The Interest Rate Determination when Economic
Variables are Partially Observable”

Hiroshi MORITAT

Yokohama National University

and

Tatsuyoshi OKIMOTO?

Australian National University

January, 2021

Abstract

While recent studies based on factor models with no-arbitrage restrictions provide
evidence of a positive correlation between the nominal interest rates and real activity,
there are few dynamic general equilibrium models which can successfully explain this
positive relationship. This paper provides a dynamic general equilibrium model that
naturally generates a positive correlation between the nominal interest rates and excess
consumption. To this end, we focus on the partial observability of economic variables
in a pure exchange economy and derive closed form solutions for the equilibrium in-
terest rates. Our empirical analysis based on the results indeed indicates the positive
correlation between the nominal interest rates and excess consumption. Moreover, the
time series of the model-implied nominal yield captures many of the short- and long-
run fluctuations in the actual data.
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1. Introduction

The study of the joint behavior of the term structures of interest rates and macroeconomic
variables has drawn much attention from theorists, practitioners, and policymakers. In par-
ticular, a growing body of literature has analyzed the relation between yield curve and real
economy based on factor models with no-arbitrage restrictions. For instance, Ang and Pi-
azzesi (2003) construct a real economic factor by extracting the first principal component
from real activity measures, including the index of Help Wanted Advertising in Newspapers
(HELP) and industrial production growth. Along with many other findings, they demon-
strate that nominal interest rates positively react to real economic factor shocks. In addition,
Bikbov and Chernov (2010) use HELP as a proxy for real activity, and suggest the existence
of a positive relationship between the nominal interest rates and real activity. Further, Ang,
Don, and Piazzesi (2007) estimate the Taylor rule with no-arbitrage restrictions, indicating
that the nominal short rate increases after a positive shock to the output gap.

While these studies provide evidence of a positive correlation between the nominal interest
rates and real activity, few dynamic general equilibrium models can successfully explain
this positive relationship. For instance, following Campbell and Cochrane (1999), Wachter
(2006) explores a consumption-based model of the term structure of interest rates with
habit persistence. Although her model effectively captures many features of the yield curve,
including the upward sloping yield curve and the failure of expectations hypothesis, the
results imply a negative correlation between the nominal and real interest rates and real
economic activity.! Further, Buraschi and Jiltsov (2007) propose a new class of non-affine
models that link the macroeconomic variables and the yield curve when preferences are
subject to habit persistence. Similar to Wachter’s model, their model can reproduce many
characteristics of the term structures of interest rates but suggests a negative correlation
between the real economic activity and interest rates. More precisely, models with habit
formation, like that of Wachter (2006) and Buraschi and Jiltsov (2007), can produce a
positive or negative correlation between interest rates and real economic activity. However,
they require a negative correlation between them to fit an upward sloping yield curve, which
is usually observed in reality. In this sense, the models with habit persistence are appropriate

for explaining the upward sloping yield curve but not the comovements between interest rates

!The measure for real economic activity in Wachter (2006) is surplus consumption, which is defined as the
consumption over the habit normalized by the current consumption level and close to the excess consumption
defined as the (log of) consumption level over the weighted average of the past consumption, which is the
measure of real economic activity in this paper.



and real activity.

The main objective of this paper is to provide an alternative dynamic general equilibrium
model that naturally generates a positive correlation between the nominal interest rates and
real economic activity without sacrificing an upward sloping yield curve.? To this end, we
focus on the partial observability of economic variables in a pure exchange economy, where
the aggregate endowment and its price follow a system of Gaussian processes. In a complete
information model of pure exchange economy, where the aggregate endowment follows a
Gaussian process, the instantaneous expected rate of change in endowments is the state
variable of the term structure of interest rates. On the other hand, in the real world, the
agents in the economy cannot observe the expected change in income. Rather, they infer
the expected change in income based on available information, including the past income
stream. This is also true for the price level. From this point of view, we set up a general
equilibrium model, where the level of aggregate endowment and its price are observable but
their instantaneous expected growth rates are not.

Several studies have explored the role of partially observed income on consumption. For
instance, Wang (2004) considers the optimal consumption rule when the agent can only
observe her total income, and not individual components, and shows that partial observ-
ability of individual components of income gives rise to additional precautionary saving due
to estimation risk. Guvenen (2007) proposes two stochastic income processes for lifecycle
consumption behavior, and provides a systematic comparison of these implications on US
data. In addition, Wang (2009) investigates an individual’s optimal consumption-saving and
portfolio choice problem with unobservable income growth. Unlike these works, this paper
examines the market equilibrium interest rates when some economic variables are partially
observable.

The effects of an unobservable factor on the market equilibrium have also been studied by
a number of researchers. For instance, Detemple (1986), Dothan and Feldman (1986), and
Bjork, Davis, and Landen (2010) study an economy wherein an unobservable state variable
exists, but these works concentrate on methodological aspects. Other studies have focused
on the term structure of interest rates and have investigated the functional relationship
between the interest rates and economic agents’ estimates of an unobservable factor. These
include Feldman (1989), Feldman (2003), and Riedel (2000a, 2000b). The present paper

differs from these previous studies in two important ways. First, our model includes two

2Many of the aforementioned previous papers have analyzed the nominal interest rates. Following those
studies, we focus on nominal interest rates in this paper.



unobservable factors, but we still derive a closed-form solution for the equilibrium interest
rates. As a consequence, our model can include the two most important economic variables:
income (consumption) growth and inflation rates. This is an important extension because
it makes the term structure behaviors more realistic without losing tractability. Second,
this study investigates the functional relation between the estimates of unobservable factors
and observable variables in detail to obtain the equilibrium interest rates as a function of
observable variables. This is relevant, as we are able to directly see the relation between the
interest rates and the observable macroeconomic variables.

The contributions of the paper are summarized as follows. First, we derive closed-form
solutions for nominal equilibrium interest rates. In our model of partial observability, the
resulting nominal term structure model turns out to be a two-factor purely Gaussian affine
model in which the state variables are the economic agents’ estimates of instantaneous ex-
pected growth rates of endowment and its price. In addition, with the stationary error
process assumption, we show that these state variables can be expressed as weighted sums
of excess consumption and price level.> To the best of our knowledge, this characterization
of the agents’ estimates is not found in the relevant literature.

Second, with the characterization mentioned above, our model with partial observability
demonstrates an additional role of excess consumption in determining interest rates com-
pared with the surplus consumption in the consumption habit models. For economic agents
engaging in the Bayesian inference, the excess consumption is not only the surplus con-
sumption giving them felicity, but also constitutes an economic indicator of real economic
activity, thereby helping infer the current trend in income growth. The intuition behind the
positive relationship between nominal interest rates and real economic activity is as follows.
The standard argument in microeconomics implies that positive excess consumption induces
lower current marginal utility. However, positive excess consumption also brings agents an
expectation that they may enjoy a much higher income growth in the next period. By engag-
ing in the Bayesian inference, the agents update their estimate of the income growth trend,
which motivates them to save less or borrow more. As a result, the market clearing interest
rates are determined at a higher level. As we show in the following sections, agents tend to
infer the higher expected rate of income growth even when the expected rate of consumption
growth and the level of consumption are negatively correlated under some mild conditions

on parameters. Moreover, when the positive excess price level is observed, agents update

3Based on this result, we consider excess consumption as a measure of real economic activity in this
paper.



their estimate of the expected rate of inflation. This motivates agents to save less or borrow
more, since a higher price level in the future makes the relative price of future consumption
more expensive. Thus, a positive excess price level induces higher nominal interest rates.

