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Abstract. In this paper, we consider Cauchy-Dirichlet problem for non-homogeneous
Burgers equation with some hypotheses on the right-hand side, and we give a new
regularity result of the solution in an anisotropic Sobolev space using the Faedo-
Galerkin method. This work is an extension of solvability results we obtained for

a right-hand side f in Lebesgue space, set in a non-regular domain [4, 5]. Here,

f is in an anisotropic Sobolev space.

1. Introduction

One of the most important partial differential equations of the nonlinear
conservation laws theory, is the semilinear diffusion equation, called Burgers
equation:

O + udpu — voiu = f, (1)

where u stands, generally, for a velocity, ¢ the time variable, x the space variable
and v the constant of viscosity (or the diffusion coefficient). The mathematical
structure of this equation includes a nonlinear convection term ud,u which makes
the equation more interesting, and a viscosity term of higher order 9?u which
regularizes the equation and produces a dissipation effect of the solution near a
shock.

Historically, Forsyth treated an equation which converts by some variable
changes to the Equation (1) in 1906. Later in 1915, Bateman [2] introduced the
Equation (1): He was interested in the case when v approaches zero, Equation
(1) is reduced to the transport equation, which represents the inviscid Burgers
equation dyu + ud,u = f. Burgers (1948) has published a study on the Equation
(1) (which it owes his name), in his paper [7] about modeling the turbulence
phenomena.
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The so called Hopf-Cole transformation has been discovered by Cole [10] and
independently by Hopf [12] in 1951. It converts Equation (1), with f = 0 to the
linear heat equation and then (1) is explicitly solved. Burgers continued his study
of what he called "nonlinear diffusion equation”. This study treated mainly the
static aspects of the equation. The results of these works can be found in the
book [6].

The objective of Burgers was to consider a simplified version of the incom-
pressible Navier Stokes equations by neglecting the mass conservation law and
the pressure term.

Among the most interesting applications of the homogeneous Burgers equa-
tion, we mention the phenomena of turbulence, supersonic flow, heat conduction,
elasticity, fusion [9], traffic flow, growth of interfaces, and financial mathematics
[13, 16]. Non-homogeneous Burgers equation is an effective model of the dynam-
ics of nonlinear dissipative media of various physical nature [19, 20]. It was also
applied to other physical phenomena, such as wind forcing the buildup of wa-
ter waves, the electrohydrodynamic field in plasma physics, nonlinear standing
waves in the cylindrical resonator, and design of feedback control [22].

Using the Hopf-Cole transformation u = —QV%‘O, Equation (1) can be trans-
formed into the equation

Oup — vip = ~Fla,t) 5.

and explicitly solved, under some choices of the right-hand side of (1), where
F(x,t) = [ f(z,t)dz + c(t) and ¢ is an arbitrary function in ¢. For example, if
the right-hand side depends only on time f(x,t) = G(t), this equation can be
transformed into an homogeneous Burgers equation, see [15]. The problems with
f(z,t) =k, f(x,t) = (25];%)2 and (an elastic forcing term) f(z,t) = —k*x+ f(t)
considered in a half-space, where k, 3 are some constants are discussed, and their
analytical solutions are obtained in [21, 17]. Later, the problem with f(z,t) =
G(t)x has been solved in [11]. In [18], the authors consider a forced Burgers
equation with variable coefficients in a half-space, and discuss different types
of solutions such as shock solitary wave, triangular wave, N -wave and rational
function solutions. In the work [1], the authors have explicit solutions when the
right-hand side is successively of the form f(t)x+g(t), f(t), g(z) and e***P and
the numerical simulation is given.

