driven tester under three strain rates (8.3 × 10−4 s−1, 8.3 × 10−3 s−1, 8.3 × 10−2 s−1) 

to obtain stress-strain curves at 298 K, as the experiments in Chapter 4. Slip trace analysis was 
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implemented on one specimen tested at the strain rate of 8.3 × 10−4 s−1 to identify the operating slip 

and twinning systems in the 𝛼 phase and determine the CRSS relationships. In this procedure, the 

active slip trace was designated as the slip system with the highest global SF. In addition, the stress 

relaxation test, which interrupted the tensile tests at 540  MPa by a 300 s  stress relaxation period 

followed by unloading, was also carried out to further calibrate the SRS parameters of the 𝛼 phase. 

Load-controlled dwell fatigue tests were carried out at room temperature (298 K). The dwell fatigue 

load was applied in a trapezoidal waveform with a loading/unloading time of 1 s and dwell times of 

120 s and 600 s at the peak stress of 602 MPa ( 0.95𝜎𝑦 at the strain rate of 8.3 × 10−4s−1). Besides, 

dwell fatigue test at a low stress of 538 MPa (0.85𝜎𝑦 at the strain rate of 8.3 × 10−4s−1) with a dwell 

time of 120 s  was also implemented to investigate the effect of stress level on the fatigue crack 

initiation behavior. The stress ratio 𝑅 of all tests was set to 0.01. 

5.4 Finite element simulation 

The grain size distribution, grain boundary misorientation angle distribution, and crystallographic 

orientations for the 𝛼 phase of Ti-Fe-O alloy, as given in Fig. 5.3(a)-(c), are obtained from EBSD 

measurement and imported into an open-source software Dream.3D [137] to generate a cuboidal RVE 

comprising 147 globular 𝛼 grains, as shown in Fig. 4.3(d). 

Considering the effect of the 𝛽 phase on the macroscopic responses can be neglected due to the 

limited volume fraction (~8%), the pure 𝛼 phase RVE model is used to produce numerical stress-strain 

and stress relaxation curves [124]. The RVE is meshed by 32768 C3D8 fully integrated solid elements. 

The x, y, and z directions represent the TD, RD, and ND, respectively. Uniform displacement is 

imposed along the RD. 

A three-dimensional model, which consisted of a single crystal with dimensions of 5 μm × 5 μm ×

3 μm and a rigid Berkovich indenter with a sharp tip, is constructed for nanoindentation simulation, 

as shown in Fig. 5.4. The single crystal and indenter are meshed by 26944 C3D8 elements and 180 

R3D4 discrete rigid elements, respectively. All freedoms of the bottom surface are fixed, and the 

contact surface is assumed to be frictionless [138]. It has to be mentioned that the crystal orientation 

is assigned as the average value of original orientations in a grain. 
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(a) (b) 

  
(c) (d) 

Fig. 5.3 (a) Grain size distribution, (b) grain boundary misorientation distribution, (c) pole figure of 

the 𝛼 phase in Ti-Fe-O alloy and (d) resulting representative volume element. 

 

 
Fig. 5.4 Nanoindentation finite element model. 
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Fig. 5.5 Polycrystalline aggregate model with a hard-soft grain combination at the center region, and 

corresponding loading condition. 
 

A quasi-3D polycrystalline aggregate model (the grain morphology is the same as Fig. 4. 18) is 

extruded from 2D Voronoi tessellation to study the stress redistribution between hard and soft grains 

during dwell fatigue, as shown in Fig. 5.5. The basic model is meshed by 15740 C3D8 elements, and 

the element size is refined within a hard-soft grain combination in the central area. Soft grains with 

prismatic SF of 0.5 (휃 = 15°) can result in the most severe condition for facet nucleation [139]. The 

crystalline orientations of the surrounding grains are randomly generated. The normal displacements 

of the left, bottom, and back surfaces are fixed to eliminate rigid body movements. A dwell fatigue 

cycle is applied on the top surface with a maximum stress of 602 MPa and a hold time of 120 s. Based 

on this pure 𝛼 polycrystalline model, 𝛽 laths with two thicknesses are explicitly inserted into the hard-

soft grain boundary to investigate the effect of the 𝛽 phase on the stress redistribution during the stress-

dwell period, as shown in Fig. 5.6. The thickness of the 𝛽 lath in Fig. 5.6(a) is 1.8 μm, which is near 

the upper limit of the thickness range in Fig. 5.1(b), while the thin 𝛽 lath with thickness of 0.75 μm in 

Fig. 5.6(b) is close to the lower limit. 
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(a) (b) 

Fig. 5.6 Intergranular 𝛽 lath between soft and hard 𝛼 grains with thicknesses of (a) 1.8 μm, and (b) 

0.75 μm. 

5.5 Parameter identification 

To numerically reproduce the experimental results, the crystal plasticity parameters of the 𝛼 and 𝛽 

phases should be calibrated. The anisotropic elastic stiffness matrix of the 𝛼 phase is referred to Kim 

et al. [14], the same as the CP-Ti in Chapter 3. Since the elastic anisotropy of 𝛽  phase varies 

dramatically due to different compositions, the isotropic elastic 𝛽 phase is assumed in this study. The 

Young’s modulus of 𝛽 phase is measured by nanoindentation tests using the method in Section 5.2, 

Poisson’s ratio is set to be 0.34. 

Concerning the parameters related to the SRS property, the mobile dislocation density 𝜌𝑚, Burgers 

vector 𝑏𝑖, and Debye frequency 𝜈𝐷 are also referred to Cuddihy et al. [79], whereas the activation 

energy Δ𝐹 and activation volume Δ𝑉 are determined via calibration. For the 𝛼 phase in Ti-Fe-O alloy, 

the CRSS relationships in the Ti-O system are applied since no Fe is observed within the 𝛼 phase 

according to our previous energy-dispersive X-ray spectroscopy (EDS) chemical microanalysis [140]. 

For the Ti-O system, prismatic slip is generally recognized as the most active slip system. By contrast, 

the CRSS value of basal slip is the highest [122]. 𝐶𝑅𝑆𝑆𝑝𝑦𝑟𝑎𝑚𝑖𝑑𝑎𝑙<𝑎>/𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐 decreases with 

increasing oxygen content in light of the slip trace analysis conducted by Morita et al. [110]. Thus, 

𝐶𝑅𝑆𝑆𝑝𝑦𝑟𝑎𝑚𝑖𝑑𝑎𝑙<𝑎>/𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐  in Ti-Fe-O alloy can be extrapolated from this relationship. 

Similarly, pyramidal <c+a> slip can also be promoted with the addition of oxygen to achieve 

homogeneous deformation along the c-axis as substitutions of deformation twinning [56]. Based on 

previous studies, the CRSS rank of the 𝛼  phase in ascending order is prismatic, pyramidal <a>, 
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pyramidal <c+a> and basal slip. In addition, given the fact that atomic size difference between Fe and 

Ti enables substantial solution strengthening, the slip strength of 𝛽 phase in Ti-Fe-O alloy is assumed 

to be higher than that of prismatic slip in the 𝛼 phase [141],[142]. The slip-dependent strain-hardening 

parameters are calibrated using the curve-fitting method. 

The crystal plasticity parameters for the 𝛼 and 𝛽 phases are summarized in Tables 5.1 and 5.2. The 

activation energy Δ𝐹 and activation volume Δ𝑉 are smaller for the 𝛽 phase than those of the 𝛼 phase. 

This trend is similar to the results of Zhang et al. [134] and implies that the 𝛽 phase is more rate 

sensitive than the 𝛼 phase. The CRSS ratio of the 𝛼 phase is 1: 1.67: 2.5: 2.5: 3 for the prismatic: 

pyramidal <a>: 1st pyramidal <c+a>: 2nd pyramidal <c+a>: basal slip systems. The CRSS ratio of <

111 > slip to prismatic slip is 1.4. Besides, the latent hardening constant in Eq. (3.17) is assumed to 

be 𝑞 = 1 for all slip systems, and the empirical coefficient 𝛼𝑇 in Eq. (3.19) is set to 0.7 [143]. 

 

Table 5.1 Rate-sensitive and strain gradient parameters for the Ti-Fe-O alloy. 

Parameters 𝛼 phase 𝛽 phase 

Rate sensitivity 𝜌𝑚 (𝜇𝑚−2) 5 

𝜐𝐷 (𝐻𝑧) 1 × 1011 

k (𝐽/𝐾) 1.38 × 10−23 

𝑏 (𝜇𝑚) 0.295 (<a> slip) 
0.332 

0.468 (<c+a> slip) 

∆𝐹 (𝑒𝑉) 0.5194 0.4758 

∆𝑉 14.97𝑏3 3.56𝑏3 

Strain gradient 𝛼𝑇 0.7 

𝐺 (𝑀𝑃𝑎) 44230 
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Table 5.2 CRSS and strain-hardening parameters for slip systems, in MPa. 

 𝛼 phase 𝛽 phase 

 
Basal 

<a> 

Prism 

<a> 

Pyramidal 

<a> 

1st Pyramidal 

<c+a> 

2nd Pyramidal 

<c+a> 
〈111〉 

ℎ0 500 150 150 450 450 300 

𝜏∞ 850 328 570 718 718 455 

𝜏0 636 212 354 530 530 297 

 

5.6 Macroscopic and microscopic responses 

The results of quasi-static tensile, stress relaxation tests, and accompanying crystal plasticity 

simulations are plotted in Fig. 5.7(a) and (b). The responses of the RVE model closely match the 

experimental results. The macroscopic yield strength and ultimate tensile strength of the tested Ti-Fe-

O alloy is lower than those of Ti-6Al-4V and Ti-6242 at room temperature. Thus, the prismatic CRSS 

value of the 𝛼 phase in Ti-Fe-O alloy is relatively small. 

 

  
(a) (b) 

Fig. 5.7 Macroscopic responses obtained from (a) tensile, (b) stress relaxation tests. 

 



Chapter 5: Role of intergranular 𝛽 phase in dwell fatigue crack initiation in Ti-Fe-O alloy 

75 
 

 

Fig. 5.8 Histogram of the Schmid factor distribution of different deformation modes in 𝛼 phase at 3% 

strain. 
 

Furthermore, the quantitative analysis of slip trace in 𝛼  phase is given in Fig. 4.8. The results 

indicate that plastic deformation is dominated by prismatic slip, followed by pyramidal <a> slip, 

pyramidal <c+a> slips, and negligible {101̅2} tension twinning, whereas basal slip is not observed. 

Hence, the identification of the CRSS relationship is validated to be reasonable. In addition, although 

the <a>-basal dislocation pile-ups in soft grains is reported to generate more stress redistribution than 

<a>-prismatic dislocation in Ti-6242, the current work only focuses on the latter since the nucleation 

of <a>-basal dislocation in Ti-Fe-O alloy is difficult, as shown in Fig. 5.8 [144]. 

The SEM images and relevant inverse pole figure (IPF) maps for two 𝛽  ( 𝛽1  and 𝛽2 ) and 

neighboring 𝛼  grains after nanoindentation tests, together with corresponding experimental and 

numerical load-displacement curves, are plotted in Fig. 5.9. Two 𝛽 grains with relatively coarse sizes 

are selected to ensure the experimental results can precisely reflect the intrinsic properties of the 𝛽 

phase without the influence of surrounding 𝛼/𝛽 grain boundaries. Grain 𝛽1 is used to calibrate the 

parameters of the 𝛽 phase and validation is carried out on grain 𝛽2. Six indentations are numbered 

from 1 to 6. Among those, indentations 1 (3) and 2 (4) are tested on the two 𝛽 grains at indentation 

strain rates of 0.05 s−1 and 0.1 s−1, respectively. Indentations 5 and 6 are tested on the soft 𝛼 grain. 

The load-displacement curves of the 𝛽 phase obtained from the nanoindentation tests are faithfully 

reproduced by numerical computations, as shown in Fig. 8(a) and (b). Although the single crystal finite 
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element model cannot precisely reflect the local grain morphology, the distances from indentations to 

grain boundary are sufficiently large such that the influence of grain boundary on load-displacement 

curves is trivial [145]. The mean Young’s modulus of the 𝛽 phase is measured to be 98 GPa since the 

interaction of Fe with interstitial O, referred to Snoek effect, can pronouncedly increase the elastic 

stiffness [141]. According to the micro-pillar compression tests and crystal plasticity modeling 

conducted by Zhang et al. [134], a thickness difference had little effect on the slip properties of the 𝛽 

phase within 𝛼 + 𝛽 colonies. Kapoor et al. [146] also carried out high energy X-ray diffraction (HEXD) 

experiment and CPFE simulation to obtain a set of CPFE parameters independent of 𝛽 phase volume 

for Ti-6Al-4V alloy with bi-modal and globular microstructures. Therefore, the effect of size on 

intrinsic properties of the 𝛽 phase is insignificant within a few microns and the calibrated parameters 

are considered to be adequate for thin intergranular 𝛽  phase, as the 𝛽  laths modeled in the 

polycrystalline aggregate model (Fig. 5.6). 

 

 

Fig. 5.9 SEM micrographs with indentations, related IPF maps of ND, and load-displacement curves 

for nanoindentations of (a) grain 𝛽1, (b) grain 𝛽2. 
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Moreover, the load-displacement curves obtained by nanoindentation tests on the soft 𝛼 grain (Fig. 

5.8(a)) are also predicted by simulations with a sound accuracy, as shown in Fig. 5.10, which 

demonstrates that the material parameters of the 𝛼  phase calibrated by macroscopic responses are 

reasonable. 