Third, we conduct an empirical analysis based on our model. This is an important contri-
bution because previous papers on incomplete information equilibrium have mostly focused
on theoretical issues, but not empirical implementations. The parameters for the system
of stochastic differential equations are estimated from real consumption and inflation data,
while the preference parameters are estimated using the time series of interest rates. These
results indicate reasonable values for all parameters and, more importantly, the positive cor-
relation between the implied nominal interest rates and excess consumption. In addition,
the time series of the nominal yield implied by the model captures many of the short- and
long-run fluctuations in the actual data for all maturities, particularly the short term.

This paper is organized as follows. Section 2 describes a pure exchange economy where
the representative agent exists. Section 3 investigates how the level of endowment affects the
estimate of expected rate of change in endowment and shows that the equilibrium interest
rates can be monotonically increasing in excess consumption. Section 4 explains data and

discusses the empirical results, and then Section 5 concludes.

2. Model

Consider a pure exchange economy of a single perishable consumption good. The time span
of this economy is [tg,7]. Let (Q,F,Q) be a complete probability space. Filtration {F; :
t € [to, 7]} denotes the Q—augmentation of natural filtration generated by four Brownian
motions, Wy, Wy, Wy,t, and Wp,t. These Brownian motions are mutually independent
except that /I/I?%t, /Wpyt are correlated. The correlation between /I/I?yi and /I/I?m is described by
E (dWy,tdWm

The economy is endowed with a flow of the consumption good. The rate of aggregate

]'—t) = pdt where p is constant.

endowment flow in real term and its price are denoted as y; and p, t € [tg, 7]. In this paper,

it is assumed that y;, p;, and their instantaneous expected change p;+ (i = y,p) follow the



system of stochastic differential equations,

% = fydt + oy dWyy, (1)
dpy: = Ky(fiy — py)dt + v, dW,, + @ydWy,t, (2)
% = prdlt 4+ 0, dWy 4, (3)
dppr = Kp(fp — pipe)dt + vpdW,  + @pd/V[?p,t, (4)

where k;, fi;, 0;, U; (i =y, p) are positive constants. We do not restrict the sign of constants,
v; (i = y,p), allowing for negative correlation between changes in level and instantaneous
expected change. Although infinitesimal changes in endowment and price are independent,
this does not necessarily mean that discrete time changes in both variables are independent
since ft, ¢ and p,, are correlated.?

Throughout this paper, we consider a model where ¥, and p, are observable but p,; and
tp are not. It is assumed that the true value for each parameter is known to all of the
agents. Thus, the agents infer y,; and p,;, given the history of endowment and price levels
up to time f.

Let us denote the @ —augmentation of natural filtration generated by y; and p; as {F}? :
t € [to,7]}. It is assumed that the distribution of p,s and p,, conditional on FP7P is
normal. This is an important assumption for optimal filtering used in this paper. The
estimates of ji,¢ and p,; inferred by economic agents are denoted as m,,; and m,;. That
is, miy = E (it F¥") (i = y,p). Covariances of filtering errors are denoted as ¢;;: =
E (g —mie)(pje — my) | FF] (4,5 = v, p).

It is assumed that the representative agent exists and she is assumed to have preference

E M:u(cs,s)ds

1—
where felicity function is defined by wu(c,t) = e‘é(t_t‘))% for v > 0,7 # 1 or u(e,t) =

over the consumption flows,

y’p
‘Fto :| )

e9t=t) In ¢, for v = 1. Tt is also assumed that the market is frictionless and the finite number
of securities in zero net supply are traded continuously in time. The rigorous formulation
of economy and optimization problem for representative agent which lead to obtaining the

nominal bond prices are shown in the appendix.

4Under the general local covariance structure, we can only numerically solve the matrix Riccati equation
satisfied by the filtering error defined below. Our local covariance structure allows us to solve the matrix
Riccati equation analytically and give an economic interpretation to bond prices.



3. Term Structure of Interest Rates in Equilibrium

3.1. Estimation problem for the representative agent

The representative agent draws inferences about p;+ (i = y,p) by observing v, and p;. She
forms a posterior distribution and continuously update it. Let us denote the filtering error
process as ®; = [¢;;] (i, = y,p). Our model implies that the process W, = (Wy,t,Wp’t)
defined below innovates estimates m;; of u;; (i =y, p), and Wy, m;; (i = y,p), and ®; are

the unique continuous F;’-measurable solutions of equations:®

dmy: = Ky(f, —my)dt + (vy + ¢yy’t> dWyyt + Py de,ta (5)
Oy Op
_ = gbpyi i, ¢pp,t g
dmyr = Kp(fiy — mpe)dt + AWy + | vp + dW 4, (6)
Oy Op
___ 1
AT, = (?) (dInge — (mys — (1/2)02) df) 7)
y
___ 1
dW,, = <0_> (dlnpt — (mp,t — (1/2)(7]2)) dt) , (8)
P
d
Eq)t = K&, + &K' —,G0] + H, (9)

where each element in 2 x 2 matrix K = [k;;|, H = [hi;], G = [gs5] (4, = 1,2) is defined as

ku = —hRy— Uy/O'y, ]{312 == ]Cgl == 0, ]{722 = —kp — ’Up/O'p,
<9 NN 2
hin = Uy hig = hoy = VyUppP, hao = Uy,
2 2
gu = 1/Uy, G12 =921 =0, ga2 = 1/%'

Innovation process {Wt 1 € [to, T]} is endogenously determined to be a vector of indepen-

dent Wiener processes. Since we assume that the distribution of y; 4, @ = y, p conditional on

. . . . W
f%’p is normal, the innovation process generates the economy, that is, F/* = F,

Yt HPtg fOr
all t € [to, 7] where {Ew’yto POt € [to, 7]} is Q-augmentation of natural filtration generated
by Uiy, Do, and {Wy : t € [to, 7] }.5

By solving the matrix Riccati equation (9), we can obtain the stationary level of filtering

error, lim; . & = & = [QBU] (1,7 =y,p), as’

7 2 " 2

Pyy = (“Z - “y)ay — U0y, Qpp = (“; - ’{p)gp — UpOp,
- - Oy Upp

(byp = ¢py = PV

®See Proposition 12.7 in Liptser and Shiryaev (2001).
6See Proposition 12.5 in Liptser and Shiryaev (2001).
"The derivation of the solution and its limit is given in the appendix.



where8

k%l +h11/0’§+)\1)\2 . k§2+h22/0'§+>\1)\2

*

T T PV VR VIV

1
A\ ((k% + hn/Uz) + (K2, + h22/a§) + Dz) 2

1 — 5 ,
1
. ((kﬂ +h11/02) + (K2, + han/0?) — D;)z

2 — 5 ,
2 2 2 o2 A3,

D = (R +hiafo) — (1 + has/o?)) + oz
Yy p

It is easy to show that x; and xj are strictly positive.