As far as we know, there is no work about the regularity of solution for the
Burgers equation in Sobolev spaces (depending on the regularity of the right-
hand side of the equation), except our works [4, 5]. This is the reason why the
present work is interested in proving a result on a maximal regularity (in Sobolev
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spaces) for the non-homogeneous Burgers problem

Ou(t, z) + u(t, 2)0,u(t, x) — vd*u(t,x) = f(t,z) (t,z) € R,

u(t,0) =u(t,1)=0 te€(0,7),
in the rectangle R = (0,7")x I with [ = (0,1) and I'y = {0} x I, T"is finite and v is
a positive constant; ¢ € H3(Tg) N H}(Tp) i.e., v € H3(Ty) and (0) = (1) = 0,
and f € H“?(R) are given functions, where H?(T'y), H}(Ty) are usual Sobolev
spaces and H?(R) is the anisotropic Sobolev space defined by

H"“*(R) ={u € L*(R) : Ou € L*(R), d,u € L*(R), diu € L*(R)}.

In previous works (see [4, 5]) we have studied Burgers equation dyu + u0,u —
0?u = f (with Dirichlet boundary conditions) in the polygonal domain 2 C R?
Q={t,2r)eR*:0<t<T, z€l}, )

L={zeR:p(t) <z <t), t€(0,T)}.

When the right-hand side lies in the Lebesgue space L*(2), the initial condi-
tion is in the space Hj(Tg), we have established the existence of a unique solution
in H42(Q).

In this paper, we suppose that f € HY?(R). Our main result is as follows:

THEOREM 1.1. Let f € H"*(R) and v € H*(Ty) N H}(Ty). Assume that f
and v satisfy the compatibility condition fir, + " € Hy(I'y). Then Problem (2)
admits a unique solution u lies in

H**(R) = {u € L*(R) : 0,0lu € L*(R), 2i+j < 4}.

2. Preliminaries

LEMMA 2.1. Assume that s1, sy and s are real numbers such that si, sy > s >
0. Ifue H**(R) and v € H**>(R) then uv € H*(R) where s < s1+ $2 — 1.

This lemma is a special case of Theorem 7.5, [3].
LEMMA 2.2. For anyu € H'(I), I = (0,1) and 2 < q < oo, we have

lulagry < Cr (lulZaqr) + 0l el 2325 ) (4)

lllsacn < Co (llullzzn + NosulGaqry el 35 ) (5)
1

T and C1, Cy are positive constants.

where o = %
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Proof. For any u € H'(a,b), with u(a) = 0, we have the following inequality

lull aany < 27105t G o ) llull 726, g

where 2 < gand a =1 — %, (see Theorem 2.2, [14]).
As in [8], let w be in H'(I) and its extension

o u(=) ; zel01],
i(w) = { (x+Du(-2) ; ze[-1,0].

We have @ € H'(—1,1) and a(—1) = 0, then

lall a1y < 270000152 N5 1,

1 0

Jilfsan = [ wt@)de+ [ 1o+ Du(o) do < 2ulag,
0 —1

and

1 0

oy = [ @ap@)ds+ [ ful-z) = @+ Dou(-o) do
0 1

- / (Do) () da + / u(z) — (1 - 2)9yu(z)? de

0
< [|0aul| 32 sy + 2 (||u||§2 0l

= 2lul|Z2p) + 3l10sullZ2r)
Using the previous inequalities, we obtain

HUH%‘Z(I) < HaH%q(—m)

< QQO‘Haxﬂ“ ~1,1) ||UH2 2a1 1)

<o <2||u||L2 3103 2322

< 22 (2 ulB ) + 3° 0uul gy ) 242 w32
2—2a

= 2722, ) + 2503 | Dpu 38 ul 2223

(6)
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3. Regularity of the solution

We know (see [4]) that Problem (2) admits a unique solution v € H'?(R).
Then to prove Theorem 1.1 we have to obtain the regularity u € H**(R).
We construct approximate solutions to (2) in the form

n

un(t,x) = Y ej(t)ej(x), (tx) € R,

j=1
where ¢; = (un, €;)2(7) and (e;);>1 is solution of Dirichlet problem
{ —e;'/ = /\jej, j Z 1,
¢j(0) =¢;(1) = 0.