 

Fig. 5.10 Load-displacement curves for nanoindentation of the soft 𝛼 grain shown in Fig. 5.9(a). 
 

5.7 Fatigue life and crack initiation mode 

The comparison of the results between dwell fatigue tests with a dwell time of 120 s and normal 

cyclic fatigue tests are summarized in Fig. 5.11(a) [147]. Conspicuous reduced lives can be seen under 

dwell fatigue loading. The dwell fatigue life debit increases from 13.8 at 𝜎𝑚𝑎𝑥 = 538 MPa to around 

30 at 𝜎𝑚𝑎𝑥 = 602 MPa. This trend is identical to previous experimental results that dwell fatigue life 

debit increases with increasing stress levels [23]. Besides, as the dwell time increases from 120 s to 

600 s at 𝜎𝑚𝑎𝑥 = 602 MPa, the dwell fatigue life debit smoothly increases from 30 to 41, as shown in 

Fig. 5.11(b). Therefore, the saturated dwell time of Ti-Fe-O alloy is assumed to be equal to or less than 

120 s at the stress level of 0.95𝜎0.2 [10]. 

The fracture surface of the failed sample under 𝜎𝑚𝑎𝑥 = 538 MPa is illustrated in Fig. 5.12(a) and 

(b). The subsurface crack initiation site is about 40 μm from the surface and demonstrates a planar 

facet. Moreover, a large number of subsurface cavities are observed to form in the intergranular 𝛽 laths 

of the failed sample under 𝜎𝑚𝑎𝑥 = 602 MPa, as shown in Fig. 5.13(a)-(d). It should be mentioned that 
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although the two hard 𝛼 grains are respectively tilted 53° (Fig. 5.13(b)) and 24° (Fig. 5.13(d)) from 

loading direction and result in high basal SF, the onset of plastic slip is still difficult concerning the 

high CRSS of basal slip and low prismatic SF. According to Fig. 5.13(a) and (c), both quasi-crack 

cavities (C1 and C5) are within the hard-soft grain combination and nearly perpendicular to the loading 

direction. In particular, only the cavities (C1, C5) initiated in the intergranular 𝛽 laths of hard-soft 

grain combination can propagate into neighboring 𝛼 grains and form a quasi-microcrack, while the 

nucleated cavities (C3, C4, C6, and C7) in intergranular 𝛽 laths sandwiched between two soft 𝛼 grains 

cannot break the 𝛼/𝛽 interface and grow along the direction normal to the external load. Therefore, 

the intergranular 𝛽 phase is likely to play an important role in dwell fatigue behavior at high stress 

state and the influence will be discussed in the following sections. 

 

  
(a) (b) 

Fig. 5.11 (a) Fatigue experimental results of dwell fatigue tests and normal cyclic fatigue tests. The 

normal cyclic fatigue life data can be found in [147], (b) relationship between cycles to failure and 

dwell time. 
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Fig. 5.12 Fracture surface of the failed sample at 𝜎𝑚𝑎𝑥 = 538 MPa: (a) low magnification (encircled 

region indicates the fatigue crack initiation site) (b) high magnification of crack initiation site with 

facet. 
 

 
Fig. 5.13 Subsurface cavity nucleation in the intergranular 𝛽 phase (light region) near two hard-soft 

grain combinations (dark region): (a) and (c) SEM images, encircled regions indicate the cavities, (b) 

and (d) corresponding IPF maps of RD. 
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5.8 Influence of intergranular 𝜷 phase on dwell fatigue 

Experimental studies in the literature generally adopt a dislocation pile-up model proposed by Stroh 

to explicate the basal facet nucleation under dwell fatigue loading [37]. This analytical model has been 

verified by crystal plasticity modeling of Hasija et al. [38], in which the cold creep of soft grains 

induces stress concentration at the hard-soft grain boundaries during the dwell time, as shown in the 

simulated stress 𝜎𝑦𝑦  and strain 휀𝑦𝑦  contours in Fig. 5.14(a) and (b). The increased grain boundary 

stress 𝜎𝑦𝑦 at the dwell end in turn causes early quasi-cleavage fracture on the basal plane of the hard 

grain with normal parallel to the loading direction, as shown in Fig. 5.14(c). However, the intergranular 

𝛽  phase tends to alter the time-dependent dislocation pile-ups at soft-hard grain boundaries in 

consideration of the slip transfer at the 𝛼/𝛽  interface (Fig. 5.15(a)), especially for the globular 𝛼 

microstructure that demonstrates no exact orientation relationship between the 𝛼  and 𝛽  phases, as 

illustrated in Fig. 5.15(b). Thus, the effect of the intergranular 𝛽 phase on the dwell fatigue behaviors 

of Ti-Fe-O alloy is numerically characterized in the following sections. 

 

 

Fig. 5.14 Simulated (a) stress and (b) strain contours within the hard-soft grain combination at the 

beginning and end of the dwell time for the pure α model in Fig. 4, and (c) stress redistribution along 

the path 𝐴 − 𝐴′. 
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Fig. 5.15 (a) IPF map of the RD related to a hard-soft grain combination with the intergranular 𝛽 lath 

in Ti-Fe-O alloy, (b) (0001)𝛼/{110}𝛽  and ⟨112̅0⟩𝛼/⟨111⟩𝛽  pole figures of the hard-soft grain 

combination. Red, blue, and yellow dots represent the orientations for the hard 𝛼 , soft 𝛼  and 

intergranular 𝛽 lath, respectively. 
 

5.8.1 Slip transfer at the 𝜶/𝜷 interface 

In previous research, various parameters have been proposed to assess the ease of slip transfer at 

grain boundaries. A geometrical compatibility factor 𝑚′, developed by Luster and Morris [148], is 

repeatedly employed: 

𝑚′ = 𝑐𝑜𝑠𝜑 ∙ 𝑐𝑜𝑠𝜅 (5.10) 

where 𝜑 is the angle between the normal factors of the incoming slip plane and the outgoing slip plane, 

𝜅 is the angle between incoming and outgoing Burgers vectors, as shown in Fig. 5.16. The 𝑚′ factor 

ranges from 0 to 1, and the larger the value of 𝑚′ is, the easier slip can traverse grain boundaries. 

Besides, the slip transfer also requires a high resolved shear stress on the outgoing slip system. 
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Fig. 5.16 Geometrical relationship of the slip transfer. 
 

On the basis of the aforementioned discussions, five cases are embedded in the soft 𝛼-𝛽-hard 𝛼 

grain combination with a thick 𝛽  lath (Fig. 5.6(a)), as presented in Fig. 5.17. For all cases, the 

orientations of the soft and hard 𝛼 grains remain constant, whereas different Bunge Euler angles are 

given to the sandwiched 𝛽  lath. As a result, the 𝑚′  factor, which represents the geometrical 

compatibility between the prismatic slip (SF=0.5) in soft 𝛼 grain and the < 111 > slip with the highest 

value of SF in the 𝛽 lath, lies from 0.11 to 1. The maximum SF of the < 111 > slip is set to 0.5 to 

ensure the occurrence of plastic shear in the 𝛽 lath and the dominant position of the given slip system 

on creep deformation in the 𝛽 lath. The influence of lattice rotation on the SF during creep deformation 

is ignored because the strain level is low. Concerning the narrow slip length in the 𝛽 lath and high 

CRSS for the < 111 > slip, the dislocations transmitted from soft 𝛼 grain presumably dominate the 

dislocation pile-ups at hard 𝛼-𝛽 boundary rather than those nucleate in the 𝛽 lath. Therefore, this study 

mainly focuses on the impact of slip transfer at the 𝛼/𝛽  interface (i.e., 𝑚′  factor) on stress 

redistribution mechanisms, while the dislocation nucleated in 𝛽 lath is ignored. 
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Fig. 5.17 (a-e) 𝛼 -𝛽 -𝛼  grain pair with different orientation relationships. The 𝑚′  factor represents 

geometrical compatibility between the prismatic slip (SF = 0.5) and ⟨111⟩ slip with the highest SF. 
 

 

Fig. 5.18 (a-e) Stress redistribution along the path 𝐵 − 𝐵′ for five cases with 𝑚′ factor ranging from 

0.11 to 1. The green dash-dotted line indicates the value of the peak stress after the stress dwell for the 

pure 𝛼 structure. 
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The simulated results of stress redistribution along the path 𝐵 − 𝐵′ are plotted in Fig. 5.18. The 

green dash-dotted line depicts the value of the peak stress after the stress dwell for the pure 𝛼 structure. 

Compared to the results of the pure 𝛼 structure, the stress distributions at the dwell beginning exhibit 

subtle differences for the five cases, however, the peak stress 𝜎𝑦𝑦 in the hard 𝛼 grain decreases at the 

dwell end since the insertion of the 𝛽  lath can interrupt continuous slip, thereby reducing the 

dislocation pile-ups at the hard 𝛼-𝛽 boundary. By contrast, the rise of stress at the soft 𝛼-𝛽 boundary 

is notably greater at the dwell end than that at the dwell beginning. Zhang et al. [134] have reported 

similar stress differences in stress relaxation tests for Ti-6242 since the 𝛽 phase is more rate sensitive 

than the 𝛼 phase. However, the effect of the CRSS difference between the < 𝑎 > slip and < 111 > 

slip on stress redistribution is ignored. Considering the CRSS of the < 111 > slip in the 𝛽 phase is 

higher than that of the prismatic slip in Ti-Fe-O alloy, the stress concentration in the 𝛽 lath may also 

be attributed to dislocation pile-ups at grain boundaries when the slip transfers from low-CRSS slip 

systems to high-CRSS slip systems [149],[150]. Given that this CRSS relationship also exists in 

commercial titanium alloys such as Ti-6242, Ti-6Al-4V, and IM834, the stress redistribution between 

soft 𝛼 grains and 𝛽 laths is likely to emerge in a wide range of 𝛼 + 𝛽 titanium alloys with equiaxed 

microstructure [6]. 

In addition, the 𝜎𝑦𝑦 at the soft 𝛼-𝛽 boundary reduces by 9.4% (from 731 MPa to 662 MPa) with 

greater 𝑚′ factor, whereas the peak stress at the hard 𝛼-𝛽 boundary increases by 4.7% (from 782 MPa 

to 819 MPa), as shown in Fig. 5.19. As the 𝑚′ factor increases, the resistance of slip transfer at the soft 

𝛼-𝛽 boundary diminishes and the stress concentration in the 𝛽 lath is inhibited due to lower dislocation 

pile-ups in adjacent soft 𝛼 grain. Meanwhile, smoother slip transmission accelerates the dislocation 

pile-ups at the hard 𝛼-𝛽 boundary and promotes the stress change during the stress-hold period. It is 

also interesting to note that the change in peak stress 𝜎𝑦𝑦 at the soft 𝛼-𝛽 boundary is more sensitive to 

the 𝑚′ factor than that at the hard 𝛼-𝛽 boundary. 

The abovementioned numerical results keep consistent with previous CPFE predictions reported by 

Hamid et al. [151] that slip transmission across grain boundaries is easier when the misorientation 

angle between adjacent grains is small. Additionally, the geometrical compatibility between the 𝛽 lath 

and abutting soft 𝛼 grain is confirmed to significantly affect the stress redistribution process during 

the dwell time. Therefore, the orientation relationship between the 𝛽 lath and the two 𝛼 neighbors in 

Ti-Fe-O alloy should be characterized. To this end, the angles between the slip plane normal (𝜑) and 
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slip direction (𝜅) of most active slip systems within 28 contiguous 𝛼/𝛽 grain pairs (i.e., 56 𝛼/𝛽 grain 

boundaries) are counted in Fig. 5.20(a)-(c) via EBSD angular calculation. These statistics suggest that 

over 50% of the {101̅0}𝛼/{110}𝛽 and {101̅0}𝛼/{112}𝛽  planar misorientation angles exceed 60° . 

Likewise, 53% of the ⟨112̅0⟩𝛼/⟨111⟩𝛽 direction misorientation angles are greater than 60°. Due to 

that the prismatic and ⟨111⟩ slips are respectively primary deformation modes in the 𝛼 and 𝛽 phase, 

these misorientation distributions are prone to result in 𝛼/𝛽 grain boundaries with low geometrical 

compatibility (low 𝑚′ factor). These conditions resemble the description in case 1 (Fig. 5.17(a)), which 

promotes dislocation pile-ups at the 𝛼/𝛽 interfaces under dwell fatigue loading. 

 

 

Fig. 5.19 Relationship between the peak stress and 𝑚′ factor at dwell end. 
 

 

Fig. 5.20 Misorientation angle distribution between (a) {101̅0}𝛼and {110}𝛽 planes, (b) {101̅0}𝛼and 

{112}𝛽 planes, (c) ⟨112̅0⟩𝛼and ⟨111⟩𝛽 directions at 𝛼/𝛽 interfaces. 

 



Chapter 5: Role of intergranular 𝛽 phase in dwell fatigue crack initiation in Ti-Fe-O alloy 

86 
 

5.8.2 𝜷 lath thickness 

The stress redistribution between hard primary 𝛼 grains and soft basketweaves with different 𝛽 lath 

thicknesses has been evaluated by Zhang et al. [49] and their results reveal that the 𝛽 lath thickness 

plays a less important role in inhibiting mobile dislocations than multiple 𝛼 variants. Motivated by the 

investigation concerning the morphological features, the influence of the intergranular 𝛽 lath thickness 

on the stress redistribution is examined in this section utilizing models illustrated in Fig. 5.6. 