3.2. Time homogeneous model of term structure of interest rates

In our economy, the representative agent solves an optimization problem using the filter
equations in the previous subsection. As a result, the equilibrium nominal bond prices is
given by,?
W} ) L
B [uelyr, T) [pr] 7o

BeT) = uc(ye, )/ pe ' (10)

So far, initial values of filtering error ¢;;,, and estimates m,, can be any arbitrary num-
bers. However, arbitrary choice of initial values generates some deterministic components
in the process of filtering error and estimates. To have a simple structure in our model, we
remove these components in our analysis. This enable us to have a time homogeneous model

of term structure. For this purpose, we set the following assumption.

Assumption 1 The initial value of filtering error process is given by its stationary level.

That iS, ¢ij,t0 = éij fOT i,j =Y,D.

Obviously, the assumption implies that ¢;;; = qz_ﬁij, (i,j = y,p) for any t > t.
Under Assumption 1, the term structure of interest rates has the form of time homoge-

neous models in the sense that it depend on ¢ only through time to maturity s — ¢.

8 A sufficient condition for Ay to be a real number is hqjhge — h3s > 0. But this inequality always holds.
Thus, As is a real number.

9In the appendix, re-representation of the optimization problem and derivation of equilibrium bond prices
in the economy is stated.



Proposition 1 Under Assumption 1, the bond price in equilibrium is given by B(t,T) =

exp ( ft f(t,s ds) where instantaneous forward rates f(t,s) are given by
ft,s) = o+~ (my,tef"y(sft) + iy (1 - e’”y(s’t)) — 05/2) — 7205/2
_'_mntefnp(sft) + ,ap (1 . efnp(sft)) i 0_12)

— e hyl(s—1)
- (1—) (P25 — k) + 7y)

Ry

_ _""p(s_t) _
- (1—) (02(5 — ) + 1)

Kp

1 ) 1 _ e—Ry(S—t) 2 9 " 2 &yp 2
5 () (A (22

1 (1= eml0N? 20 % 2 Py ’
_5 ( ) (Jp(lip - Iip) + (O'_y)
1 — —Iiy s—t) 1 — e—lip(s—t)
(R
Fop
X

"iz >¢py ( ’%)‘byp) : (11)
Thus, our equilibrium model can be identified as a two-factor completely affine term
structure model where state variables m,; and m,; follow (5) and (6) with each filtering
error replaced by its stationary level and the market prices of risk for W, and W, are
vo, and 0,.'% As in Feldman (1989), we can decompose the instantaneous forward rate into
three parts. The sum of the first two lines in (11) is the expectation of future short rate,
and the sum of the next two lines is the risk premium. The remaining terms correspond to
the Jensen’s inequality bias.
Let us consider the initial date of economy as a distant time in the past, i.e. let g go to
—o0. Then, the effect of initial values vy, pt,, ms, tends to diminish and state variables do
not depend on calender time in the limit. More importantly, they are shown to be a function

of excess consumption and excess price level. The next proposition states this.

Proposition 2 Under Assumption 1, the stationary processes of my; and my, are deter-

0The term structure in our model does not explode as in Riedel (2000a). This confirms the results
of Feldman (2003). Also, since the market prices of risk are constant, the equilibrium avoids the pitfalls
identified in Kraft (2009).



mined by excess consumption and excess price level as

by — (éyp/%%)bp

lim m,, =
to——o0 a1a2
ay — ky)(KkE —a !
+( 1 y)( Y 2) (ln Y — / ale—al(t—s) In UYs dS)
a; — ag -0
_(a2 Fy) (K — a1) (lnyt —/ aze” 279 Iny, ds)
a; — as —©
ar — Kp)(Pyp/ 02 '
+( 1 p) (Pyp/ ) (lnpt — / are” =) In p, ds)
a; — az -
g — Kp)(yp/ 02 '
_( 2 ) (Pyp/ p> (lnp _/ a26_“2(t_5) Inp d8>, (12)
a; — Qa9 —o0
| (Cbpy/a)
1m mp,t -
to——o0 a1a2
a
(a1 — (lnpt / are” ") Inp, ds)
&1 - a2 0
. t
_( 2~ (1 / 27279 In p, dS)
ap — as [e’e)
— K o
L+ ( Yy ¢py/ (1 / ale—a1(t—5) In vy, ds)
a1 — ag 00
t
_(a Ky) gbpy/a (1 / L2 In g ds) , (13)
a; — as [e’e)
where parameters a1, ag, by, b, are defined as
K + /{ + \/ 24+ 4(¢yp/02)(¢py/02)
a; = 2 ’
I L e
2 = ’
2

_ 1 - -

by = kylly+ 2 (Uyay + Oy + ¢yp) )
_ 1 - -

by = Fply + B (Upap + Gpp + ﬁbpy) :

Since a; and ay are strictly positive, the first and second integral in the right hand side
of (12) (or the third and fourth integral in (13)) can be interpreted as weighted averages of
the past (natural log of ) aggregate consumptions where heavy weights are put on the recent
consumptions. Thus, if time ¢ is sufficiently distant from the initial date of the economy
to, then the estimation value of p,: can be approximated by an affine function of excess

aggregate consumption.

10



Are the interest rates positively related to the excess consumption? Since instantaneous
forward rates are increasing in m,; and m,;, this question is equivalent to asking whether
my+ and m,; are increasing in the excess consumption. To answer this question, let us
consider the special case of p = 0 at first. This argument helps us understand the general

case of non-zero correlation. If p = 0, then (12) and (13) are reduced to

: _ * . * —KE(t—s)
tol_l}IEloo My = _’?Z + (K — Fy) <ln m /_OO kge " In ysds) , (14)
lim m,, = b + (K, — Kp) | Inp, — t ke (=) In p.ds (15)
to——00 pit /@; P P ! P P 3 .

Thus, the interest rates depend on the excess consumption only through limy _,_ m,; in
the case of p = 0. Let us define the correlation coefficient between changes in y; and p,; as

Py, that is, E[dIny, dpy,.| Fi] = pyu,dt. Then we can establish the following proposition.

Proposition 3 If p = 0, limy,_,_o my+ 15 increasing in the excess consumption if and only
if the following inequality holds

1
(vy +23)°

2Ky0y

(16)

Pyy = —

Note that the numerator of the right hand side of (16) is the volatility of j,;. The inter-
esting property of the condition (16) is that the lower bound for the correlation coefficient
is strictly negative. This is the important effect of unobservability of 1, on the equilibrium
interest rates. To understand this, let us consider the case in which the inequalities

—1)52;’1:); < vyo, <0
hold. The second inequality means that changes in u; and y; are locally negatively correlated.
But changes in m,; is increasing in the excess consumption since the condition in Proposition
3 is met by the first inequality. This interesting result holds, because p,; is unobservable
and an increase in the excess consumption, for instance, makes agents infer that s, has
become high even under the negative correlation between changes in p,; and y;.

As a corollary, we can state a sufficient condition for m, ; to be increasing in the excess

consumption for any correlation coefficient p, , .
Corollary 1 Suppose that p =0 and the following condition is met;
1 oy 1
Ky < 5 (U; + 05)2 /oy (17)

Then, limy,_,_oo My, is increasing in the excess consumption for any correlation coefficient

pyaﬂy 6 [_17 1]'

11



The fraction in the right hand side of (17) is the volatility ratio which measures the
relative size of the volatility of p,, to the volatility of y,. When this ratio is large, it is
likely that the variation in the level of consumption is mainly caused by the changes in
iy Hence, the estimates are likely to be increasing in the level of consumption. Of course,
when the speed of mean reversion is very fast, the past observed consumption levels are
not informative, because the drift converges to its long run mean immediately. Hence, &,
emerges in the left hand side of (17) as the bound for the volatility ratio.