(ej);>1 is an orthonormal basis in L*(I).
Consider the approximate problem

1

1 1 1
/8tunej dx+/un8xunej dx+y/8xun8xej dr = /fej dz, (7)
0 0 0 0

un(0,2) = upp(z), x € (0,1),

the sequence g, will be chosen to converge in H3(T'y) N H}(Ty) to .
We have

=1

1 1
/atunej dr = Z C;(t) / €i€; dz = C;(t),
0 0

and —e;»/ = \jej, then 02u,(t) = —;Ci(t))\iei. Therefore, for all t € [0, 7]
1 . 1
—/qunej dor = Zci(t))\i/eiej dzr = \j¢j(1).
0 =1 0
Putting

1

1
50 = [ gesdn ko)== [ wadoe;dz,
0

0
1
h;(t) = —/8zunej dz,
0
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for j € {1,...,n}, then (7) is equivalent to the following system of n uncoupled
linear ordinary differential equations

C;(t> = _)\jcj<t) + k]@) + h](t> + fj(t>7 J= L...,n, (8>

k;(t),h;(t) are well defined because e; are regular and as f is in L*(R), f; is
integrable. Taking into account the initial condition ¢;(0), for each fixed j €
{1,...,n}, (8) has a unique regular solution ¢; in some interval (0,7”) with
T' < T. In fact, we can prove here that 7" =T

In this section, all constants (K;)1<i<s, (C;)1<i<s and C are independent of
n.

LEMMA 3.1. There exists a positive constant Ky such that

T
i v [ 10wl ds < o o)
0
Proof. We have
T ) T
’un’2 = ‘/8xund5‘ §$/|85un|2d57 (10)
0 0

integrating from 0 to 1, we obtain

1 1 T
/|un|2dx§/x/|8sun|2dsdx,
0 0 0

1 1
/|un|2d:v§/|8xun|2dzx.
0 0

||Un|’%2(1) < ||arun||%2(1)- (11)

We also deduce from (10) that

hence

Then,

[wnllZoeiry < 10nttnllZ2ry- (12)
Multiplying both sides of (7) by ¢;(¢) and summing for j = 1,...,n, we obtain

1

1 1 L
1d
§E/uida:+/8xunuidx+y/(axun)2d$:/fUndx‘

0 0 0

0
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As
1 3
8unu dx—g 8( ) dr =0,
then
1 1
¥ uwrdr +v [ (Opu,)?dr = fundx (13)
0 0

Integrating (13) from 0 to ¢ and using Cauchy—SChwartz inequality, we find

1
—||Un||%2(1) +v ||0xun(s)||%2(1) ds
2

1
—\IuOn|!L2(1)+ ||f )2 lun(s)ll 2y
2

By the inequality

2

lrs| < 27’ - 2—, Vr,s € R, Ve > 0, (14)

with € = v, we obtain

t
1
—||Un||%2(1)+’/ ||6xun(s)||%2(1) ds
2
0

t t
1 1 v
< Sl + 5o [1FO e ds+ 5 [ Tunl)lEzg ds
0 0

Thanks to (11)

t t
1
s+ [ 10sta (9N ds < ol + 5 [ 1z s
0 0

as f € L*(R) and [Juos||72 ;) is bounded. Then, there exists a positive constant
K such that

a2y + v / 10sttn ()27 ds < K. (15)

O]
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LEMMA 3.2.
There exists a positive constant Ky such that

oty + v [ 1020n(5) sy ds < K

Proof. \je; = —e;, then

n n

D eit)Ne; == ¢it)e; = —Pun(t).

j=1 j=1
Multiplying both sides of (7) by ¢;\; and summing for j = 1,...,n, we get

1

1
%% /(axun)Qda: + V/(@iun)Q dz
0
1

0

| (16)
~ [ stundo+ [ w0,
0 0
Using Cauchy-Schwartz inequality and (14) with ¢ = £, we deduce that
1 1
/f@iun dz| < </|32un|2dx /|f|2dx
0 (1)

/|62un|2dx+ /|f|2dx

For the last term of (16). An integration by parts gives

1 1 1
/un&tunaiun dr = %/unﬁx(ﬁxun)Q dr = —% /(@Uun)3 dz
0 0 0
1
Since 0,u, satisfies / Oyu, dz = 0, we deduce that the continuous function