In line with the EBSD measurement, the orientation relationship in case 1 (Fig. 5.17(a)) is adopted 

for the following simulations because it represents the most universal condition in Ti-Fe-O alloy. The 

stress redistribution process along the path 𝐵 − 𝐵′ is plotted in Fig. 5.21(a) for the thin 𝛽 lath. The 

magnitude of the stress change, ∆𝜎𝑦𝑦, is compared with counterparts of the thick 𝛽 lath and pure 𝛼 

cases, as depicted in Fig. 5.21(b). The comparison reveals that the redistribution of stress from soft to 

hard 𝛼 grain is more inhibited by the thick 𝛽 lath since sliding dislocations can be halted by more 

pinning points and the dislocation pile-ups at the hard 𝛼-𝛽 boundary are reduced.  

 

 

Fig. 5.21 (a) Stress redistribution along the path 𝐵 − 𝐵′ for the thin lath, (b) histogram of the stress 

change at the grain boundaries for three microstructural morphologies. The green dash-dotted line 

indicates the value of the peak stress after the stress dwell for the pure 𝛼 structure. 
 

The peak stress at the soft 𝛼-𝛽 boundary is higher in the thin 𝛽 lath than in the thick one, which may 

be attributed to the strong restriction of hard 𝛼 grain upon the overall creep deformation of the thin 𝛽 
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lath, as shown in Fig. 5.22. The accumulated strain in the thick 𝛽 lath is markedly larger than that in 

the thin one at the dwell end. The strain incompatibility between the soft 𝛼  grain and 𝛽  lath 

consequently generates higher grain boundary stress [152]. Additionally, the size-dependent effect with 

respect to GND accumulation is also involved in local hardening behaviors at a small scale (< 10μm) 

[88]. Thus, the effective density of GNDs along the path 𝐵 − 𝐵′ after the dwell period is plotted in Fig. 

5.23. The simulated results demonstrate the concentration of GNDs in the 𝛽 lath, which is consistent 

with the predictions of Ashton et al. [46]. The decrease in the 𝛽 lath thickness results in steeper strain 

gradient and higher effective density of GNDs. Since GNDs can act as obstacles that impede the 

motion of SSDs and cause work hardening at the grain boundaries, the stresses in the thin 𝛽 lath and 

adjacent hard 𝛼 grain increase from 731 MPa (781 MPa) to 758 MPa (816 MPa) compared to those in 

the thick one. It should be mentioned that lengthscale-dependent slip transfer mechanisms at the 𝛼/𝛽 

interface have been reported in recent experimental study [150]. According to related observations, the 

slip from the 𝛼 phase is inclined to transmit to the slip plane of the 𝛽 phase that is almost parallel to 

the incoming plane when the 𝛽 lath is relatively thin, whereas the slip tends to transfer to the slip 

system of the 𝛽 phase with the highest SF when the 𝛽 lath thickens. To describe the effect of this slip 

system selection mechanism on the dwell fatigue in 𝛼 + 𝛽 titanium alloys, a more integrated crystal 

plasticity modeling is required. 

In summary, thick intergranular 𝛽 laths can reduce the dwell fatigue sensitivity of 𝛼 + 𝛽 titanium 

alloys with globular microstructure. Therefore, the reduction of dwell fatigue life debit from Ti-6242 

to Ti-6246 with equiaxed structure is not just connected with the disappearance of macrozones and 

smaller 𝛼 grain size, the larger volume fraction of the 𝛽 phase also plays a crucial role although a high 

Mo content in the 𝛼 phase is insufficient to prevent vacancy diffusion induced by the cold creep of soft 

𝛼 grains [66]. 
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Fig. 5.22 Strain contours within two intergranular 𝛽 laths at the dwell end. 
 

 

Fig. 5.23 Distribution of the effective density of GNDs along the path 𝐵 − 𝐵′ at the dwell end for the 

(a) thick 𝛽 lath, (b) thin 𝛽 lath. 
 

5.8.3 Maximum stress 

In general, early nucleation of basal facets is widely accepted to cause a visible reduction in the time 

to fracture of titanium alloys under dwell fatigue loading. However, the dwell fatigue fracture 

mechanism has been reported to convert from facet nucleation to cavity nucleation and coalescence 

within 𝛼 + 𝛽 colonies in Ti-6242 when the maximum stress is comparatively high (𝜎𝑚𝑎𝑥 > 0.92𝜎0.2) 
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[153]. Cavity nucleation is induced by dislocation pile-ups at 𝛼/𝛽 interfaces even though the BOR 

relationship is satisfied in the 𝛼 + 𝛽 colonies. Similarly, the quasi-crack cavities within the 𝛽 laths 

aligned in the loading direction have been identified in Ti-Fe-O alloy (Fig. 5.13) because of the low 

geometrical compatibility at the 𝛼/𝛽  interface, and more dislocation pile-ups induced by high 

𝐶𝑅𝑆𝑆<111>/𝐶𝑅𝑆𝑆𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐 ratio . Inspired by prior works, the influence of the maximum stress on the 

micromechanical response of the intergranular 𝛽 phase within a hard-soft grain combination is further 

studied. 

Like the previous section, case 1 with a thick 𝛽 lath is applied for the crystal plasticity simulation, 

whilst the maximum stress declines to 538 MPa (0.85𝜎0.2 at the strain rate of 8.3 × 10−4 s−1). Fig. 

5.24 shows the stress redistribution along the path 𝐵 − 𝐵′. Compared to the high stress condition, the 

stress change at the soft 𝛼-𝛽 boundary decreases from 178 MPa to 89 MPa. The stress increase at the 

hard 𝛼-𝛽 boundary drops from 127 MPa to 72 MPa. The peak stress at the soft 𝛼-𝛽 boundary is 89% 

of that in the hard 𝛼 grain, which is smaller than the value (95%) at high stress level. The simulated 

result indicates that higher stress levels can induce more dislocation pile-ups and stress increase at the 

soft 𝛼-𝛽 boundary. The increased stress 𝜎𝑦𝑦 contributes to the opening stress, which is required for the 

cavity nucleation in the intergranular 𝛽 lath parallel to the principal load. 

 

 

Fig. 5.24 Stress redistribution along the path 𝐵 − 𝐵′ at a maximum stress level of 538 MPa. 
 

Based on the aforementioned numerical predictions at high stress level, the competing mode for 

crack initiation from basal planes and cavities in the 𝛽 lath should be considered to comprehensively 
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predict the dwell fatigue life of not only near- 𝛼 Ti-Fe-O alloy but 𝛼/𝛽 titanium alloy with globular 

structure. For crack initiation from basal facets, the relationship between a proposed effective traction 

on the basal plane and dislocation density evolution at the soft-hard grain boundary has been 

constructed to predict the facet nucleation life in an equiaxed structure Ti-6242 alloy [155]. As for the 

initiation of cracks from cavities in the 𝛽 lath, the number of dislocations has been adopted as a fatigue 

indicator parameter (FIP) to predict the cavity nucleation in Ti-6242 alloy with lamellar structure using 

discrete dislocation dynamics, but the opening stress is not taken into consideration [153]. Following 

our predicted stress distribution at the dwell end, the opening stress for cavity nucleation in 𝛽 lath is 

closer to the peak stress in hard 𝛼 grain at high stress level. To precisely predict the dwell fatigue crack 

initiation life for Ti-Fe-O alloy, deduction of a unified FIP available for predicting facet/cavity 

nucleation and further experimental validation should be carried out to characterize the competing 

failure modes in the future. 

5.9 Summary 

The influence of phase on local deformation in the globular grain structure of Ti-Fe-O alloy during 

dwell fatigue loading is comprehensively studied in this chapter.. The results are summarized as 

follows: 

1. The crystal plasticity parameters of 𝛽  phase in Ti-Fe-O alloy are determined using 

nanoindentation tests and crystal plasticity modeling. The slip strength of the 𝛽 phase is higher 

than that of the prismatic slip in 𝛼 phase due to the significant solid solution strengthening of 

Fe. Reasonable agreements are achieved in predicting the experimental load-displacement, 

stress-strain, and stress relaxation curves. 

2. The presence of intergranular 𝛽 lath within the hard-soft grain combination inhibits the stress 

redistribution from the soft to hard 𝛼  grain. A soft 𝛼 -𝛽  boundary with low geometrical 

compatibility promotes increased stress in the 𝛽 lath and further releases the stress concentration 

in the hard grain during the dwell period. 

3. The increase of intergranular 𝛽  lath thickness is beneficial for reducing the dwell fatigue 

sensitivity of the 𝛼 + 𝛽 titanium alloys with globular microstructure. Thus, the diminishment of 

dwell fatigue life debit in Ti-6246 is partly attributed to the high volume fraction of the 𝛽 phase. 
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4. Relatively high opening stress for cavity nucleation is developed in the intergranular 𝛽  lath 

within the hard-soft grain combination at high stress state, which may result in two competing 

premature fracture modes, i.e., basal facet nucleation in the hard 𝛼 grain and cavity nucleation 

in the 𝛽 lath. 

The current crystal plasticity predictions concerning stress redistribution can be extended to a 

diversity of 𝛼 + 𝛽 titanium alloys having globular microstructure. 
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6. Investigation of temperature-sensitive dwell fatigue in Ti-6Al-4V titanium alloy for an aero-

engine fan disc 

6.1 Introduction 

In this chapter, the effect of temperature on the dwell fatigue behavior of Ti-6Al-4V alloy is 

numerically investigated to address the dwell fatigue sensitivity of an aero-engine fan disc in operation. 

Firstly, temperature-dependent crystal plasticity parameters of the 𝛼 phase are calibrated from a series 

of tensile and creep tests at ambient and intermediate temperatures ranging from 293 K to 664 K. Then, 

the relationship between the strain rate sensitivity of a single 𝛼  crystal in Ti-6Al-4V alloy and 

temperature is analytically established. Based on this relationship, a polycrystalline aggregate model 

is generated to predict the stress redistribution within the hard-soft grain combination and assess the 

effect of temperature on dwell fatigue sensitivity. Furthermore, structural analysis of a Ti-6Al-4V 

three-web fan disc is performed under two operating conditions, i.e., takeoff and cruise phases. The 

results are applied to determine the roles of temperature, loading state, and macrozone morphology in 

local stress redistribution and dwell facet nucleation under the service environment. 

6.2 Elastoplastic parameter identification for Ti-6Al-4V alloy 

The material of this chapter is a mill-annealed Ti-6Al-4V rolled plate with elongated primary 𝛼 

grains and transformed 𝛽 phase at the 𝛼 grain boundaries, which satisfies the AMS 4911 specification 

[156],[157]. The cylindrical samples were machined parallel to the rolling direction (RD) of the plate 

[156]. Quasi-static tensile tests were carried out under two strain rates ( 6 × 10−7 𝑠−1  and 

1 × 10−3 𝑠−1) at 293 K, 473 K and 664 K. The constant load creep tests were performed at 293 K with 

creep stresses of 690 MPa and 621 MPa, at 589 K with a creep stress of 587 MPa, and at 664 K with 

a creep stress of 345 MPa, respectively [157]. 

As the effect of 𝛽 phase on macroscopic responses can be neglected owing to the minor volume 

fraction for the tested Ti-6Al-4V alloy [158], a RVE comprising 200 elongated 𝛼 grains is generated 

using Neper [159] to produce numerical stress-strain and strain-time curves, as shown in Fig. 6.1(a). 

The 50 μm × 50 μm × 50 μm RVE model is meshed by 39304 C3D8 fully integrated solid elements. 
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Although the hexahedron element cannot sketch smooth grain boundaries, its influence on 

macroscopic responses has been proved to be negligible [160]. The x, y, and z directions represent 

transverse direction (TD), RD, and normal direction (ND), respectively. The normal displacements of 

the left, bottom, and back surfaces are fixed to eliminate the rigid body movements. Uniform 

displacement is imposed on the top surface along the RD for tensile simulation, while a surface load 

is held to initiate creep after reaching the experimental stress level. The pole figures of the initial 

crystallographic orientations for the RVE, which exhibit a typical transverse texture with basal poles 

perpendicular to the RD, are visualized by the MTEX-5.7.0 toolbox in MATLAB, as illustrated in Fig. 

6.1(b). Concerning that former studies usually applied random-textured RVE to calibrate the crystal 

plasticity parameters [63],[158], a random orientation distribution is also generated in this study to 

evaluate the effect of texture on parameter identification, as shown in Fig. 6.1(c). 

The temperature-dependent anisotropic stiffness constants of 𝛼  phase [71],[161], together with 

Young’s modulus 𝐸 and shear modulus 𝐺 [157] of the bulk material, are plotted in Fig. 6.2. The linear 

relations are as follows: 

𝐶11 = 183.860 − 0.075𝑇 

𝐶22 = 194.971 − 0.051𝑇 

𝐶12 = 103.432 − 0.040𝑇 

𝐶13 = 69.777 − 0.003𝑇 

𝐶44 = 52.056 − 0.019𝑇 

𝐸 = 129.099 − 0.051𝑇 

𝐺 = 48.171 − 0.019𝑇 (6.1)  

Note that the unit of temperature is Kelvin, and that of the modulus is GPa. 