One of the major approaches to asset pricing today is pricing risky assets via consump-
tion habit. In this approach, consumption habit is incorporated into the preference on
consumption flows, and prices of risky assets in equilibrium are derived. One of the impor-
tant properties common to these models is that equilibrium asset returns or interest rates
are determined by surplus consumption typically defined as the consumption over the habit
normalized by the current consumption level. Although the models with habit formation,
like Wachter (2006) and Buraschi and Jiltsov (2007), can produce a positive or negative
correlation between interest rates and the real economic activity but they require a negative
correlation between them to fit an upward sloping yield curve, which is usually observed in
reality. Therefore, it is difficult to explain the both upward sloping yield curve and negative
correlation between interest rates and real economic activity. In this case, partial observ-
ability of economic variables may become a candidate which explains both aspects of the
interest rates through excess consumption.

In the general case of p # 0, both estimates limy,_,_o, m,; and limy_,_,, m,; are ex-
pressed as the weighted sum of excess consumption and excess price. Each excess level has
two types, which are in excess of the weighted average with weights a; and as. Thus to see
how the level of interest rates depends on excess consumptions, we should check the sign of
four coefficients of excess consumptions in (12) and (13).

As is easily seen, it never happens that all of four coefficients are positive or negative.
When k, < ag, three coefficients are positive. Conversely, when a; < &, only one coefficient
is positive. When &, is between a; and as, the number of positive coefficients varies depending
on the sign of covariance component of filtering error ¢,,. Therefore, the overall effect of
excess consumptions should be examined empirically. Nonetheless three things deserve to
be mentioned. First, when covariance component gz_Syp is relatively small, ay ~ min{/ﬁz, m;‘,},
a; ~ max{x}, 3}, and K} ~ (k7 + hll/aj)%. In this case, the condition (17) in Corollary 1

is helpful in understanding each case intuitively. When r, is sufficiently small compared to

12



the volatility ratio (v + 05)% /oy, Ky < K% is likely to hold and the estimate of 1, is likely
to be increasing in both types of excess consumption. Conversely, when the local correlation
between w, , and y; is negative and r, is relatively large, r, > k; is likely to hold and excess
consumptions have negative impacts on the estimate of p,, thus the level of interest rates.
Again, note that negative local correlation between i, and 1, does not necessarily imply
that k, > (k3 + hi1/0,)? ~ K.

Second, the similar result can be obtained by examining the sign of 0 limy,_, o M, +/0 In Y.
Simple calculation shows that the necessary and sufficient condition for strict positivity of
the derivative is k, < k;. It is clear that r, < az is sufficient for this inequality.!!

Third, the necessary and sufficient condition for 0limy oo m,:/0lny, > 0is p > 0.
When the drift of aggregate consumption process is negatively correlated with the drift of
price level, an increase in the aggregate consumption makes the estimate of expected inflation
rate updated to the lower level. The magnitude of this effect is determined by the relative
size of covariance component in the filtering error ¢,,/0,. When this filtering error is small,
changes in Iny; mainly affect the level of interest rates via the estimate of consumption

growth.

4. Empirical Analysis

In the last section, we showed that under the stationary error process assumption the nominal
bond yields can be expressed as a function of weighted sums of past excess consumptions
and price levels. The analysis also indicated that the bond yields heavily depends on model
parameters which we have to estimate from the data. In this section, we estimate the
parameters for the economy represented by the system of stochastic differential equations
(1)-(4) from the real consumption and CPI data. Then we estimate the preference parameters
by minimizing the distance between theoretical and observed time series of interest rates.
Our empirical analysis is based on the quarterly data on consumption and price level
from the first quarter of 1952 to the second quarter of 2007. Our sample ends before the
Global Financial Crisis to avoid the zero lower bound periods, which is not the scope of the

paper. Data on the real per-capita consumption are constructed by adding the seasonally

HUThis argument can apply to the comparative statistics with respect to excess consumptions as far as the
excess consumptions are nearly zero at time ¢, since the dynamics of excess consumptions is given by

t
diny; — a; (lnyt — / ae” % (t=s) lnysds> (1=1,2).

13



adjusted real consumption of nondurables and services, then dividing by the population.
For the price level, we use the seasonally adjusted consumer price index (CPI). The nominal
yield data are quarterly treasury constant maturity rates with maturities of one, two, three,
five, seven, and ten years. These data are from the second quarter of 1962 for all maturities.
Interest rates are obtained from the Global Financial Data and other data are taken from

the Federal Reserve Economic Data (FRED).

4.1. The state-space representation and Kalman filter

To estimate the parameters for the economy represented by the system of stochastic differ-
ential equations (1)-(4), we employ the Kalman filter to treat unobservable state variables.
To this end, we first derive the state-space representation for the discretized versions of
the system of stochastic differential equations, (1)-(4). By the Euler approximation,'? the
system can be discretized as

2
%

log(yis1/y:) = 9 T Myt TylUy g, (18)
Pyirr = Kylly + (1= Ky iy + vyttt + Oytly (19)

2

o
log(pes1/pe) = _?p + HPpt T Oplpg, (20)
Ppirr = Fpflp + (1= Kp)fip e + Vptipp + Oplly (21)

where uy ¢, up s, Uy, and U,, are mutually independently distributed as standard normal
distribution except that ,; and ,; have correlation p. Also we set At = 1 for notational
simplicity. Since local trends of endowment and price level, y,; and p,, are not observable,
we employ the Kalman filter to estimate this system, rewriting this system as a state-space
model as follows. The transition equation consists of equations (19) and (21), and can be

written in vector notation as

= dy + Foi_1 + Gui_q1 + vy, (22)
where z; = Hy.t , dy = Hyhy ,F = 1=y 0 LG = vy /oy 0 :
it fpkp 0 1 -k, 0 v/ o
wy = Tytyt ,and v, = Ylyt=1 | The other two equations, (18) and (20), form the
OpUp,t Uplp t—1

observation (measurement) equation, which can be expressed in vector notation as

2 =d, + x + wy, (23)

12Gee Kloeden and Platen (1995) for the Euler approximation of the stochastic differential equations.
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2
where z; = [ log(ye1/1) }, d, = [ 72

} . Note that the disturbances [v}, w!]" are jointly

log(ps+1/pt) _0';2;/2
/\2 A A A
Gaussian with mean 0 and covariance matrix @ 0 , where Q = A ziygvp :
0 R POy, O

2
rR=|% Y|
0 012,

Given the state-space representation, (22) and (23), the Kalman filter can be used to
construct a likelihood function for the observed data. From some initial conditions, the filter
iterates between the prediction equations,

Tyjp—1 = dp+FTy 1+ Gz —d, — Hiyq),
Py, = (F-GH)P_(F—-GH)+Q

and the updating equations,

Ty = @1+ Py H(HPy 1 H + Pb)_l(zt —d, — Hry),
P, = Py — Py 1HHPy_1H + R)_lHPﬂtfly

where

xt|ft71>7

Ty = B

T, = E(xF),
[
[

K
T
I
&

Ty — !L’t|t—1)($t - $t\t—1)/|ft—1]7

(
(

e,
Il
&

Ty — &) (@ — p)'| ]