0
Oyu, is zero at some point yo, € (0,1), and by integrating 20,u,0*u,, between

Yon and x, we obtain

2/ st 0%, ds = / 05 (05 )? ds = (Opun)®.
Yon Yon
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Then

x
s 0?u,, ds
Yon
Cauchy-Schwartz inequality gives

1
O < 2 < 2/ 10,0 [|0%u] ds,
0

”amunH%OO(I) < 2Hawun||L2(1)”agunHLQ(I)a

on the other hand

H(?xunH‘zg(]) S HaxunH%%I)HaﬁvunHLw(I)’

SO,
1 1 1

/un&pun&%undx < </|8§un|2dx)i(/laxun\defM.

0 0 0

|B
p

‘,p,wherel<p<ooandp’zpi

Recall Young’s inequality |AB| < % + L.

Choosing p = 4 (then p' = %)

1 1

A= fimupan)’s 5= (G)' ([iomra)”

0 0
we get

1 1 1 1
) v s 1o 3/1\3 5 . \3
< Z B :
/ oty | < / O dr 42 <V) ( / o, Pdz)’ (19)
0 0 0

Let us return to (16): By integrating between 0 and ¢, from the estimates
(17) and (18), we obtain

t
\mww§m+v/w%w@wﬁn®
0

t t
, 2 , 3/1\° N
< Nouuonllfen + 5 [ 1FG s +5 (5] [ (10an(3)lFaq)) ds.
0 0

f € L*(R) and ||8xu0n||%2(1) is bounded. Then, there exists a constant C
such that

t
,mww;m+u/m@%@m;mds
0

t

2 2/3 2
<Ci+ Co [ (1)) Woralo)y ds

0
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where Cy = % (%)% )

Consequently, the function

t
() = Bty + v / 102105 221, s
0

satisfies the inequality

t
P(0) < o+ Ca [ s ol
0

Gronwall’s inequality shows that

t
o(t) < Cexp (Cz / Hﬁxun(S)HEz(I)dS)'
0

t
4
According to (9) the integral /||6xun||22(l)ds is bounded by a constant in-
0

dependent of n. So there exists a positive constant K5 such that

T
oty + v [ 1020n(5) sy ds < K (19)
0

O]

LEMMA 3.3. There exists a positive constant K3 such that

T
vy + v [ 10.00,(5) sy ds < K
0

Proof. Differentiating (7) with respect to ¢, multiplying both sides by e®c; and
summing for j =1,--- ,n, we get
1 1
/exafunatun dx —I—/em(atun)Q@xun dz

0 0
1

€ Uy 0p 0y, Osthy, AT + v / e’ (Gtaxunf dz

0

+

exatfﬁtun dz.

/
/
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An integration by parts gives

1 1
1d
/emﬁtunafun dz = 5%/6 (9tun x,
0 0
1 1
/e“”(@tun)28$un dr = —/ex(ﬁtun) U, dxr — Q/e”unataxunﬁtun dx
0 0 0
then
1 1
1i/e (Oyuy,) dx—l—u/e (0,0,u,)* dx
th tUn t n
0 0
1
:/e O fOyuy, dx—i—/ (Opun )*u, dz (20)
0 0
1 1
+2/exun8t8xun8tun dr — /exunatunat&cun dz.
0 0

Let’s find an estimates for all the terms of the right hand side of (20).
By Cauchy-Schwartz inequality and (14) with € = 1, we find

1

e? 1
[ sz < S0 e + 510l

0

Using (12) and (19), then (14) with € = &, we get

[ €0 | < el 10l
0

< e)|Opttn| L2 [|Ornl |72,
< eKo|Oyunl |72,

1
2 / Oyt rtty | < 2el|tinl| 1o ) 1Bettn 20 | Dt 21
0
< 2 |00l 20 |0s ]| 201
4e2K22