For the slip properties in Eq. (3.14) that are assumed to be athermal, the mobile dislocation density 

is 𝜌𝑚 = 5 μm−2 [162], Burgers vectors are 𝑏<𝑎> = 2.95 × 10−4 μm for <a> type slips and 𝑏<𝑐+𝑎> =

4.68 × 10−4 μm  for <c+a> type slips, Debye frequency is 𝜈𝐷 = 1 × 1011 Hz  [158], whereas the 

thermal activation energy ∆𝐹  and activation volume ∆𝑉  affecting the rate-dependence of slip are 

determined via calibration. As for the CRSS relationships in the 𝛼  phase, the prismatic slip is the 

easiest to be activated [6]. The CRSS ratios of basal, pyramidal <a> slip to prismatic slip are taken as 

1.125 and 1.3, respectively [158],[163]. In accordance with the single crystal compression tests 

conducted by Williams et al. [20], the CRSS value of pyramidal <c+a> slip is the highest, and the 
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CRSS ratio between pyramidal <c+a> and prismatic slip decreases dramatically with rising 

temperature. Based on the aforementioned literature, the CRSS rank of the 𝛼 phase in ascending order 

is prismatic, basal, pyramidal <a> and pyramidal <c+a> slip. The strain-hardening parameters in Eq. 

(3.17) are calibrated using curve fitting. 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 6.1 (a) RVE model containing 200 elongated 𝛼  grains and boundary conditions, initial 

crystallographic orientations for the RVE with (b) transverse texture, and (c) random texture. 
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Fig. 6.2 Temperature-dependent elastic stiffness constants for 𝛼 phase, and Young’s modulus, shear 

modulus for polycrystalline Ti-6Al-4V alloy. 
 

A comparison between the experimental results obtained from the report of NASA [157] and the 

parallel crystal plasticity predictions in this study are plotted in Fig. 6.3(a-b). The responses of the 

RVE model basically match the experimental results. It should be noted that RVE with random texture 

provides higher yield strength and lower strain hardening than that with transverse texture under a 

strain rate of 1 × 10−3 𝑠−1 at 293 K, as shown in Fig. 6.3(c). Thus, a RVE with representative texture 

is of great importance to extract the reliable crystal plasticity parameters. The resulting temperature-

dependent CRSS values for prismatic <a>, pyramidal <c+a> slip systems, and 0.2% proof stress at a 

strain rate of 1 × 10−3 𝑠−1, are illustrated in Fig. 6.4(a). The relationships are fitted using second-

order polynomials as follows: 

𝜏0
𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐 = 602.763 − 1.073𝑇 + 7.406 × 10−4𝑇2 

𝜏0
𝑝𝑦𝑟 <𝑐+𝑎>

= 2010.163 − 3.943𝑇 + 0.239 × 10−2𝑇2 

𝜎0.2 = 1655.750 − 3.206𝑇 + 0.239 × 10−2𝑇2 (6.2) 

The initial CRSS ratio of pyramidal <c+a> to prismatic slip is 3.01 at 293 K and decreases to 2.09 at 

664 K. The temperature-dependent ∆𝐹 and ∆𝑉 are given in Fig. 6.4(b) and calculated by 

∆𝐹 = 0.009 + 1.410 × 10−3𝑇 

∆𝑉 = 24.093 − 0.015𝑇 + 8.479 × 10−5𝑇2 (6.3) 
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(a) (b) 

 
(c) 

Fig. 6.3 Macroscopic responses obtained from (a) quasi-static tensile, (b) constant load creep tests [157] 

and accompanying simulations, and (c) comparison between stress-strain curves of RVE with different 

textures under a strain rate of 1 × 10−3 𝑠−1 at 293 K. 
 

where ∆𝐹 takes the unit of eV and the unit of ∆𝑉 is 𝑏3. The fitted relations align with the results of 

Xiong et al. [43] and Conrad [164] that the ∆𝐹 for 𝛼-titanium is proportional to temperature when 𝑇 <

0.4𝑇𝑚  and ∆𝑉  is an increasing function of ∆𝐹  ranging from 8𝑏3  to 80𝑏3  due to the kink-pair 

mechanism. Moreover, the calibrated activation volume of slip systems in Ti-6Al-4V is greater than 

that of near-𝛼 Ti6242 alloy at RT [65]. Given the inverse relationship between the activation volume 

and SRS, Ti-6Al-4V alloy is less rate-sensitive than Ti-6242 alloy at RT, which results in alleviated 

cold creep and stress redistribution in Ti-6Al-4V alloy during dwell fatigue. This agrees with the 
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experimental results at RT that the dwell life debit in Ti-6Al-4V alloy is only 2-3 while the Ti-6242 

alloy endures a dwell life debit of more than 10 under the same stress of 0.9𝜎𝑦  [69]. Hence, the 

determined parameters are validated to be reasonable. Besides, the strain hardening parameters in Eq. 

(3.17) are listed in Table 6.1. A single set of initial hardening modulus is employed because the work 

hardening in Ti-6Al-4V alloy exhibits trivial differences below 773 K [165]. The latent hardening 

constant is assumed to be 𝑞 = 1 and the empirical coefficient in Eq. (3.22) is 𝛼𝑇 = 0.4 [92]. 

 

  
(a) (b) 

Fig. 6.4 (a) Temperature-dependent initial CRSS of active slip systems in 𝛼 phase and 0.2% proof 

stress at the strain rate of 1 × 10−3 s−1 , and (b) temperature-dependent activation energy and 

activation volume. 
 

Table 6.1 Strain hardening parameters for slip systems of 𝛼 phase, in MPa. 

 Basal <a> Prismatic <a> Pyr. <a> 1st Pyr. <c+a> 2nd Pyr. <c+a> 

ℎ0 100 100 150 200 200 

𝜏∞ 𝜏0
𝑏𝑎𝑠𝑎𝑙 + 210 𝜏0

𝑝𝑟𝑖𝑠𝑚 + 225 𝜏0
𝑝𝑦𝑟<𝑎>

+ 260 𝜏0
𝑝𝑦𝑟 <𝑐+𝑎>

+ 288 𝜏0
𝑝𝑦𝑟 <𝑐+𝑎>

+ 288 

 

6.3 Temperature-dependent strain rate sensitivity 

Dwell fatigue tests from previous work suggest that a combination of high SRS and low strain 

hardening leads to large macroscopic strain accumulation in IMI834 alloy in the temperature range of 
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293 K to 513 K [67]. To further understand the creep behavior and temperature sensitivity of dwell 

fatigue at the grain scale, the relationship between the rate-dependent characteristic of individual slip 

systems and the SRS should be established. To this end, the conventional SRS exponent 𝑚  (𝑚 =

𝑑𝑙𝑛𝜎

𝑑𝑙𝑛�̇�
|�̇�,𝑇, where 𝜎 is the flow stress at a constant strain rate and temperature, 휀̇ is the strain rate) for a 

single crystalline 𝛼-titanium is rederived following a prior study [166], 

𝑚 =
𝑑𝑙𝑛𝜎

𝑑𝑙𝑛휀̇
=

𝜓

√1 + 𝜓2[sinh−1𝜓 + 𝜒𝜏𝑐
𝑖 ]

=

sinh [
(𝜏𝑖 − 𝜏𝑐

𝑖)∆𝑉
𝑘𝑇

]

√1 + sinh2 [
(𝜏𝑖 − 𝜏𝑐

𝑖)∆𝑉
𝑘𝑇

]

𝑘𝑇

𝜏𝑖∆𝑉
(6.4) 

where 𝜓 =
�̇�

𝜉
= sinh (

(𝜏𝑖−𝜏𝑐
𝑖 )∆𝑉

𝑘𝑇
) , 𝜉 = 𝜌𝑚𝜈𝐷(𝑏𝑖)2 exp (−

Δ𝐹

𝑘𝑇
) 𝑆𝐹𝑖 , 𝑆𝐹𝑖  is the Schmid factor of a slip 

system describing the influences of crystal orientation and loading direction on the SRS exponent value, 

and 𝜒 =
Δ𝑉

𝑘𝑇
. 

Using the identified crystal plasticity parameters for 𝛼 phase of Ti-6Al-4V alloy and Eq. (6.4), the 

effect of temperature and rate-dependent slip properties on the SRS exponent, 𝑚, can be estimated for 

an 𝛼  single crystal (grain) in Ti-6Al-4V alloy. Since the highly accumulated strain in soft grains 

induced by creep dwell enhances the magnitude of the redistributed stress on neighboring hard grains 

and causes earlier quasi-cleavage fracture on the basal planes, this study focuses on soft grains rather 

than hard grains. Although both the activations of prismatic and basal slips in soft grains are likely to 

trigger stress redistribution [49], a soft grain orientated for prismatic slip is modeled here because the 

transmission electron microscopy (TEM) observations conducted by Joseph et al. [167] indicates that 

only <a>-prismatic dislocation pile-ups in the soft grain can promote the nucleation of <a>-basal 

dislocations in the adjacent hard grain, which is necessary for dwell facet formation. Provided a single 

soft grain with prismatic Schmid factor of 0.5 in Ti-6Al-4V alloy is subjected to the uniaxial tensile 

load under a strain rate of 1 × 10−3 𝑠−1, similar to the tension-tension dwell fatigue loading condition, 

and experiences temperatures ranging from 293 K to 664 K (293 K, 393 K, 473 K, and 664 K), the 

relationship between the slip-based rate sensitive parameters (i.e., activation energy ∆𝐹 and activation 

volume ∆𝑉) and SRS exponent in Eq. (6.4), is depicted at different temperatures, as detailed in Fig. 

6.5(a-d). The ranges of activation energy ∆𝐹 and activation volume ∆𝑉 are respectively taken from 0.1 

eV to 1 eV and 1𝑏3 to 50𝑏3 in order to cover the regime in Fig. 6.4(b). It should be noted that plastic 
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shear of the soft grain is assumed to be solely dominated by the given prismatic slip, and the 

dislocation-based work hardening is ignored (i.e., 𝜏𝑐
𝑖  in Eq. (6.4) is the initial CRSS) because of the 

low initial hardening modulus, as listed in Table 6.1. 

 

  
(a) (b) 

  
(c) (d) 

Fig. 6.5 Variation of strain rate sensitivity exponent 𝑚 resulting from different activation energy ∆𝐹 

and activation volume ∆𝑉 at temperatures of (a) 293 K, (b) 393 K, (c) 473 K, and (d) 664 K. The red 

circle with white edge indicates the location of the soft grain in Ti-6Al-4V alloy, as shown in Fig. 

6.5(a). 
 

In Fig. 6.5(a-d), the peak of the SRS exponent, 𝑚 , increases from 0.29 to 0.51 with rising 

temperature, and the corresponding location changes from low activation energies to high. The position 
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of the SRS peak lies where the (𝜏𝑖 − 𝜏𝑐
𝑖)∆𝑉 and 𝑘𝑇 have competitive values, as shown in Fig. 6.5(a). 

When (𝜏𝑖 − 𝜏𝑐
𝑖)∆𝑉 ≫ 𝑘𝑇 (high stress), the SRS is dominated by 𝜏

𝑖∆𝑉

𝑘𝑇
. However, when (𝜏𝑖 − 𝜏𝑐

𝑖)∆𝑉 ≪

𝑘𝑇  (low stress), the SRS is governed by 𝜏𝑐
𝑖

𝜏𝑖  [168]. According to Eq. (3.14), the ratio between 

(𝜏𝑖 − 𝜏𝑐
𝑖)∆𝑉  and 𝑘𝑇  is (𝜏

𝑖−𝜏𝑐
𝑖 )∆𝑉

𝑘𝑇
= sinh−1[

�̇�

𝜌𝑚𝜈𝐷exp (−
∆𝐹

𝑘𝑇
)
] . Thus, the SRS peak slides toward high 

activation energy as the temperature increases. Within the high-stress region, the SRS exponent 

maintains the maximum value at the lowest activation volume of 1𝑏3 throughout the temperature range. 

A relatively steep decline of the SRS exponent occurs when the activation volume is approximately 

below 10𝑏3 and the gradient thereafter becomes smoother. Besides, the red circle with a white edge 

denotes the site for the soft 𝛼 grain orientated for prismatic slip in Ti-6Al-4V alloy. From Fig. 6.5(a) 

and (b), it can be observed that the circle is located in the vicinity of the SRS peak for the given 

activation volume. This results in a rate-sensitive soft grain at low temperatures, which generates a 

large slip accumulation during the dwell period. However, the SRS peak shifts faster than the 

increasing rate of activation energy with temperature, and the circle gradually drops into the low-stress 

region, as shown in Fig. 6.5(c) and (d). As a result, the SRS of the soft grain vanishes at intermediate 

temperatures. 

Based on the above discussion, it is obvious that the evolutions of activation energy and activation 

volume with temperature have a great impact on the SRS and creep capability of the soft grain. Here, 

we compared the SRS of the prismatic slip-orientated soft grain with and without consideration of the 

evolutions of activation energy and activation volume, as plotted in Fig. 6.6. For the condition that 

activation energy and activation volume are temperature-independent, the values at 293 K are 

employed according to the assumption made by Zhang et al. [166] that the activation energy and 

volume vary to a small extent with temperature. As shown by the dash-dotted line in Fig. 6.6, the SRS 

exponent increases from 293 K and reaches the peak value of 0.024 at 394 K. This result closely 

correlates with the phenomenon that the largest dwell life debit in Ti-6Al alloy emerges at around 393 

K [63]. The disappearance of the dwell life debit at temperatures higher than 503 K can also be linked 

to the fact that the strain rate sensitivity decreases rapidly to a relatively low degree when the 

temperature is beyond 500 K. However, the deviation of the SRS peak occurs when the temperature-

related property of activation energy and activation volume are considered using Eq. (6.3), as indicated 
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by the solid line in Fig. 6.6. Compared to the former condition, the SRS peak shifts from 394 K to 416 

K and the value decreases from 0.024 to 0.022. Besides, the upper limit of the strain rate sensitive 

temperature range extends to nearly 600 K. Therefore, the ignorance of the relationship in Eq. (6.3) 

may result in the misprediction of the location and peak value of the SRS exponent, as well as the 

underestimation of the strain rate sensitive temperature range. 