The derivation of the Kalman filter can be found in the appendix. To start the Kalman
filter, we use the unconditional mean E(z;) = [fi,, fi,) for the initial values of state vector
Zo. Since we have analyzed the equilibrium interest rates in detail under Assumption 1, we
also impose this assumption to estimate the model. Thus, we use the stationary value of

error process ® for B, for all ¢ including the initial value B,

4.2. Estimation results

Estimation results for the state-space model, (22) and (23), are reported in Table 1. All
parameters are in quarterly units, and means and standard deviations are expressed in per-
cent. Thus, mean quarterly consumption growth over the period is 0.58% with the standard
deviation of the error term about 0.32%, while mean inflation is 0.76% with the disturbance
standard deviation about 0.37%. The results indicate that the mean reversion rate of ex-

pected consumption is moderate at 0.19. On the other hand, the expected inflation is highly

15



persistent with the mean reversion rate of 0.071. The results also show that the correlations
between observable and unobservable factors are essentially zero with statistically insignif-
icant estimates of v, and v,. Lastly, the correlation between innovations to consumption

growth and innovations to inflation is estimated as —0.60.
[INSERT TABLE 1 HERE]

By taking the temporal dependence in the realized consumption growth and inflation
rates into account, Wachter (2006) estimates a vector ARMA(1,1) model for consumption
growth and inflation and obtains similar results with some differences. Our result of con-
sumption growth 0.58% is similar to 0.55% obtained by Wachter. In contrast, our mean
inflation estimate 0.76% is somehow smaller than hers (0.92%). In terms of persistence,
our inflation result is comparable with Wachter’s results, while she obtains less persistent
consumption growth.

There remain only two preference parameters that need to be identified to determine the
term structures of interest rates. We estimate these parameters so that the implied time
series of interest rates based on (11) have the minimum squared errors. The maturities
used for this estimation are one, five, and ten years, which roughly correspond to short-,
middle-, and long-term of interest rates. The estimation result for the discount rate ¢ is
0.0010 in quarterly units with a standard error of 0.0004, while the relative risk aversion = is
estimated at 1.205 with a standard error of 0.066. These results are reasonable, suggesting

the plausibility of our model.

4.3. Implied time series of the equilibrium interest rates

In this subsection, we provide the implied time series of the equilibrium interest rates based
on (11), given parameter estimates and estimated state variables in the previous subsection.
In addition, we examine whether our empirical results imply positive relationship between
the real activity and equilibrium interest rates.

Table 2 reports the means and standard deviations of theoretical nominal bond yields
based on (11) with the parameters and state variables estimated above. Data moments for
bond yields are provided for comparison. As can be seen, the means of the model-implied
nominal one-year yield are fairly close to those in the data with less than 1% error for all
maturities. One the other hand, the model-implied standard deviations are uniformly much
smaller than those in the data with more than 1% error for all maturities, in particular the

longer maturities.
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[INSERT TABLE 2 HERE]

In terms of the slope of the yield curve, the model-implied average yield curve is downward
sloping from 7.1% for one-year yield to 6.5% for ten-year yield, contradicting the upward
sloping yield curve in the data. However, this does not mean that our model cannot replicate
the upward sloping yield curve. One reason for the downward sloping yield curve is the
extremely high interest rates in the early 1980s after the second oil shock. Given that our
model for the interest rates is a mean-reverting process, if there is a period with extremely
high interest rates, such as the early 1980s, the long-term rates would be underestimated,
making the slope of the yield curve negative. In addition, the actual yield curve is mostly
flat or downward sloping between 1978(Q3 and 1982Q2. As a consequence, the average yield
curve is downward sloping for the whole sample. However, if we exclude this period, the
average yield curve could be upward sloping. For instance, if we use the post 1985 data,
the average yield curve would be slightly upward sloping, as shown in Table 2. The result
indicates the possibility of our model describing the upward sloping yield curve.

In sum, the moment comparison reveals the relatively poor performance of our model to
reproduce the fluctuation and the upward average yield curve in the data. These results are
less satisfactory than those of Wachter’s (2006) with more precise replication of moments
and the upward sloping yield curve. However, these results do not necessarily mean that
our model is unattractive to explain the time series behaviors of nominal interest rates as
we will show next.

Fig. 1 illustrates the model-implied time series of one-year nominal yields along with
actual data. Note that following Wachter (2006), we de-mean both series. As can be seen, the
model-implied yields closely follow the actual data, capturing many of the short- and long-run
fluctuations in the actual data for all maturities. Although the magnitude of fluctuations is
somewhat smaller, the entire shape of the graph is similar to that of the actual data. Indeed,
the correlations between the theoretical and observed yields is 0.72. This is considerably

higher than 0.50 obtained by Wachter (2006) for the three-month yield.
[INSERT FIGURE 1 HERE]

We also plot the de-meaned yield spreads on the ten-year nominal bond over the one-year
nominal bond implied by the model, and the same series from the data in Fig. 2. Again,
the model matches many of the short- and long-run fluctuations in the nominal yield spread

from the data. The correlation between the yield spread implied by the model and that in
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the data is 0.46, which is again higher than 0.34 obtained by Wachter (2006) for the yield

spread between three-month and five-year bond.
[INSERT FIGURE 2 HERE]

One possible explanation for these higher correlations is the relation between nominal
bond yields and real activity measured in excess consumption. As emphasized in the previous
sections, consumption habit models usually induce a negative correlation between interest
rates and the excess consumption, while our model can generate a positive correlation more
naturally. To show this is the case, Fig. 3 plots the change in one-, five- and ten-year yields
against the change in excess consumption, assuming that two types of excess consumption

t.13 As can be seen, all three yields increase with excess consumption,

vary the same amoun
but the short yield is the most sensitive to excess consumption. The short-term rates increase
by 0.23% as excess consumption increases by 1%, while the middle- and long-yields increase
by 0.13% to 0.06%. This is relevant because consumption growth is estimated as a mean
reversion process, and the temporal negative/positive shock to the excess consumption is

expected to diminish eventually.
[INSERT FIGURE 3 HERE]

The effect of excess price level on nominal bond yields can be analyzed in the same
manner. Figure 4 plots the change in one-, five-, and ten-year yields against the change in
excess price, assuming that two types of excess price vary at the same amount. As shown in
Figure 3, all three yields increase with the positive excess price level. However, in contrast
to excess consumption, the sensitivity of bond yields to excess price does not vary much
across the maturities. The short-term rates increase by 0.31% as excess price level increases
by 1%. The middle- and long-yields increase by 0.30% to 0.28%. Thus, excess price affects
the nominal bond yields uniformly across maturity. In other words, the nominal yield curve
shows a parallel shift when some excess price level is observed. As suggested by our empirical
results, the speed of mean reversion of the price level k), is lower than that of consumption
Ky, implying that the price level is more persistent than the consumption. Therefore, it is
natural that the price level is not the main factor that changes the slope of the bond yield
curve.

The monetary authority is not assumed to be one of the players in our model. However,

one possible implication on the monetary policy is that the effect of monetary easing is

13Natural interpretation of these changes is that they occur due to the change of current consumption.
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weakened by the response of bond markets through the observation of excess price level.
Suppose the central bank lowers the nominal short rates and an increase in the inflation rate
is observed. After observing a positive excess price level, the market clearing bond yields
will be adjusted to a higher level. This means that the interest rates are pushed back to a
higher level, making the monetary transmission channel less effective.