Hatun“L2

v
< Z”at@xun”%?(l)
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and
1
/exunﬁtunataxun dz| < e||unl|zoe ()| Otin || L2 (1) | 0402 tin || L2(1)
0
< eKs||Opun || L2 (1) |00z tin | 22 (1)
2 K3
v

<

10t lF 2y + 1100t | 21

-
4
Submitting the previous inequalities into (20), we deduce that

d

v
d 2

N —
~

1 1
2
e
/ex(atun)2 dx + /(&E)run)z dx < C’3||(9tun|]%2(1) + 5”815.][.”%2([)
0 0

where C3 = eKy + 562% + %
Integrating the last inequality with respect to ¢ (¢ € (0,7T)), we find

t
vty + v [ 10.020(5) sy 0
0

t t
S €||atun<0)||%2(1) ds + 62 / H@sfH%z(I) ds + 203 / ||3sun||%z(1) ds.
0 0

Observe that f € H"*(R), then from (8) there exist a positive constant Cj
such that

t
el (0) |2 gy + ¢ / 101221 ds < Ci. (21)
0
Hence,

t
10l +V/||5‘83xun(3)||22(1> ds
0

t

< Oy + 20, / 10sten(3) |22y + v / 10, Bt1n(7) |22y dr | dis,
0 0

by Gronwall’s inequality

t
10l agr) + v / 108sttn(3)|[2py ds < Cre
0
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Taking K3 = Csel, we get

t
vty + v [ 10,020 (5) sy ds < K (22)
0

REMARK 3.4. From (9), (19) and (22), we deduce that there exists a positive
constant K independent of n, such that for all ¢ € [0, T

HUnH%m) + ||8tun|]%2(1) + H&pun\lim) < K.

LEMMA 3.5. There exists a positive constant K, such that
T
W@mﬂﬁm+u/w@%%@mﬁn®gkq
0

Proof. We have
D2un(t) = = c;(t)Aje;,

then

3

0un(t) = = () Aze;.

J=1

Differentiating (7) with respect to ¢, multiplying both sides by ¢j); and summing
for j =1,...,n, we obtain

1 1
/8fun8t8§un dz —v /(@83%)2 dz
0 0 (23)

1

1 1
= —/(Zun&zun@tﬁiun dor — /unﬁtﬁzunﬁtﬁgun dx—l—/atf@taiun dz.
0 0

0
An integration by parts gives

1 1

1
1d
/@Qun&g@gun dr = —/afaxunataxun dr = 3% /(&é?xun)Q dz.
0

0 0

Firstly, we have to obtain an estimates for the terms of the right-hand side
of (23).
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Using Cauchy-Schwartz inequality twice , we get
D/Qzunagunaxﬁundm < Orttnl 10 | Betonl | s |9:2 0 220

so, inequality (5) with ¢ = 4(then o = 1), gives
1 3
/atunaxunatagun dx S CHataz'LLnHLQ(I) <|]8tun]\L2(I) + H@taxunH}iz(I)H@tunHéQ(I))

1 3
% (190t r2(a) + 102l g 10wtiall ) -
By Young’s inequality with p = 4, we find
3
10,0z un||Lz )Hﬁtun\lm ||31ta tnllz2n + 10l 2
and
2 i i Lo
1Oz wnll 221y 105wnll 2y < JI0zunllizay + H@ tn 21y

Using the previous inequalities and (14) with € = %, we find
v 2
/ Ot Dutnun A < 10,02l + Co (10l + 10Duttn 1)

2
X (10ztnl z2(r) + 107unl 22(r)
14
< 2002 unl32(r) + C.

For the second term of the right-hand side in (23), inequality (12) and (14) with
= g, yield
1
/unat(axun)ataiun dz| < HunHL‘X’(I)Hata:cun”LQ(I)HatazunHLQ(I)
0
<N Ot || 21y |00zt | L2 (1) | B2 | L2 1y
< Ks||0:02un || 22 (1) |0: 0t | 21y

v K2
< ZH@&%%HQLQ(,) + 72||5taxun||%2(1)

Replacing the previous estimates into (23), we obtain

1d
§d_/ 31;3 un dl’—i-—HatazUnHL2
0

K2
< Cs+ ;H@tfﬂzﬁ(z) + 72\|8t8xun||%2(1)
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Then, integrating with respect to ¢t (¢t € (0,7))), by Lemma 3.3, there exists
a positive constant K, such that

t
000y + v [ 100200 )3 ds < Ko
0

O

In [4], we have proved that the approximation u, converges to the unique
solution u € H“?(R) of Problem (2).