 
Fig. 6.6 Temperature-dependent strain rate sensitivity of a Ti-6Al-4V soft 𝛼  grain orientated for 

prismatic slip, with a strain rate of 1 × 10−3 𝑠−1 and Schmid factor of 0.5. 

6.4 Effect of temperature on stress redistribution 

The variation of SRS of the prismatic slip-orientated soft grain with temperature alters the time-

dependent dislocation pile-ups at hard-soft grain boundaries during dwell fatigue. As a powerful tool, 

the CPFE method is applied to quantitatively evaluate the magnitude of the pile-up stress and 

determine the dwell fatigue sensitivity. 

A 2D microstructure containing 71 primary 𝛼 grains is extruded along the z-axis using an ABAQUS 

plugin Neper2CAE [169] to develop a quasi-3D polycrystalline aggregate model, as shown in Fig. 

6.7(a). The average grain size in diameter is 6 μm , as estimated by NASA [156]. The 

150 μm × 150 μm × 10 μm model is meshed by 24912 C3D8 elements. The element size is refined 
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within a hard-soft grain combination in the central area to obtain more precise results. Aiming at 

depicting the most detrimental condition for dwell facet nucleation, the intergranular 𝛽 phase is not 

explicitly modeled for the Ti-6Al-4V alloy with globular microstructure since the redistribution of 

stress from the soft to hard 𝛼 grain is inhibited in the presence of the intergranular 𝛽 lath, as stated in 

Chapter 5 [170]. The c-axis of the hard grain is parallel to the loading direction. The soft grain with a 

prismatic Schmid factor of 0.5 is derived from Section 6.3, as shown in Fig. 6.7(b). Line 𝐴 − 𝐵 is a 

path across the hard-soft grain boundary. The crystallographic orientations of the grains surrounding 

the hard-soft grain combination are randomly generated. The normal displacements of the left, bottom, 

and back surfaces are fixed to zero. A dwell fatigue cycle is applied on the top surface with the 

maximum stresses of 0.95𝜎0.2  (at the strain rate of 1 × 10−3 s−1 ) for four different temperatures, 

which are 880 MPa, 748 MPa, 641 MPa, and 555 MPa for 293 K, 416 K (the temperature at which the 

prismatic slip-orientated soft grain exhibits the highest SRS value), 473 K, and 664 K, respectively. 

The duration of the dwell period is 120 s. 

 

 
Fig. 6.7 (a) Polycrystalline aggregate model and assigned boundary conditions, (b) hard-soft grain 

combination at the center area and corresponding Euler angles in Bunge notation (°), and (c) imposed 

dwell fatigue loading cycle with a maximum stress of 0.95𝜎0.2 and dwell time of 120 s. 
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Fig. 6.8 Predicted strain 휀𝑦𝑦 and stress 𝜎𝑦𝑦 contours within the hard-soft grain combination before and 

after the dwell period, and stress redistribution along the path 𝐴 − 𝐵 at (a-c) 293 K, (d-f) 416 K, (g-i) 

473 K, and (j-l) 644 K. 
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The crystal plasticity predictions of the stress and strain distributions within the hard-soft grain 

combination are summarized in Fig. 6.8. At the beginning of the dwell, the stress difference at the 

hard-soft grain boundary is predominantly caused by the elastic anisotropy of HCP 𝛼-titanium. The 

larger directional Young’s modulus along the c-axis generates the stress concentration in the hard grain. 

As shown in Fig. 6.8(c), (f), (i), and (l), the stress difference across the hard-soft grain boundary varies 

slightly with the temperature at the start of dwell time since the ratio of Young’s modulus along the c-

axis to that along the a-axis is nearly temperature-independent [161]. 

The stress redistribution process during the dwell period is derived from the plastic anisotropy of 𝛼 

phase. At low temperatures of 293 K and 416 K, the strain accumulation in the soft grain (Fig. 6.8(a) 

and (d)) aggravates the stress concentration at the hard-soft grain boundary (Fig. 6.8(b) and (e)). A 

potential explication for the occurrence of stress redistribution at low temperatures is proposed by 

Zhang et al. [171]. They suppose that the escape of the activated dislocations from pinning points is 

easier at low temperatures because of the relatively low activation energy and high stress (Fig. 6.5(a) 

and (b)). Thus, the time-dependent dislocation pile-ups can gradually grow at the hard-soft grain 

boundary and cause stress redistribution. On path 𝐴 − 𝐵, the magnitude of stress redistribution at the 

hard-soft grain boundary increases from 127 MPa at 293 K to 154 MPa at 416 K (Fig. 6.8(c) and (f)). 

The increase in stress change can be attributed to the phenomenological relationship that the higher 

SRS of the soft grain at 416 K causes larger strain accumulation and more serious stress redistribution 

than at 293 K, as given in Fig. 6.6, while the physical basis is still under active investigation. 

At intermediate temperatures of 473 K and 664 K, the creep deformation in the soft grain is less 

evident at the end of the dwell time (Fig. 6.8(g) and (j)), and the stress redistribution is relieved 

consequently (Fig. 6.8(h) and (k)). For instance, the maximum redistributed stress at the hard-soft grain 

boundary descends to 72 MPa at 473 K and 17 MPa at 664 K (Fig. 6.8(i) and (l)). One of the possible 

mechanistic bases for the dissipation of stress redistribution is that the gliding dislocations confront 

with fewer obstacles at intermediate temperatures and the dislocation structure attain a steady state 

rapidly (i.e., quick creep saturation after the stress hold begins), and the magnitude of the redistributed 

stress falls to a low level [65]. However, this contradicts the descriptions in Section 3 at intermediate 

temperatures. As shown in Fig. 6.5(c) and (d), the SRS exponent of the prismatic slip-orientated soft 

grain lies in the low-stress region. In this region, the high activation energy barrier and low effective 
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resolved shear stress reduce the mobility of dislocations in terms of the gliding velocity at 473 K and 

664 K, and hence the strain accumulation during creep is prohibited. Meanwhile, dynamic strain aging 

(DSA) has also been reported to promote creep resistance in this temperature range since the solute 

diffusion of interstitial atoms can pin down the mobile dislocations and form a high density of 

immobile dislocation junctions to further decrease the gliding velocity of free dislocations [172],[173]. 

It is interesting to note that the decrease in SRS for the soft grain (Fig. 6.6) is correlated to the DSA 

effect as well even though the fundamental mechanism is still elusive. Additionally, the degeneration 

of plastic anisotropy for the 𝛼 -titanium with HCP crystal structure may also contribute to a 

homogeneous deformation within the hard-soft grain combination at elevated temperatures. Even 

though the applied stress is insufficient to initiate pyramidal <c+a> slip activities in the hard grain that 

carry the plastic deformation along the c-axis throughout the considered temperature range, the 

monotonic declination of the CRSS ratio between pyramidal <c+a> slip and prismatic <a> slip shrinks 

the stress redistribution to some extent [70]. In summary, the high thermal energy barrier for activating 

trapped dislocations and modest DSA effect, which are related to the decrease in SRS of the soft grain, 

along with the reduced plastic anisotropy of 𝛼 phase, are more sensible for interpreting the negligible 

amount of accumulated strain in the soft grain and alleviation of stress redistribution at intermediate 

temperatures for Ti-6Al-4V alloy. 

Although there is a strong propensity for dwell life debit to be discovered in the strain rate sensitive 

temperature range, the strain hardening effect is also presumably involved in this scenario, as 

mentioned at the beginning of this section [67]. At low temperatures, the plastic deformation is 

dominated by prismatic slip. As a result, the interaction of dislocations exclusively includes weak self-

hardening, which limitedly hampers the glide of dislocation and dwell strain accumulation. In contrast, 

more slip systems can be activated at intermediate temperatures due to the reduced plastic anisotropy 

of HCP 𝛼-titanium, the increase in probability for dislocations to encounter with forest dislocations 

retards the average dislocation glide velocity and plastic strain accumulation during the stress-dwell 

period, thereby hindering the stress redistribution. Nevertheless, the role of the strain hardening 

mechanism in the dwell fatigue sensitivity of titanium alloys still requires further exploration 

The redistribution of stress has a direct relationship with the dislocation pile-ups at the hard-soft 

grain boundary according to Stroh’s model. Although the density of SSDs is not explicitly integrated 

into the current crystal plasticity model, the effective density of GNDs can partly reflect the dislocation 
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pile-ups at the hard-soft grain boundary. Therefore, the effective density of GNDs along the path 𝐴 −

𝐵 after the dwell period is plotted in Fig. 6.9. It can be seen that the GNDs concentrate in the soft grain, 

especially in the vicinity of the hard-soft grain boundary, while no GND is produced in the hard grain 

because the hard grain keeps elastic deformation during the stress dwell. Moreover, the effective 

density of GNDs at the hard-soft grain boundary is the highest at 416 K, followed by 293 K, 473, and 

664 K. From Figs. 6.8 and 6.9, it can be observed that the magnitude of stress redistribution increases 

as the effective density of GNDs near the hard-soft grain boundary becomes higher. 

 

 
Fig. 6.9 Effective density of GNDs along the path 𝐴 − 𝐵 after stress holding at different temperatures. 

6.5 Dwell fatigue sensitivity of a fan disc 

An in-depth comprehension of the temperature-sensitive SRS and stress redistribution is beneficial 

to recognize the dwell fatigue failure of titanium alloy aero-engine components in service. Also, the 

stress level, introduction of stress multiaxiality, and macrozone morphology after manufacturing (e.g., 

die forging and machining for compressor discs [174], and cross-rolling and machining for blades [27]) 

affect the dwell facet nucleation. To comprehensively elucidate the effect of these factors, the dwell 

fatigue sensitivity of a titanium alloy fan disc is studied in this section. 
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6.5.1 Structural analysis of a three-web fan disc under different operating conditions 

A simplified three-web fan disc without the dovetail slots and bolted joint structure [175] is taken 

as an example for structural analysis at the component level, as shown in Fig. 6.10(a). The material of 

the fan disc is Ti-6Al-4V alloy with a density of 4.43 g/cm3 and a thermal expansion coefficient of 

8.8 × 10−6 K−1. The elastic parameters of the material can be calculated using Eq. (6.1). Considering 

the structural symmetry, a 1/23  sector model is partitioned from the fan disc to improve the 

computational efficiency of the finite element simulation, as shown in Fig. 6.10(b). The model is 

meshed by 16360 C3D8 elements using HyperMesh and exported to ABAQUS. The static structural 

analysis is carried out at two working phases, which are defined as the takeoff phase (the most crucial 

phase from the standpoint of performance and safety) and the cruise phase (the majority of a long haul). 

The fan blades and fan sliders are substituted by a mass point at the equivalent centroid. The mass 

point is coupled with the nodes on the rim surface of the fan disc through the tie constraint to impose 

the centrifugal load, while the aerodynamic force on the fan blade, and the pressure on the web, bore, 

and rim areas are neglected. The axial displacement of two nodes on the back surface of the disc arm 

is fixed, whereas the deformation along radial and tangential directions is free. The rotational speed of 

the low-pressure spool (N1) at the takeoff stage is N1takeoff = 2800 rpm, while the speed during the 

cruise stage is designated as N1cruise = 0.85N1takeoff [175]. Since the fan disc is deemed a cold disc 

at the front of the aero-engine, the temperature field within the fan disc is assumed to be homogeneous 

(i.e., the thermal stress induced by the temperature gradient is ignored) and the working temperatures 

are set to 357 K and 295 K during the takeoff and cruise phases, respectively [175]. According to the 

relationship in Fig. 6.6, the soft grains in Ti-6Al-4V alloy demonstrate moderate SRS at these two 

temperatures, which may lead to stress redistribution between the soft and hard grains during the dwell 

period. 

Fig. 6.11 shows the normalized hoop, radial, and axial stress distributions on the meridian plane of 

the fan disc. Here, 𝜎0 is the permissible stress at the corresponding temperature. The hoop and radial 

stresses at the takeoff phase are higher than those at the cruise phase because of the larger centrifugal 

load at high rotational speed, while the axial stress is almost the same for the two phases. The hoop 

stress (𝜎𝐻) concentration is located at the bores of the fan disc. The hoop stress level decreases from 

the first bore to the third bore, and the maximum hoop stress is at the bottom of the first bore, as the 
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white dots in Fig. 6.11(a) and (b). The radial stress (𝜎𝑅) concentrates at the webs of the disc, while the 

maximum value is smaller than the peak hoop stress, as shown in Fig. 6.11(c) and (d). The overall 

axial stress (𝜎𝐴) is far lower than the radial and hoop stresses, as shown in Fig. 6.11(e) and (f). In 

agreement with previous numerical and experimental results [26],[27],[176], the hoop stress is 

generally the principal stress that leads to the dwell fatigue failure and burst of discs. Thus, this study 

focuses on the position with high hoop stress concentration.  