Moreover, although we have not tried to address the lower bound of the interest rates, our
results have some implications on the recent environment of low inflation and low interest
rates. Specifically, the low inflation lowers the excess price level, yielding a lower pressure on
the interest rates. Therefore, the lower inflation tends to keep the interest rates low. This

could be happening in many advanced countries, including the US and Japan.
[INSERT FIGURE 4 HERE]

To conclude the empirical section, we examine whether the positive relation between the
equilibrium nominal interest rates and excess consumption can be observed in the data. To
this end, we conduct regression analysis motivated by Wachter (2006) who regresses the ex
post real interest rate on surplus consumption proxy to see the negative relation between
real interest rates and surplus consumption. Following this idea, we regress the nominal
interest rates for several maturities on excess consumption and price level proxies. Thus, the

regressions we estimated are
40 40

rev1(n) = ap + o Z WAy, + ag Z Y AIpj+ e, (24)

j=1 j=1
where r;,1(n) is the nominal yield with maturity n. Following Wachter (2006), v is set
to equal 0.97. Table 3 reports the estimates and Newey-West standard errors for several
maturities. In contrast with Wachter’s result of negative estimates for «y, the parameter
aq is estimated to be positive and statistically significant for all short maturities, one, two,
and three years. This result suggests that if we consider the nominal rate as a dependent
variable and treat excess price level as an explanatory variable, we can find a positive relation
between the nominal short interest rate and the excess consumption. Also, our estimation
results indicates ay is estimated to be positive and statistically significant for all maturities,
suggesting a great explanatory power of excess price level on the nominal yield. This can be
one of the reasons why our model has great advantage in explaining the dynamics of nominal

interest rates over the last four decades.

[INSERT TABLE 3 HERE]
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5. Conclusion

In this paper, we propose a new general equilibrium model that naturally generates the
positive correlation between the nominal interest rates and real economic activity. To this
end, we focus on the partial observability of economic variables in a pure exchange economy.
Departing from the previous studies, we considered the dynamic general equilibrium model
with two unobservable factors. Even with this complexity, we have derived closed form
solutions for the nominal equilibrium interest rates. The resulting nominal term structure
model turns out to be a two-factor purely Gaussian affine model in which state variables can
be expressed as a weighted sum of excess consumptions and price levels under stationary
error process assumption.

This result allows us to give an additional role of excess consumption in determining
interest rates compared with the surplus consumption in the consumption habit models.
For economic agents engaging in the Bayesian inference, the excess consumption is not only
the surplus consumption giving them felicity, but also constitutes an economic indicator for
of the real activity, thereby helping infer the current trend in income growth. Naturally,
the economic agents’ estimate, hence the equilibrium interest rates, can be increasing in
the real economic activity measured by excess consumption under some mild conditions on
parameters.

Our empirical analysis also supports this view. The estimation results indicate reasonable
values for all parameters and, more importantly, the positive correlation between the implied
nominal interest rates and excess consumption. As a consequence, the time series of the
nominal yield implied by the model captures many of the short- and long-run fluctuations
in the actual data without scarifying the upward sloping yield curve. This is a contrast with
models with habit formation, which require a negative correlation between real economic
activity and interest rates to fit an upward sloping yield curve.

Although the paper shows a great potential of partial observability to explain the dy-
namics of interest rates, there remain some issues to be considered. For instance, the fit
gets worse in the longer maturities. More importantly, the model cannot solve the failure
of expectations hypothesis documented by Campbell and Shiller (1991) and Fama and Bliss
(1987), which is one of the main focuses in the recent term structure literature. As empha-
sized in Dai and Singleton (2002), the key to explain the failure of expectations hypothesis
is time-varying risk premia; however our model does not allow it. One possibility to deal

with this challenge is to introduce the habit persistence of Campbell and Cochrane (1999)
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and Wachter (2006) into our model. This is relevant because the consumption habit nat-
urally generates time-varying risk premia. The main difficulty in incorporating the habit
persistence into our model is losing model’s tractability considerably; however this is surely

an interesting future topic.

Appendix A: Formulation of Securities Market and op-
timization problem for the representative agent

It is assumed that the market is frictionless and the finite number, say N, of securities in
zero net supply are traded continuously in time. We assume that these securities do not pay
dividends for notational simplicity, but they could be pure discount bonds.'* F}P-measurable
random variable S, ; denotes time ¢ price of nth security (n = 1,--- ,N). Though we use
St for general formulation here, when we analyze the term structure of interest rates, we
adopt different notation B(t,T) as time ¢ price of pure discount bond which promises to pay
one unit of currency at time 7" € (¢, 7).

The representative agent takes as given N-dimensional security price process {(Si, -+, Sny)
t € [to, 7]} which is adapted to the filtration {F/"” : t € [to,7]}. This allows one to define
cumulative gains from trade for a predictable portfolio process 6, = (014, ,0n¢). It is
assumed that a portfolio process satisfies some regularity conditions which imply that the
gain-from-trade integral 27]:[:1 ftz 00.sdSn s, (to <t < 7) is well defined and 6, is square inte-
grable.!> Then, we can state the optimization problem for the representative agent. That is,
given a security price process {(Si¢, -+ ,Sne) @ t € [to, 7]}, the representative agent solves
the following optimization problem,

max F {/ u(cs, s)ds
{cs},10s} to

7| (25)

14Tn the next appendix, this formulation is re-represented as the one having the same structure as complete
information models. The same exposition as the past literature on these models is taken to show directly
that issues on existence and uniqueness of the solution are covered.

5For these conditions, see Duffie and Zame (1989).
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where

CZt = puyedt + 0, dW,, (26)

pty s = toy(fiy — oy 0)dt + vy dWy 1 + 0y dW,, ., (27)

dlzt = fprdt + opdWyy, (28)

dbtps = tip(fiy — bp) At + Vpd Wy + 0pd Wy, (29)

5.t Zemsm_Z/e 5dS, +/tps(ys—cs)ds, to<t<T, (30)

to
0pr=0, n=1--- N. (31)
An equilibrium for the economy is a collection ({(S1¢, -+, Sny) 1 t € [to, 7]}, ({ci : t € [to, 7]},

{6: : t € [ty,7]})) such that, given the security price process {(S1+, -+, Sn¢) : t € [to, T]}, the
plan ({¢; : t € [to, 7|}, {0: : t € [to,T]}) solves the above optimization problem and markets
clear, i.e. ¢; = y; and 6, = 0 for all ¢t € [tg, 7].

Appendix B: Re-representation of the optimization prob-
lem and the equilibrium bond prices

Using the filter equations, the representative agent reformulates her optimization problem.
Given a security price process {(S1+,---,Sn¢) : t € [to, 7]} which is adapted to the filtration
{F" V0Pt € [t, 7]}, she solves the following problem,

max F {/ u(cs, s)ds ]—"W o pto] (32)
{65}1{98} tO
where
d
yyt = myydt + oy dW ., (33)
t
_ . Pyyt \ w7 Pup.t oz
dmy s = Ky(fy — my)dt + (v, + . AW, + a_de’t’ (34)
y p
d _
% = mp,tdt + Udep,ta (35)
¢
. _ ¢pyt ¢ppt
dmy = Kp(fl, — myp)dt + dWy . + det, (36)
Oy Op
d
%ét K@t + ®t[(—r - ¢tG®T + H7 (37>
¢
s.t. Zentsm_Z/ 0,.sdS,, +/ o(ys — ¢)ds, to <t <, (38)
O
00 =0, n=1,---,N. (39)
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Note that given the same security price process {(S1¢, -+, Sn¢) : t € [to, 7]}, the solution to
this optimization problem (32) — (39) solves the original optimization problem (25) — (31),
because o-fields /¥ and .EW’%O P are equivalent. 6

The optimization problem in the endogenous o-field equivalent economy stated above
is structurally the same as the standard optimization problems in complete information

economies. Thus, under our assumption on preference, standard argument shows that an

equilibrium exists and the equilibrium nominal bond prices is given by,!”