PROPOSITION 3.6. Under the hypotheses of Theorem 1.1, the solution of Prob-
lem (2) is in H*(R) and 98;,0?u € L*(R).

Proof. Observe that Lemma 3.3 and 3.5 imply that the solution of Problem
(2) satisfies 9;0,u € L*(R) and 0;0°u € L*(R). So, it is enough to prove that
0?u € L?(R). Differentiating (2), taking L*norms and integrating the obtained
equation with respect to t, we get

t t t
/II@QU(S)Hiz(I) ds SV/IIf?s@iMS)IIiz(I) dS“‘/||asu(5)8xu(s)||i2(1) ds
0 0 0
t t (24)

[ (0.0 gy ds + [ 10.5(5) s .
0 0

We need to estimate the terms of the right-hand side in (24). Using (4) with
q = 4, we obtain

Hatuamunim) < ||8tu||%4(1)\|8xu||%4(1)
1 3
< C (10ul32(r) + 100l 7o g 190l 52 ) (25)

% (100a(0) + 1020 2oy 05l )
and
Dbl < Nl 9003
< 10001 0sl 2

Thanks to estimates (25), (26), Lemma 3.3 and 3.5, inequality (24) shows
that

(26)

t
/ 102u(s) |22, ds < I, @)
0

where K5 is a constant independent of n and t. O
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Proof of Theorem 1.1. Recall that f is given in H"?(R). So, 0,f € L*(R).
Let v = 0yu and g = v0,v — vO,u — ud,v + 0, f. From Lemma 3.5, we deduce
v € L®(0,T,H}(I)). Then v € L*(R), consequently, vd,v € L*(R). On the
other hand, v € H?(R) implies that vd,u € L*(R), and choosing s; = 2, s, = 0
in Lemma 2.1, we obtain ud,v € L*(R). Finally, we get g € L*(R).
Differentiating (2) with respect to ¢ we deduce

8157) + 'Uazu + u@xv - Vagv = 8tf7

then
OV + V0,V — V@iv =g.
Observe that v is a solution of the problem
O +vo,v —vd*v =g (t,z) €R,

v(0,2) = fir, +¥" €Ty, (28)
v(t,0) =wv(t,1)=0 te(0,71),

where (according to the hypothesis of Theorem 1.1) fir, 4+ %" € Hg(T'y). Conse-
quently, by the main result of [4] v is in H"?(R).
On the other hand, from (2) we have

voju = 0,0%u + 30,ud?u + udiu — O3 f, (29)

as all the terms of the right-hand side in (29) are in L*(R), d2u is in L*(R), we
deduce that u € H**(R) which is the maximal regularity of the solution uv. [

REMARK 3.7. As a simple example about Theorem 1.1, we can take a polyno-
mial function f which satisfies f(0,0) = f(0,1) = 0, that is

fit,x) =2(1 —2) =2t + 22(1 — 2)(1 — 2z).

So, we look for a solution u as a polynomial u(z,t) = v(t)w(z). The boundary
conditions led to

u(t,z) = at(bt + c)z(1 — x).

Finally, we find that the unique solution of the equation dyu+ud,u—vd?u = f
is u(z,t) = tz(1 — x) which satisfies the boundary conditions.

REMARK 3.8. This work can be extended to the case where the rectangle R is
replaced by a polygonal domain and, more generally, by the domain €2 defined by
(3). The study of this problem needs to consider two cases: ¢1(t) < ¢a(t), 0 <
t < T and 1(0) = ¢2(0). In the second case, some singularities may appear and
then, the solution is not necessarily in H**(2). We are working on these cases.
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