 

 
 

(a) (b) 

Fig. 6.10 (a) Simplified model of a three-web fan disc [175], (b) 1/23 sector finite element model, and 

relevant boundary conditions for static structural analysis. 
 

Although the webs of the fan disc also exhibit hoop stress, the high radial stress increases the load 

multiaxiality at this location, which in turn restricts the dwell fatigue sensitivity [78]. The load 

multiaxiality is evaluated by a stress triaxiality factor, which is defined as [79] 

𝑇𝐹 =

1
3

(𝜎𝐻 + 𝜎𝑅 + 𝜎𝐴)

𝜎𝑒𝑞

(6.5) 

where 𝜎𝑒𝑞 is the von Mises stress. The calculation reveals that the 𝑇𝐹 factor within the web of fan disc 

ranges from 0.59 to 0.68, whereas the 𝑇𝐹 factors in the bore region are relatively small and lie between 

0.31 and 0.41. In owing to the above discussions, the crystal plasticity submodeling for examining 

local stress redistribution is performed at the bottom of the first bore with the highest hoop stress and 
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low stress triaxiality, which is susceptible to dwell facet nucleation. 

 
Takeoff phase Cruise phase 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Fig. 6.11 Normalized (a-b) hoop stress, (c-d) radial stress, (e-f) axial stress contours on the meridian 

plane of the three-web fan disc at takeoff and cruise phases. 𝜎0  is the permissible stress at 

corresponding temperatures. The white dot in (a-b) indicates the location with the maximum hoop 

stress. 

6.5.2 Crystal plasticity submodeling of local stress redistribution 

The dwell fatigue failure of real parts is associated with 𝛼 grain colonies with similar orientations, 

the so-called microtextured regions or macrozones [174], the unit of crystal plasticity submodeling is 

therefore transformed from the grain to the macrozone based on the concept of effective structural unit 

proposed by Rugg et al. [12]. As shown in Fig. 6.12(a), the cubic polycrystal model containing 512 

macrozones is meshed by 32768 C3D8 elements. The 450 μm size corresponds to the average size of 
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macrozones in Ti-6Al-4V alloy reported by Pratt & Whitney [27]. The region surrounded by the white 

line is a hard-soft macrozone combination. Considering that the maximum size of macrozones can be 

one order of magnitude larger than the average size [27], and the macrozones in Ti-6Al-4V alloy have 

the morphology of long-range bands [177],[178],[179], the hard-soft macrozone combination is 

elongated along the y-axis to study the effect of macrozone size on stress redistribution, as shown in 

Fig. 6.12(b). The aspect ratio, which is defined as 𝑅 =
𝐿𝑛

𝐿1
 [158], is used to assess the length-scale effect. 

In this model, the aspect ratio 𝑅 ranges from 1 to 8. Fig. 6.12(c) gives the crystallographic orientations 

of the hard-soft macrozone combination. The prismatic Schmid factor in the soft macrozones is 0.5. 

The boundary conditions are the same as the RVE in Fig. 6.1(a). The axial, radial, and hoop stresses 

are imposed along the x, y, and z directions and held for 120 s. The histories of the individual loads at 

takeoff and cruise phases are plotted in Fig. 6.12(d). The temperature-dependent crystal plasticity 

parameters at 295 K and 357 K are calculated using Eqs. (6.2-6.3). The diagonal components in the 

thermal expansion diagonal tensor 𝜶  (Eq. (3.2)) are 𝛼1 = 𝛼2 = 1.1 × 10−5 K−1, 𝛼3 = 1.8 ×

10−5 K−1 [180]. Unlike the near-𝛼 titanium alloys used for high-temperature applications, the soft 

grains in Ti-6Al-4V alloy demonstrate moderate SRS at low temperatures (see Fig. 6.6) and the 

increase in working temperature at the takeoff phase even promotes the SRS of Ti-6Al-4V alloy, the 

“thermal alleviation” mechanism that is suggested to reduce the dwell fatigue sensitivity can therefore 

be neglected for fan discs [171]. 

The predicted strain and stress contours at the beginning and end of dwell time are shown in Fig. 

6.13. For the takeoff phase, the strain accumulation in soft macrozones is not obvious at the end of the 

stress hold when the aspect ratio is 1 (Fig. 6.13(a)), and the corresponding stress field also barely 

changes during the dwell period (Fig. 6.13(c)). However, as the aspect ratio increases to 8, marked 

strain accumulation is observed in the soft macrozones at the end of dwell, as illustrated in Fig. 6.13(b). 

As a consequence, the stress change at the hard-soft interface occurs (see Fig. 6.13(d)). By comparison, 

both the accumulated strain in the soft macrozones and the pile-up stress in the hard macrozone with 

an aspect ratio of 8 are higher than their counterparts when the aspect ratio is 1. As for the cruise phase, 

the applied stress is far lower than the laboratory load for dwell fatigue tests. Even though the slip 

initiation in Ti-6Al-4V alloy can be observed at 0.73𝜎𝑦 [177], the current load is still insufficient to 

initiate the prismatic slip in soft macrozones before the stress dwell begins. During the dwell period, 
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no other force can drive the dislocation to slip, therefore, the strain accumulation (Fig. 6.13(e) and (f)) 

and the stress redistribution in the vicinity of the hard-soft interface (Fig. 6.13(g) and (h)) vanishes at 

two aspect ratios. 

 

  
(a) (b) 

 
 

(c) (d) 

Fig. 6.12 (a) Polycrystalline model with macrozones surrounded by a white line, applied load and 

boundary conditions, (b) morphology of the macrozones, the aspect ratio of the macrozone is defined 

as 𝑅 = 𝐿𝑛/𝐿1, (c) Euler angles of the macrozones in Bunge notation, and (d) loading histories of the 

hoop, radial, and axial stresses. 
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Fig. 6.13 Stress and strain contours within the hard-soft macrozone combination for (a-d) takeoff and 

(e-h) cruise phases: (a-b) strain and (c-d) stress distributions before and after dwell period for two 

aspect ratios of 1 and 8 at takeoff stage, (e-f) strain and (g-h) stress distributions before and after dwell 

period for two aspect ratios of 1 and 8 at cruise stage. 
 

The relationship between the maximum redistributed stress within the hard macrozone and the 

aspect ratio is plotted in Fig. 6.14. For the takeoff phase, the size of the macrozones significantly affects 

stress redistribution. The stress change at the hard-soft interface increases from 0.218 MPa to 22.781 

MPa as the aspect ratio increases from 1 to 8. The contribution of GND accumulation at the hard-soft 

interface to the stress enhancement is insignificant because of the large size scale [79]. It is worth 

noting that the magnitude of stress redistribution is negligible when the aspect ratio is 1 (equiaxed 

morphology). This is probably the reason why the dwell facets are prone to nucleate in large 

macrozones [27]. Furthermore, the fact that no stress change in the hard macrozone is observed at the 

cruise phase may also provide the evidence that dwell fatigue failure is more likely to occur during the 

takeoff or climbing phase [26],[27]. Therefore, in the absence of the thermal alleviation mechanism, 

the occurrence of in-service stress redistribution is rather dominated by the applied stress level and 

size of the macrozones than the high SRS exhibited by the prism slip-orientated soft macrozones at 

low temperatures. 
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Fig. 6.14 Relationship between the peak redistributed stress ∆𝜎𝑧𝑧  within the hard macrozone and 

aspect ratio. 
 

6.6 Experimental and industrial considerations 

6.6.1 Experimental measurement of stress redistribution 

In Section 6.4, the stress redistribution process at ambient and intermediate temperatures is 

numerically studied by using a crystal plasticity model. To experimentally measure the time-dependent 

stress redistribution during the dwell fatigue test, time-resolved approaches are required [181]. Since 

the dislocation pile-ups occur on the order of seconds or minutes, the in-situ SEM-DIC technique is a 

promising method to understand the temperature-sensitive stress redistribution within hard-soft grain 

combinations if quick image collection of these regions can be achieved [182]. Nevertheless, high 

angular resolution electron backscattered diffraction (HR-EBSD) is an ex-situ method to study the 

temperature-related mechanism as drastic stress redistribution will result in high residual stress at hard-

soft grain boundaries [144]. 

6.6.2 Determination of macrozone properties 

As stated in Section 6.5, the local stress redistribution is influenced by the size of the macrozones, 

which depends on the manufacturing procedure and subsequent thermomechanical processing. The 
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forging process is more likely to produce smaller macrozones than the cross-rolling process. A greater 

forging strain can further reduce the occurrence of large macrozones. The size of macrozones can be 

probed by destructive evaluation such as EBSD analysis and used for dwell fatigue life prediction 

[183]. To detect the macrozones during manufacturing, a new nondestructive ultrasonic backscatter 

attenuation method is also developed to determine the size of the macrozones [39]. However, the 

validity of the measurement at the component level should be verified and due to that no acceptable 

criterion with respect to the size of macrozones is introduced, experimental work is still under progress 

for the supplement. Besides, to improve the fuel economy in response to global warming, aero-engine 

manufacturers tend to increase the bypass ratio to reduce the specific fuel consumption, which will in 

turn increase the size of fan components. Thus, there is a risk of presence of larger macrozones if the 

deformation degree is insufficient during the forging process. 

6.7 Summary 

In this chapter, the effect of temperature on grain-scale strain rate sensitivity and creep behavior in 

Ti-6Al-4V alloy is investigated to understand the dwell fatigue sensitivity of a fan disc at operating 

states, with attention focused on the stress redistribution phenomenon occurring at hard-soft grain 

boundaries. The following results can be summarized: 

1. The activation energy (∆𝐹) and activation volume (∆𝑉) of 𝛼 phase in Ti-6Al-4V alloy increase 

with rising temperature. The higher activation volume at room temperature makes Ti-6Al-4V 

alloy less dwell sensitive than near-𝛼  Ti-6242 alloy, which is supported by the experimental 

results. 

2. Concerning the shifting peak of strain rate sensitivity and the evolutions of activation energy and 

volume with temperature, the strain rate sensitivity of the prismatic slip-orientated soft grain in 

Ti-6Al-4V alloy increases from 293 K to 416 K and then declines to a low level at temperatures 

beyond 600 K. The strain rate sensitive temperature range is different from that of near-𝛼 Ti-

6242 alloy. 

3. The magnitude of stress redistribution is the largest at 416 K, followed by 293 K, 473 K, and 

664 K. This trend is consistent with the variation of the strain rate sensitivity of the soft grain 

and GND accumulation at the hard-soft grain boundary. The diminishment of the strain rate 
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sensitivity and dwell strain accumulation in the soft grain at intermediate temperatures is 

suggested to derive from the high energy barrier to activate dislocation slip. Dynamic strain aging, 

strain hardening effect, and the degeneration of plastic anisotropy in HCP crystal are also 

accountable for the fading of stress redistribution. 

4. Hoop stress is the principal stress leading to the failure and burst of the fan disc. The bore region 

of the fan disc with high hoop stress concentration and low stress triaxiality is prone to be the 

dangerous site where dwell facet nucleation occurs. 

5. The factors affecting the dwell fatigue sensitivity of disc components vary due to different 

working temperatures. In default of the thermal alleviation mechanism that can inhibit dwell 

fatigue sensitivity, the applied stress and size of the macrozones dominate the local stress 

redistribution at the bore of the fan disc instead of the high strain rate sensitivity of soft 

macrozones at the working temperatures of the takeoff and cruise phases. The macrozone with 

high aspect ratios significantly boosts the magnitude of the redistributed stress at the takeoff 

phase. The low stress level at the cruise phase is insufficient to cause the onset of slip in soft 

macrozones and no stress redistribution arises. Hence, the phenomenon that dwell facet is prone 

to nucleate at large macrozones during the takeoff phase is elucidated. 
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7. Conclusions and future work 

7.1 Conclusions 

A systematic investigation has been carried out to understand the micromechanics of the cold dwell 

sensitive fatigue in titanium alloys using experimental and numerical approaches.  

Motivated by a thorough review of the factors affecting the time-honored dwell fatigue phenomenon 

in Chapter 2, three different but interconnected aspects: deformation twinning, microstructural 

morphology, and temperature sensitivity, were elaborated from the viewpoint of both laboratory and 

industry.  

To this end, a novel dislocation mechanism-based strain gradient crystal plasticity model 

incorporating deformation twinning and thermal expansion was developed in Chapter 3 to delineate 

the rate-sensitive, morphologically inhomogeneous, and size-dependent properties of a wide range of 

titanium alloys. 

In Chapter 4, the role of deformation twinning was assessed by comparing the DIC strain 

measurements after the interrupted dwell fatigue test and crystal plasticity modeling. An essential 

agreement was found between two parallel predictions. The results indicated that dwell strain 

localization was dominated by slip activities, i.e., prismatic, basal, and pyramidal <a> slip in 

descending order, rather than deformation twinning, which could be described by a weighted averaged 

Schmid factor related to the crystallographic orientation. The nucleation of twins in soft grains is 

difficult at the early stage of dwell fatigue because of the small twin shear. On the other hand, the onset 

of twins in the hard grain could hinder the local stress enhancement at the hard-soft grain boundary 

during the dwell period, whilst the pile-up stress in the parent hard grain was almost unaffected. 

Therefore, the influence of deformation twinning on micromechanical dwell fatigue behavior of 

titanium alloys is insubstantial. 