E uc(yT, T)/pT| ‘EW’yto ,pt0:|
uc(yt, t)/pt

B(t,T) =

Appendix C: Proof of Proposition 2

Under Assumption 1, the stochastic differential equations for m,,; and m,, can be expressed

as
dm%t = (by — Hzmy,t — ((]Byp/afj)mp,t) dt
+(ky — ky)dIny, + ((Eyp/af,)dlnpt,
dmy; = (bp — (gz_ﬁpy/a‘z)my’t — m;mpvt) dt

+(Q_5py/0-§)dln Y + (’i; - ’ip)dlnpta

where parameters b, and b, are defined as

_ 1 - -

by = Kyfly+ 2 (Uyay + Oy + ¢yp) )
_ 1 - -

by = Kpflp+ 2 (Upap + Opp + (bpy) .

16This is a pure exchange economy version of re-representation theorem in Feldman (2007).
17For instance, Theorem 1 in Duffie and Zame (1989) applies to our endogenous o-field equivalent economy.
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The closed form solution of the system of equations above is given by

ale—az(t—to) _ a26_a1 (t—to)

m = m
it ap — a vt
1—e—92(t=t0)  1_e—a1(t—to)
+ as al (Ii*b —b (J) /0.2))
P pYy p\Pyp/ Op
e—az(t—to) _ e—al(t_to) _ 2
* ay — a (by  FyMyto = (¢yp/ap)mp’t°)
+<a1 — fiy) (K — a2) /te—al =) d In y,
ay — a2 to
@R gy,
ap — Gz to
+(a1 B ’ip) (stp/o-f)) /t e—a1 (t—s dlnps
a1 — a2 to
_ (a2 o RP) <¢yp/o-g> /t e_‘m (t—s dlnps
a1 — ag to
alefcm(tfto) o a2€*al(t*t0)
Mpt = a1 — ag Mp tg
1—e—92(t=t0)  1_e—a1(t—to)
+ az ay (K‘pr — by(gbpy/(f;))
a1 — G2
e—ag(t—to) _ e—a1(t—t0) _ 9
+ a; — ag (bp — FpMpto — (qbpy/ay)my’to)
L (o= ) = a) /t e~ (=910 p
ay — a2 to ’
_ (a2 _ ﬁp)(ﬁ;’ _ al) /t e—az(t—s dlnps
a1 — Qg to
+(a1 B liy)(¢py/05) /t ear(t—s dlnys
ap — a2 to
_wrﬂmwmwb/;wmﬂwm%
ay — az to

where a; and ay are given by

Ky + ko + \/(Ii; —K5)2+ 4(gz_5yp/a§)(gz_ﬁpy/a§)

a; = 7 ,
iy 165 = (g — 5302+ 4G/ 02) (B 73)
o = B .
Clearly, the inequalities, ay < mln{my, Ky} < max{ny, Ky} < ap, hold. When p approaches to

0, the weight a; converges to max{x}, K5} and ay converges to min{x}, x*}. It is not difficult

y’p y’p

to show that ay > 0.
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By integral by parts, each integral in the closed form solution of m,, and m,; is re-

expressed. For instance,

t

t
/ P! (t—s)dln ys = In Yy — P! (t—to) In Yty — / ale—al (t—s) In ysd57

to to
Since the second term in the right hand side converges to zero when t; — —oo, by taking

this limit, we obtain two equations in the proposition.

Appendix D: Proof of Proposition 3

If p =0, x, is given by

[NIES

Ky = ((’{y + Uy/ay)Q + (@y/0y>2>
Thus, k; — K, is positive if and only if
2k, 0y0y + U2 4 0F > 0. (40)

Since the correlation coefficient is given by
Yy

Py oo
(v§ + )

Y

substituting this into (40) yields (16).

Appendix E: Proof of Corollary 1

[N

(vi+o5)
2Ky 0y

The inequality (17) is equivalent to the inequality —1 > — . Combining this inequal-

ity with p,,,, > —1 yields (16). This concludes the proof.

Appendix F: Derivation of filtering error process

Let us consider a system of matrix linear differential equations

d

EUt = KU+ HV;, Uy = Dy,

d

SV = GU KV, Vi, =1, (41)

where I is 2 x 2 identity matrix. It is well-known that the solution of (9) is given by

®, = U,V;*. Define S, as
s=u]
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Then, the system of equations (41) is expressed as

d
Est - ASt, (42)

where the 4 x 4 matrix A is defined by
K H

Let us denote the eigen values for A by \; (i = 1,2,3,4). Then these values are given by

1
N ((k% + hi1/02) + (K3, + haa/0?) + D2> :
-
2

(NI

N - ((k;%1 + hi1/02) + (k3 + haa/02) — D%>

2
)\3 == _)\17
)\4 = _)\27
2 2 2 a2, i
where D = ((k‘u -l—hn/Uy) - (k22+h22/0p)) + 0202
y9p

The corresponding eigen vectors z; (i = 1,2, 3,4) are given as

Atk
9121 )
(M-l—k‘u) (Ai_kll _ h11>
h R
v — wo ) o L i=1,2,3,4.

1 A?_kgz o
h12< g11 hll

Next, we construct the matrix [§1z1, &axe, {373, &4 where constants & (i = 1,2,3,4)

satisfy
€16 = (A5 — F{Z — hi1g11)gn
T 208-a
66 = (AF - Féz — hi1g11)g11
264 = —

2003 = AP

Denote this matrix as

Y Z
we ]

where W, XY, Z are 2 x 2 submatrices. Constant scalars & (i = 1,2,3,4) are for the

normalization of matrix in the sense that the inverse of R is given by

_ wto —ZT
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Denote a diagonal matrix defined by eigen values as

A0 0 0
0 X O 0
0 0 =X 0
0 0 0 =X

Apparently, A = RAR™! holds and (42) can be arranged to

d
ER_lSt =AR™'S,.