 In Chapter 5, the effect of intergranular 𝛽 phase on dwell facet initiation was clarified in Ti-Fe-O 

alloy with globular microstructure and extended to dual-phase titanium alloys. Nanoindentation tests 

suggested that the 𝛽 phase was harder than the 𝛼 phase, which could induce dislocation pile-ups at the 

𝛼/𝛽 interface during the dwell period. This phenomenon was captured by crystal plasticity modeling 

and predicted to inhibit the stress redistribution within hard-soft grain combinations, particularly when 
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the 𝛼/𝛽  interface demonstrated low geometrical compatibility and the 𝛽  lath presented a large 

thickness. This conclusion was beneficial to comprehend the “Ti-624𝑥” issue. However, the enhanced 

stress in the 𝛽 phase was prone to result in the competition of two dwell fatigue failure modes, i.e., the 

cavity nucleation/coalescence in the 𝛽 phase and facet formation in the hard 𝛼 grain. 

From an engineering perspective, the effect of temperature on grain-scale strain rate sensitivity and 

creep mechanisms in Ti-6Al-4V alloy was studied to understand the dwell fatigue sensitivity of an 

aero-engine fan disc in Chapter 6. The rate-dependent parameters related to slip property were 

employed to analytically establish the relationship between strain rate sensitivity of a soft 𝛼-titanium 

single crystal and temperature. The variation of strain rate sensitivity with temperature influenced the 

stress redistribution occurring within the hard-soft grain combination, which in turn affected the dwell 

fatigue sensitivity. Further, the structural analysis for a Ti-6Al-4V fan disc provided the stress fields at 

takeoff and cruise phases to examine the in-service stress redistribution. The highly localized hoop 

stress and presence of large macrozones at the bore of the fan disc, rather than the fair rate sensitivity 

of soft macrozones at working temperatures, were responsible for triggering basal stress enhancement 

and dwell facet nucleation in hard macrozones. 

7.2 Recommendations for future work 

7.2.1 Explicit modeling of SSDs and deformation twinning 

In the developed crystal plasticity model, the hardening effect caused by SSDs is based on the strain 

hardening model, which is merely an empirical attempt. Considering a direct measurement of SSD 

density is exceptionally demanding at the current time, the hardening mechanism still lacks 

mechanistic interpretation. Besides, the modeling of deformation twinning is relatively rough. 

Conventional modeling of twin nucleation depends on the shear strain on the twin plane, however, 

another physical discipline for twin nucleation is proposed according to the stored energy density 

related to dislocation interactions [128]. Therefore, the crystal plasticity modeling of deformation 

twinning necessitates more sophisticated work. 
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7.2.2 Dwell fatigue microcrack localization 

As far as we are concerned, the stress redistribution inducing dwell faceting has been numerically 

(e.g., crystal plasticity simulation, discrete dislocation plasticity simulation) and analytically (Stroh 

pile-up model) analyzed, it is challenging to directly measure this process because the dwell fatigue 

crack initiation sites are generally subsurface. Even though the subsurface fatigue crack can be 

localized using the ultrasonic method, the resolution is at the millimeter level [184], which cannot 

cover the dwell facet nucleation and early microcrack propagation stages. Hence, an experimental 

approach is indispensable to manifest the numerical predictions. 

7.2.3 Elastic anisotropy 

The elastoplastic anisotropy of HCP crystal leads to the dwell effect in titanium alloys. Till this 

moment, considerable works have attributed the variation of dwell sensitivity in different titanium 

alloys to the discrepancy in plastic anisotropy. However, elastic anisotropy is also reported to play an 

important role [178], as shown in Fig. 1.6, especially when the applied stress level is well below the 

macroscopic yield strength (notably titanium aero-engine components in working condition). Thus, an 

investigation into the difference in elastic anisotropy (e.g., the influences of alloying element and 

temperature on directional Young’s modulus of 𝛼  phase with HCP lattice) is one direction to 

complement known explanations. 

7.2.4 Titanium fan blade 

For a high bypass civil turbofan engine, the fan disc is operated below 373 K, whereas the dwell 

fatigue sensitivity of Ti-6Al-4V alloy is supposed to be the highest at 416 K, as described in Chapter 

6. Thus, the working temperatures of this component cannot cover the dwell sensitive temperature 

range, unlike the near-𝛼 titanium alloy discs or bliscs at the first several stages of the high-pressure 

compressor, which are operated over 573 K (out of the dwell sensitive temperature range) and 

experience a thermal alleviation during the cruise stage [171]. Since the titanium hollow-core fan blade 

is also involved in dwell fatigue failure and the maximum operating temperature is higher than the fan 

disc [27], more studies on fan blades are recommended to contribute to the understanding of the effect 
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of temperature on dwell fatigue of Ti-6Al-4V aero-engine components. 
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Appendix A. Effects of metallurgical factors and test condition on dwell fatigue sensitivity of 

titanium alloys 

Table A Effects of microstructure and test condition on dwell fatigue sensitivity 
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Appendix B. Slip and twinning systems for HCP crystals 

Table B Slip and twinning systems in 𝛼 phase with HCP structure are presented below. 

Slip/twinning systems Slip plane normal vector Slip direction vector 
x y z x y z 

Basal <a> slip 
0.000 0.000 1.000 1.000 0.000 0.000 
0.000 0.000 1.000 0.500 -0.866 0.000 
0.000 0.000 1.000 0.500 0.866 0.000 

Prismatic <a> slip 
-0.866 -0.500 0.000 0.500 -0.866 0.000 
0.866 -0.500 0.000 0.500 0.866 0.000 
0.000 -1.000 0.000 1.000 0.000 0.000 

Pyramidal <a> slip 

0.760 -0.439 -0.479 0.500 0.866 0.000 
-0.760 0.439 -0.479 0.500 0.866 0.000 
0.000 0.878 0.479 1.000 0.000 0.000 
0.000 -0.878 0.479 1.000 0.000 0.000 
0.760 0.439 0.479 0.500 -0.866 0.000 
-0.760 -0.439 0.479 0.500 -0.866 0.000 

Pyramidal 1st <c+a> slip 

0.760 -0.439 -0.479 0.533 0.000 0.846 
0.760 -0.439 -0.479 0.267 -0.462 0.846 
-0.760 0.439 -0.479 -0.533 0.000 0.846 
-0.760 0.439 -0.479 -0.267 0.462 0.846 
0.000 0.878 0.479 -0.267 -0.462 0.846 
0.000 0.878 0.479 0.267 -0.462 0.846 
0.000 -0.878 0.479 0.267 0.462 0.846 
0.000 -0.878 0.479 -0.267 0.462 0.846 
0.760 0.439 0.479 -0.533 0.000 0.846 
0.760 0.439 0.479 -0.267 -0.462 0.846 
-0.760 -0.439 0.479 0.533 0.000 0.846 
-0.760 -0.439 0.479 0.267 0.462 0.846 

Pyramidal 2nd <c+a> slip 
 
{112̅2} Twinning 

-0.423 -0.733 0.533 0.267 0.462 0.846 
-0.423 -0.733 -0.533 -0.267 -0.462 0.846 
0.423 -0.733 -0.533 0.267 -0.462 0.846 
0.423 -0.733 0.533 -0.267 0.462 0.846 
0.846 0.000 -0.533 0.533 0.000 0.846 
0.846 0.000 0.533 -0.533 0.000 0.846 

{101̅2} Twinning 

0.000 -0.676 -0.737 0.000 -0.737 0.676 
-0.585 0.338 0.737 0.639 -0.369 0.676 
-0.585 0.338 -0.737 -0.639 0.369 0.676 
0.000 -0.676 0.737 0.000 0.737 0.676 
0.585 0.338 -0.737 0.639 0.369 0.676 
-0.585 0.338 0.737 0.639 -0.369 0.676 
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Appendix C. Crystallographic rotations and stiffness matrix transformations 

In crystallographic and texture analysis, Euler angles with Bunge notation are commonly used for 

describing the orientations of each crystal [191]. Thus, the rotation matrix computed by Bunge angles 

is used to rotate the matrix of a crystal and adhered here: 

 

 

Fig. C Euler angles for Bunge convention. 
 

𝑹 = [

𝑐𝑜𝑠𝜑1𝑐𝑜𝑠𝜑2 − 𝑠𝑖𝑛𝜑1𝑠𝑖𝑛𝜑2𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜑1𝑐𝑜𝑠𝜑2 + 𝑐𝑜𝑠𝜑1𝑠𝑖𝑛𝜑2𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜑2𝑠𝑖𝑛𝜙
−𝑐𝑜𝑠𝜑1𝑠𝑖𝑛𝜑2 − 𝑠𝑖𝑛𝜑1𝑐𝑜𝑠𝜑2𝑐𝑜𝑠𝜙 −𝑠𝑖𝑛𝜑1𝑠𝑖𝑛𝜑2 + 𝑐𝑜𝑠𝜑1𝑐𝑜𝑠𝜑2𝑐𝑜𝑠𝜙 𝑐𝑜𝑠𝜑2𝑠𝑖𝑛𝜙

𝑠𝑖𝑛𝜑1𝑠𝑖𝑛𝜙 −𝑐𝑜𝑠𝜑1𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙
] (C. 1) 

The rotation matrix transforming local elastic matrix to global elastic matrix is given by 

𝑹𝒓𝒐𝒕 =

[
 
 
 
 
 
 

𝑅11
2 𝑅21

2 𝑅31
2

𝑅12
2 𝑅22

2 𝑅32
2

𝑅13
2 𝑅23

2 𝑅33
2

𝑅11𝑅21 𝑅21𝑅31 𝑅31𝑅11

𝑅12𝑅22 𝑅22𝑅32 𝑅32𝑅12

𝑅13𝑅23 𝑅23𝑅33 𝑅33𝑅13

2𝑅11𝑅12 2𝑅21𝑅22 2𝑅31𝑅32

2𝑅12𝑅13 2𝑅22𝑅23 2𝑅32𝑅33

2𝑅13𝑅11 2𝑅23𝑅21 2𝑅33𝑅31

𝑅11𝑅22 + 𝑅12𝑅21 𝑅21𝑅32 + 𝑅22𝑅31 𝑅31𝑅12 + 𝑅32𝑅11

𝑅23𝑅12 + 𝑅13𝑅22 𝑅22𝑅33 + 𝑅23𝑅32 𝑅32𝑅13 + 𝑅33𝑅12

𝑅13𝑅21 + 𝑅11𝑅23 𝑅23𝑅31 + 𝑅21𝑅33 𝑅33𝑅11 + 𝑅31𝑅13]
 
 
 
 
 
 

(C. 2) 
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Appendix D. Fortran code for calculating shear strain gradient 

The following URDFIL code is used for calculating the shear strain gradient in each slip system. 

 
      DIMENSION ARRAY(513),JRRAY(NPRECD,513),TIME(2), 
     2          TRM3(3), GAUSS1(8), GAUSS2(8), GAUSS3(8), TEMP1(8),  
     3          SF(8,8), IITRM(8), DSF(8,24), ACOBI2(3,3), RACOBI2(3,3), 
     4          GAUSS11(8), GAUSS22(8), GAUSS33(8), RELACTV(5) 
      EQUIVALENCE (ARRAY(1),JRRAY(1,1)) 
      

PARAMETER(NP=1000000,NE=100000,g=0.577350269199626,NUMSYSH=30,NUMSYSC=
12) 

 
C 
C     FIND CURRENT INCREMENT 
C     KSTEP: Step number  KINC: Increment number  TIME(1): Value of the step time at the end of 

the increment 
C     TIME(2): Value of the total time at the end of the increment 
        CALL POSFIL(KSTEP,KINC,ARRAY,JRCD) 
 
C 
C---- Initialize the isoparametric coordinates of eight Gauss points      
C       
      GAUSS1(1)=g 
      GAUSS2(1)=-g 
      GAUSS3(1)=g 
       
      GAUSS11(1)=g 
      GAUSS22(1)=-g 
      GAUSS33(1)=g 
       
      GAUSS1(2)=g 
      GAUSS2(2)=g 
      GAUSS3(2)=g 
       
      GAUSS11(2)=g 
      GAUSS22(2)=g 
      GAUSS33(2)=g 
       
      GAUSS1(3)=g 
      GAUSS2(3)=-g 
      GAUSS3(3)=-g 
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      GAUSS11(3)=g 
      GAUSS22(3)=g 
      GAUSS33(3)=-g 
       
      GAUSS1(4)=g 
      GAUSS2(4)=g 
      GAUSS3(4)=-g 
       
      GAUSS11(4)=g 
      GAUSS22(4)=-g 
      GAUSS33(4)=-g 
       
      GAUSS1(5)=-g 
      GAUSS2(5)=-g 
      GAUSS3(5)=g 
       
      GAUSS11(5)=-g 
      GAUSS22(5)=-g 
      GAUSS33(5)=g 
       
      GAUSS1(6)=-g 
      GAUSS2(6)=g 
      GAUSS3(6)=g 
       
      GAUSS11(6)=-g 
      GAUSS22(6)=g 
      GAUSS33(6)=g 
       
      GAUSS1(7)=-g 
      GAUSS2(7)=-g 
      GAUSS3(7)=-g 
       
      GAUSS11(7)=-g 
      GAUSS22(7)=g 
      GAUSS33(7)=-g 
       
      GAUSS1(8)=-g 
      GAUSS2(8)=g 
      GAUSS3(8)=-g 
       
      GAUSS11(8)=-g 
      GAUSS22(8)=-g 
      GAUSS33(8)=-g 
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C 
C---- Calculate the eight values of shape function at each Gauss point 
C 
      DO I=1,8 
          SF(I,1)=(1+GAUSS1(I))*(1-GAUSS2(I))*(1+GAUSS3(I))*0.125 
          SF(I,2)=(1+GAUSS1(I))*(1+GAUSS2(I))*(1+GAUSS3(I))*0.125 
          SF(I,3)=(1+GAUSS1(I))*(1+GAUSS2(I))*(1-GAUSS3(I))*0.125 
          SF(I,4)=(1+GAUSS1(I))*(1-GAUSS2(I))*(1-GAUSS3(I))*0.125 
          SF(I,5)=(1-GAUSS1(I))*(1-GAUSS2(I))*(1+GAUSS3(I))*0.125 
          SF(I,6)=(1-GAUSS1(I))*(1+GAUSS2(I))*(1+GAUSS3(I))*0.125 
          SF(I,7)=(1-GAUSS1(I))*(1+GAUSS2(I))*(1-GAUSS3(I))*0.125 
          SF(I,8)=(1-GAUSS1(I))*(1-GAUSS2(I))*(1-GAUSS3(I))*0.125 
      END DO 
 
      DO K1=1,9999999 
          CALL DBFILE(0,ARRAY,JRCD) 
          IF (JRCD.NE.0) GO TO 110 
          KEY=JRRAY(1,2) 
C 
C----- Obtain the results in .fil 
C     1: Index of the element 
          IF (KEY.EQ.1) THEN 
              IELM=JRRAY(1,3) 
              ILEM1=8*IELM 
C 
C----- Obtain the coordinate of each integration point 
C 
C     8: Coordinate of the eight integration points for C3D8 element  
          ELSE IF (KEY.EQ.8) THEN 
              KEL=JRRAY(1,2) 
              DO I=3,5 
                  CDG(NUM2,I-2)=ARRAY(I) 
              END DO 
C              WRITE (17,130) NUM2,CDG(NUM2,1),CDG(NUM2,2),CDG(NUM2,3) 
              NUM2=NUM2+1 
C     5: State variables of the eight integration points for C3D8 element 
C     3 - NSLPTL+2: current strength in slip systems 
C     NSLPTL+3 - 2*NSLPTL+2: shear strain in slip systems 
C     2*NSLPTL+3 - 3*NSLPTL+2: resolved shear stress in slip systems 
          ELSE IF (KEY.EQ.5) THEN 
              KEL=JRRAY(1,2) 
              IF (PHASE(NUM1).EQ.0.) THEN 
                  DO I=NUMSYSH+3,2*NUMSYSH+2 
                      SSG(NUM1,I-NUMSYSH-2)=ARRAY(I) 
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                  END DO 
                             
110   CONTINUE 
       
C       
C----- Calculate the shear strain on slip systems at each node 
C      
      DO I=1,IELM 
          INODE=8*(I-1) 
          IF (PHASE(INODE+1).EQ.0.) THEN 
              DO J=1,NUMSYSH 
                  DO K=1,8 
                      TEMP1(K)=SSG(INODE+K,J) 
                  END DO 
                   
                  CALL LUBKSB (SF,8,8,IITRM,TEMP1) 
                  DO K=1,8 
                      SSN(INODE+K,J)=TEMP1(K) 
                  END DO 
              END DO 
          ELSE 
              DO J=1,NUMSYSC 
                  DO K=1,8 
                      TEMP1(K)=SSG(INODE+K,J) 
                  END DO 
                   
                  CALL LUBKSB (SF,8,8,IITRM,TEMP1) 
                  DO K=1,8 
                      SSN(INODE+K,J)=TEMP1(K) 
                  END DO 
              END DO 
          END IF 
      END DO           
 
C 
C----- Correspond Gauss points and nodes with respect to coordinates 
C 
      DO I=1,IELM 
          INODE=8*(I-1) 
          DO J=1,8 
              IF (J.EQ.3) THEN 
                  DO K=1,3 
                      GAUSSNODE(INODE+J,K)=CDG(INODE+J+1,K) 
                  END DO 
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              ELSE IF (J.EQ.4) THEN 
                  DO K=1,3 
                      GAUSSNODE(INODE+J,K)=CDG(INODE+J-1,K) 
                  END DO 
              ELSE IF (J.EQ.7) THEN 
                  DO K=1,3 
                      GAUSSNODE(INODE+J,K)=CDG(INODE+J+1,K) 
                  END DO 
              ELSE IF (J.EQ.8) THEN 
                  DO K=1,3 
                      GAUSSNODE(INODE+J,K)=CDG(INODE+J-1,K) 
                  END DO 
              ELSE 
                  DO K=1,3 
                      GAUSSNODE(INODE+J,K)=CDG(INODE+J,K) 
                  END DO 
              END IF 
          END DO 
      END DO 
       
C             
C----- Calculate spatial derivative of isoparametric shape functions at Gauss points 
C 
      DO I=1,8 
          IF (I.EQ.1) THEN 
              DO J=1,8 
                  DSF(J,3*I-2)=0.125*(1-GAUSS22(J))*(1+GAUSS33(J)) 
                  DSF(J,3*I-1)=-0.125*(1+GAUSS11(J))*(1+GAUSS33(J)) 
                  DSF(J,3*I)=0.125*(1+GAUSS11(J))*(1-GAUSS22(J)) 
              END DO 
          ELSE IF (I.EQ.2) THEN 
              DO J=1,8 
                  DSF(J,3*I-2)=0.125*(1+GAUSS22(J))*(1+GAUSS33(J)) 
                  DSF(J,3*I-1)=0.125*(1+GAUSS11(J))*(1+GAUSS33(J)) 
                  DSF(J,3*I)=0.125*(1+GAUSS11(J))*(1+GAUSS22(J)) 
              END DO 
          ELSE IF (I.EQ.3) THEN 
              DO J=1,8 
                  DSF(J,3*I-2)=0.125*(1+GAUSS22(J))*(1-GAUSS33(J)) 
                  DSF(J,3*I-1)=0.125*(1+GAUSS11(J))*(1-GAUSS33(J)) 
                  DSF(J,3*I)=-0.125*(1+GAUSS11(J))*(1+GAUSS22(J)) 
              END DO 
          ELSE IF (I.EQ.4) THEN 
              DO J=1,8 
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                  DSF(J,3*I-2)=0.125*(1-GAUSS22(J))*(1-GAUSS33(J)) 
                  DSF(J,3*I-1)=-0.125*(1+GAUSS11(J))*(1-GAUSS33(J)) 
                  DSF(J,3*I)=-0.125*(1+GAUSS11(J))*(1-GAUSS22(J)) 
              END DO 
          ELSE IF (I.EQ.5) THEN 
              DO J=1,8 
                  DSF(J,3*I-2)=-0.125*(1-GAUSS22(J))*(1+GAUSS33(J)) 
                  DSF(J,3*I-1)=-0.125*(1-GAUSS11(J))*(1+GAUSS33(J)) 
                  DSF(J,3*I)=0.125*(1-GAUSS11(J))*(1-GAUSS22(J)) 
              END DO 
          ELSE IF (I.EQ.6) THEN 
              DO J=1,8 
                  DSF(J,3*I-2)=-0.125*(1+GAUSS22(J))*(1+GAUSS33(J)) 
                  DSF(J,3*I-1)=0.125*(1-GAUSS11(J))*(1+GAUSS33(J)) 
                  DSF(J,3*I)=0.125*(1-GAUSS11(J))*(1+GAUSS22(J)) 
              END DO 
          ELSE IF (I.EQ.7) THEN 
              DO J=1,8 
                  DSF(J,3*I-2)=-0.125*(1+GAUSS22(J))*(1-GAUSS33(J)) 
                  DSF(J,3*I-1)=0.125*(1-GAUSS11(J))*(1-GAUSS33(J)) 
                  DSF(J,3*I)=-0.125*(1-GAUSS11(J))*(1+GAUSS22(J)) 
              END DO 
          ELSE 
              DO J=1,8 
                  DSF(J,3*I-2)=-0.125*(1-GAUSS22(J))*(1-GAUSS33(J)) 
                  DSF(J,3*I-1)=-0.125*(1-GAUSS11(J))*(1-GAUSS33(J)) 
                  DSF(J,3*I)=-0.125*(1-GAUSS11(J))*(1-GAUSS22(J)) 
              END DO 
          END IF 
      END DO 
 
C       
C----- Calculate the inverse matrix of the Jacobi matrix at the Gauss points (for three coordinates)      
C 
      DO I=1,NE 
          DO J=1,3 
              ACOBI1(I,J)=0. 
          END DO 
      END DO 
       
      DO J=1,IELM 
          INODE=3*(J-1) 
          IGAUS=8*(J-1) 
          DO I=1,8 
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              ACOBI1(INODE+1,1)=ACOBI1(INODE+1,1)+GAUSSNODE(IGAUS+I,1)* 
     2                          DSF(I,3*I-2) 
              ACOBI1(INODE+1,2)=ACOBI1(INODE+1,2)+GAUSSNODE(IGAUS+I,1)* 
     2                          DSF(I,3*I-1) 
              ACOBI1(INODE+1,3)=ACOBI1(INODE+1,3)+GAUSSNODE(IGAUS+I,1)* 
     2                          DSF(I,3*I) 
              ACOBI1(INODE+2,1)=ACOBI1(INODE+2,1)+GAUSSNODE(IGAUS+I,2)* 
     2                          DSF(I,3*I-2) 
              ACOBI1(INODE+2,2)=ACOBI1(INODE+2,2)+GAUSSNODE(IGAUS+I,2)* 
     2                          DSF(I,3*I-1) 
              ACOBI1(INODE+2,3)=ACOBI1(INODE+2,3)+GAUSSNODE(IGAUS+I,2)* 
     2                          DSF(I,3*I) 
              ACOBI1(INODE+3,1)=ACOBI1(INODE+3,1)+GAUSSNODE(IGAUS+I,3)* 
     2                          DSF(I,3*I-2) 
              ACOBI1(INODE+3,2)=ACOBI1(INODE+3,2)+GAUSSNODE(IGAUS+I,3)* 
     2                          DSF(I,3*I-1) 
              ACOBI1(INODE+3,3)=ACOBI1(INODE+3,3)+GAUSSNODE(IGAUS+I,3)* 
     2                          DSF(I,3*I) 
          END DO 
      END DO 
             
      DO I=1,IELM 
          INODE=3*(I-1) 
          DO J=1,3 
              DO K=1,3 
                  ACOBI2(J,K)=ACOBI1(INODE+J,K) 
              END DO 
          END DO 
           
          CALL LUDCMP (ACOBI2, 3, 3, TRM3, DCMP) 
           
          DO J=1,3 
              DO K=1,3 
                  IF (K.EQ.J) THEN 
                      RACOBI2(K,J)=1. 
                  ELSE 
                      RACOBI2(K,J)=0. 
                  END IF 
              END DO 
          END DO 
           
          DO J=1,3 
              CALL LUBKSB (ACOBI2, 3, 3, TRM3, RACOBI2(1,J)) 
          END DO 
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          DO J=1,3 
              DO K=1,3 
                  RACOBI(INODE+J,K)=RACOBI2(J,K) 
              END DO 
          END DO 
      END DO 
       
C 
C----- Calculate the shear strain gradient at eight Gauss points for each slip system 
C 
      DO I=1,3*NUMSYSH 
          DO J=1,NP 
              SSGRAD(J,I)=0. 
          END DO 
      END DO 
 
C----- L: The number of slip systems 
C----- M: The number of all integration points 
C----- K: The number of all shape functions (For eight nodes) 
C----- J: The three value of the strain gradient 
      DO N=1,IELM 
          M=8*(N-1) 
          IELM1=3*(N-1) 
          IF (PHASE(M+1).EQ.0.) THEN 
              DO L=1,NUMSYSH 
                  DO I=1,8 
                      DO K=1,8 
                          DO J=1,3 
                              SSGRAD(M+I,3*L-2)=SSGRAD(M+I,3*L-2)+SSN(M+K,L)* 
     2                                          DSF(I,3*K+(J-3))* 
     3                                          RACOBI(IELM1+J,1) 
                              SSGRAD(M+I,3*L-1)=SSGRAD(M+I,3*L-1)+SSN(M+K,L)* 
     2                                          DSF(I,3*K+(J-3))* 
     3                                          RACOBI(IELM1+J,2) 
                              SSGRAD(M+I,3*L)=SSGRAD(M+I,3*L)+SSN(M+K,L)* 
     2                                        DSF(I,3*K+(J-3))* 
     3                                        RACOBI(IELM1+J,3) 
                          END DO 
                      END DO 
                  END DO 
              END DO 
          ELSE 
              DO L=1,NUMSYSC 
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                  DO I=1,8 
                      DO K=1,8 
                          DO J=1,3 
                              SSGRAD(M+I,3*L-2)=SSGRAD(M+I,3*L-2)+SSN(M+K,L)* 
     2                                          DSF(I,3*K+(J-3))* 
     3                                          RACOBI(IELM1+J,1) 
                              SSGRAD(M+I,3*L-1)=SSGRAD(M+I,3*L-1)+SSN(M+K,L)* 
     2                                          DSF(I,3*K+(J-3))* 
     3                                          RACOBI(IELM1+J,2) 
                              SSGRAD(M+I,3*L)=SSGRAD(M+I,3*L)+SSN(M+K,L)* 
     2                                        DSF(I,3*K+(J-3))* 
     3                                        RACOBI(IELM1+J,3) 
                          END DO 
                      END DO 
                  END DO 
              END DO 
          END IF 
      END DO 
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