Since A is diagonal, R7'S; = e**~%) R~1S, "and we obtain
St = RQA(t_tO)R_lsto.
This yields the next two equations,

U = (YeMUolwT — zeh=) xT) ¢
_i_ZeAQ(tfto)YT o YeAl(tfto)ZT

V, = (XMW T — el xT) @,
+W6A2(t—t0)YT o XeAl(t—to)ZT

where A; (i = 1,2) are submatrices of A defined by

A0 =M 0
Al_{o /\21’/\2_{0 —/\21'
Finally, the solution for the matrix Riccati equation is obtained by ®, = U,V,;"!. Especially,

Ao (t—to)

the limit, ® = lim,_,~, is given by Y X!, since e — 0 as t — oo. Each element of

this limit matrix is obtained as

by = (5 In) 7y = (5 = 5y)0) = vy0,
bpp = (K; + k?22) ; = (K, — /@p)gi — U0,
by = Ppy = UyUpp
RSP VDY
where k! = i+ hn/UZ +AAs P ki + h22/‘7§ + Ao
! AL+ Ao TP AL+ o

Appendix G: Derivation of the Kalman Filter
First note that

E(wt—1|]:t—1> = E(zt—l —d, — ft—1|E—1) =21 —d, — Ty,
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From this result and transition equation (22), we have
Ty = Ao+ F2q + Gz — d. — T4—1).
Hence,
Ty — Ty = (dp + Frpg + Gy +vp) — (do + Foyy + G- — d — 34-1))
= Floyr —21) — G(zo1 —dy —wimy — 221) + 1y
= F(xi1 —21) — G(opm — T1) + 0
= (F=G) (@1 — T4—1) + v

The third equality follows from the observation equation (23). Therefore,

P11 = E [(xt — Typy—1) (@ — xt‘t_l)'}
= E[{(F-G) (@1 —21) + v} {(F = G) (@1 — Zp1) + ve)']
= (F'= G)E[(xim1 — T1)(w-1 — 21)|(F — G)' + Elvw)]
= (F-@)Pa(F-G)+Q.
To get the fourth equality, we use the fact that v; is independent of x;_;. Furthermore, since
Zy_1 is a linear function of z,..., 2,1, it must be independent of v;. Also, the last equality

follows from that F' and G are diagonal.

The updating equations can be obtained as follows. By the formula for updating a linear

projection we can get'®

i = zyems + Bl(ze — zyem1) (20— 20em1) 1 {E (2 — 2g-1) (2 — 20e-1)' 1} (20— 200-1). (43)
Notice that
Zgt—1 = do + Typ—1, (44)
and so
2t = Ztjt—1 = Tt — Tyjp—1 + Wy

Using this result we can calculate

El(z — Zyje—1) (2 — Zt|t—1)/} = E[{(z — Tye-1) + wi{ (@ — ) + we}']
= El(x — :Bt\tfl)(ivt — $t|t—1)/] + E[wtwg]
= Pui+R (45)

18See, for example, Hamilton (1994, p. 99, equation [4.5.30]).
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Here the second equality follows from the fact E[(x; — 2y;—1)w;] = 0. Similarly,

E[(xt - $t|t—1)(2t - Zt|t—1>,] = E[(xt - xt\t—l){(xt - $t|t—1) + wt}/]
= E[(ft - $t\t—1)($t - xt|t—1)l]
= Py (46)

Substituting (44), (45) and (46) into (43) gives
Ty = @441 + Pre—1(Pye—1 + R) 'z —d, — Tyji—1)

The MSE associated with this updated projection, P, can be found from the formula for
the MSE of updated linear projection:’

A

P, = El(x; — 3¢)(xy — 3y)]
= El(zs — zye-1) (@ — 2yj-1)’]
— El( — wye-1) (20 — 24e-1) 1E[(2 — 2e0-1) (20 — 200-1) 1B (26 — 26-1) (2 — Tyj-1)']
= Py1— Py a(Ppa+ R) " Py

19Gee, for example, Hamilton (1994, p. 99, equation [4.5.31]).
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Table 1. Estimates of the Model Parameters

This table presents the parameter estimates for the system of aggregate endowment flow in real term y; and
its price level p;:

d
R L Pyt 4 oy dWy ¢,
Yt
dpye = ky(fiy — py,)dt + v, dWy 4 + 0, dWy 4,
d
Lo Pp,rdt + opdWp 4,
Dt
dipe = Kp(fp — pp,t)dt + vpdWp ¢ + OpdWp ¢,

where Wy ¢, W4, Wyt7 and Wpt are four Wiener processes. These processes are mutually indepen-
dent except that Wy + and Wpt are correlated. The correlation between Wyt and Wpt is described by
E (dWy,tdeyt‘ }“t) = pdt. This system is discretized by the Euler approximation and estimated by MLE

via the Kalman filter. Data are quarterly, begin in the first quarter of 1952, and end in the second quarter
of 2007.

Parameter Estimate Std. error

iy 0.578 0.064
Ky 0.186 0.000
o, 0.316 0.044
vy —0.006  0.049
0, 0.201 0.031
iy 0.758 0.139
K 0.071 0.000
oy 0.374 0.013
Uy ~0.010  0.045
oy 0.234 0.034
p —0.600  0.000
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Table 2. Means and standard deviations of nominal yields in the model and in the data

This table reports the means and standard deviations of nominal bond yields in the model and in the data.
Columns marked “Model” give statistics for nominal yields on nominal bonds in the model; columns marked
“Data” give statistics for nominal yields on nominal bonds in the data. Yields are in annual percentages.
Maturity is in years. Data are quarterly, begin in the first quarter of 1962, and end in the second quarter of

2007.

Whole sample

Post 1985 sample

Maturity Mean Std. dev. Mean Std. dev.

Model Data Model Data Model Data Model Data
1 705 6.29 1.87 291 598 519 0.82 2.06
2 6.95 654 1.68 285 6.03 556 0.72 2.05
3 6.86 6.68 1.51 276 6.06 576 0.63 2.00
5 6.71 6.87 1.22 267 6.08 6.07 051 1.89
7 6.60 7.02 1.01 261 6.09 630 042 1.84
10 6.47 7.08 0.78 255 6.09 6.42 032 1.78
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Table 3. Estimates for the Coefficient of the Excess Consumption in the Regression (24)

This table presents the estimates and Newey-West standard errors for the following regression model:

40 40
rir1(n) = ap + ag ZgzﬁjAlnyt,j + g Z ¢jAlnpt,j + Era1

j=1 j=1

where r;41(n) is the nominal yield with maturity n. Following Wachter (2006), ¢ is set to equal 0.97. Note
also that * and ** indicate results are significant at the 5% and 1% significance levels, respectively.

Maturity Estimate of oy Std. error of oy Estimate of ay  Std. error of ap

1 year 0.192* 0.082 0.205* 0.024
2 years 0.146** 0.041 0.208** 0.012
3 years 0.122* 0.071 0.205** 0.020
5 years 0.087 0.062 0.203** 0.018
7 years 0.060 0.056 0.201* 0.017
10 years 0.044 0.051 0.199* 0.015
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Fig. 1. Time series of the one-year yield in the data and predicted by in the data. The figure plots the time
series of one-year yield in the data and predicted by the model. The solid line shows the time series of the nominal
one-month yield in quarterly data. The broken line shows the implied time series by the model. Both series are

de-meaned. Data are quarterly, begin in the first quarter of 1962, and end in the second quarter of 2007.
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Fig. 2. Time series of the yield spread in the data and predicted by the model. The figure plots the time series
of the yield spread in the data and predicted by the model. The yield spread is the difference in yields between the
ten-year nominal bond and the one-year bond. The solid line shows the time series of the yield spread between bonds in
the data. The broken line shows the implied time series by the model. Both series are de-meaned. Data are quarterly,
begin in the first quarter of 1962, and end in the second quarter of 2007.
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Fig. 3. Effects of the excess consumptions on the short-, middle-, and long-yields. This figure plots the
change in one-, five- and ten-year yields against the change in excess consumption, assuming that two
types of excess consumption vary the same amount.
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Fig. 4. Effects of the excess price level on the short-, middle-, and long-yields. This figure plots the
change in one-, five- and ten-year yields against the change in excess price level, assuming that two
types of excess price level vary the same amount.
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